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I.  Reseat'ches  on  the  Passage  of  Electricity  through  Rarefied 
Air.     By  E.  Edlund*. 

§1. 

IN  a  previous  memoirt  I  brought  together,  in  order  to  com- 
pare them  with  each  other,  the  researches  made  at  dif- 
ferent times  by  various  physicists  on  the  passage  of  electricity 
through  rarefied  gases,  and  I  endeavoured,  inter  alia,  to  de- 
monstrate that  vacuum  is  a  conductor  of  electricity,  or  at  least 
opposes  but  an  inconsiderable  resistance  to  its  propagation. 
This  result  is  in  flagrant  contradiction  to  the  hitherto  gene- 
rally I'eceived  opinion  that  vacuum  is  a  perfect  insulator.  The 
reason  that  an  electric  current  cannot  traverse  the  Torricellian 
vacuum  does  not  depend  on  vacuum  itself  being  an  insulator, 
but  on  the  fact  that  there  exists  at  the  point  of  passage  between 
the  electrodes  and  the  rarefied  gas  an  obstacle  to  the  propaga- 
tion of  electricity,  and  that  this  obstacle  is  augmented  in  pro- 
portion as  the  air  is  rarefied.  As  soon  as  the  gas  has  been 
sufficiently  rai'efied,  the  obstacle  in  question  has  become  so 
powerful  that  the  current  is  incapable  of  surmounting  it,  and, 
consequently,  of  traversing  the  rarefied  air.     According  to 

*  Translated  from  a  copy,  communicated  by  the  Author,  of  No.  1, 
vol.  XX.  of  the  Komjlu/a  Svenska  Vetenskaps-Akademiens  Handlimjar. 

t  Memoii's  (Handlimjar)  of  the  Royal  Academy  of  Sciences  of  Sweden, 
xix.  no.  2 ;  Ann.  de  Chim.  et  de  Phi/s.  xxiv.  p.  199  (1881)  ;  Phil.  Maof.  [5] 
xiii.  p.  1  (1882) ;  Wied.  Ann.  xv.  p.  514  (1882). 
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this  interpretation,  then,  it  is  not  at  all  the  resistance  of  the 
rarefied  gas  that  forms  an  obstacle  to  the  passage  of  the  cur- 
rent, but  the  obstacle  must  be  sought  at  the  point  of  passage 
betM-een  the  electrodes  and  the  rarefied  gas.  The  current, 
therefore,  if  it  could  be  introduced  into  the  vacuum  Avithout 
the  aid  of  the  electrodes,  would  be  able  to  pass  through  the 
vacuum  without  difficulty.  The  experiments  which  have  up 
to  the  present  been  made  on  the  passage  of  electricity  through 
rarefied  gases  are,  I  am  deeply  convinced,  in  favour  of  the 
correctness  of  this  explanation.  Besides,  several  physicists 
have  been  led  to  declare  that  there  really  does  exist,  at  the 
point  of  passage  between  the  electrodes  and  the  rarefied  gas, 
a  special  obstacle  to  the  propagation  of  the  current.  But,  in 
my  opinion,  they  have  not  understood  the  true  nature  of  that 
obstacle,  nor  have  they  attempted  to  demonstrate  that  its 
magnitude  increases  with  the  rarefaction  of  the  gas:  moreover 
they  have  not  attributed  to  it  the  high  importance  which 
belongs  to  it. 

The  result  of  the  aljove-mentioned  memoir,  so  far  as  it 
regards  the  subject  of  the  present,  may  be  summed  up  as 
follows  : — If  r  is  the  obstacle  to  the  propagation  of  electricity 
which  is  situated  at  the  point  of  passage  between  the  elec- 
trodes and  the  gas,  'i\  the  electric  resistance  in  a  column  of 
gas  of  unit  length,  and  I  the  distance  between  the  electrodes, 
r  +  r-J.  will  be  the  sum  of  the  resistance  which  the  electricity 
must  overcome  in  order  to  pass  from  one  electrode  to  the 
other.  Of  these  values,  /■  increases  continually  in  proportion 
as  the  gas  is  rarefied,  while  i\  during  the  same  time  undergoes 
incessant  diminution.  From  a  judicious  interpretation  of  the 
experiments  ^^  hich  have  been  made,  especially  those  of  Hit- 
torf,  it  follows  that  the  augmentation  of  the  first  of  these 
quantities  and  the  diminution  of  the  other  continued  until  the 
gas  had  arrived  at  the  greatest  rarefaction  it  was  possible  to 
obtain  by  means  of  the  mercury  pump  employed.  In  the 
space  exhausted  of  air,  r  acquires  such  a  value  that  it  is  im- 
possible for  the  current  to  surmount  it.  If,  then,  the  current 
cannot  traverse  a  vacuum,  it  is  not  because  the  value  Vi  of  the 
resistance  has  become  too  great,  but  because  r  is  augmented 
to  such  a  degree  that  the  current  is  incapable  of  surmounting 
it.  Several  properties  of  gases  with  resjiect  to  the  passage  of 
electricity  show  that  this  interpretation  of  the  resistance  which 
they  oppose  to  its  i)ropagation  is  really  the  only  true  one. 

In  my  memoir  before  mentioned,  I  have  formulated  the 
opinion  that  the  principal  obstacle  encountered  by  the  electric 
current  at  the  surface  of  passage  between  the  electrodes  and 
the  rarefied  gas  is  due  to  an  electromotive  force  producing  a 
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current  in  the  opposite  direction  to  the  principal  current.  It 
will  be  experimentally  proved,  further  on,  that  this  is  indeed 
the  case,  and  that,  at  least  when  the  rarefaction  has  reached  a 
certain  limit,  this  force  undergoes  continuous  augmentation  if 
the  rarefaction  be  carried  still  further.  But  it  will  be  conve- 
nient, before  passing  to  the  statement  of  the  experiments  per- 
formed, to  call  attention  to  the  following  circumstances : — 

I  have  demonstrated,  in  my  unitary  theory  of  electricity, 
that  the  resistance  undergone  by  an  electric  current  in  passing 
tliron<j;h  a  solid  or  liquid  conductor  will  be  proportional  to  the 
intensity  of  the  current*.  As  I  have  shown  in  that  memoir, 
the  supposition  hitherto  regarded  as  true,  that  the  resistance 
is  independent  of  the  intensity  of  the  current,  really  leads  to 
absurd  conclusions;  while  the  supposition  that  the  resistance 
of  the  conductor  is  proportional  to  the  intensity  of  the  current 
is  found  to  be  in  complete  conformity  with  the  experiments 
hitherto  made,  and  leads  to  results  ratified  by  experience. 
What  has  just  been  said  applies  to  solid  and  liquid  bodies,  but 
not  to  gases  at  ordinary  temperature,  as  the  following  consi- 
deration, among  others,  will  show: — In  order  that  a  current 
started  by  an  electromotor  may  be  able  to  pass  through  a  solid 
or  liquid  conductor,  there  is  no  need  of  a  determined  electro- 
motive force  in  the  electromotor.  However  slight  the  force 
may  be,  the  current  will  always  pass,  although  of  course  it 
becomes  less  intense  in  proportion  as  the  electromotive  force 
is  little  or  the  resistance  of  the  conductor  is  great.  If  in  all 
cases  the  current  is  able  to  traverse  the  conductor,  that  evi- 
dently depends  on  the  effective  resistance  being  proportional 
to  the  intensity  of  the  current,  and  hence  that  resistance  is 
least  when  the  intensity  of  the  current  is  least.  On  the  con- 
trary, in  order  that  the  current  may  be  able  to  pass  through  a 
gaseous  body,  a  detei'mined  electromotive  force  is  necessary, 
or,  what  amounts  to  the  same,  it  is  necessary  that  the  electro- 
motor be  in  a  condition  to  produce  a  certain  tension  on  the 
electrodes.  If  the  electromotive  force  is  below  this  limit, 
experiment  shows  that  gas  may  be  regarded  as  a  perfect  insu- 
lator. From  this  it  evidently  follows  that  the  resistance  of 
gases  cannot  be  proportional  to  the  intensity  of  the  current. 
Now,  if  it  be  admitted  that  the  electric  resistance  of  gases  is 
independent  of  the  intensity  of  the  current,  the  properties  of 
which,  according  to  the  experiments  of  the  last  few  yearsfj 

*  "Th^orie  des,  phtlnomeues  ^lecti'iques,"  K.  Svenska  Vet.-Akad. 
Handlingar,  t.  xii,  no.  8 ;  Pogg.  Ann,  cxlviii.  p.  421  (1873);  Phil.  Mag.  [4] 
xlvi.  p.  204. 

l"  Bihany  till  K.  Svenska  J'et.-Akad.  Ilandlinyar,  vi.  uo.  7  (1881) ; 
Wied.  Ann.  xv.  p.  165  (1882)  ;  Phil.  Mag.  [5]  xiii.  p.  200. 
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gases  give  proof  when  traversed  by  the  current  can  be  ex- 
plained with  the  greatest  facility,  namely: — that  the  amount 
of  heat  generated  is  proportional  to  the  intensity  of  the  cur- 
rent, not  to  the  square  of  that  intensity;  that  the  resistance  in 
a  column  of  gas  is  independent  of  the  cross  section  of  the 
column ;  that  the  ditference  between  the  electroscopic  tensions 
of  two  points  situated  at  a  distance  from  one  another  is  pro- 
portional to  the  resistance  between  the  same  points,  not  to 
that  resistance  multiplied  by  the  intensity  of  the  current,  &c. 
Every  thing,  consequently,  leads  to  the  conclusion  that  the 
electric  resistance  of  gases  is  independent  of  the  intensiiy  of 
the  current,  but  of  course  only  on  the  supposition  that  the 
current  does  not  sensibly  modify  the  composition,  temperature, 
or  density  of  the  gas. 

Let  I  be  the  current-intensity  in  a  closed  circuit  composed 
exclusively  of  solid  and  liquid  parts,  E  the  electromotive  force 
of  the  electromotor,  and  n  the  quantity  of  surface  of  the  latter, 
L  the  total  length  of  the  circuit,  and  r  its  resistance  at  unit 
intensity  of  the  current;  we  shall  have  for  the  determination 
of  that  intensity  the  differential  equation  * 

L  -rr=.'nYj—nn. 
at 

If  we  integrate  this  equation,  we  shall  get,  for  the  case  in 
which  the  current  has  been  closed  a  sufficient  time  for  its  in- 
tensity to  have  become  constant, 

.     E 

that  is  to  say,  the  known  law  of  Ohm. 

When,  on  the  contrary,  the  circuit  contains  in  addition  a 
gaseous  conductor  whose  resistance  is  R,  the  differential  equa- 
tion becomes 

di 
L      =7iE  — nR— wW, 
dt 

of  which  the  integral  is 

.     E-R 


Tlierefore  the  resistance  R  of  the  gas  has  its  place  in  the 
numerator  and  not  in  the  denominator  as,  without  closer  exami- 
nation, one  would  be  inclined  to  place  it,  according  to  the 
usual  formula  of  Ohm.  It  is  seen,  then,  as  a  consequence  of 
what  has  been  said  above,  that  E  must  be  greater  than  R  in 
order  that  it  may  be  possible  for  a  current  to  arise. 

*  Pogg.  Awi.  cxlviii.  p.  421 ;  Phil.  Mag.  [4]  xlvi.  p.  206. 
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§2. 

The  apparatus  employ  eel  in  the  experiments  were : — a  Holtz 
electrophorus  with  a  double  rotatory  disk,  the  crank  of  which 
was  turned,  with  a  constant  velocity,  as  a  rule  once  in  two 
seconds;  a  reflecting  galvanometer  of  a  construction  previously 
described*,  specially  applicable  to  electric  discharges,  the  coil 
of  which  consisted  of  forty  turns  of  copper  wire  l"3millim.  in 
thickness,  surrounded  with  gutta  percha;  a  Topler's  mercury 
air-pump  of  improved  construction  I)y  Bessel-Hagenf,  as  well 
as  a  Ruhmkorflf  induction-apparatus,  which,  however,  could 
only  give  very  short  sparks  in  a  space  filled  with  air.  The 
intensity  of  the  induced  current  was  measured  by  a  magneto- 
meter, the  deflections  of  which  were  read  with  the  aid  of  a 
telescope  and  scale. 

I  proved,  several  years  since,  by  experiment,  that  there 
exists  in  the  voltaic  arc,  as  well  as  in  the  electric  spark,  an 
electromotive  force  sending  a  current  in  the  opposite  direction 
to  that  which  calls  forth  the  electromotive  force  |.  In  order 
to  distinguish  it  from  other  currents,  it  received  the  name  of 
disjunction-current.  The  above-mentioned  result  has  been 
verified  by  Sundell,  in  regard  to  the  electric  spark,  by  means 
of  a  series  of  detailed  experiments§.  In  those  experiments 
the  electric  spark  was  formed  in  a  space  filled  with  air.  An 
investigation  which  I  subsequently  made  showed  that  the  force 
discovered  by  me  in  a  space  filled  with  air  existed  also  when 
the  air  was  rarefied;  but  the  resources  at  my  disposal  on  that 
occasion  did  not  permit  me  to  carry  the  I'arefaction  far  enough; 
moreover  it  was  not  in  the  programme  of  the  investigation  to 
devote  at  that  time  more  attention  to  this  matter  || .  I  will 
therefore  now  show,  pursuing  the  same  method  as  that  which 
I  employed  in  1868,  the  manner  in  which  the  electromotive 
force  is  modified  with  the  density  of  the  air.     Of  the  experi- 

*  Ofversigt  af  Kongl.  Vetensk(tps-Akademie)is  Forhcmdlingar^  ]868  5 
Pogg.  Ann.  cxxxvi.  (1862) ;  Ann.  de  Chim.  et  de  Phys.  [4]  xvii. ;  Phil. 
Mag.  [4]  xxxviii.  p.  169. 

t  Wied.  Ann.  xii.  p.  425  (1881). 

\  Of  vers,  af  Kongl.  Vef.-Akad.  Forhandl.  1867  &  1868;  Pogg.  Ann. 
cxxxi.,  cxxxiv.  pp.  250,  337 ;  Phil.  Mag.  [4]  xxxvi.  &  xxxvii. 

§  Pogg.  Ann.  cxlv. 

II  In  a  communication  to  the  Paris  Academy  of  Sciences  {Co7nptes 
Rendiis  for  1881,  t.  xcii.  p.  710),  M.Le  Roux  states  that  my  investigation 
on  the  voltaic  arc  has  merely  led  to  this  result — that  the  arc  does  not 
behave  exclusively  like  a  simple  resistance ;  and  he  then  gives  a  proof  that 
there  really  exists  an  electrt)motive  force.  Now  this  proof  is  identical 
vpith  that  which  I  employed  iu  1867  to  demonstrate  the  existence  of  the 
same  force. 
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ments  made,  in   order  to  economize 


those  which  are  absolutely 
demonstration*. 

In  fiff,   1,  ah  represents  the 


space  I  shall  cite  only 
necessary  to  furnish  a  complete 

Fig.  1. 

I 


disk  of  the  electrophorus,  a,  and 
hi  the  two  receiving  combs,  of 
which  Oj  is  in  metallic  connexion 
with  the  point  k,  and  bi  with  the 
brass  ball  e.  In  the  vicinity  of 
this  latter  another  bi-ass  ball,  /', 
is  placed,  from  which  an  elec- 
trode goes  to  the  point  h.  The 
space  in  which  the  air  is  to  be 
rarefied  is  represented  by  c  d, 
and  is  connected  with  the  points 
A  and  k.  From  these  points  also 
electrodes  go  to  the  galvano- 
meter g,  in  front  of  which  the 
wires  are  joined  by  a  bridge  n,  which  presents  a  suitable 
resistance:  the  purpose  of  this  bridge  will  be  seen  further  on. 
/  is  a  copi^er  wire  connected  to  earth,  and  carries  away  the 
static  electricity  which  has  possibly  been  left  in  the  galvano- 
meter after  the  discharges,  and  might  produce  an  electroscopic 
effect  upon  the  magnetized  needle. 

When  the  disk  of  the  electrophorus  is  put  into  rotation,  the 
sparks  spring  between  the  balls  e  and/,  and  the  magnetized 
needle  of  the  galvanometer  c/  is  deflected.  If  the  rotation  be 
continued  for  a  suflicient  time,  the  deflection  will  become 
constant.  The  arrival  of  that  moment,  however,  was  not 
alwaj's  waited  for;  but  the  amount  of  the  deflection  was  de- 
termined by  observing  the  degrees  of  the  scale  to  which  the 
needle  returned  in  its  oscillations ;  then  a  mean  of  those  de- 
grees was  taken.  Several  such  means  were  taken  for  each 
determination.  If  (as  indicated  in  the  figure  by  an  arrow) 
the  positive  current  passes  from  the  receiving  comb  oi,  this 
current  divides  at  k,  after  which  a  portion  of  it  traverses  the 
space  of  rarefied  air,  while,  on  the  other  hand,  a  certain  quan- 
tity passes  through  the  bridge  n,  and  the  remainder  through 
the  helix  of  the  galvanometer.  But  when  the  conduction  is 
interrupted  between  the  point  k  and  the  rarefied  air-space,  the 
entire  current  passes  to  g,  and  is  there  divided  between  the 

*  The  observations  were  c.irried  out,  under  my  direction,  by  MM.  S. 
An-henius  and  0.  Mebius,  Candidates  in  Philosophy  of  the  University  of 
Upsal,  and  Th.  Homeu,  Candidate  in  Philosophy  of  the  University  of 
Ilelsing-foi's  (Finlandj.  Usually  each  observation  was  repeated  three 
times,  which  permitted  the  observers  to  control  each  other. 
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galvanometer  and  the  bridge.  All  the  series  of  observations 
agreed  in  this: — that  if  the  conduction  between  k  and  the 
rarefied-air  space  was  interrupted,  and  consequently  the  entire 
discharge  passed  to  q  and  was  there  divided  between  the 
bridge  and  the  galvanometer  to  arrive  at  the  ball  /,  the  deflec- 
tion did  not  amount  to  more  than  1  or  1'5  division  of  the 
scale;  but  if  the  discharge  divided  at  k  and  part  of  it  passed 
through  the  rarefied  air,  the  deflection  might  amount  to  50 
scale-divisions — although  a  lower  figure  might  have  been  ex- 
pected,  seeing  that  in  this  case  a  smaller  portion  of  the  dis- 
charge passed  through  the  galvanometer. 

The  question  now  is,  to  what  cause  must  we  ascribe  the  cir- 
cumstance that  the  deflections  were  several  times  greater  in 
one  case  than  in  the  other  ?  Perhaps  the  first  thought  that 
will  occur  to  us  is  that  the  discharge  is  oscillatory.  One 
might  then  say: — "At  the  first  SAving  positive  electricity  is 
discharged,  without  dividing  at  k,  through  the  bridge  n  and 
the  galvanometer  to  arrive  at  the  ball/;  when,  at  the  second 
swing  (a  little  weaker  than  the  first),  the  electricity  returns, 
it  takes  its  path  to  h  exclusively  through  the  rarefied-air  space; 
at  the  third  swing  it  again  passes  exclusively  through  the  gal- 
vanometer and  the  bridge,  while  at  the  fourth  it  is  discharged 
only  through  the  rarefied-air  space,  and  so  on.  In  this  way 
the  deflections  would  be  greater  when  k  is  in  metallic  commu- 
nication -wdth  the  rarefied  air  than  when  the  communication 
between  them  is  interrupted."  But  it  will  readily  be  perceived 
that  an  oscillatory  discharge  of  this  kind  is  absolutely  impos- 
sible. The  same  direction  and  the  same  amount  of  deflection 
have  been  observed,  whether  the  point  of  interruption  between 
the  balls  e  and  /  was  near  to  hi,  as  shown  in  the  figure,  or 
placed  near  to  aj.  It  can  therefore  be  said  that  every  thing 
is  symmetric  around  the  rarefied-air  space,  and  hence  there  is 
no  valid  reason  for  the  electricity,  in  passing  from  left  to 
I'ight,  to  be  brought  to  choose  another  path  than  that  which 
it  takes  when  it  returns  from  right  to  left.  Further  on,  more- 
over, will  be  found  some  proofs  demonstrating  that  the  oscil- 
latory discharge  cannot  be  the  cause  of  the  great  deflections 
mentioned  above. 

Others  will  perhaps  be  disposed  to  assume  that  the  reason 
of  the  great  deflections  which  take  place  when  the  point  k  is 
connected  with  the  rarefied-air  space,  is  the  rise  of  induction- 
currents,  at  the  time  of  the  discharge,  in  the  helix  of  the  gal- 
vanometer or  at  some  other  point  of  the  closed  circuit,  and 
that  to  these  currents  we  must  attribute  the  above-mentioned 
deflections.  Now,  further  on  will  likewise  be  given  proofs 
that  the  great  deflections  have  just  as  little  to  do  with  induced 
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currents.  We  are  therefore  compelled  to  admit  that  there  must 
be  in  the  electric  spark  a  proper  electromotive  force  sending 
a  current  in  the  inverse  direction  of  the  discharge.  As  I  had 
before  demonstrated  that  the  voltaic  arc  is  the  seat  of  an  elec- 
tromotive force,  it  Avas  in  reality  easy  to  foresee  that  such  a 
force  must  also  exist  in  the  electric  spark. 

Experiment  1.  At  the  two  ends  of  a  glass  tube  of  20  mil- 
lim.  diameter  and  60  millim.  length,  aluminium  electrodes 
were  fixed.  The  distance  between  the  extremities  of  these 
wires  amounted  to  5  millim.  A  glass  tube  of  the  same  dimen- 
sions contained  brass  electrodes,  the  extremities  of  which  were 
furnished  with  balls  of  the  same  metal ;  the  distance  between 
the  nearest  points  of  the  latter  amounted  also  to  5  millim. 
The  tubes  were  connected  with  the  mercury  air-pump  ;  and 
consequently  the  air  had  the  same  density  in  both.  The  dis- 
tance between  the  balls  e  and /(fig.  1)  of  the  electrophorus 
was  10  millim.  At  w  a  rheostat,  presenting  a  resistance  of 
7*75  ohmads,  was  placed.  This  rheostat  was  composed  of  a 
fine  German-silver  wire  wound  round  four  glass  columns,  each 
turn  of  the  spiral  being  sufficiently  distant  from  the  neigh- 
bouring turn  to  prevent  any  appreciable  induction  at  the  time 
of  the  discharge.  In  this  way  the  following  deflections  were 
obtained  : — 

Deflections,  in  scale-divisions,  with 


Pressure  of 
the  air,  in 

the  brass 

— j^ ^ 

the  aluminium 

millimetres. 

balls. 

poles. 

561-7     .     . 

14-1 

11-8 

353-0     .     . 

9-3 

10-3 

249-0     .     . 

8-8 

7-7 

138-9     .     . 

5-2 

4-6 

72-2     .     . 

3-4 

2-9 

29-5     .     . 

1-7 

3-0 

6-5     .     . 

1-5 

3-8 

4-4     .     . 

3-0 

8-2 

2-0     .     . 

13-3 

16-3 

When  the  communication  between  k  and  the  rarefied-air 
space  was  interrupted,  so  that  the  entire  discharge  of  the  elec- 
trophorus must  divide  itself  between  the  bridge  n  and  the 
galvanometer,  a  deflection  of  1-5  scale-division  was  obtained. 
Id  the  experiments  cited,  a  portion  of  the  discharge  passed 
through  the  rarefied-air  space;  so  that  the  deflection  proceed- 
ing from  the  quantity  of  electricity  Mhich  came  direct  from 
the  electrophorus  could  scarcely  amount  to  more  than  one 
division  of  the  scale.     If  we  subtract  this  from  the  above-oriven 
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numbers,  we  get  the  deflections  produced  by  the  electromotive 
force  existing  in  the  spark. 

The  resistance  of  a  cohimn  of  gas  being  independent  of  the 
cross  section  of  the  cohimn,  but  being  necessarily  proportional 
to  its  length,  the  resistance  of  the  spark  may  be  expressed  by 
r-J,  in  Avhich  term  ?'i  denotes  the  resistance  of  unit  length, 
and  /  the  length.  If  we  represent  by  e  the  electromotive  force 
of  the  spark,  and  by  m  the  resistance  of  the  rest  of  the  closed 
circuit,  the  deflections  obtained  must,  according  to  what  pre- 
cedes, be  (after  deducting  one  scale-division)  proportional  to 

e  "^  Vi  /  .  . 

-.     The  experiments  recapitulated  above  show  that  the 

difterence  e—r-J  diminishes  when  the  pressure  of  the  air  foils 
from  562  to  about  29  millim.,  but  that  afterwards  it  increases 
again  in  proportion  as  the  pressure  descends  to  2  millim. 
Now  the  preceding  experiments  show  only  the  way  in  which 
the  difterence  between  e  and  r-il  varies  with  the  pressure,  and 
not  the  modifications  undergone  by  each  of  these  quantities. 

Before  proceeding  further,  there  is  reason  to  pay  attention 
to  the  following  circumstances: — When  an  electric  spark  is 
formed  between  metal  electrodes  in  air  of  great  density,  the 
temperature  of  the  circuit  of  the  spark  rises,  as  is  known,  to 
such  a  degree  that  the  metals  are  carried  in  the  gaseous  state 
from  one  electrode  to  the  other.  The  air  is  therefore  consi- 
derably heated,  and  mixed  besides  with  metallic  vapours. 
Now  we  know  from  Becquerel's  researches,  confirmed  by  Hit- 
torf's  experiments,  that  at  high  temperature  gases  become 
relatively  good  conductors.  It  is  consequently  impossible  to 
deduce,  from  experiments  performed  at  a  considerable  density 
of  the  air,  what  would  have  been  the  value  of  its  conductivity 
at  the  same  density  if  the  air  had  kept  its  temperature  un- 
changed. With  a  greater  density  of  the  air,  too,  the  elec- 
trodes are  torn  by  the  current;  and  as  it  is  then  very  probable 
(as  I  have  endeavoured  to  demonstrate  in  my  first  researches 
upon  the  electromotive  force  in  question)  that  e  in  part  de- 
pends on  this,  neither  is  it  possible  to  draw,  from  experiments 
made  with  a  considerable  density  of  the  air,  any  sure  conclu- 
sions concerning  the  dependence  of  that  force  on  the  density 
of  the  air  when  the  tearing  above  mentioned  does  not  take 
place.  If,  on  the  contrary,  the  air  is  highly  rarefied,  it,  as 
perfectly  reliable  experiments  have  proved,  is  but  slightly 
warmed  by  the  electric  current,  and  the  electrodes  remain 
intact  or  are  but  slightly  attacked  by  the  current.  Therefore, 
in  order  to  determine  the  dependence  in  which  the  electromo- 
tive force  and  the  resistance  stand  relatively  to  the  density  of 
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the  air,  one  is  forced  to  rely  exclusively  on  the  observations 
made  with  more  considerable  rarefactions  of  the  air. 

In  order  to  be  able  to  determine  how  e  and  r^l  vary,  each 
by  itself,  with  the  density  of  the  air,  it  is  necessary  to  proceed 
with  a  series  of  observations  in  which  e  and  )\l  are  combined 
in  a  different  manner  from  that  in  which  they  were  in  the 
preceding  series.  For  this  purpose  a  RnhmkorflF  induction- 
apparatus  was  employed  in  the  following  manner : — Having 
found  the  difficulty  there  was  in  obtaining  constant  deflections 
when  the  Foucault  interrupter  belonging  to  the  apparatus  was 
employed,  I  made  use  of  only  one  of  the  induced  currents 
arising  from  the  opening  of  the  inducing  current ;  and  that 
current  w'as  measured  by  means  of  a  sensitive  magnetometer. 
If  the  inducing  current  preserves  its  intensity  without  modifi- 
cation, the  induced  currents  do  not  undergo,  at  the  opening, 
any  modification  with  respect  to  quantity,  in  whatever  man- 
ner the  opening  is  effected.  If  the  circuit  of  the  induced 
current  is  composed  of  solid  and  liquid  conductors  only,  the 
induced  currents  also  produce  deflections  of  equal  magnitude 
on  a  galvanometer  inserted  in  the  circuit.  But  when  the  cir- 
cuit of  the  induced  current  is  interrupted  so  that  the  current 
is  compelled  to  traverse  an  extent  of  air,  for  the  deflections  to 
be  equal  it  is  necessary  that  the  opening  always  take  place  in 
the  same  manner.  After  some  fruitless  attempts,  this  could 
be  done  with  the  aid  of  a  spiral  spring  arranged  in  the  manner 
indicated  by  fig.  2.  A  B  is 
a  wooden  support,  on  which 
is  placed  a  glass  jar,  a,  half 
filled  with  mercury.  On  the 
surface  of  the  mercury  is  put 
an  ebonite  disk  perforated 
at  its  centre.  At  g  is  fixed 
one  extremity  of  a  spiral 
spring,  h,  of  steel,  the  other 
end  carrying  a  small  iron 
cylinder,  c,  to  the  opposite 
extremity  of  which  a  thin 
platinum  wire,  h,  is  soldered. 
When  the  spring  is  kept 
stretched  l)y  the  lever-arm  (Z, 
the  platinum  wire  descends 
to  the  mercury  through  the 
perforation  of  the  ebonite  disk.  One  of  the  electrodes,  e,  of 
the  battery  which  produces  the  inducing  current  dips  into  the 
mercury  ;  the  other,  /,  is  fixed  to  the  iron  cylinder  instead  of 
being  at  g,  in  order  that  the  spring  may  not  be  heated  and  its 
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elasticity  modified  by  the  passage  of  the  current.  Now,  when 
the  lever  is  removed,  the  thin  platinum  wire  is  lifted  from  the 
mercury,  and  the  current  is  then  interrupted  in  successive 
experiments  with  such  uniformity  that  the  currents  which  pass 
through  the  rarefied  air  give  deflections  of  equal  magnitude 
on  the  magnetometer. 

Experiment  2.  The  battery  that  produced  the  inducing 
current  consisted  of  six  Bunsen  elements.  The  glass  tube 
containing  the  rarefied  air  was  the  same  as  in  experiment  1, 
mth  aluminium  electrodes  placed  5  millim.  distant  from  one 
another.  The  passage  of  the  induced  current  through  the 
rarefied  air  gave  the  following  deflections: — 

Pressures  of  the  s'as,  t\  u    i.- 

.1,.      ,      °    '  Denections. 

in  millimetres. 

89-8 25-8 

79-6  ......  28-0 

65-7 29-6 

58-6 33-0 

39-0 38-8 

31-1 41-7 

18-9 35-0 

8-2 30-0 

2-9 19-1 

0-58 15-9 

0-12 0-0 

This  series  resembles  those  repeatedly  obtained  before  by 
other  physicists  :  at  a  comparatively  high  pressure  of  the  air 
the  current  is  weak  ;  it  reaches  a  maximum  at  a  certain  lower 
pressure,  afterwards  diminishing  again  if  the  rarefaction  is 
increased  beyond  this.  It  is  from  such  series  of  experiments 
that  it  has  been  inferred,  inter  alia,  that  the  electric  resistance 
of  air  diminishes  with  the  pressure  until  it  arrives  at  a  certain 
limit,  which  being  passed,  the  resistance  increases  again,  if 
the  rarefaction  continues  to  increase,  and  in  a  vacuum  becomes 
infinite.  Here  I  Avill  only  remark,  as  a  preliminary,  that  the 
series  of  deflections  of  experiment  2  may  be  regarded  on  the 
whole  as  a  sort  of  inversion  of  the  series  of  experiment  1.  In 
the  latter  series  the  deflections  are  considerable  at  the  higher 
pressures  of  the  air,  and  then  diminish  till  the  pressure  has 
fallen  to  about  30  millim.,  after  which  they  commence  to  in- 
crease if  the  increase  of  rarefaction  be  continued  ;  in  series  2 
the  reverse  is  presented,  in  that  the  maximum  occurs  there  at 
a  pressure  of  about  30  millim. 

If  E  denotes  the  electromotive  force  of  the  induction-appa- 
ratus, e  that  of  the  spark  in  the  rarefied  air,  ril,  as  before,  the 
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resistance  of  the  air,  and  m  the  resistance  of  the  rest  of  the 
closed  circuit,  the  deflections  must,  according  to  what  pre- 
cedes, be  proportional  to —*. 

If  we  exclude  the  rarefied-air  space  from  the  circuit,  the 

E 

intensity  of  the  current  will  be  expressed  by  — .  This  inten- 
sity, which  was  measured  several  times  between  the  obser- 
vations of  series  2,  remained  (with  insignificant  variations) 
constant  the  whole  time.  The  deflection  was  too  great  to  be 
measured  by  the  magnetometer  without  placing  before  the 
latter  a  bridge  to  produce  a  division  of  the  current.  It  was 
found  by  calculation  that,  without  the  employment  of  the 
bridge,  the  deflection  would  have  been  1300  scale-divisions. 
If  we  subtract  from  this  number  the  deflections  observed  in 

series  2,  the  remainders  will  be  proportional  to  -* 

We  thus  get: — 


Pressure  of 

e+rj 

the  air. 

m 

89-8     .     .     . 

.     .     1274-2 

79-6     •     .     . 

.     .     1272-0 

65-7     •     .     . 

.     .     1270-4 

58-6     •     .     . 

.     .     1267-0 

39-0     •     .     . 

.     .     1261-2 

31-1     •     .     . 

.     .     1258-3 

18-9     •     .     . 

.     .     1265-0 

8-2     ••     . 

.     .     1270-0 

2-9     •.     . 

.     .     1280-9 

0-58  •     .     . 

.     .     1284-1 

0-12  .     .     . 

.     .     1300 

*  The  deflections  obtained  at  different  pressui-es  may  be  regarded  as 
proceeding  from  the  united  action  of  two  different  cun-euts,  namely : — 
(1)  the  current  which  would  be  produced  by  the  induction-apparatus  in 
the  case  in  which  the  rarefied-air  space  possessed  no  electromotive  force, 
but  merely  opposed  a  resistance  to  the  propagation  of  the  current ;  as  this 
resistance  diminishes  as  the  rarefaction  increases,  the  current  in  question 
would  gradually  increase  with  the  latter;  (2)  the  disjuuction-ciu'rent  due 
to  the  passage  of  the  former  through  the  rarefied  air,  and  gciing  in  a  direc- 
tion opposite  to  this.  If  the  disjunction-ciu-reut  be  subtracted  from  tlie 
current  before  mentioned,  the  resultant  will  arrive  at  its  maximum  at  the 
pressure  at  which  the  latter  current  will  have  its  minimum.  Now  the 
observations  furuished  by  experiments  1  and  2  show  that  in  the  former 
the  minimum  is  found  at  nearly  the  same  pressure  as  the  maximum  in  the 
iu  the  latter.  Hence  we  may  conclude  from  this  that  wlieu  in  experi- 
ment 2  the  induction-apparatus  was  employed  in  tlie  formation  of  the 
current,  there  was  also  produced  in  the  rarefied-aii"  space  a  tlisj  unction- 
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The  deflections,  varying  only  2  per  cent,  between  the  pres- 
sures 31*1  and  0'58,  may  be  considered  approximately  con- 
stant. If  this  invariable  deflection  be  designated  by  k,  and  if 
a  is  a  constant,  we  can  therefore  put  e-{-rJ,=^ak  for  the  pres- 
sure between  these  limits.  If  x  be  the  invariable  deflection 
between  the  same  limits  of  series  1,  and  if  h  is  another  con- 
stant, we  can  write  e—rj=hx,  from  which  we  get 
ah  +  hx  1  ,  ah  —  hx 
e—  — 2 —  ^"^  *'i^=  — 2 

The  observations  show  that  x  is  rapidly  augmented  with  the 
rarefaction;  the  following  results  are  obtained  from  these  two 
series : — If  the  density  of  the  air  at  lohich  the  induced  current 
presents  its  maximum  he  taken  for  the  starting-point,  the  elec- 
tromotive force  e  increases  zcith  the  ulterior  increase  of  the  rare- 
faction, while,  on  the  contrary,  the  electric  resistance  of  the  air 
undergoes  continual  diminution  during  the  same  time.  In  the 
rarefied-air  space  here  employed  the  I'esistance  of  the  air  dimi- 
nished by  a  quantity  approximately  equal  to  the  increase  of 
the  electromotive  force  when  the  rarefaction  of  the  air  was 
augmented. 

If  the  distance  between  the  electrodes  be  made  greater  than 
it  was  in  the  preceding  experiments,  the  diminution  of  r-J,  all 
other  conditions  remaining  equal,  will,  when  the  density  is 
reduced,  evidently  be  greater  than  when  I  is  less.  It  may 
therefore  easily  happen,  if  I  is  sufficiently  great,  that  ril  un- 
dergoes, when  the  rarefaction  is  augmented,  a  diminution 
exceeding  the  increase  of  e,  and,  consequently,  that  the  sum 
e-\-ril  continues  to  diminish  with  the  pressure.  In  that  case 
the  maximum  of  the  induced  current,  if  a  maximum  be  pro- 
duced, will  be  found  at  a  pressure  below  that  of  the  foregoing 
observations.  In  Morren's  experiments  the  distance  between 
the  electrodes  amounted  to  240  millim.  ;  and  it  is  very  likely 
that  we  must  attribute  to  that  cause  the  circumstance  that  he 
found  the  maximum  of  the  current  at  so  low  a  pressure  as 
1  millim.  or  slightly  under. 

For  determining  the  variations  of  the  sum  e  +  rj  at  different 
air-pressures  another  process  was  employed,  which^  however, 
was  not  capable  of  giving  so  exact  a  result  as  the  experiments 
with  the  induced  current.  A  spark  micrometer  was  used, 
composed  of  two  brass  balls  introduced  into  a  wider  glass 
tube,  one  of  which  balls  could  be  moved  nearer  to  or  further 

current  similar  to  that  of  experiment  1.  But  it  will  -svitliout  difficulty  be 
understood  that  in  experiment  2  the  disjunct! ou-cm-reut  produced  in  the 
tuhe  cannot  be  attributed  to  any  oscillatory  discharge  ;  and  therefore  there 
is  nothing  to  authorize  us  to  see  in  a  discharge  of  that  natm*e  the  cause 
of  the  great  deflections  given  by  experiment  1. 
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from  the  other  at  pleasure  by  means  of  a  micrometer-screw, 
the  distance  separating  them  being  read  on  a  graduated  scale. 
The  spark  micrometer  and  the  glass  tube  with  aluminium 
electrodes  used  in  the  previous  experiment  were  connected 
with  the  electrophorus  in  the  way  indicated  by  fig.  3;  but  the 
distance  between  the  electrodes 
was  now  30  millim.,  and  not  5  as  Fig.  3. 

in   the    foregoing    experiments.       3 
Two  electrodes,  connected  with 
one  of  the  receiving  combs  of  the 

electrophorus,  proceed  from  the  ^^^.-"'^     ^m 

point  g  to  the  metal  ball  /  (the        /?  ^ 
same   as   that   denoted   by  this 
letter  in  fig.  1).     The  glass  tube 

containing  the  rarefied  air  is  inserted  at  a  in  one  of  the  elec- 
trodes, and  the  spark  micrometer  at  vi  in  the  other.  When 
the  distance  between  the  balls  of  the  micrometer  was  great, 
the  discharge  passed  exclusively  through  the  rarefied-air 
space  ;  but  if  they  were  brought  sufficiently  nearer,  the  dis- 
charge passed  only  at  m,  through  the  spark  micrometer.  The 
distance  was  now  regulated  so  that  the  successive  discharges 
passed  alternately  through  a  and  through  m.  For  this  case 
the  sum  mentioned^  e  +  rl,  was  regarded  as  equal  in  the  two 
tubes  ;  and  the  distance  between  the  balls,  which  constituted 
a  measure  of  that  sum,  was  read  on  the  scale.  The  following 
results  were  obtained: — 
Experiment  3. 

Pressure  of  t,.  .         ,    , 

the  air  Distance  between 

mimm'  thebaUs. 

46-5 1-31 

25-1 1-31 

17-5 1-36 

13-0 1-25 

6-4 1-14 

4-0 1-10 

2-3 1-10 

0-8 1-15 

0-007 2-33 

Experiment  4.  In  this  experiment  the  aluminium  electrodes 
were  replaced  by  electrodes  of  platinum,  and  the  distance 
between  them  was  30  millim.  The  fo  lowing  distances  be- 
tween the  balls  of  the  micrometer  were  obtained,  according  to 
the  modification  of  the  air-pressure  in  the  rarefied-air  space: — 


of  Electricity  throur/h  Rarefied  Air.  l5 

Pressure  of  -r.-  , 

the  ail'  Distance  between 

niillim.'  t^e  baUs. 

117-5 1-30 

91-2 1-20 

68-3 1-15 

21-0 1-15 

14-1 1-12 

8-0 1-10 

6-1 0-95 

3-0 1-00 

2-38 1-05 

0-2 1-40 

In  these  last  two  series  the  minimum  is  found  lower  down 
than  in  series  2 — namely,  in  the  first  between  pressures  of 
2  and  4  niillim.,  and  in  the  second  between  3  and  8  millim. 
This  must  probably  be  attributed  to  the  distance  between  the 
electrodes  being  30  millim.  instead  of  5  as  in  series  2.  If, 
however,  the  pressure  of  the  minimum  be  augmented  to  a 
higher  degree,  the  value  increases  more  quickly  when  the  dis- 
tance is  greater  than  when  it  is  less. 

Exiyeriment  5.  The  object  of  this  experiment  was  to  deter- 
mine whether  the  electromotive  force  e  is  dependent  on  the 
quantity  of  electricity  traversing  the  spark  in  the  rarefied-air 
space.  The  electrodes  consisted  of  platinum  wires^  the  dis- 
tance between  which  amounted  to  30  millim.;  pressure  of  the 
air  1*8  millim.  A  rheostat  being  inserted  at  lo  (fig.  1)  in  the 
wire  that  went  to  the  galvanometer,  a  deflection  of  12*6  scale- 
divisions  was  obtained;  while,  if  the  rheostat  was  placed  at  p^ 
in  the  wire  going  to  the  spark,  the  deflection  did  not  amount 
to  more  than  7'1  divisions.  When  the  rheostat  was  excluded 
from  the  circuit,  the  deflection  amounted  to  42  divisions. 
When  the  rheostat  was  intercalated  at  lo,  of  course  the  quan- 
tity of  electricity  passing  through  the  spark  was  greater  than 
when  the  resistance  was  located  at  p,  although  the  total  resist- 
ance of  the  closed  circuit  in  the  two  cases  was  identical. 
Consequently  the  electromotive  force  increases  tvith  the  quantity 
of  electricity  traversiric/  the  sqyark.  These  observations  show, 
further,  as  might  have  been  expected,  that  the  intensity  of  the 
current  will  he  diminished  if  a  7'esistance  be  inserted  in  the  closed 
circuit. 

For  the  case  of  a  constant  current  (from  a  sufficiently 
powerful  galvanic  battery,  for  example)  traversing  the 
rarefied-air  space  and  producing  there  an  electromotive  force 
e,  we  must  take  care  not  to  draw  from  the  foregoing  result 
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the  conclusion  that  e  increases  or  diminishes  with  the  intensity 
of  the  current.  I  have,  on  the  contrary,  demonstrated,  in  a 
previous  investigation  on  the  electromotive  force  of  the  voltaic 
arc,  that  the  above-mentioned  force  is  independent  of  the 
intensity  of  the  current  to  which  the  arc  is  due.  It  was  only 
when  the  current  employed  was  so  weak  that  it  was  only  just 
able  to  produce  an  arc  that  the  electromotive  force  appeared 
to  have  diminished  a  minute  fraction  per  cent.*  If  it  is 
otherwise  when  the  experiments  bear  upon  the  electric  spark, 
that  must  depend  on  other  conditions.  When  the  electricity 
traverses  the  rarefied-air  space  in  the  form  of  discontinuous 
discharges,  and  the  quantity  of  electricity  which  passed  in  the 
way  indicated  in  the  preceding  experiment  is  augmented  or 
diminished,  it  is  possible  that  not  only  the  duration  of  the 
separate  sparks,  but  also  the  curves  indicating  the  increase  of 
the  eletricity  at  the  commencement  and  its  decrease  at  the 
end  of  the  discharge,  undergo  modificatious.  The  electromo- 
tive force  e  probably  depends  on  these  circumstances,  and  is 
not  in  direct  relation  with  the  quantity  itself  of  electricity. 

Already  in  1868,  at  the  time  of  my  first  researches  on  the 
electromotive  force  of  the  electric  spark,  I  had  found  that  the 
deflections  become  smaller  if  an  induction-coil  is  inserted  in 
the  circuit  conducting  to  the  galvanometer.  In  those  experi- 
ments the  spark  was  formed  in  a  space  filled  with  air.  There- 
fore, of  the  two  induced  currents  due  to  the  passage  of  the 
discharge  through  the  coil,  only  that  which  traversed  the  spark 
in  the  same  direction  as  the  discharge  had  power  to  penetrate 
the  spark  ;  or  perhaps,  to  express  myself  more  correctly,  that 
current  traversed  the  spark  with  more  facility  than  the  induced 
current  which  traversed  it  in  the  contrary  direction.  As 
there  might  be  some  interest  in  ascertaining  what  would  be 
the  results  of  lowering  the  pressure  of  the  air  in  the  space  in 
which  the  spark  was  produced,  the  following  experiment  was 
made : — 

Experiment  6.  At  w  (fig.  1)  an  induction-coil  was  inserted, 
consisting  of  a  copper  wire  coated  with  gutta  percha  and 
wound  in  40  turns  of  a  helix  ;  and  then  the  deflection  pro- 
duced was  observed.  The  coil  was  now  removed,  and  replaced 
by  a  German-silver  wire  having  nearly  the  same  resistance  as 
the  induction-coil,  and  the  deflection  was  observed  in  the  same 
manner  as  before.  When  no  spark  was  formed  between  c  and 
fZ,  and  consequently  the  entire  discharge  divided  itself  between 
the  galvanometer  and  the  bridge,  the  deflection  amounted  to 
1*5  scale-division.  In  this  way,  at  different  air-pressures  the 
following  series  was  obtained: — 

*  Pogg.  Ann.  cxxxiii.  p.  353 ;  Phil.  Mag,  [4]  xxxv. 
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Deflect 

ions. 

Pressure  of 

, .'. — 

^ 

the  air. 

Without  induc- 

With induc- 

Difference, 

millim. 

tion-coil. 

tion-coil. 

0-24     . 

.     .       1-75 

1-85 

-F    0-10 

0-99     . 

.     .     27-55 

50-05 

+  22-80 

1-55     . 

.     .     23-55 

37-15 

+ 13-60 

2-70     . 

.     .     23-0 

17-65 

-  5-35 

3-20     . 

.     .     21-0 

9-80 

-11-20 

4-50     . 

.     .       4-55 

0-95 

-  3-60 

6-00     . 

.     .       7-06 

2-25 

-  4-80 

8-65     . 

.     .      5-95 

1-85 

-  4-10 

There  are  some  important  circumstances  to  be  noticed  in 
this  series,  to  which  another  series,  not  reproduced  here,  was 
perfectly  conformable.  Without  the  induction-coil  the  deflec- 
tions increase  in  magnitude  from  a  pressure  of  4*50  to  0-99 
millim.  The  value  of  e—r^l  undergoes  therefore  continuous 
augmentation  from  the  first  limit  to  the  second.  Now,  be- 
tween these  limits  the  expression  e-fri^s,  according  to  the 
series  3  and  4,  nearly  constant.  From  this  it  follows  that  e 
increases  continuously  between  the  limits  in  question,  while 
Vil  undergoes  continuous  diminution.  If  the  pressure  descends 
to  0*24  millim.,  the  sum  e-i-ril  increases  notably,  according 
to  series  3  and  4.  Now,  when  we  increase  the  resistance  of 
the  circuit  kcdh  (fig.  1),  the  quantity  of  electricity  that  tra- 
verses the  rarefied-air  space  is  diminished,  whence  it  follows, 
according  to  series  5,  that  the  deflections  are  diminished  also. 
It  is  here  that  we  must  seek  the  reason  of  the  fact  that  at  0*24 
millim.  pressure  of  air  the  deflection  amounts  to  only  1-75 
scale-division.  This  series  therefore  gives  the  same  result  as 
experiment  1. 

On  the  other  hand,  the  observations  taken  when  an  induc- 
tion-coil was  inserted  in  the  circuit  at  lo  or  at  ^>  gave  a  par- 
tially unexpected  result.  The  deflections  diminished  for  a 
pressure  between  the  limits  8*65  and  2-70  millim.  Of  the 
two  induction-currents,  going  in  opposite  directions,  due  to 
the  passage  of  the  discharge-current  through  the  coil,  that 
which  traverses  the  spark  in  the  inverse  direction  of  the  dis- 
junction-current, and  consequently  also  traverses  the  spirals 
of  the  galvanometer  in  a  direction  opposed  to  that  current,  has 
the  property  of  asserting  itself  principally  or  exclusively.  The 
spark,  then,  acts  as  a  sort  of  valve;  it  lets  one  of  the  induction- 
currents  pass,  but  not  the  other,  or  at  least  opposes  a  greater 
obstacle  to  the  passage  of  one  of  the  currents  than  to  the  pas- 
sage of  the  other.     This  is  perfectly  conformable  to  what  I 
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have  found  to  be  the  case  when  the  spark  is  formed  in  a  space 
filled  with  air*;  while  the  opposite  was  presented  at  pressures 
beloAv  2'7  millim. :  the  deflections  then  became  greater  ;  that 
is  to  say,  the  stronger  current  was  that  which  traversed  the 
spark  in  the  same  direction  as  the  disjunction-current.  This 
remarkable  property  of  the  spark  in  the  rarefied-air  space 
would  perhaps  deserve  a  more  special  study  by  means  of  a 
particular  investigation. 

When  the  discharge-current  passes  through  the  galvano- 
meter-coil, of  course  two  induction-currents  in  opposite  direc- 
tions are  produced  in  that  coil  also.  For  preventing  the  action 
of  these  currents  upon  the  magnetized  needle  it  suffices  to 
insert  a  wire  of  sufficient  resistance,  as  a  bridge,  before  the 
galvanometer-coil ;  in  fact,  as  the  resistance  of  this  bridge  can 
be  made  much  less  than  the  total  resistance  of  the  rarefied-air 
space,  the  induced  currents,  which  are  of  equal  intensity  but 
opposite  in  direction,  pass  almost  exclusively  through  the 
bridge,  and  consequently  cut  off  their  action  upon  the  mag- 
netized needle.  I  convinced  myself,  by  the  following  simple 
procedure,  that  their  effect  upon  the  needle  became  really 
insensible: — An  induction-coil,  of  approximately  the  same 
quality  and  size  as  that  of  the  galvanometer,  was  placed  at  tc. 
The  deflections  were  then  seen  to  be  considerably  diminished 
if  the  pressure  was  greater,  but  to  be  increased  when  the  pres- 
sure was  less.  When,  on  the  contrary,  a  wire  of  suitable 
resistance  was  placed  as  a  bridge  before  the  induction-coil, 
the  deflections  became  perfectly  equal,  whether  the  induction- 
coil  was  or  was  not  inserted  in  the  circuit.  As  in  all  the 
experiments  the  galvanometer-coil  was  always  provided  with 
a  bridge  offering  a  suitable  resistance,  the  induced  current 
exercised  no  sensible  influence  upon  the  results  obtained. 

The  electric  current  due  to   the  passage  of  the  discharge 

through  the  rarefied-air  space  has  been  expressed  by ,  in 

conformity  with  the  reasons  given  in  the  preceding  pages. 

In  regard  to  this,  it  should  be  remarked  that  m  (that  is  to  say, 

the  resistance  of  the  part  of  the  circuit  composed  of  wires)  is 

infinitely  small  in  comparison  with  the  resistance  r-il  of  the 

rarefied  air.     The  following  experiment  has  proved  that  the 

current  in  question  cannot  be  calculated  from  the  usual  for- 

e  . 

mula  of  Ohm „  or  since  m  can  be  neglected  in  compa- 

m  +  r^V  ^  "^  ^ 


risen  with  rd,  by  the  formula  — -, 


•  Ofversifft  af  Konyl.  Vetensk.-Akad.   Fiirhandl.   18G8;    Pojrg.    Ami. 
cxxxv'i. ;  Ann.  (h  Chim.  et  dc  Phijs.  [4]  xvii. ;  Phil.  Mag,  [4]  xxxviii. 
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Experiment  7.  Two  perfectly  similar  glass  tubes,  provided 
at  their  extremities  with  electrodes  consisting  of  platinum 
wires,  were  connected  with  the  mercury  air-pump  so  that 
there  might  be  equal  pressure  of  air  in  both.  The  electrodes 
were  covered  with  glass  tubes  to  the  distance  of  1  millim. 
from  their  extremities.  The  distance  between  the  electrodes 
amounted  to  5  millim.  in  one  of  the  tubes,  and  six  times  that 
sum,  or  30  millim.,  in  the  other.  Although  the  electrodes  had 
been  rendered  as  equal  as  possible,  from  some  unknown  cause 
the  electromotive  force  of  the  tube  in  which  the  distance  be- 
tween the  electrodes  amounted  to  30  millim.  was  greater  than 
in  the  other.  With  these  two  tubes  the  following  deflections, 
at  different  pressures  of  the  air,  were  obtained: — 


Pressure  of 
the  air. 
millim. 

0-23  .  . 

0-73  .  . 

1-15  .  . 

2-13  .  . 

5-40  .  . 

8-13  .  . 

Thus,  at  the  lower  pressures  from  0*23  to  1"15  millim.  the 
current  in  the  tube  in  wliich  the  distance  between  the  elec- 
trodes amounted  to  30  millim.  was  stronger  than  that  of  the 
other  tube  ;  while  the  opposite  took  place  from  the  last-men- 
tioned pressure  to  that  of  8*13  millim.  If  we  call  the  electro- 
motive force  of  the  tube  with  5  millim.  distance  between  the 
electrodes  e,  and  that  of  the  other  tube  ex,  and  if  ril  denotes 
the  resistance  of  the  gas  in  the  first  tube,  and  consequently 
Qr-J,  the  force  of  resistance  of  the  second,  we  get,  according  to 

e  e 

Ohm's  law,  — -,  and  —-..     The  obgorvations  above  given  show 

^'^  '^         .   .  ex         e 

that  at  a  pressure  of  0*73  millim.,  for  example,  -7— ,  >     ,.     If 

\)rxt       '  1' 

we  pass  thence  to  a  greater  pressure,  as,  for  instance,  5"4  mil- 
lim., ex  and  e  will  be  modified  in  the  same  proportion,  and 
consequently  their  amount  at  that  pressure  Avill  be  expressed 
by  j)6i  and  jji^",  in  which  case,  from  what  precedes,  p  is  less  than 
unity.  The  resistances  change  in  the  same  manner  into  nQr-J. 
and  m\l,  where  n  denotes  a  number  higher  than  unity.     We 

get,  therefore,  at  the  higher  pressure,     z,^  ,  and  ■^-—.  ;   but, 

7X\)Txt  7irxt 

whatever  numbers  p  and  n  may  represent,  the  former  fraction 

02 


Deflections. 

Distance 

Distance 

30  millim. 

5  millim. 

5-6 

2-6 

17-8 

14-5 

16-9 

16-1 

5-5 

9-1 

3-2 

5-8 

1-6 

2-2 
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must,  according  to  what  has  been  said  aLove,  be  greater  than 
the  latter.  On  the  other  hand,  the  observations  show  that  the 
deflection  at  a  pressure  of  5*4  millim.,  for  example,  is  smaller 
when  the  electrodes  are  at  a  greater  distance  from  one  another 
than  when  they  are  closer.  Ohm's  law  therefore,  in  its  ori- 
ginal form,  is  not  applicable  to  the  case  in  which  the  current 
passes  through  a  gaseous  body. 

When,  on  the  contrary,  the  current-intensities  are  propor- 
tional to  e — Vjl  and  ei  —  6ril,  there  is  no  contradiction  in  the 
circumstance  that  at  the  low  pressure  fi  —  6r,/>e—?'iZ  while 
at  the  same  time,  at  the  higher  pressure,  'pei  —  nQr-J,<j?e — m\l. 

Experiment  8.  In  this  experiment  on  the  passage  of  elec- 
tricit}"  through  rarefied  air,  one  of  the  electrodes  consisted  of 
an  aluminium  wire,  and  the  other  of  a  platinum  wire  of  ap- 
proximately the  same  thickness.  The  discharge  passed  alter- 
nately from  the  platinum  to  the  aluminium,  and  from  the  latter 
electrode  to  the  former.  In  the  circuit,  at  w,  a  rheostat  with  a 
resistance  of  2 1  '5  ohmads  was  inserted.  In  this  way  the  fol- 
lowing results  were  obtained: — 


Pressure  of             Deflection  when  the  dischargee  went 

■f  Ti  £1   Q 1  r 

A 

tilt/    tXllt 

millim. 

from  aluminium 

from  platinum 

to  platinum. 

to  aluminium. 

2-2 

.     .     .     11-65 

(3-85 

3-4 

.     .     .     14-35 

7-22 

3-8 

.     .     .     15-05 

7-05 

6-5 

.     .     .     11-90 

6-40 

24-1 

.     .     .      5-10 

3-30 

35-7 

.     .     .      3-55 

2-85 

If  the  electricity  did  not  pass  through  the  rarefied-air  space, 
a  deflection  of  1'9  scale-division  was  obtained  when  the  dis- 
charge from  the  electrophorus  passed  through  the  galvano- 
meter circuit. 

The  disjunction-current  was  therefore  always  less  when  the 
discharge  passed  from  platinum  to  aluminium  than  when  it 
pursued  the  contrary  direction.  Consequently  aluminium  as 
the  negative  pole  of  the  discharge  gives  a  weaker  disjunction- 
current  than  a  platinum  negative  pole.  As,  with  such  slight 
pressures  of  air  as  the  preceding,  no  particles  of  metal  are 
conveyed  in  the  gaseous  state  from  one  pole  to  the  other,  the 
air  between  the  poles  is  not  mixed  with  foreign  particles 
during  the  discharge ;  and  hence  its  resistance  r-J.  is  not  de- 
pendent on  whether  the  discharge  passes  from  aluminium  to 
platinum  or  whether  it  takes  the  contrary  direction.  The 
cause  of  the  difference  between  the  amount  of  current  in  the 
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two  cases  must  therefore  depend  on  the  modification  of  the 
electromotive  force  e.  Tlie  experiments  made  show  that  this 
force  is  dependent  on  the  chemical  nature  of  the  poles,  and 
also  that  in  this  respect  the  two  poles  play  essentially  different 
parts.  These  facts  are  in  accordance  with  the  observations  of 
Hittorf,  according  to  which  an  induced  current  traversing  a 
space  of  rarefied  air  meets  with  a  notable  resistance  at  the 
negative  pole,  but  less  if  that  pole  consists  of  aluminium  than 
if  it  is  of  platinum*.  Now,  as  we  have  seen  from  what  pre- 
cedes, the  obstacle  encountered  by  the  current  at  the  negative 
pole  does  not  consist  of  an  electric  resistance  in  the  usual 
acceptation  of  the  term,  but  of  an  electromotive  force  tending 
to  send  a  current  contrary  in  direction  to  the  principal 
current. 

It  has  been  observed  that  the  negative  pole  is  strongly 
heated  in  a  space  of  rarefied  air,  and  that,  cceteris  paribus,  this 
heating  is  augmented  with  the  rarefaction  of  the  air.  I  have, 
in  a  previous  memoir,  proved  that,  when  a  current  traverses 
an  electromotor  in  an  opposite  direction  to  the  current  which 
the  electromotor  tends  to  produce,  there  results  from  it  an 
evolution  of  heat  proportional  to  the  electromotive  force  mul- 
tiplied by  the  intensity  of  the  currentf.  Now,  since  (accord- 
ing to  what  precedes)  the  electromotive  force  e  in  the  spark  is 
notably  augmented  with  the  rarefaction,  it  follows  that  the 
heat  evolved  at  the  negative  pole  must  be  increased  when  the 
rarefaction  is  increased,  which  accords  with  the  results  of  ex- 
periment. Here  it  should  be  remarked  that  in  the  voltaic  arc 
it  is  the  positive  pole  that  is  most  strongly  heated,  from  which 
we  may  ])e  authorized  to  conclude  that  the  electromotive  force 
shown  by  irrefutable  proofs  to  exist  in  the  voltaic  arc  has  its 
seat  at  the  positive  pole.  This  force  is  not  thermoelectric, 
and  it  is  not  produced,  as  M.  Le  Rouxl  assumes,  by  one 
of  the  poles  being  more  highly  heated  than  the  other  ;  on  the 
contrary,  it  is  the  electromotive  force  that  is  the  cause  of  the 
heating.  It  has  been  proved  that  the  force  continues  to  exist, 
even  if  the  negative  pole  of  the  voltaic  arc  be  heated,  by  a 
Bunsen  burner  or  in  any  other  way,  so  as  to  become  hotter 
than  the  positive  pole§. 

The  researches  of  which  I  have  just  given  a  brief  summary 
confirm  therefore,  in  all  respects,  the  results  to  which  I  had 

*  Pogg.  Ann.  cxxxvi.  p.  25  (1869). 

t  Kongl.  Svenska  Vetetishaps-Akademiens  Handlingar,  xiv.  (1876); 
Pogg.  Ann.  clix. ;  Phil.  Mag.  [5]  iii. 

X   Comptes  Rendus,  xcii.  p.  710  (1881). 

§  Ofversigt  af  Kongl.  Vetvemh.-Akad.  Forhandl.  1868,  p.  12 ;  Pogg. 
Ann.  cxxxiv. ;  Phil.  Mag.  [4]  xxxvi. 
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already  been  led  by  my  examination  of  the  observations  of 
other  physicists  on  the  passage  of  electricity  through  rarefied 
gases.  The  maximum  attained  by  the  current-intensity  at  a 
certain  pressure  of  the  air  when  a  current  traverses  a  space  of 
rarefied  air  is  not  due  in  any  way,  as  it  has  been  generally 
assumed  to  be,  to  the  resistance  r-J,  of  the  air  having  its  mini- 
mum at  that  pressure,  and  afterwards  increasing  in  amount 
with  the  increase  of  rarefaction,  but  really  to  this — that  the 
sum  e  +  i\l  then  possesses  its  minimum  value.  With  the  con- 
tinuation of  the  rarefaction  the  resistance  r-J.  continues  to  dimi- 
nish, while  e  incessantly  increases.  Consequently  the  circum- 
stance mentioned  above,  namely  that  the  induced  current 
possesses  its  maximum  value  at  a  certain  pressure  of  air,  gives 
no  support  to  the  allegation  that  in  highly  rarefied  air  or  in  a 
vacuum  the  resistance  is  sufficiently  great  to  prevent  the  cur- 
rent passing.  Here  it  is  not  the  resistance  of  the  gas,  but  the 
electromotive  force  e-^  increasing  with  the  rarefaction  and  con- 
nected with  the  electrodes,  that  presents  an  obstacle  to  the 
passage  of  the  current.  Every  thing  is  in  favour  of  the 
hypothesis  that  vacuum  opposes  a  very  feeble  resistance  to 
the  propagation  of  electricity.  One  can  therefore,  without  the 
employment  of  electrodes,  by  induction  at  a  distance,  or  by 
friction  at  the  surface  of  a  tube  in  which  the  air  is  sufficiently 
rarefied  to  render  the  passage  of  a  strong  induction-current 
between  the  electrodes  impossible,  easily  excite  in  that  tube 
an  electric  motion  sufficiently  considerable  to  produce  a  sen- 
sible development  of  light.  Now  this  would  be  impossible  if 
highly  rarefied  gas  or  a  vacuum  were  an  insulator. 


II.    On  a  Wedge-cmd-Diaj)hragm  Photometer. 
By  Robert  Sabine*. 

THE  photometer  described  by  me  in  a  paper  contributed  to 
the  last  Meeting  of  the  13ritish  Association  at  South- 
amptonf  was  based  upon  the  weakening  of  the  light  to  a 
constant  value  by  the  interposition  of  sheets  of  some  absorbing 
material  as  far  as  could  be,  and  finally  obtaining  a  balance  by 
varying  the  distance  of  the  photometer  from  the  light  to  be 
measured. 

I  find  it,  however,  frequently  in  practice  more  convenient 
to  keep  the  photometer  at  a  constant  distance  from  the  source 
of  light,  and  to  effect  a  balance  by  the  gradual  increase  of  the 
thickness  of  the  absorbing  material  only,  using  at  the  same 

*  Coiuinunicalcd  by  tlie  Author, 
t  Elcctriciil  Review,  vol.  xi.  p,  197. 
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time  different  illuminations  of  the  field  of  comparison  for  ex- 
tending the  range  of  the  instrument. 

The  photometer  I  have  constructed  is  shown  in  perspective 
in  the  figure.     It  consists  of  a  brass  tube  mounted  upon  a 


stand,  and  having  an  eyepiece  at  one  end  and  a  paraffin-lamp 
at  the  other.  The  light  of  the  paraffin-flame,  entering  at  the 
end  of  the  tube,  falls  upon  a  disk  of  opal  glass  placed  near  the 
middle  of  the  tube,  and  keeps  it  constantly  illuminated.  In 
the  middle,  the  tube  is  cut  away  and  a  collar  fitted  over  it, 
which  can  be  turned  into  any  required  position.  This  collar 
has  at  one  side  of  it  a  slit  containing  a  strip  of  opal  glass, 
opposite  which  it  has  fixed  to  it  a  frame  carrying  a  wedge  of 
neutral-tinted  shade  glass,  corrected  by  being  combined  with 
a  reversed  wedge  of  white  glass,  with  which  it  is  mounted  in 
a  slide  with  rack-and-piniou  adjustment.  The  thicker  end  of 
the  wedge  absorbs  about  eight  times  as  much  light  as  the 
thinner  end;  that  is  to  say,  tlie  light  from  eight  candles,  after 
passing  through  the  thicker  end,  has  the  same  illuminating- 
effect  as  the  light  of  one  candle  after  passing  through  the 
thinner  end. 

When  the  light  to  be  measured,  which  is  placed  on  the 
right-hand  side  of  the  photometer,  is  above  or  below  the  hori- 
zontal, the  wedge  is  turned,  with  tlie  collar  which  carries  it,  so 
that  the  rays  from  the  light,  whatever  may  be  its  position,  fall 
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normally  upon  the  face  of  the  wedge.  The  light  then  passes 
through  and  is  weakened  by  the  wedge,  then  through  the  strip 
of  opal  glass,  through  the  slit  behind  it  into  the  interior. 
Here  it  is  incident  upon  a  small  mirror  made  of  a  strip  of  sil- 
vered microscope  covering-glass,  placed  at  an  angle  of  45°  to 
the  axis  of  the  tube,  and  is  thence  reflected  to  the  eye  of  the 
observer.  The  other  end  of  the  photometer,  close  to  the  bright 
part  of  the  paraffin-flame,  is  furnished  with  a  cap  containing 
a  circular  diaphragm  disk  with  three  different  apertures,  either 
of  which  can  be  inserted  by  simply  turning  the  disk.  The 
little  mirror  is  supported  from  the  face  of  the  constantly  illu- 
minated opal  pane  in  such  a  way  that  the  support  is  hidden 
from  the  observer  by  the  mirror.  The  object  of  this  arrange- 
ment is  to  ensure  the  observed  surfaces  whose  illuminations 
are  to  be  compared  being  in  juxtaposition  without  any  appa- 
rent division-line  or  separation.  It  is  well  known*  that  when 
the  two  surfaces  to  be  compared  are  at  a  perceptible  distance 
apart,  as  in  Rumford's  photometer,  no  certainty  of  accurate 
measurement  is  possible.  The  method  of  supporting  a  small 
mirror  in  the  centre  of  the  field  of  comparison  in  the  way  de- 
scribed is  very  satisfactory.  The  glass  of  the  mirror  being 
extremely  thin,  I  find  with  a  moderate  illumination,  and  when 
the  light  reflected  by  the  mirror  is  of  the  same  colour  as  that 
of  the  field,  the  mirror  sometimes  entirely  vanishes  from  sight 
at  the  moment  of  balance. 

The  distance  at  which  the  light  to  be  observed  is  placed 
from  the  photometer  varies,  of  course,  according  to  conveni- 
ence; but  where  it  is  optional,  I  prefer  for  all  lights  under 
1000  candles  a  constant  distance  of  1  metre.  Stronger  lights 
become  inconvenient  to  the  observer  if  placed  so  near;  and  in 
that  case  I  increase  the  distance  accordingly,  while  of  course 
at  the  same  time  increasing  the  range  of  the  photometer. 

The  degree  of  illumination  of  the  field  of  comparison  is 
adjustable  by  means  of  the  diaphragms.  The  smallest  dia- 
phragm illuminates  the  field  so  that  the  light  of  a  single 
candle  can  be  conveniently  balanced.  The  next  diaphragm 
exposes  an  area  about  eight  times  as  large  of  the  bright  por- 
tion of  the  paraffin-flame,  and  the  largest  diaphragm  about 
sixty-four  times  ;  that  is  to  say,  it  has  about  eight  times  the 
diameter  of  the  smallest  diaphragm.  The  resulting  degrees  of 
illumination  of  the  field  can  be  thus  calculated  as  well  as 
compared  by  actual  observation.  Let  the  illumination  of  the 
field  with  these  three  diaphragms  be  respectively  Xi,  \2,  X3. 
Of  the  light  which  falls  upon  the  outer  face  of  the  wedge  a 

*  Herschel, '  On  Light,'  p.  29;  Helmholtz,  Physiologische  Optik,  p.  329. 
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fraction  is,  of  course,  reflected  and  lost;  the  remaining  fraction 
(s)  enters  the  wedge.  Let  I  be  the  illuminating-power  of  the 
light  (say  a  standard  candle)  at  a  unit  distance  from  it,  in 
the  direction  of  the  photometer,  n  the  thickness  of  the  wedge 
at  the  point  interposed,  ?n  its  coefficient  of  transmission,  and 
d  the  distance  of  the  light  from  the  opal  pane  in  the  slit; 
then  the  illuminating-power  of  the  light  which  reaches  the 
opal  pane  will  bo 

slm^ 

~¥" 

This  light  falls  upon  the  surface  of  the  opal  glass;  a  fraction 
enters  it,  part  of  which  is  absorbed,  the  remainder  passing  to 
the  mirror,  a  further  part  bc.'ing  absorbed  in  the  reflection  to 
the  eye  of  the  observer.  After  the  further  diminution  up  to 
this  point  the  fraction  of  the  light  which  leaves  the  opal  pane 
and  which  actually  reaches  the  eye  is  s^,  the  apparent  illumi- 
nation of  the  mirror  with  the  smallest  diaphragm  being 

Similarly,  if  we  now  remove  the  candle  and  substitute  some 
other  light  whose  illuminating-power  at  unit  distance  is  L 
and  its  actual  distance  D,  the  wedge  will  have  to  be  read- 
justed to  n■^•,  and  if  beyond  the  range  of  the  wedge,  the  held 
will  have  to  be  adjusted  by  the  diaphragm  being  increased 
(say  to  the  illumination  of  the  field  X,)?  then 

the  relation  of  the  illuminating-powers  of  the  two  lights  will 
be 

The  value  of  r~  is  ascertained  experimentally  by  obtaining  a 

balance  with  some  constant  light  at  different  distances,  as  well 
as  by  measuring  the  openings  of  the  diaphragms.  The  values 
d  and  m"  for  the  standard  candle  are  constants. 

Let  -yr  =  ci,  then       -p 

-1-  =  ^ —  Dl 

The  wedge  is  provided  with  a  scale  divided  into  millimetres, 
by  which  the  position  is  observed.     A  table  is  constructed 
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giving  the  values  of  — ~ ,  which  is  determined  for  each  position 

of  the  wedge  by  obtaining  a  balance  with  a  constant  light  at 
different  distances,  and  for  each  of  the  diaphragms  controlling 
the  illumination  of  the  comparison-field.  In  using  the  photo- 
meter in  practice,  it  is  therefore  only  necessary  to  obtain  a 
balance  and  to  read  oif  the  indication  of  the  scale.  A  refer- 
ence to  the  table  then  gives  the  value  which,  multiplied  into 
the  square  of  the  distance  in  metres,  gives  the  candle-power  of 
the  measured  light,  or^  if  the  distance  be  exactly  1  metre, 
gives  the  candle-power  direct. 

It  happens  sometimes  that  the  degree  of  illumination  to  be 
ascertained  is  independent  of  distance,  as  in  the  case  of  day- 
lit'ht ;  in  this  case  the  diaphragm  and  wedge  are  adjusted 
until  a  balance  is  obtained.  The  value  given  by  the  table 
then  represents  the  number  of  standard  candles  which  at 
1  metre  distance  would  illuminate  an  object  to  an  equal 
degree. 

In  measuring  the  illuminating-powers  of  lights  the  colours 
of  the  lights  have  sometimes  to  be  taken  into  account.  The 
way  I  prefer  to  do  this  is  to  assume  the  ingredient  of  orange 
light  contained  in  daylight  as  unit  for  comparing  the  relative 
ingredient  of  orange  light  contained  in  the  artificial  light 
which  is  measured.  By  oi-ange  light  I  mean  that  ingredient 
of  lifht  which  passes  freely  through  orange  glass,  and  which 
in  fact  embraces  nearly  all  that  portion  of  the  visible  spectrum 
between  the  lines  B  and  F — that  is  to  say,  the  red,  orange, 
yellow,  and  a  small  part  of  the  green  rays ;  whilst  with  a 
moderate  illumination,  such  as  is  used  in  photometric  compa- 
risons, all  the  more  refrangible  and  less  luminous  rays  from 
the  line  F  upwards  are  quenched. 

For  convenience  of  observing,  the  photometer  is  furnished 
with  a  small  disk  centred  inside  the  eyepiece  and  containing 
small  panes  of  white  and  orange  glass*,  either  of  which  can 
be  instantly  interposed  when  required. 

A  balance  of  illuminating  effect  is  first  estimated  with  the 
white  pane  irrespective  of  colour;  then  the  disk  is  turned  so 
as  to  interpose  the  orange  pane^  and  the  wedge  readjusted 

accordingly.  If  with  the  orange  glass  the  reading  is  <   i^^  ^    > 

r  less  1  ^  ^^'^'®^  ^ 

than  with  the  white  (that  is,  if  j  j^^^^,^  >  light  has  to  be  ad- 
mitted through  the  wedge  in  order  to  maintain  the  balance), 

*  The  disk  contaius  also  rod  and  green  glasses,  and  may  bo  furnished 
with  any  other  colours  for  which  the  observer  has  a  fancy. 
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it    follows    that   the    observed   light  contains  proportionally 

<    }        \  orange  than  the  paraffin-flame. 

Thus  with  the  white-glass  pane  daylight  in  the  laboratory 

was  balanced  by  a  reading  which  the  table  indicated  to  be 

equal  to  55  candles  at  1  metre.     Observed  through  the  orange 

glass,  however,  the  reading  indicated  the  orange  ingredients 

in  the  daylight  to  bo  equal  to  42  candles;  that  is  to  say,  with 

the  paraffin-flame  the  light    which   passed    through    orange 

55  .       .        '  . 

glass  was  —  =1'3  times  the  corresponding  ingredient  of  the 

same  coloured  light  in  daylight.  The  light  of  an  incan- 
descent lamp  through  white  glass  was  28  candles,  while 
through   the  orange  glass  it  was  26  candles  ;   therefore  the 

26 
incandescent   lamp   had    ^  =  0*94  time  the  corresponding 

colour  in  the  paraffin-flame;  and  as  the  paraffin-flame  had  1*3 
as  much  as  daylight,  the  incandescent  lamp  had  1"3  x  0*94  =  1'2 
as  much  as  daylight.  In  other  words,  if  we  had  a  similar  quan- 
tity of  light  obtained  from  daylight  and  from  incandescent 
lamps,  we  should  have  in  the  latter  about  20  per  cent,  more 
orange-tinted  light. 

This  colour-comparison  is  of  course  only  very  rough;  but  it 
enables  the  excess  of  orange  light  in  incandescent  lamps,  and 
its  occasional  deficiency  in  some  arc  lamps,  to  be  approxi- 
mately compared. 

I  have  been  led  to  employ  in  practice  a  selected  portion  of 
a  paraffin-flame  in  preference  to  a  standard  candle,  partly  in 
consequence  of  the  fact  that  the  paraffin-flame  can  be  enclosed 
in  a  light-tight  lantern,  but  chiefly  on  account  of  its  superior 
steadiness  and  constancy.  As  an  instance,  I  have  obtained  a 
balance  between  selected  portions  of  two  paraffin-flames,  which 
balance  has  been  maintained  for  hours  at  a  time  without  the 
slightest  variation.  On  the  other  hand,  when  a  standard 
candle  was  compared  with  the  bright  part  of  a  paraffin-flame, 
the  photometer  had  to  be  readjusted  continually,  showing 
several-per-cent.  variations  in  the  burning  of  the  candle.  I 
therefore  prefer  to  take  a  long  series  of  readings  once  for  all 
in  determining  the  value  of  the  light  admitted  to  the  compa- 
rison-field of  the  photometer  by  each  diaphragm,  to  assume 
means  of  these  as  constants  of  reduction  to  the  nominal  stand- 
ard, and  to  depend  upon  the  constancy  and  steadiness  of  the 
lights  given  through  the  diaphragms  by  the  paraffin-flame 
afterwards.  After  working  practically  with  this  system  for 
some  time,  my  opinion  is  that  a  selected  area  of  the  bright 
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part  of  a  paraffin-flame  would  be  a  much  better  unit  of  light 
than  the  present  standard  candle,  particularly  as  distances 
would  be  measured  from  the  diaphragm  and  not  from  the 
flame,  by  which  error  due  to  the  curvature  of  the  flame  would 
disappear. 

Grosmont  House,  Hampton  Wick. 


III.   On  Lockyer's  Tlieory  of  Dissociation. 
By  Hermann  W.  Vogel*. 

IN  February  1880  I  took  an  opportunity  to  criticise,  on  the 
ground  of  my  observations  of  the  spectrum  of  chemically 
pure  hydrogen,  Lockyer's  view  that  calcium  is  dissociated  at 
a  very  high  temperaturef.  Lockyer  takes  for  his  starting- 
point,  inter  alia,  that  in  the  spectra  of  the  so-called  white 
stars,  photographed  by  Huggins,  only  the  first  of  the  two 
calcium-lines  H'  and  YL"  is  present,  and  accordingly  advances 
the  theory  that  calcium  at  a  high  temperature  separates  into 
two  substances  X  and  Y,  of  which  the  first  gives  the  line  H^, 
the  other  the  line  W ,  and  that,  in  the  stars  alluded  to,  only 
the  first  exists.  I  showed,  on  the  contrary,  that  hydrogen 
possesses,  besides  the  four  well-known  readily  seen  lines, 
another,  singular  line  with  extremely  intense  photographic 
action,  which  nearly  coincides  with  Fraunhofer's  line  H',  and 
that  we  are  so  much  the  more  entitled  to  hold  that  the  sup- 
posed calcium-line  observed  by  Huggins  is  the  fifth  hydrogen- 
line,  as  the  known  lines  of  hydrogen  are  especially  well 
developed  in  the  spectra  of  those  stars,  and  also  the  ultra- 
violet star-lines  observed  by  Huggins  coincide  with  the  ultra- 
violet hydrogen-lines  photographically  fixed  by  mej. 

Lockyer,  however,  has  not  given  up  his  notion  about  disso- 
ciation, but  has  sought  in  spectroscopy  for  new  evidence  in 
favour  of  it. 

He  remarks  that,  inter  alia,  in  the  spectrum  of  the  sun- 
spots  certain  iron-lines  appear  widened,  others  not,  and, 
further,  that  many  of  them,  as  X4918  and  X4919'7,  do  not 
occur  in  the  spectrum  of  the  protuberances  (which  show  other 
lines  of  iron),  but  certainly  do  in  the  spectrum  of  the  spots, 
while  in  these,  again,  iron-lines  which  the  former  contain  are, 
under  some  circumstances,  wanting ;  and  he  then  continues, 

*  Translated  from  the  Sitzntjgsherichte  der  Koniylich  rreuMisc/ien  Aka- 
dcmiedei-  IVissenschaften  zti  Berlin,  Nov.  2,  1882,  pp.  905-1)07. 
t  Proc.  Ilov.  Soc.  xxviii.  p.  157. 
X  Monatsb^d.  Berliner  Akad.  d.  Wissensch.  1880,  p.  192. 
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"  Consequently  there  is  no  iron  in  the  sun,  but  only  its 
elements  "*. 

Liveing  and  Dewarf  have  ah-eady  controverted  this  rea- 
soning, by  showing  that  certain  spectral  lines  of  a  substance, 
g.<7.  A,  5210  of  magnesium  and  various  calcium-lines,  become 
visible  only  when  certain  foreign  substances  are  present — in 
the  case  in  question,  hydrogen  on  the  one  hand,  and  iron  on 
the  other, — that  consequently  the  non-appearance  of  certain 
iron-lines  in  the  spectra  of  the  spots  or  protuberances  ought 
not  to  be  attributed  to  a  dissociation,  but  to  the  absence  of 
foreign  substances  which  produce  the  strong  coming-out  of 
those  lines. 

Lockyer,  however,  now  relies  upon  another  fact,  which  is 
not  accounted  for  by  the  experiments  of  Liveing  and  Dewar, 
and  which  at  any  rate  seems  to  give  a  firmer  support  to  his 
dissociation  theory  than  those  above  mentioned.  He  says: — 
"  The  last  series  of  observations  refer  to  the  degree  of  motion 
of  the  vapours  in  the  sun-spots,  which,  as  is  known,  is 
indicated  by  changes  in  the  refrangibility  of  the  lines.  If  all 
the  lines  of  iron  in  a  spot  were  produced  by  the  vapour  of 
iron  moving  with  a  velocity  of  40  kilometres  in  a  second,  this 
velocity  would  be  indicated  by  an  alteration  of  the  refrangi- 
bility of  all  the  lines.  But  we  find  that  this  is  not  the  case.  We 
not  merely  ascertain  difterent  niotions  indicated  by  different 
lines,  but  have  observed  in  the  degree  of  motion  the  same 
changes  as  in  the  breadth  of  the  lines.  This  fact  can  be  easily 
explained  if  we  assume  dissociation;  and  /  know  no  simpler 
loay  of  explaininy  it  "J. 

Lockyer  mentions,  as  an  instance,  that  in  the  spots  on  the 
24th  December  1880,  and  the  1st  and  6th  January  1881,  a 
certain  number  of  iron-lines  appeared  curved,  while  others 
remained  straight. 

Now  I  believe  I  can  explain  these  facts  from  numerous 
observations  in  absorption-spectrum  analysis,  without  needing 
to  have  recourse  to  the  hypothesis  of  dissociation. 

It  is  known  that  the  position  of  the  absorption-bands  of  a 
substance  essentially  depends  on  the  dispersion  of  the  medium 
in  which  it  is  dissolved  or  incor[)orated.  It  is  often  noticed 
that  in  strongly  dispersing  media  the  absorption-bands  of  a 
substance  are  displaced  towards  the  red§.     Now^  the  remark- 

*   Comptes  Rendus,  xcii.  p.  366. 

t  Proc.  Roy.  Soc.  xxx.  p.  9o ;   Wiedemann's  Beibldtter,  iv.  p.  366. 

\  I  have  here  followed  the  i-euderiug  of  Lockyei's  memoir  given  in  the 
Naturforschcr  for  June  4,  1881,  in  order  to  exclude  any  appearance  of 
individual  colouring  of  the  translation. 

§  Kundt,  Pogg.  Atin.  Jubelbaud,  p.  620. 
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able  case  not  unfroquently  occurs,  that  with  the  increase  of 
the  dispersion  of  the  solvent  certain  absorption-bands  are  dis- 
placed, and  others  not.  Hagenbach  observed,  for  instance, 
that  bands  I.,  III.,  and  IV.  of  chlorophyll  in  an  alcoholic 
solution  are  situated  more  towards  the  red  than  those  of  chlo- 
rophyll in  an  etheric  solution,  while  band  II.  shows  the  same 
position  in  both  solutions  ;  and  I  have  observed  similar  in- 
stances in  connexion  with  protosalts  of  uranium*  and  combi- 
nations of  cobaltf. 

Now  Kundt  has  already  (loc.  cit.)  remarked  that  the  same 
rules  hold  for  the  absorption-spectra  of  gases  as  for  those  of 
liquids.  It  is  true  that  he  adds,  "  Only  it  is  questionable 
whether,  when  hyponitrous  acid  gas,  for  example,  is  mixed 
with  various  other  transparent  gases,  the  displacements  of  the 
absorption-bands  are  so  considerable  as  to  be  perceptible;" 
this  doubt,  however,  does  not  concern  the  rule  above-men- 
tioned, but  only  the  possibility  of  testing  it  by  experiment^. 
Hence  it  is  an  admissible  assumption  that,  in  like  manner  as 
in  liquids,  so  also  in  gases,  media  mixed  with  them  act  upon 
the  position  of  the  absorption-bands,  and  that,  in  these  as  in 
those,  displacements  of  single  bands  may  occur  while  the  posi- 
tion of  others  remains  unchanged.   ■ 

If,  therefore,  in  the  sun-spots  some  lines  undergo  displace- 
ment and  others  in  the  same  place  do  not,  motion  is  not  the 
cause,  but  the  mixture  of  a  foreign  strongly  dispersing  gas, 
Avhich  acts  upon  the  lines  displaced  and  not  upon  the  others. 
From  this  it  further  follows  that  curving  of  absorption-lines 
of  the  sun-spots  must  not  by  any  means  always  be  interpreted 
as  motion  of  the  absorbino;  gases  in  the  direction  of  the  line  of 
observation,  but  only  when  all  the  lines  of  a  substance  partake 
of  the  curvature. 

That  also  bright  lines  of  luminous  gases  under  similar  cir- 
cumstances  may  suffer  displacement  "  through  mixture  of 
another,  not  luminous,  or  a  vapour  giving  a  continuous  spec- 
trum," Kundt  has  already  pointed  out  (^loc.  cit.  p.  620). 

Berlin,  October  1882. 

*  Vogel,  Fract.  Spectrcdanalyse,  Nordliiipen  bei  Beck,  p.  248. 

t  Monatsb.  dcr  Akad.  der  Wisscnsch.  Berlin,  May  20,  1878. 

X  Kuudt  previously  doubted  also  the  possibility  of  demonstrating  an 
anomalous  disper.^on  in  gases  and  incandescent  vapours ;  but  he  has 
recently  8ucceeded  in  demonstrating  it  in  the  vapour  of  sodium  (Wiede- 
mann's Annalen,  x.  p.  321). 
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IV.    The  Electrical  Resistance  of  Selenium  Cells. 
By  Shelford  Bidwell,  M.A.,  LL.B* 

IN  June  1881  a  paper  was  read  before  the  Physical  Society 
by  Dr.  Moser,  on  "  the  Microphonic  Action  of  Selenium 
Cells."  In  this  paper  a  very  ingenious  attempt  was  made  to 
show  that  the  effect  of  light  in  reducing  the  electrical  resist- 
ance of  selenium  might  be  accounted  for  on  perfectly  well 
understood  principles,  without  assuming  the  existence  in  the 
case  of  this  substance  of  some  law  or  property  sui  generis  and 
hitherto  unobserved. 

Dr.  Moser's  theory  is  shortly  as  follows : — There  is  always 
imperfect  contact  between  the  metallic  electrodes  and  the 
selenium  which  together  constitute  a  so-called  "  selenium 
cell."  Selenium  reflects  the  invisible  portions  of  the  spec- 
trum, absorbing  principally  the  visible  or  illuminating  rays  : 
the  vibrations  thus  taken  up  assume  the  form  of  heat;  and  the 
temperature  of  the  selenium  cell  is  thereby  raisedf.  In  con- 
sequence of  this  rise  of  temperature  the  selenium  expands  ;  it 
is  accordingly  pressed  into  closer  contact  with  the  electrodes, 
and,  as  in  the  case  of  the  microphone,  the  resistance  of  the 
system  is  proportionately  diminished.  When  the  cell  is 
screened  from  the  light,  the  absorbed  heat  is  quickly  radiated 
away  ;  the  selenium  contracts  to  its  former  volume,  and  the 
original  degree  of  resistance  is  restored.  Thus,  according  to 
Dr.  Moser's  paper,  the  whole  mystery  is  easily  and  completely 
explained. 

This  theory'  can  evidently  be  submitted  to  a  very  simple 
and  conclusive  test.  If  it  is  true  that  the  observed  effects  are 
due  merely  to  a  rise  of  temperature,  then  it  is  clearly  imma- 
terial whether  such  rise  of  temperature  is  brought  about  by 
the  heating  action  of  light  or  by  the  direct  application  of  heat 
in  the  ordinary  wa3^  Instead  of  exposing  a  selenium  cell  to 
the  light,  let  it  be  enclosed  in  a  dark  box  and  warmed  over  a 
gas-burner  ;  then,  if  the  theor}^  be  correct,  the  resistance  of 
the  cell  should  at  once  begin  to  fall.  This,  however,  is  not 
found  to  be  the  case.  I  have  in  my  possession  a  number  of 
selenium  cells  the  resistance  of  which  is  immediately  dimi- 
nished by  the  smallest  accession  of  light ;  but  in  the  case  of 
all  of  them  (except  one,  of  which  I  shall  say  more  presently) 
the  immediate  effect  of  the  direct  application  of  heat  is  not  a 
a  fall,  but  a  rise  in  the  resistance.  When  the  temperature  of 
the  cell  reaches  a  point  which  is  in  general  a  few  degrees 

*  Commuuicated  by  tlie  Physical  Society,  having  beeu  read  at  the 
Meeting  on  November  25,  18>^2. 
t  ."  SeUnium"  Dr.  Moser  sa}  s,  "  is  heated  by  lighi.'''' 
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higher  than  the  average  temperature  of  the  air  a  maximum 
resistance  is  attained  ;  and  if  the  heating  is  continued,  the 
resistance  begins  to  decrease, 

I  gave  a  short  account  of  this  phenomenon  in  the  '  Philoso- 
phical Magazine  '  of  April  1881.  Since  this  was  published,  I 
have  made  further  and  very  careful  experiments,  the  results 
of  which  are  shoAvn  in  the  curves,  figs.  1,  2,  and  3. 
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A  selenium  cell  was  placed  in  an  air-bath  in  absolute  dark- 
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ness,  the  bulb  of  a  thermometer  being  very  near  its  surface. 
The  temperature  of  the  air  was  17°  C,  and  the  resistance  of 
the  cell  at  the  beginning  of  the 
experiment  was  140,000  ohms. 
The  bath  was  then  very  slowly 
heated,  and  the  resistance  mea- 
sured at  every  degree.  At  first 
the  rise  was  very  rapid  (see  fig.  1) ;  -'o 
then  more  gradual  until  the  tern- 
perature  reached  23  ,  when  the 
maximum  resistance  of  150,000 
ohms  was  attained.  With  conti-  }h 
nued  heating  the  resistance  fell, 
slowly  at  first,  then  more  rapidly, 
then  again  slowly  (as  shown  by 
the  curve),  the  final  measurement  nj 
at  100°  being  only  16,000  ohms*. 

The  same  cell  was  afterwards 
submitted  to  the  combined  action 
of  heat  and  light.  A  glass  beaker 
was  fitted  with  a  wooden  cover, 
to  which  the  selenium  cell  was 
attached  so  as  to  hang  perpen- 
dicularly inside  the  beaker  ;  the 
beaker  was  placed  in  a  sand-bath 
which  was  heated  by  a  Bunsen 
burner,  and  the  cell  was  illuminated  by  a  powerful  paraffin- 
lamp  at  a  distimce  of  30  centimetres. 

At  18°  its  resistance  was  only  19,000  ohms  (see  fig.  2).  As 
in  the  former  case,  the  first  aj)plication  of  heat  was  accom- 
panied by  a  rise,  though  smaller  and  more  gradual  than  before, 
the  maximum  of  24,000  ohms  occurring  at  about  29°.  The 
fall  which  followed  was  also  very  gradual,  the  resistance  at 
100°  being  10,000  ohms,  or  only  14,000  less  than  the  maxi- 
mum, as  against  a  difference  of  140,000  in  the  former  expe- 
riment. 

In  these  experiments  it  might  possibly  be  suspected  that 
the  initial  small  rise  of  resistance  is  due  to  some  accidental 
disturbing  cause,  and  does  not  point  to  any  essential  charac- 
teristic of  selenium,  or  rather  perhaps  of  selenium  cells.  The 
following  experiment  seems,  however,  to  settle  the  point  con- 
clusively.    One  of  my  selenium   cells  (the  exceptional  one 


^^^^^^^^M 

l^^l 

20° 


*  When  the  cell  was  removed  from  the  air-bath,  its  resistance  in  the 
dark  iu  air  at  18°  was  found  to  have  increased  to  90,000  ohms. 

Phil.  Mag.  S.  5.  Vol.  15.  No.  91.  Jan.  1883.  D 
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above  referred  to)  did  not  at  ordinary  temperatures  exhibit 
this  peculiarity-  When  heated,  its  resistance  at  once  went 
down  without  any  preliminary  rise.  This  cell  was  placed  in 
air  at  a  temperature  of  0°,  and  after  remaining  for  half  an 
hour  its  resistance  was  found  to  be  147,000  ohms.  The  tem- 
perature Avas  then  slowly  raised ;  and,  as  I  expected,  the  resist- 
ance at  first  went  up,  attaining  a  maximum  of  219,000  ohms 
at  13°,  after  w^hich  it  went  down  to  134,000  ohms  at  36°,  when 
the  experiment  was  stopped.  The  curve  fig.  2,  which  is  on 
the  same  scale  as  the  others,  shows  the  results  in  a  very  stri- 
king manner,  altogether  excluding  the  j)0ssibility  of  accidental 
disturbance.  This  particular  cell  diftered  from  others  only  in 
the  fact  that  it  acquired  its  maximum  resistance  at  a  tempe- 
rature slightly  below  instead  of  slightly  above  the  average 
temperature  of  the  air. 

The  supposition  that  light  produces  its  effect  by  heating  is 
further  negatived  by  the  fact,  that  a  comparatively  high 
degree  of  temperature  is  required  to  bring  down  the  resistance 
of  the  cell  to  the  point  to  which  it  is  instantly  reduced  by  ex- 
posure to  a  strong  light.  When  a  selenium  cell  is  for  a 
moment  exposed  to  sunlight,  it  does  not  become  perceptibly 
warm  to  the  touch  ;  but  the  amount  of  dark  heat  necessary  to 
effect  the  same  reduction  in  its  resistance  as  is  caused  by 
a  moment's  sunshine  would  certainly  vender  it  too  hot  to 
handle. 

Again,  those  who  have  experimented  with  the  photophone 
know  well  that  the  best  results  are  obtained  only  when  pre- 
cautions are  taken  to  exclude  those  rays  which  are  especially 
instrumental  in  producing  heat,  as  by  filtering  the  beam  of 
lio;ht  throuo-h  a  solution  of  alum.  Dark  radiation  does  indeed 
2)er  se  diminish  the  resistance  of  selenium  ;  but  the  diminu- 
tion due  to  dark  radiation  is  to  some  extent  masked  by  the 
rise  of  temperature  which  accompanies  it,  and  which  gene- 
rally tends  to  produce  the  opposite  effect. 

To  me  it  seems  clear  that  the  electrical  efiects  of  radiation 
are,  in  this  case  at  least,  no  more  due  to  the  intermediate 
action  of  temperature  than  are  the  chemical  effects  which 
radiation  sometimes  produces,  as  in  the  various  photographic 
processes.  All  such  efiects  are  no  doubt  ultimately  of  a  mecha- 
nical nature;  but  while  increased  temperature  may  result  from 
vibrations  the  periodicity  of  w^hich  vary  between  very  wide 
limits,  the  other  effects  arise  only  when  there  is  some  more 
or  less  definite  relation  between  the  period  of  the  author-waves 
and  the  molecular  constitution  of  the  substance  upon  which 
they  act. 
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In  its  peculiar  sensitiveness  to  the  visible  part  of  the  spec- 
trum selenium  seems,  so  far  as  our  present  knowledge  goes, 
to  stand  almost,  if  not  quite,  alone*. 

Riverstone  Lodge,  Soutbfields, 
Wandsworth,  S.W. 


V.  On  Central  Forces  and  the  Conservation  of  Energy.  By 
A\^ALTER  R.  Bkowne,  M.A.,  M.  Inst.  C.E,  late  Fellow  of 
Trinity  College,  Cambridge^. 

IT  is  well  known  that  the  ordinary  proof  of  the  principle 
known  as  the  Conservation  of  Energy  assumes  the  forces 
acting  to  be  Central  Forces^;  but  the  intimate  connexion  ex- 
isting between  these  two  facts — the  existence  of  Central 
Forces  and  the  Conservation  of  Energy — has  not,  so  far  as  I 
am  aware,  been  thoroughly  examined.  I  shall  here  attempt 
to  show  that  the  two  necessarily  imply  each  otter;  so  that  not 
only  is  the  Conservation  of  Energy  true  if  the  system  is  a 
system  of  central  forces,  but  the  Conservation  of  Energy  is 
not  true  if  the  system  is  any  thing  but  a  system  of  central 
forces. 

For  the  sake  of  simplicity  I  will  confine  myself  to  the  case 
of  two  particles,  and  suppose  them  so  far  apart,  in  pi'oportion 
to  their  dimensions,  that  each  may  be  treated  as  if  concentrated 
at  its  centre  of  gravity.  Let  the  particles  be  A  and  B,  and 
consider  the  motion  of  B  with  reference  to  A  as  fixed.  Sup- 
pose B  to  be  moving  away  from  A,  and  to  be  acted  upon  by  a 
moving  force  due  to  the  action  of  A.  Let  it  move  from  a  dis- 
tance a  to  a  distance  a  +  b,  and  let  F  be  the  resolved  jiart  of 
the  moving  force  in  the  line  AB.  Then  the  energy  exerted 
by  B  during  this  motion  in  overcoming  the  attraction  of  A  is 
represented  by 

>a  +  b 

F  dx. 


r 


Let  I'l  be  B's  initial  velocity,  m  its  mass.     Then  at  the  end  of 
the  motion  I'l  will  be  reduced  to  v,  where  v  is  given  by  the 

*  So  far  as  regards  Dr.  Moser's  application  of  his  theoi'v  to  the  carbon 
photo  phone  of  Messrs  Bell  and  Taiuter,  I  entirely  agree  with  him  ;  my 
own  experiments  showing  conclusively  that  the  effects  are  due  to  heat 
only.  But  the  best  carbon  cells  are  vastly  inferior  in  their  action  to  those 
of  selenium. 

t  Communicated  by  the  Physical  Society,  having  been  read  at  the 
Meeting  on  November  11,  1882. 

%  This  is  recogiaized  explicitly  by  Clausiiis,  '  Mechanical  Theory  of 
Heat,'  p.  16. 
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equation 


Let  us  suppose  h  to  be  sucli  that  r  =  0,  so  that 

^dx (1) 


Then,  Avhen  B  arrives  at  distance  a  +  h,  its  velocity,  and  there- 
fore its  kinetic  energy  or  vis  viva,  will  be  reduced  to  zero. 
There  is  therefore  a  loss  of  energy,  so  far  as  B  is  concerned. 
But  now  lei  us  suppose  that  B  is  left  free  to  return  toAvards  A, 
and  that  it  passes  back  again  over  the  space  Z^  Then,  if  F 
continues  to  act,  A  will  exert  during  the  motion  an  amount  of 
energy  on  B,  or  will  do  an  amount  of  work  upon  B,  which 
will  be  represented  by 


»J  a+b 


and  when  B  has  reached  the  distance  a,  it  will  have  gained  a 
velocity  V,  given  by  the  equation 

^V2=r  Fd.t (2) 

Now  if  Y  =  —  Vi,  then  V-  =  ij  :  hence  Ave  shall  have  the  two 
particles  in  the  same  position  as  at  first,  and  the  kinetic  energy 
of  B  will  be  the  same  as  at  first.  Therefore  there  will 
have  been  no  loss  or  gain  of  energy  on  the  whole  ;  and  the 
energy  is  then  said  to  have  been  conserved  during  the  motion. 
At  the  time  when  B's  velocity  is  zero,  the  energy  of  the  system 
is  represented   by  the  potential  energy   of  A — that  is,  the 

power  A  has  of  subsequently  doing  the  work  I      F  d.v  upon  B. 

At  other  times  during  the  motion,  the  energy  of  the  system  is 
partly  potential  energy  of  A,  partly  kinetic  energy  of  B. 

We  thus  see  that  it  is  essential  to  the  Conservation  of 
Energy  that  V"  should  =  vi^.  But  by  equations  (1)  and  (2) 
this  is  equivalent  to  the  equation 

/^n  +  4  ra 

\       Fd.v=\      Fdu;; (3) 

J  a  Ja-l-6 

these  two  expressions  representing  the  two  amounts  of  energy 
exerted,  as  described  abuve. 

It  is  therefore  essential  for  the  conservation  of  energy  that 
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F  should  be  a  function  of  a  form  such  that  equation  (3)  may 
hold.  We  have  now  to  inquire  what  this  form  must  be,  or, 
in  other  words,  within  what  limits  F  may  be  allowed  to  vary 
so  that  the  equation  (3)  may  still  hold. 

Now  we  have  not  supposed  the  constitution  of  A  and  B,  or 
their  relations  to  each  other,  to  vary  in  any  way  except  in 
regard  to  space  and  in  regard  to  time ;  and  we  have  every 
reason  to  believe  that  these  are  the  only  variations  which  take 
place  in  the  ultimate  molecules  of  matter.  Hence  we  need 
only  consider  variations  with  regard  to  space  and  time. 

Now  if  F  be  any  function  of  time,  then,  since  some  time 
must  have  elapsed  between  the  exertion  of  the  two  amounts  of 
energy  represented  by  the  two  sides  of  equation  (3),  it  follows 
that  for  every  value  of  F  in  the  right-hand  expression  the 
time  will  be  greater  than  for  the  corresponding  value  of  F  in 
the  left-hand  expression  ;  and  therefore  the  sums  of  the  two 
sets  of  values,  or  the  two  integrals,  cannot  be  equal.  Hence 
F  cannot  be  a  function  of  time. 

We  have  therefore  only  to  consider  variations  in  space. 
Now,  if  we  confine  our  attention  to  one  plane,  we  know  that 
any  variation  of  B's  place  in  that  plane  may  be  represented 
by  a  change  in  the  values  of  .t'  and  d;  where  x  is  B's  distance 
from  A,  and  6  the  angle  which  the  axis  of  x  makes  with  some 
fixed  line  in  the  plane*.  Then  it  is  easy  to  show  that  F  must 
not  vary  with  6.  For  if  it  does,  let  us  suppose  that  when  B 
has  come  to  rest,  and  before  it  is  allowed  to  return,  it  is  made 
to  rotate  about  A  through  an  angle  dd,  and  again  brought  to 
rest.  Then  the  circumstances  of  A  and  B  are  unchanged  ; 
for  the  kinetic  energy  given  to  B  during  the  rotation  has  been 
taken  out  again  in  stopping  it.  But  if  B  is  now  allowed  to 
return  towards  A,  then,  for  every  Aalue  of  F  in  the  right-hand 
expression,  the  value  of  9  will  be  greater  or  less  by  dd,  the 
amount  of  the  change,  than  for  the  corresponding  value  in  the 
left-hand  expression;  and  therefore,  as  before,  the  two  inte- 
grals cannot  be  equal.  Similarly,  if  we  take  coordinates  x,  0,  (f), 
in  three  dimensions,  it  will  follow  that  F  cannot  be  a  function 
of  (/). 

Hence  we  are  left  with  the  conclusion  that  F  can  only  be  a 
function  of  r  ;  in  other  words,  the  force  with  which  A  acts 
upon  B  always  tends  towards  A,  and  varies,  if  it  varies  at  all, 
according  to  the  distance  from  A  only.  But  this  is  the  defi- 
nition of  a  central  force. 

[The  proof  just  given,  that  F  cannot  vary  with  6,  appears 

*  We  liere  make  no  assumption  except  that  the  force  varies  as  B's 
position  in  the  plane  varies ;  which  is  essential  to  every  theory  on  the 
subject. 
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quite  general.  But  it  is  easy  to  show  that  any  particular  law 
of  force  which  can  be  imagined,  other  than  that  of  a  central 
force,  is  inconsistent  with  the  conservation  of  energy.  Thus, 
suppose  the  force  to  vary  according  to  B's  distance  from  some 
other  point  in  the  plane  than  A;  then  that  distance  can  always 
be  expressed  in  terms  of  the  coordinates  of  its  extremities,  and 
therefore  in  an  expression  involving  6,  which  is  inadmissible. 
Again,  suppose  the  force  to  vary  according  to  the  perpendi- 
cular distance  of  B  from  some  line  in  the  plane.  Then,  if  B 
move  parallel  to  that  line  the  force  is  constant,  Avhile  if  it  be 
perpendicular  it  varies  from  zero;  and  it  is  easy  to  see  that  if 
B  moves  perpendicular  to  that  line,  and  if,  before  it  is  allowed 
to  return,  it  is  rotated  till  the  line  AB  is  parallel  to  that  line, 
then  the  two  integrals  will  not  be  equal.  Agaiu,  suppose  the 
force  to  act  upon  a  certain  line  only,  so  that  when  B  is  off 
that  Hue  no  force  acts  upon  it ;  then,  if  we  suppose  the  return 
journey  made  parallel  to  that  line,  the  energy  on  that  journey 
is  zero.] 

We  have  throughout  taken  F  as  the  force  between  A  and  B, 
resolved  along  the  line  joining  them.  We  have  still  to  con- 
sider the  possibility  of  there  being  another  component  always 
at  right  angles  to  this  line.  This  component,  if  it  exists,  will 
produce  a  rotation  of  B  round  A,  which  will  increase  B's 
kinetic  energy ;  and  as  there  will  be  nothing  to  balance  it,  this 
increase  will  go  on  for  ever;  so  that  the  conservation  of  energy 
would  not  be  true  in  this  case. 

I  have  thus  proved,  I  believe,  the  proposition  with  which  I 
started — namely,  that  the  doctrine  of  central  forces  and  that 
of  the  conservation  of  energy  are  mutually  interdependent,  so 
that  one  is  not  true  without  the  other.  In  general,  as  remarked 
at  the  beginning,  the  existence  of  central  forces  is  assumed, 
and  the  conservation  of  energy  deduced  from  it.  But  the 
process  maybe  reversed.  The •  conservation  of  energy  may 
be  considered  to  rest,  as  a  general  law  of  nature,  on  the  broad 
basis  of  observed  facts,  such  as  the  conversion  of  heat,  elec- 
tricity, chemical  actions,  &c.  into  mechanical  work,  and  the 
reconversion  of  mechanical  Avork  into  these  other  forms  of 
energy.  There  can  be  no  doubt  that  the  evidence  of  this 
character  is  of  very  great  weight ;  and  I  am  myself  disposed 
to  accept  it  as  conclusive.  But  it  must  be  pointed  out  that, 
unless  the  above  investigation  be  false,  it  involves  our  accept- 
ing a  mechanical  definition  of  matter  substantially  to  the  fol- 
lowino;  effect*: — "Matter  consists  of  a  collection  of  centres 

*  This  definition  has  been  already  given  in  a  pamplilet  entitled  '  The 
Foundations  of  Mechanics'  (Charles  Griffin  and  Co.,  1882). 
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of  force,  acting  upon  each  other  according  to  hnvs  which  do 
not  vary  with  time  but  do  vary  with  distance." 

This  conception  of  matter  is  of  course  an  old  one,  being 
that  usually  known  by  the  name  of  Boscovitch.  It  has  not, 
however,  been  generally  accepted  by  writers  on  Mechanics  ; 
and  in  recent  times  certain  special  objections  have  been  raised 
against  it,  which  it  seems  well  briefly  to  consider. 

1.  An  objection,  due  to  Professor  Maxwell*,  is  that  the  con- 
ception does  not  comprise  the  idea  of  inertia,  which  is  a  fun- 
damental fact  Avith  regard  to  matter.  But  when  we  say  that 
a  body  has  inertia,  we  simply  mean  that  a  finite  force,  acting 
upon  it  for  a  finite  time,  generates  only  a  finite  velocity. 
Hence  it  follows  that  any  l)ody  we  can  see  or  feel,  or  know  and 
investigate  in  any  \vay,  must  have  inertia;  for  suppose  a  body 
to  possess  no  inertia,  then  the  first  time  any  force  was  applied 
to  it,  it  would  at  once  be  removed  to  an  indefinite  distance, 
and  would  therefore  be  beyond  the  reach  of  investigation.  To 
say  that  matter  has  inertia  is  therefore  merely  to  assert  the 
general  principle  that  any  thing  our  senses  can  deal  with  must 
be  finite;  and  it  is  therefore  a  condition  anterior  to  any  theory 
of  matter,  not  a  part  of  such  theory. 

2.  An  objection  given  by  Lamef  is  that  bodies,  and  espe- 
cially homogeneous  crystals,  are  not,  within  the  limits  of 
observation,  denser  at  the  centre  than  they  are  at  the  surface, 
which  on  the  theory  of  central  forces  they  apparently  should 
be.     But  on  this  it  may  be  observed  as  follows. 

It  may  be  admitted  that  collections  of  centres  of  force,  at 
rest  under  their  mutual  actions,  would  be  more  dense  towards 
the  centre.  We  know  no  such  bodies  in  nature.  The  nearest 
approach  to  it  is  the  case  of  bodies  so  large  that  their  mole- 
cular motions,  and  also  their  want  of  homogeneity,  may  be 
neglected  in  comparison  of  their  mass.  But  the  condition  of 
large  bodies  does  appear  to  agree  with  the  theory ;  e.  g.  even 
the  mean  specific  gravity  of  the  earth  (5'6)  is  greater  than  that 
of  all  bodies,  except  a  few  metals,  at  the  surface.  The  Avant  of 
homogeneity  can  have  little  influence  at  the  temperature  and 
pressure  which  prevail  in  the  interior. 

Again,  it  is  known  that,  in  all  bodies,  the  actual  centres  of 
force  must  be  bound  up  together  in  molecules  so  closely  as  to 
form  coherent  wholes,  which  no  known  force  can  change  or 
break  up.  The  relations  in  a  crystal  therefore  are  not  those 
among  separate  centres  of  force,  but  among  separate  molecules. 

Again,  these  molecules,  being  hot,  are  in  rapid  and  conti- 
nuous motion. 

•  '  Theory  of  Heat,'  p.  85. 

t  Elasticite  des  Coriis  solidcs,  p.  333. 
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Lastly,  the  laws  of  the  forces  of  cohesion,  whether  in  the 
interior  of  a  molecule  or  between  one  molecule  and  another, 
are  unknown. 

In  such  circumstances,  can  it  be  held  impossible  that  there 
should  be  laws  of  distribution  of  force  such  that  in  small 
bodies  like  crystals  the  difference  in  density  at  the  centre  and 
surface  should  be  insensible  ?  Lame  does  not  attempt  to  give 
any  rigid  proof  that  the  uniform  density  of  crystals  (even  if 
accurately  true)  is  really  incompatible  with  the  theory  of 
central  forces.  It  is  therefore  merely  a  presumption,  and  a 
presumption  which  seems  seriously  weakened  by  the  fore- 
going considerations  ;  it  cannot  therefore  be  allowed  to  have 
any  weight  as  against  actual  evidence. 

3.  An  objection,  due  to  Prof.  Tait,  is  that  we  have  no  right 
to  assume  that  force  has  any  objective  existence  at  all,  or  is 
any  thing  more  than  the  rate  of  change  of  motion — and  that 
in  fact  it  cannot  have  an  objective  existence,  because  it  can  be 
affected  with  a  positive  or  negative  sign.  But,  with  regard 
to  the  first  part  of  this  objection,  a  force  is  defined  in  Mecha- 
nics simply  as  a  cause  of  motion ;  and  therefore  the  remark  is 
a  mere  denial  of  the  general  principle  of  causation.  This  is 
not  the  place  to  discuss  the  truth  of  that  principle ;  but  it 
may  be  observed  that  it  is  perhaps  almost  the  only  principle 
which  may  claim  to  have  been  accepted  by  all  thinkers  of  all 
schools  and  in  all  ages.  With  regard  to  the  second  part  of 
the  oljection,  the  circumstance  that  a  force,  or  rather  the 
symbol  of  a  force,  may  be  affected,  for  purposes  of  calculation, 
wiih.  a  +  or  —  sign  is  simply  due  to  the  fact  that  a  force 
has  a  definite  sense,  or  direction  ;  and  that  direction  is  one  of 
the  properties  of  things  to  which  the  conception  of  positive  and 
negative  may  properly  be  applied.  For  the  same  reason  lines 
may  be  represented  as  +  or  — ,  as  in  algebraical  geome- 
try ;  but  they  are  not  therefore  regarded  as  non-existent. 
Nor  is  direction  the  only  fact  to  which  the  conception  applies; 
e.  g.  in  treatises  on  algebra  it  is  often  pointed  out  that  capital 
may  be  taken  as  positive  and  debt  as  negative.  Will  it  there- 
fore be  argued  that  money  has  no  real  existence  ? 

4.  In  some  quarters  an  objection  appears  to  be  felt  to  the 
theory  of  central  forces,  on  the  ground  that  it  involves  the 
conception  of  action  at  a  distance,  which  is  supposed  to  be 
"  unthinkable."  I  am  not  aware  that  the  term  "  unthinkable," 
which  is  a  new  one,  has  ever  been  defined.  Until  it  has  been, 
it  is  impossible  to  say  whether  action  at  a  distance  is  un- 
thinkable, or  whether  the  fact  of  a  conception  being  unthink- 
able is  sufficient  reason,  or  any  reason,  for  holding  it  to  be 
untrue. 
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It  seems  desirable,  before  leaving  the  subject,  to  say  a  few 
words  upon  a  theory  which  has  been  set  up  as  a  rival  to  that 
of  central  forces,  and  in  some  quarters  has  met  with  consider- 
able favour.  This  theory  supposes  that  bodies  can  act  on  each 
other  only  when  in  absolute  contact;  and  that  all  the  pheno- 
mena of  the  universe  may  be  accounted  for  by  the  knockings 
together  of  a  number  of  ultimate  atoms,  considered  as  very 
small  impenetrable  bodies,  moving  with  high  velocities  in 
space. 

It  might  be  urged  that  before  such  a  theory  can  be  seriously 
discussed,  it  must  be  shown  capable  of  explaining  (as  the 
theory  of  central  forces  certainly  does  explain)  the  facts  and 
principles  of  Mechanics.  I  am  not  aware  that  this  has  been 
done.  I  may,  however,  point  out  that  the  theory  is  not  incon- 
sistent with  the  conservation  of  energy  ;  that  is  to  say,  it  can 
be  reconciled  with  it  by  certain  special  assumptions.  For  the 
proof  of  that  principle,  as  given  above,  does  not  necessarily 
imply  that  the  forces  acting  are  contimious.  If  the  attraction 
of  A  be  supposed  to  act  on  B  by  equal  impulses  at  certain 
intervals  of  space,  or  distances  from  A,  which  distances  remain 
always  the  same,  then  the  proof  will  still  hold  ;  for  B  will  be 
acted  upon  by  exactly  the  same  number  of  impulses,  and  at 
exactly  the  same  places,  on  its  return  journey  as  on  its  outward 
journey,  and  the  effects  will  therefore  be  the  same.  Now  the 
"  collision  "-  theory  above  mentioned  may  be  taken  to  repre- 
sent the  extremest  possible  case  of  this  discontinuous  action — 
there  being  then  but  one  impulse,  and  that  acting  when  A  and 
B  are  in  absolute  contact. 

Let  us,  however,  consider  the  assumptions  involved,  if  the 
conservation  of  energy  is  to  hold  in  this  extreme  case.  Imagine 
two  "  ultimate  atoms,"  of  equal  mass,  to  meet  each  other  with 
equal  velocities  in  the  same  straight  line.  This  is  clearly  a 
possible  case  under  the  theory;  and  the  conservation  of  energy 
must  therefore  be  consistent  with  it.  Then  the  instant  before 
the  atoms  meet  they  have  no  action  upon  each  other,  and  the 
instant  after,  by  symmetry,  they  must  either  be  at  rest  or 
must  have  passed  through  one  another.  As  the  latter  is  con- 
trary to  the  hypothesis,  they  must  be  at  rest.  Hence  a  finite 
mass  moving  with  a  finite  velocity  has  been  brought  to  rest 
in  a  space  infinitely  small  ;  and  therefore  the  impulse  acting 
upon  it  must  have  been  strictly  infinite  in  amount.  This  col- 
lision therefore  (and  it  is  easily  seen  that  the  same  will  be  true 
of  all  collisions)  occasions  the  instantaneous  development  of  a 
strictly  infinite  force.  The  atoms  being  brought  to  rest,  there 
is  no  reason  to  be  given  why  any  thing  further  should  happen. 
But  we  must  assume  it  as  an  axiom  that  a  further  mutual  im- 
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pulse  is  then  given,  sufficient  (if  the  bodies  are  supposed  per- 
fectly elastic)  to  cause  each  to  return  on  its  path  with  a  velocity 
exactly  equal  to  that  Avith  which  it  arrived.  This  further  impulse 
must  also  be  instantaneous  and  infinite  ;  for,  force  being  the 
cause  of  motion,  if  the  impulse  were  finite  it  would  at  once 
cause  the  bodies  to  separate  through  an  indefinitely  small 
space,  and  then,  ex  hyp.,  no  further  action  could  take  place,  and 
the  bodies  would  recede  from  each  other  with  indefinitely  small 
velocities.  If,  then,  we  make  these  three  assumptions — (1)  that 
there  is  an  infinite  impulse  developed  on  the  collision,  which 
brings  the  atoms  to  rest,  (2)  that  there  is  a  further  infinite 
impulse,  which  separates  them,  (3)  that  this  further  impulse, 
while  infinite,  is  such  as  exactly  to  reverse  the  previotts  motion 
of  each  particle — then  the  conservation  of  energy  may  still  be 
supposed  to  hold  through  the  collision. 

It  remains  to  ask  whether  there  are  any  advantages  in  the 
collision  theory  stich  as  would  warrant  us  in  discarding  the 
principle  of  continuity,  and  in  making  the  somewhat  vio- 
lent assumptions  described  above.  The  advantages  specially 
claimed  by  its  advocates  appear  to  be  that  it  does  away  with 
the  conception  of  action  at  a  distance,  and  also  with  that  of 
potential  energy.  The  latter  supposition,  however,  is  not  cor- 
rect. At  the  instant  when  the  two  atoms  are  at  rest  their 
actual  energy  is  zero,  and  the  energy  existing  is  entirely 
potential,  being  due  to  their  capacity  of  generating  a  return 
velocity  equal  to  that  of  arrival.  Of  the  former  supposition  I 
have  already  spoken;  and  I  may  add  that  I  have  elsewhere* 
shown  it  to  be  impossible  to  explain  certain  elementary  facts 
of  physics  without  the  hypothesis  of  action  at  a  distance. 


VI.  Relations  beticeen  the  Heats  of  Comhinalion  of  the 
Elements  and  their  Atomic  Weights. 

To  the  Editors  of  the  Philosophical  Magazine. 

Gentlemen, 

THE  periodic  variation  of  the  properties  of  the  elements 
with  their  atomic  weights  is  now  accepted  as  proved  by 
chemists;  but  no  similar  connexion  seems  yet  to  have  been  estab- 
lished between  the  atomic  weights  and  heats  of  combination  of 
the  elements.  Now,  if  the  atomic  weights  of  the  elements  are 
taken  as  abscissae,  and  their  atomic  heats  of  combination  with 
chlorine  as  ordinates  of  a  curve,  the  heats  of  combination  will 
be  seen  to  be  a  periodic  function  of  the  atomic  weights. 

*  "  On  Action  at  a  Distance,"  Phys.  Soc.  1881 ;  Phil.  Mag.  Dec.  1880. 
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The  curve  thus  produced  may  be  divided  into  three  principal 
series,  with  subordinate  series  between  these.  The  curve  is 
not  complete,  many  of  the  elements  theoretically  required  to 
form  the  fourth  and  fifth  series  not  having  yet  been  discovered. 

The  first  four  principal  maxima  correspond  to  every  other 
element  in  Mendelejetf's  first  column — namely,  lithium,  potas- 
sium, rubidium,  caesium.  Of  the  other  elements  in  Mendele- 
jeff's  first  column,  sodium  occupies  the  first  subordinate 
maximum,  and  copper  and  silver  subordinate  minima. 

I  enclose  a  copy  of  the  curves  for  chlorine,  bromine,  and 
iodine.  The  numbers  for  the  heats  of  combination  are  taken 
from  the  table  in  Naumann's  Thermochemie  (page  451),  con- 
taining values  for  about  thirty  elements.  Wherever  possible, 
a  compound  containing  two  atoms  of  chlorine  was  chosen,  and 
all  other  compounds  were  expressed  in  terms  of  two  atoms  of 
chlorine.  Thus  the  number  for  KCl  was  multiplied  by  two, 
the  number  for  Alg  Clg  was  divided  by  three,  etc.  The  num- 
bers on  the  diagram  are  therefore  the  atomic  heats  of  combi- 
nation of  the  elements  with  equal  weights  of  chlorine.  The 
numbers  for  the  heats  of  combination  in  presence  of  water 
have  been  preferred. 

The  heats  of  combination  of  rubidium,  cesium,  gallium,  and 
indium  with  chlorine  have  not  yet  been  determined;  the  curve 
is  therefore  represented  by  broken  lines  above  strontium, 
barium,  zinc,  and  cadmium. 

Small  negative  values  are  given  in  Naumann's  table  for 
some  of  the  minima  placed  along  the  zero-line  of  the  curve. 
The  heat  of  combination  of  chlorine  with  chlorine  is,  of  course, 
zero  in  terms  of  the  other  numbers. 

The  curve  is  drawn  through  among  the  observations,  and 
not  from  point  to  point.  This  shows  the  curve  better;  and  is 
quite  justifiable  when  the  inaccuracy  of  the  heat-values  (due 
to  physical  changes)  is  considered.  The  curves  for  bromine 
and  iodine  compounds  agree  very  closely  with  the  chlorine 
curve.  An  oxygen  curve  is  very  irregular,  and  does  not  seem 
to  follow  any  law.  Any  one  who  will  examine  the  tables  for 
the  heats  of  combination  with  oxygen  will  see  how  difficult 
it  is  to  get  numbers  that  have  been  taken  under  the  same 
physical  conditions. 

In  the  case  of  chlorine  compounds,  by  taking  the  numbers 
expressing  the  heats  of  combination  in  presence  of  water  we 
get  most  of  the  elements  combining  under  similar  conditions. 
The  curve  plotted  from  these  values  is  more  regular  and  sym- 
metrical than  the  curve  plotted  from  the  values  usually  called 
the  heats  of  combination  with  chlorine. 

I  can  hardly  believe  the  relations  shown  in  these  curves  to 
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be  unknown;  but  I  have  not  been  able  to  find  any  account  of 
such  a  relation,  and  therefore  venture  to  send  it  for  publica- 
tion, as  it  seems  to  be  of  some  interest. 

I  append  a  list  of  the  elements  plotted  on  the  curves. 

List  of  Elements  in  the  Chlorine  Curve. 

Name.  Atomic  weight, 

(i)  (br)  Hydrogen      ....       1 

(i)  (br)  Lithium 7 

—  (br)  Boron 11 

(i)  (br)  Oxygen 16 

(i)  (br)  Sodium 23 

(i)  (br)  Magnesium  ....  24 

(i)  (br)  Aluminium   ....  27 

(i)  (br)  Silicon 28 

(i)  (br)  Phosphorus  ....  31 

(i)  (br)  Chlorine 35-5 

(i)  (br)  Potassium     ....  39 

(i)  (br)  Calcium 40 

(i)  (br)  Manganese    ....  55 

(i)  (br)  Iron 56 

(i)  (br)  Nickel 59 

(i)  (br)  Copper 63 

(i)  (br)  Zinc 65 

(i)  (br)  Arsenic 75 

(br)  (i)  Bromine 80 

(br)  (i)  Strontium      ....  87 

—   (i)  Palladium      .     .     .     .106 

(br)  (i)  Silver 108 

(br)  (i)  Cadmium       .     .     .     .112 

Tin 118 

(br)  (i)  Iodine 127 

(br)  (i)  Barium 137 

(br)  (i)  Gold 196 

(br)  (i)  Mercury 200 

(br)  (i)  Thallium 204 

(br)  (i)  Lead 207 

Those  marked  (i)  appear  in  the  Iodine  curve,  those  marked  (br)  in 
the  Bromine  curve. 

I  am,  Gentlemen, 


Your  obedient  servant 


Cambridge  (Caius  College  Laboratory),  A.  P.  LauRIE. 

November  1882. 
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VII.  Amount  of  Carbon  Dioxide  in  fite  Atmosphere. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 
Gentlemen, 

IN  the  '  Philosophical  Magazine'  for  November  1882,  p.  388, 
Mr.  Ernest  H.  Cook,  in  his  paper  on  '_'  Carbon  Dioxide 
as  a  Constituent  of  the  Atmosphere,"  has  fallen  into  numerical 
errors  in  estimating  the  total  amount  of  CO2  existing  in  the 
atmosphere.  Inasmuch  as  these  erroneous  results  do  not 
materially  concern  his  very  interesting  discussion  of  the 
"  Sources  of  Carbon  Dioxide,"  they  would  not  have  called  for 
any  notice,  but  for  the  fact  that  his  figures  are  put  forward  as 
corrections  of  the  estimates  made  by  his  predecessors.  I  have 
not  been  able  to  discover  the  precise  source  of  his  errors  in 
numbers  ;  but  they  seem  to  have  originated  in  the  "  cubic 
mile  "  estimates.  It  may  be  worth  while  to  indicate  the  me- 
thod of  obtaining  the  correct  numbers. 

Let  a  =  equatorial  radius  of  the  oblate  spheroid; 

b  =  polar  „  ,,  „  ; 

h  =  height  of  homogeneous  atmosphere  enveloping  it. 
Then 

volume  of  spheroid  +  volume  of  homogeneous  atmosphere 

=  f7rx(a  +  /0^x(^>  +  /0; 
volume  of  spheroid  or  earth, 

=  ^'TrXa-+b. 

Taking  Bessel's  values  of  a  and  b  for  the  terrestrial  oblate 
si)heroid,  and  assuming  A  =  7990  metres  (Phil.  Mag.  4th  series, 
vol.  xxvii.  p.  16,  Jan.  1864),  we  have 

a  =  6377398  metres, 
b  =  6356080      „ 
h  =        7990      „ 
Hence  it  follows: —  Cubic  metres, 

vol.  ofearth  +  vol.  of  homog.  atmos.  =1,086,921,403,060  x  10^ 

„       „     itself =1,082,841,791,538x10^ 

.*.  vol.  of  homogeneous  atmosphere  =        4,079,611,522  x  10* 

If  we  assume  the  COo  in  the  air  .=  4  vols,  in  10,000  we  have 

volume  of  C02=  1,631,845  x  10^  cubic  metres  or  kilolitres. 

Now,  as  a  cubic  metre  of  CO2  (density  =1*5291,  air  =  1)  at 
Paris,  under  standard  conditions,  weighs  1*977467  kilo- 
gramme, 

.*.  weight  of  CO2  in  atmos.  =  3,226,917  x  10^  kilogrs. 
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Tlie  foregoing  corrected  numbers  do  not  differ  materially 
from  the  rough  estimates  of  Dumas  and  Boussingault  in  rela- 
tion to  the  volume  of  the  homogeneous  atmosphere,  and  of 
Roscoe  and  Schorlemmer  in  relation  to  the  total  weight  of  CO2 
in  the  air,  as  cited  by  IMr.  Cook. 

Similarly,  if  we  assume  the  CO2  in  the  air  =3  vols,  in  10,000, 

.'.  volume  of  002  =  1,223,884  x  10"  cubic  metres  or  kilolitres, 

weight  of  CO2  =2,420,188  x  10**  kilogrammes. 

We  may  estimate  the  weight  of  CO2  in  the  atmosphere  in  a 
much  simpler  (and  scarcely  less  exact)  manner  by  computing 
its  pressure  on  a  unit  surface.  Thus,  under  standard  condi- 
tions, the  pressure  of  the  atmosphere  on  a  square  metre  at  the 
surface  of  the  earth  =  10,332*90G8  kilogrammes.  Assuming 
the  amount  of  OO2  in  the  air  =  4  vols,  in  10,000,  its  weight  or 
pressure  would  be  6*1164  parts  in  10,000.  Hence  the  pres- 
siire  of  CO2  on  one  square  metre  at  the  earth's  surface  is  equal 
to  6*320019  kilogrammes. 

Now  the  surface  of  the  terrestrial  oblate  spheroid,  of  the 
dimensions  above  given,  =  509,950,861  x  10*^  square  metres. 
Hence  the  pressure  of  CO2  on  the  entire  surface  of  the  sphe- 
roid =  3,222,900  X  10'  kilogrammes. 

And,  similarly,  assuming  the  amount  of  CO2  =  3  vols,  in 
10,000,  its  weight  or  pressure  would  be  4"5873  parts  in  10,000. 
Hence  the  pressure  of  CO2  on  the  entire  surface  of  the  spheroid 
would  be  =  2,417,175  X  10'  kilogrammes. 

I  am,  yours  sincerely, 

Berkeley,  California,  JOHN  LeConte. 

November  30,  1882. 


VIII.  Apparent  Attractions  and  Repulsions  of  Small  Floating 

Bodies.     By  John  LeConte  *. 

[Plate  I.] 

ALTHOUGH  the  apparent  attractions  and  repulsions  of 
small  floating  bodies  is  one  of  the  most  familiar  pheno- 
mena, and  one  of  the  earliest  to  which  the  physical  theory 
of  capillarity  was  applied,  yet  it  remains  a  perplexing  puzzle 
to  a  largo  number  of  intelligent  students.  This  arises  from 
the  fact  that  the  popular  explanations  given  in  many  stan- 
dard works  on  elementary  physics  do  not  bear  a  critical  exa- 
mination, and  are  consequently  any  thing  but  satisfactory  to 
the  student  who  endeavours  to  secure  a  clear  physical  concep- 
tion of  the  cause  of  these  motions. 

*  From  Silliinan's  American  Journal  for  December  1882. 
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This  class  of  phenomena  seems  to  have  been  first  explained 
by  the  celebrated  Mariotte  about  1655;  but  more  particularly 
by  the  great  geometer  Monge*,  who  distinctly  and  correctly 
referred  them  to  the  action  of  the  surface-film  of  the  liquid, 
as  modified  by  the  presence  of  the  partially  immersed  solid 
bodies.  In  more  modern  times  the  improved  theory  of  capil- 
lary action  of  Young  f  and  Laplace  |,  as  modified  by  the  re- 
fined physico-mathematical  investigations  of  Gauss  §  and  of 
Poissonjl,  refers  all  capillary  phenomena  not  only  to  the  reci- 
procal attractions  between  the  liquid  and  the  solid,  but  also  to 
the  existence  of  a  tense  superficial  film  at  the  free  surface  of 
every  liquid,  which  gives  origin  to  a  tensile  elastic  reaction 
resulting  in  the  development  of  a  force  tending  to  elevate  or 
depress  the  liquid  according  as  its  terminal  surface  adjacent 
to  the  solid  is  concave  or  convex.  The  actual  existence  of 
such  an  elastic  contractile  film  at  the  bounding  surfaces  of 
liquids  is  abundantly  verified  by  numerous  conclusive  experi- 
ments with  films  of  soapy  water,  as  well  as  by  the  whole  class 
of  striking  phenomena  rendered  prominent  by  the  admirable 
researches  of  Plateau  ^,  and  the  equally  satisfactory  investiga- 
tions of  Dupre**  and  of  Quincke  ft- 

Even  according  to  the  more  exact  mathematical  theories  of 
capillarity  of  Laplace  and  of  Poisson,  the  explanation  of  this 
class  of  phenomena  is  not  altogether  free  from  ambiguity. 
Thus,  in  Laplace's  investigation,  as  the  pressure  of  the  atmo- 
sphere appears  as  a  prominent  element  in  producing  the 
motions  of  such  floating  bodies,  the  student  is  naturally  per- 
jilexed  when  he  is  confronted  by  the  somewhat  awkward  fact 
that  capillary  phenomena  are  entirely  independent  of  the  pres- 
sure to  which  the  apparatus  is  ex]30secl,  as  was  long  ago  proved 
by  the  experiments  in  vacuo,  executed  by  the  members  of  the 
Accademia  del  Cimento  of  Florence.  It  is  proper  to  add, 
however,  that  a  critical  examination  of  the  explanation  given 
by  Laplace,  as  well  as  by  Poisson  J $,  very  clearly  indicates  that 

*  MevvAres  de  VAcad.  des  Sciences  for  1787,  p.  506  et  seq. 

t  Phil.  Trans,  for  1805,  p.  65  et  seq.,  on  the  ''  Cohesion  of  Liquids." 

X  Mecanique  Celeste,  tome  iv., "  Supplement  au  Livre  x.,"  "  Sur  1' Action 
capillaire  (1806).  Also  "  Supplement  a  la  Theorie  de  1' Action  capillaire  " 
(1807). 

§  Prhicipia  Generalia  Theorice  Figure  Fluidorum  in  Statu  yEquilibrii : 
Gottingen,  1830. 

II  Nuuvelle  Tlworie  de  V Action  capillaire:  Paris,  1831. 

il   Statique  Exiterinientale  et  Theuriqite  des  Liquides. 

**  Thevrie  Mecanique  de  la  Chuleur,  chapitre  ix.,  "  Capillarit(5,"  p.  206 
e^  seq. :  Paris,  1869. 

ft  Phil.  Map.  [4]  xxxviii.  p.  81,  and  xli.  pp.  245,  370,  454  ;  [.5]  v.  pp. 
321,  415,  and  vii.  p.  301. 

X\  Laplace,  Mecanique  Celeste,  tome  iv.  ''Supplement  au  Livrc  x.  '  art. 
11,  p.  41  et  seq.     Poisson,  op.  cit.  supra,  arts.  81-85,  pp.  162-173. 
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when  the  effective  forces  are  considered,  the  pressure  of  the 
atmos})here  is  practically  eliminated  from  their  equations  ;  so 
that  finally  the  forces  actually  in  operation  which  produce  the 
tendency  of  such  bodies  to  approach  or  to  recede  from  one 
another  are  due  exclusively  to  molecular  actions. 

Nevertheless,  inasmuch  as  Laplace's  explanation  contains 
the  pressure  of  the  atmosphere  as  a  term,  while  at  the  same 
time  it  makes  the  effective  force  equivalent  to  a  modification 
of  hydrostatic  pressure,  which  is  negative  or  positive  accord- 
ing as  the  surface  of  the  liquid  adjacent  to  the  solid  bodies  is 
concave  or  convex;  it  is  by  no  means  surprising  that  the  idea 
of  atmospheric  pressure  should  have  been  associated  with  these 
phenomena.  Hence  we  find  that  many  first-class  physicists, 
such  as  Lame,  Desains,Jamin,  Everett*,  and  others  introduce 
the  pressure  of  the  atmosphere  as  a  fundamental  element  into 
their  explanations  of  these  motions.  Indeed,  Laplace  himself 
seems  to  have  been  impressed  with  the  apparent  conflict  between 
theory  and  experiment;  for  after  giving  the  result  in  relation 
to  the  case  of  two  solids  moistened  by  the  liquid  (in  which  the 
hydrostatic  pressure  between  them  has  a  negative  value),  he 
significantly  adds: — "  Dans  le  vide  les  deux  plans  tendraient 
encore  a  se  rapprocher ;  I'adherence  du  plan  au  fluide,  pro- 
duisant  alors  le  meme  effet  que  la  pression  de  I'atmosphere  "  t- 

Doubtless  the  view  which  ascribes  these  apparent  attractions 
and  repulsions  to  the  modifications  of  hydrostatic  pressure  due 
to  the  action  of  capillary  forces  is  a  philosophical  one,  and 
capable  of  being  put  into  a  mathematical  form ;  yet  when  the 
physical  cause  of  the  disturbance  of  hydrostatic  equilibrium  is 
kept  in  the  background,  the  student  is  greatly  embarrassed 
and  perplexed  in  obtaining  clear  conceptions  of  negative  and 
positive  pressures,  complicated  as  they  are  with  considerations 
relating  to  the  pressure  of  the  atmosphere,  especially  when  he 
is  assured  that  the  last-indicated  pressure  must  be  inoperative, 
from  the  experimental  fact  that  the  phenomena  take  place  in 
vacuo.  Moreover,  from  this  point  of  view,  he  is  liable  to  lose 
sight  of  the  real  physical  cause  of  all  capillary  phenomena, 
viz.  the  reaction  of  the  tense  superficial  film  of  the  liquid — 
the  true  and  efficient  cause  of  the  disturbance  of  hydrostatic 

*  Lame,  Cours  de  Physique,  2nd  ed.  (Paris,  1840),  tome  i.  p.  188  et  seq, 
art.  143.  Desains,  Traite  de  Physique  (Paris,  1857),  tome  i.  pp.  603-6015. 
Jamin,  Coiirs  de  Physique,  3rd  ed.  (Paris,  1871),  tome  i.  pp.  229,  230. 
Everett,  translation  of  Deschanel's  Traite  Elementaire  de  Physique  (N.Y,, 
1880),  part  i.  p.  136,  art.  97  D.  Peclet,  in  his  Traite  de  Physique  (4tb  ed. 
Paris,  1847,  tome  i.  p.  158,  art.  224),  leaves  out  the  pressure  of  the 
atmosphere,  and  ascribes  the  motions  exclusively  to  negative  and  positive 
hydrostatic  pressures. 

t  Mecanique  Celeste,  Supplement  au  Livre  x.  art.  11,  p.  44. 
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pressure.  It  seems  to  me  that,  by  referring  the  motions  of 
such  bodies  directly  to  the  action  of  this  tensile  superficial  film, 
a  fundamental  principle  in  the  physical  theory  of  capillarity  is 
secured  in  the  mind  of  the  student ;  while  the  resulting  dis- 
turbances of  hydrostatic  equilibrium  are  not  primary  facts,  but 
secondary  consequences  of  the  more  fundamental  cause. 

The  general  explanation  which  I  am  about  to  offer  of 
the  "apparent  attractions  and  repulsions  of  small  floating- 
bodies  "is  so  simple  and  obvious  a  deduction  from  the  funda- 
mental laws  of  capillary  action,  as  expounded  by  Laplace 
and  Poisson,  that  it  is  difficult  to  bring  myself  to  believe  that 
it  has  hitherto  escaped  the  attention  of  physicists.  Neverthe- 
less I  have  not,  thus  far,  been  able  to  find  it  in  any  of  the 
treatises  on  physics. 

In  oi'der  to  render  my  explanation  more  clear,  it  will  be 
necessary  to  present  the  commonly  received  popular  explana- 
tions of  these  phenomena,  and  to  indicate  their  defects. 

Two  methods  of  experimental  illustration  may  be  adopted, 
viz.: — 1st,  by  floating  in  water  two  small  bodies  whose  sur- 
faces have  been  so  prepared  as  to  be  moistened  or  non-mois- 
tened by  liquid;  and  2nd,  by  plunging  vertically  into  water 
or  into  mercury  two  parallel  plates  of  clean  glass  suspended 
by  threads. 

Ordinary  Popular  Explanations. 

Case  1.  When  both  bodies  are  moistened. — In  this  case 
(Plate  I.  fig.  1,  A,  B,  and  A' B'),  when  the  two  bodies  are 
brought  so  near  that  their  intervening  concave  meniscuses  join 
each  other,  the  bodies  are  drawn  together  by  the  weight  of  the 
column  of  the  liquid  m,  elevated  above  the  level  a  b,  acting 
like  a  loaded  cork  secured  to  each  of  the  bodies. 

Case  2.  When  both  bodies  are  not  moistened.  In  this  case 
(fig.  2,  A,  B,  and  A^  B'),  when  the  two  bodies  are  brought  so 
near  that  the  intervening  convex  meniscuses  unite,  e  and  g  are 
more  depressed  than  d  and  /";  consequently  the  two  bodies  are 
pushed  toward  each  other  by  the  greater  exterior  hydrostatic 
pressure  exercised  by  the  portions  dh  and/\f. 

Case  3.  When  one  body  is  moistened  and  the  other  is  not  mois- 
tened.— In  this  case  (fig.  3,  A,  B,  and  A'  B'),  if  the  moistened 
body  B  or  B'  were  alone,  the  concave  meniscus  would  be 
elevated  to  o ;  in  like  manner,  if  the  non-moistened  body  A  or 
A'  were  alone,  the  convex  meniscus  would  be  depressed  to  r. 
Now  if  the  two  bodies  are  brought  so  near  that  their  menis- 
cuses join  each  other,  the  intervening  liquid  surface  will  take 
an  intermediate  position  a  k.  Hence  the  point  n  will  be  below 
the  point  o;  and  the  point  k  will  be  above  the  point  r.     It  is 
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therefore  assumed  that  the  moistened  body  B  or  B'  will  be 
drawn  away  from  A  or  A^  by  the  excess  of  the  weight  of  the 
exterior  above  the  interior  meniscus,  due  to  the  difference  of 
height  0  n  or  o'  n' .  In  like  manner,  the  non-moistened  body 
A  or  A'  will  be  pushed  away  from  B  or  B'  by  the  excess  of 
interior  hydrostatic  pressure  due  to  the  difference  of  level  h  r 
Hence  there  is  apparent  mutual  repulsion. 

Defects  of  the  foregoing  e.vplanations. — Leaving  out  of  consi- 
deration those  physicists  who  have  adopted,  more  or  less  com- 
p'ctely,  the  mathematical  methods  of  Laplace  and  of  Poisson, 
the  foregoing  seem  to  be  the  generally  received  popular  expla- 
nations of  this  class  of  capillary  phenomena.  They  are  those 
given  by  Brewster,  Daguin,  Silliman,  Snell,  and  other  writers 
on  elementary  physics,  and  are  essentially  identical  with  the 
explanations  originally  proposed  by  Monge*.  The  most  cur- 
sory examination  will  serve  to  show  their  unsatisfactoriness. 

In  the  first  place,  each  case  requires  a  special  explanation : 
there  is  no  common  physical  principle  coordinating  the  three 
cases  under  consideration.  Thus,  in  case  1  the  weight  of  the 
intervening  elevated  column  of  liquid  draws  the  bodies  toge- 
ther, without  reference  to  the  modification  of  hydrostatic 
pressure  due  to  the  elevation.  On  the  other  hand,  in  case  2 
the  bodies  are  pushed  together  by  the  excess  of  the  exterior 
hydrostatic  pressures.  Finally,  in  case  3  it  will  be  noticed 
that  the  excess  of  hydrostatic  pressure  due  to  the  difference  of 
height  equiA'alent  to  o  n  or  o'  n'  is  made  a  pulling  force,  urging 
B  or  B'  to  the  right ;  while  the  excess  of  hydrostatic  pressure 
due  to  the  difference-height  equivalent  to  k  r  is  made  a  push- 
ing force  urging  A  or  A'  to  the  left.  Now,  why  this  difference 
in  the  direction  of  action  of  the  excess  of  hydrostatic  pressures  ? 
Why  not  regard  the  excess  of  pressure  on  the  right  of  B  or  B' 
(equivalent  on  or  o'n')  as  a  pushing  force  urging  B  or  B^ 
towards  A  or  A'? — a  result  which  is  evidently  at  variance  with 
experiments. 

In  the  second  place,  it  is  very  clear  that  the  laws  of  hvdro- 
statics  are  so  seriously  modified  by  the  action  of  capillary 
forces  (the  disturbances  of  level  being  in  fact  due  to  them), 
that  it  is  very  questionable  whether  hydrostatic  pressure  can 

*  Brewster,  Encyc.  Britannica,  8th  ed.,  art/'  Hydi'odynamics,"  chap.  iii. 
"  On  Capillary  Attraction  and  the  Cohesion  of  Liquids."  Dagaiin,  Traite 
Elementaire  de  Physique,  3rd  ed.  (Paris,  1867),  tome  i.  art.  226,  pp.  209, 
210.  Silliman,  '  Principles  of  Physics,'  2nd  ed.,  revised  and  rewi-itten, 
(Philad.  1861),  art.  2-42,  pp.  195-106.  Snell's  Olmsted's  '  Nat.  Phil.'  2nd 
revised  ed.  (N.  Y.  1870),  ai't.  229,  pp.  loO,  lol ;  also  Kimball's  3rd  re- 
vised ed.  (N.Y.  1882),  art.  202,  p.  135.  Monge,  Mem.  del' Acad.  cit.  ante. 
Of  the  above,  Daguin  gives  the  most  explicit  and  clear  statement  of  these 
explanations. 
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be  properly  or  safely  invoked  to  explain  these  phenomena 
without  the  restrictions  imposed  by  the  introduction  of  the 
negative  and  positive  molecular  pressures,  which  constitute 
such  important  factors  in  the  phy  si  co-mathematical  analyses 
of  these  questions. 

Proposed  General  Explanation. 

In  the  following  explanation  of  the  "  apparent  attractions 
and  repulsions  of  small  floating  bodies,"  I  have  referred  this 
class  of  phenomena  to  two  fundamental  principles  of  capil- 
larity which  are  abundantly  verified  by  observation  and  expe- 
riment, viz.:  1st,  that  in  every  case,  whether  of  moistened  or 
non -moistened  bodies,  there  exists  an  adhesion  between  the 
solid  and  the  liquid;  and  2nd,  that  the  capillary  forces  are,  in 
any  given  case,  inversely  proportional  to  the  radii  of  curva- 
ture of  the  meniscuses,  and  their  resultants  are  directed  toward 
the  centres  of  concavity.  It  seems  to  me  that  these  two  fun- 
damental and  well-established  principles  of  capillary  action 
will  explain  the  whole  class  of  phenomena  in  a  much  more 
consistent  and  satisfactory  manner. 

Case  1.  Fig.  1.  Before  the  two  bodies  are  brought  near  each 
other,  the  concave  meniscus  around  each  of  them  having  the 
same  radius  of  curvature  on  all  sides,  each  of  the  floating 
bodies  is  in  equilibrium  under  its  action.  But  when  brought 
so  near  that  their  meniscuses  join  each  other,  the  radius  of  cur- 
vature of  the  united  intervening  concave  meniscus  at  m 
(fig.  1)  is  less  than  that  of  the  exterior  concave  meniscuses  at 
a  and  h,  and  its  superior  tension  acts  upon  both  bodies  toward 
a  common  centre  of  concavity  at  5.  Hence,  by  virtue  of  the 
smaller  radius  of  curvature  of  the  intervening  tense  film,  the 
interior  forces  prevail,  and  the  two  bodies  are  drawn  together. 

Case  2.  Fig.  2.  The  same  explanation  applies  to  this  case. 
The  common  or  united  intervening  convex  meniscus  being 
attached  to  the  bodies  at  e  and  g  (fig.  2),  has  a  smaller  radius 
of  curvature  than  the  exterior  convex  meniscuses  at  d  and/. 
Hence  in  this  case  likewise,  by  virtue  of  the  smaller  radius  of 
curvature  of  the  intervening  contractile  elastic  film,  the  inte- 
rior forces  necessarily  prevail,  and  the  two  bodies  are  drawn 
together. 

Case  3.  In  this  case  (fig.  3)  it  is  evident  that  as  the  centres 
of  concavity  of  the  interfering  meniscuses  are  in  opposite 
directions,  the  common  or  united  meniscus  formed  by  their 
union,  as  kn,  must  have  a  radius  of  curvature  greater  than 
that  of  either  of  the  exterior  meniscuses  at  c  and  o'.  Hence, 
by  virtue  of  the  smaller  radius  of  curvature  of  the  exterior 
tense  elastic  films  at  c  and  o',  the  exterior  capillary  forces  must 
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prevail,  and  the  two  bodies  are  drawn  apart  by  the  superior 
tensile  reactions  directed  toward  the  centres  of  concavity  at  3 
and  at  4  (fig.  3). 

It  will  be  noticed  that  in  the  preceding  explanations  of  this 
class  of  capillary  phenomena  I  have  referred  the  apparent 
attractions  and  repulsions  exclusively  to  the  elastic  reactions 
of  the  tense  surface-film,  whose  form  is  modified  by  the  proxi- 
mity of  the  partly  immersed  solid  bodies.  For  the  reasons 
previously  assigned,  I  have  left  out  of  consideration  the  modi- 
fications of  hydrostatic  pressure,  which  are,  after  all,  really 
due  to  these  elastic  reactions.  To  those  physicists  who  prefer 
the  mathematical  methods  of  Laplace  and  of  Poisson,  my 
explanations  may  seem  to  be  less  complete  and  exhaustive; 
but  in  such  general  explanations  it  is  of  primary  importance 
to  keep  steadily  before  the  student  the  fundamental  physical 
principle  which  constitutes  the  fans  et  origo  of  these  phe- 
nomena. 

There  is,  however,  an  objection  to  the  explanation  which 
refers  this  class  of  capillary  phenomena  to  the  contraction  of 
the  tensile  film  of  liquid  adjacent  to  the  sides  of  the  partly 
immersed  solids,  which  it  is  proper  to  notice.  Since  the 
capillary  force  thus  developed  is  inversely  proportional  to  the 
radius  of  curvature  and  directed  toward  the  centre  of  conca- 
vity, it  has  been  urged  that  when  an  isolated  vertical  plate  that 
has  its  two  parallel  faces  of  different  substances  is  partly  im- 
mersed in  the  liquid  under  such  conditions  that  the  radii  of 
curvature  of  the  meniscuses  on  the  opposite  faces  are  unequal, 
there  should  result  a  difference  of  pressure;  so  that  such  an 
isolated  body  floating  on  an  indefinite  surface  of  a  liquid  would, 
under  the  mutual  action  of  the  fluid  and  solid,  take  on  a  hori- 
zontal and  perpetual  motion  of  translation.  There  are  obvious 
mechanical  difficulties  in  the  way  of  the  admission  of  such  a 
result;  for,  as  suggested  by  Poisson,  in  such  a  movement  the 
centre  of  gravity  of  the  entire  system  is  not  displaced.  Laplace 
seemed  to  think  that  there  would  be  some  difference  of  pres- 
sure in  such  cases,  but  that  it  would  be  so  small  that  it  might 
be  neglected*.  It  is  evident  that,  however  small  it  might  be, 
a  motion  of  translation  would  be  the  consequence;  and  this  it 
seems  difficult  to  admit.  Dr.  Thomas  l^oung,  in  a  lettei-  to 
Poisson,  insists  upon  this  as  a  most  serious  objection  to  Laplace's 
theory  of  Capillarity  f.  On  the  contrary,  Poisson  shows  that 
his  own  modified  theory  does  not  lead  to  this  mechanical  dif- 
ficulty; for  it  indicates  that,  under  the  foregoing  conditions, 
the  horizontal  pressures  on  the  opposite  faces  exactly  counter- 

*  Sujyplement  a  la  Theorie  de  V Action  Capillah'e,  p.  43. 
t  Poisson,  op.  cit,  ant^,  art.  128,  p.  265, 
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balance  each  other,  so  that  the  floating  solid  can  have  no  motion 
of  translation*.  In  like  manner,  Dupre,  in  his  admirable 
researches  on  "  Molecular  Actions,"  investigates  this  anoma- 
lous deduction  from  Laplace's  theory,  indicating  the  com- 
pleteness of  the  latter,  and  showing  that  Poisson  is  correct  in 
the  conclusion  that  the  horizontal  molecular  forces  exactly 
balance  one  another  t- 

Xotwithstauding  the  a  priori  mechanical  impossibility  of  an 
isolated  floating  body  taking  on  a  motion  of  translation  under 
the  conditions  above  designated,  I  made  the  following  arrange- 
ments with  the  view  of  experimentally  testing  the  question. 
A  plate  of  well-cleaned  glass  (fig.  4),  g  g',  and  a  plate  of 
polished  steel,  s  s',  were  cemented  together  so  as  to  constitute 
a  single  compound  plate  of  these  substances.  This  was  floated 
in  a  vertical  position  by  securing  masses  of  cork  c  and  c'  to 
the  two  faces,  and  attaching  a  leaden  sinker  (w)  of  the  proper 
weight  to  the  lower  extremity  of  the  plates.  If  such  a  com- 
posite plate  is  plunged  vertically  into  alcohol  contained  in  a 
large  vessel,  a  concave  meniscus  will  be  formed  by  the  ascend- 
ing liquid  on  the  glass  face,  while  on  the  steel  face  no  meniscus 
will  be  formed,  and  the  adjacent  surface  of  the  alcohol  will  be 
horizontal.  Now  Dr.  Young  insisted  that,  according  to 
Laplnce's  theory,  the  horizontal  molecular  pressures  on  the 
opposite  taces  being  unequal,  the  composite  plate  should  be 
drawn  in  the  direction  of  the  centre  of  concavity  of  the  meniscus 
on  the  glass  face,  and  thus  cause  the  entire  system  to  take  on 
a  motion  of  translation  toward  the  right.  The  arrangement 
represented  in  fig.  4  was  so  sensitive  that  it  was  difficult  to 
avoid  the  influence  of  slight  currents  of  air;  nevertheless 
there  were  no  indications  of  the  action  of  unbalanced  forces  on 
the  floating  apparatus.  Hence  the  idea  that  such  a  system 
would  take  on  a  horizontal  and  perpetual  motion  under  the 
action  of  molecular  forces  is  not  only  inconsistent  with  funda- 
mental mechanical  principles,  but  is  contradicted  by  direct 
experiment ;  for  no  motion  takes  place  in  such  a  composite 
vertical  plate  when  partly  immersed  and  floating  in  the  liquid^. 

Moreover  it  seems  to  me  that,  according  to.  any  theory  of 
capillarity  which  is  based  upon  the  action  of  a  tense  elastic 
superficial  film,  it  is   clear  that  the  tensile  reaction  of  the 

*  Poisson,  op.  cit.  ante,  ai-ts.  85  and  9fi,  pp.  172  and  194. 

t  Dupre,  op.  cit.  mite,  chap.  ix.  pp.  .396-400. 

X  It  is  scarcely  necessary  to  add  that  the  in'egnlar  and  perplexing  capil- 
laiy  motions  due  to  the  difl'erence  in  the  siu'face-teusious  of  different 
liquid.s  or  of  the  same  liquid  in  different  states  are  here  excludid  from 
consideration.  The  curious  motions  of  small  isolated  masses  of  camphor, 
when  floatiug  on  the  sm-face  of  warm  water,  come  under  this  category 
These  phenomena  have  been  carefully  studied  by  Tomlinson  and  others. 
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bounding  film  which  envelops  such  a  floating  composite  plate 
must  necessarily  be  exactly  the  same  in  all  parts  of  its  peri- 
meter; so  that  it  is  impossible  for  the  forces  due  to  capillary 
actions  to  disturb  the  equilibrium  of  such  a  body  while  float- 
ing in  the  liquid  so  long  as  its  component  plates  are  main- 
tained at  a  fixed  distance  apart.  It  is  obvious  that  the  tensile 
reaction  can  only  tend  to  press  the  plates  together ;  it  cannot 
produce  a  motion  of  translation.  It  is  almost  needless  to  add 
that  in  the  cases  previously  considered,  where  the  floating  solids 
were  separated  and  movable,  the  conditions  of  equilibrium 
were  disturbed  by  the  modifications  of  the  interfering  menis- 
cuses  due  to  their  proximity;  and  these  conditions  of  equili- 
brium could  only  be  realized  by  mutual  contact,  or  by  reces- 
sion beyond  the  reach  of  disturbing  influences. 

It  is  likewise  evident  that  in  cases  1  and  2  the  interfering 
and  modified  united  bounding  films  tend  in  each  case  to  assume 
a  minimum  perimeter,  which  is  only  secured  when  the  two 
bodies  are  brought  into  contact.  In  the  composite  plate  above 
considered  this  condition  is  instantly  realized  upon  partial  im- 
mersion in  the  liquid.  This  principle  explains  vfhy  it  is  prac- 
tically so  much  more  difficult  to  experimentally  verify  case  3 
than  cases  1  and  2.  For  in  case  3,  when  the  floating  bodies 
are  brought  so  near  to  one  another  that  the  interfering  menis- 
cuses  form  a  common  enveloping  film,  the  principle  of  mini- 
mum bounding  perimeter  prevails,  and  the  verification  of 
apparent  repulsion  fails;  for  the  two  bodies  are  drawn  together 
as  in  cases  1  and  2.  The  fact  that  in  such  cases  floating  bodies 
apparently  repel  one  another  at  a  certain  distance ;  but  on 
nearer  approach  apparently  attract,  is  noticed  both  by  Laplace 
and  by  Poisson  as  a  deduction  from  their  respective  theories 
of  capillarity,  and  was  experimentally  verified  by  the  Abbe 
Haiiy  and  others. 

Finally,  it  may  be  proper  to  add  that  the  reaction  of  the 
surface-tension  of  liquids  always  tends  to  reduce  the  surface  to 
the  smallest  area  which  can  be  enclosed  by  its  actual  boundary. 
This  fundamental  principle  of  the  tensile  reaction  tending  to 
reduce  the  bounding  area  or  bounding  perimeter  to  a  minimum 
aftords  a  very  simple  and  elegant  explanation  of  the  \Ahole 
class  of  phenomena  under  consideration*.  As  already  inti- 
mated, cases  1  and  2  evidently  come  under  this  principle;  for 
the  common  bounding  perimeter  produced  by  the  union  of  the 
meniscuses,  in  tending;  by  virtue  of  its  elastic  reaction  to  become 

*  This  principle  is  very  elegautly  deduced  by  the  gi'eat  geometer  Gauss 
by  the  applicaliou  of  the  principle  of  mutual  velocities.  He  shows  that 
the  condition  of  capillary  equilibrium  is  that  the  expression  for  the  force- 
function  shall  be  a  minimum  {vide  op.  cit,  ante). 
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a  minimum,  draws  the  two  floating  bodies  together.  The  same 
is  true  of  case  3,  provided  the  floating  bodies  are  brought  into 
such  proximity  that  a  common  bounding  perimeter  is  pro- 
duced by  the  interfering  meniscuses.  But  when  the  proximity 
is  not  sufficient  to  secure  this  condition,  the  disturbance  of 
equihbrium  due  to  this  interference  results,  as  we  have  seen, 
in  the  recession  of  the  floating  bodies.  For  in  the  latter  case 
the  first  effect  of  the  interfering  meniscuses  (as  previously 
shown)  is  to  augment  the  radius  of  curvature  at  the  intersect- 
ing portions;  this  is  evidently  equivalent  to  a  tendency  to 
increase  the  bounding  perimeter  of  the  meniscuses  enveloping 
each  of  the  bodies;  so  that  the  minimum  principle  operates  to 
separate  them. 

Hence  the  two  fundamental  principles  of  cajnllarity — 1st, 
that  the  elastic  reaction  is  inversely  proportional  to  the  radius 
of  curvature  of  the  meniscus,  and  2nd,  that  the  same  contractile 
reaction  tends  to  reduce  the  perimeter  to  the  smallest  which 
can  be  enclosed  by  its  actual  boundary,  are  coordinated,  and 
alike  concur  in  furnishing  complete  explanations  of  this  class 
of  phenomena,  without  the  necessity  of  invoking  the  agency 
of  atmospheric  pressure  or  the  modifications  of  hydrostatic 
pressure  due  to  the  operation  of  these  molecular  forces. 

Berkeley,  California,  October  10,  1882. 


IX.  Notices  respecting  Neiv  Books. 

Physics  of  the  Earth's  Crust.  By  Eev.  Osmond  Fiskee. 
Loudon:  Macmillau.  (Pp.  xiv  +  299.) 
T^HIS  work  is  not  a  mere  reprint  of  papers  well  known  to  many 
-*-  of  our  readers,  some  of  them  having  been  prmted  in  our 
columns,  though  free  use  has  been  made  of  them.  The  author  has 
been  "  for  many  years  past  convinced  that  various  questions  of 
Physical  Geology  might  be  answered  negatively,  if  not  positively, 
by  applying  to  them  simple  mathematical  reasoning  and  quantita- 
tive treatment."  He  candidly  confesses  that  his  views,  "  in  some 
respects,  have  been  greatly  altered  by  the  application  of  this  me- 
thod." In  evidence  of  this  he  expressly  states  that  "  the  views  now 
put  forward  differ  in  some  respects  from  those  M'hich  I  have  pre- 
viously published  in  contributions  to  scientific  periodicals.  But  the 
effect  of  the  progressive  application  of  the  quantitative  method 
may  be  ti*aced  in  the  book  itself  ;  and  the  development  of  ideas, 
proposed  in  the  eai-lier  chapters,  will  sometimes  be  found  to  have 
taken  an  unexpected  turn  later  on.  This  remark  applies  especially 
to  certain  hypotheses,  which  at  first  presented  themselves  in  a 
favourable  light,  to  account  for  compression  and  for  the  formation 
of  ocean-basins."  The  same  spirit  is  seen  in  what  follows  : — "  On 
■a  review  of  what  1  have  written,  I  feel  how  many  difficulties  have 
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been  left  unsolved,  and  some  which  have  occuiTed  to  me  not  even 
mentioned." 

The  first  question  discussed  (Chap.  I.)  is  the  underground  tempe- 
rature* ;  and  a  result  given  as  approximately  true  necu-  the  surface 
is,  in  agreement  \\ith  the  view,  we  believe,  now  generally  adopted, 
that  the  law  of  increase  of  temperature  is  "  on  the  whole  an  equable 
one,  amounting  on  an  average  to  about  one  degree  Fahrenheit  for 
every  51  degrees  of  descent." 

Mr.  Fisher's  theme  is  the  Physics  of  the  Earth's  Crust :  for  if 
we  know  little  comparatively  of  this,  much  less  do  we  know  of  the 
condition  of  the  interior  of  the  earth.  Chapter  II.  deals  specially 
with  this  subject ;  and  in  it  we  have  an  interesting  discussion  of  the 
views  of  Sir  W.  Thomson,  Messrs.  Delannay,  Hopkins,  and  others. 
Is  any  portion  at  the  present  date  liquid  ?  and  if  so,  how  much  of 
it  ?  As  a  matter  of  comparati\'e  certainty,  Mr.  Fisher,  in  agree- 
ment with  other  physicists,  infers  from  tlie  present  form  of  our 
globe,  and  from  the  law  of  variation  of  gravity  on  its  surface,  that 
it  was  once  wholly  melted,  and  now  consists  of  concentric  sphe- 
roidal shells,  each  of  equal  density  throughout  and  of  definite  form 
(cf.  J.  D.  Forbes,  §  256  &c.,  '  Progress  of  Mathematical  and  Phy- 
sical Science,'  and  Col.  Clarke's  'Geodesy,'  cap.  iv.  &  xiii.).  We 
give  here  the  author's  summing-up  in  partial  opposition  to  Sir 
W.  Thomson's  hypothesis  of  a  rigid  earth: — "it  does  not  appear 
necessary  that  the  eai'th  should  be  absolutely  solid  from  the  centre 
to  the  surface  to  satisfy  the  requirements  of  great  rigidity  as  a 
whole.  May  this  not  be  satisfied  by  the  hjqiothesis  of  a  rigid 
nucleus  nearly  approaching  the  size  of  the  whole  globe,  covered  by 
a  fluid  substratum  of  no  great  thickness  compared  to  the  radius, 
upon  which  a  crust  of  lesser  density  floats  in  a  state  of  eqmli- 
brium?"  On  the  other  side  we  may  cite  Prof.  Green  ('Nature,' 
March  23,  1882),  who  considers  that  Mr.  Fisher's  work  "  seems 
rather  to  show  that  the  earth  did  not  consolidate  in  the  way  sup- 
posed by  Sir  W.  Thomson,"  and  that  there  are  other  equally  pro- 
bable hypotheses  as  to  the  way  in  which  the  earth  may  have  passed 
from  a  fluid  to  a  solid  state.  In  Chapter  III.  we  have  a  discussion 
of  the  internal  densities  and  pressures — corrections  of  Walters- 
hausen's  theory,  and  fluid  pressures  within  the  earth  calculated 
from  Laplace's  law  of  density.  Chapter  IV.  treats  of  the  lateral 
pressure,  and  examines  the  generally  received  views  of  the  effect  of 
lateral  pressure  on  the  contortion  of  rocks.  Chapter  V.  examines 
the  truth  of  the  assumption  that,  because  the  pressure  thus  pro- 
duced would  be  sufficient  for  the  purpose,  the  work  has  been 
accomplished  in  this  way.  The  next  Chapter  is  principally  occupied 
with  a  criticism  of  Sir  W.  Thomson's  paper  "  On  the  Secular  Cool- 
ing of  the  Earth,"  and  an  account  of  Mr.  Mallet's  experiments.  The 
following  chapter  (VII.)  summarizes  the  results  of  this,  and  cou- 

*  Our  author  commences  with  this  discussion,  because  "  the  distribu- 
tion of  heat  iu  the  interior  of  the  earth  is  one  of  the  cardinal  conditions 
iipou  which  all  physical  questions  connected  with  it  depend." 
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eludes  that  "  the  large  discrepancy  (pointed  out  in  chap,  vi.)  shows 
that  the  hypothesis,  that  the  inequalities  of  the  surface  have  been 
caused  by  the  cooling  and  consequent  contraction  of  the  earth  re- 
garded as  a  solid  globe,  is  untenable.''  Hence  the  author  thinks 
we  ai'e  shut  up  to  one  or  both  of  the  following  alternatives  :  "either 
the  inequalities  of  the  surface  are  not  altogether,  or  even  chiefly, 
due  to  lateral  compression ;  or  there  has  been  some  other  cause  in- 
volved in  producing  the  inequalities  of  the  crust  other  than  the 
contraction  of  a  soHd  globe  through  mere  cooling The  shift- 
ing of  the  crust  towards  a  mountain-range,  which  is  testified  by  the 
corrugation  of  the  rocks  of  which  it  is  formed,  requires  a  more  or 
less  fluid  substratum  to  admit  of  it.  The  sinking  of  areas  such  as 
deltas,  and  other  regions  of  deposition,  demand  a  like  arrange- 
ment ;  and,  in  short,  it  appears  that  the  crust,  in  the  form  in 
which  it  exists,  must  be  in  a  condition  of  approximate  hydrostatical 
equilibrium,  such  that  any  considerable  addition  of  land  will  cause 
any  region  to  sink,  or  any  considerable  amount  denuded  off  an  area 
will  cause  it  to  rise."  In  Chapter  VIII.  the  hypothesis  of  a  fluid 
substratum  is  discussed  in  connexion  with  Mr.  Haunay's  recent 
experiments  ;  in  Chapter  IX.  the  supposition  of  an  inflexible  crust  is 
dismissed ;  and  in  Chapter  X.  the  analogy  between  the  condition  of 
the  crust  and  the  case  of  a  broken-up  area  of  ice,  refrozen  and  float- 
ing upon  water,  is  worked  out  to  the  conclusion  that  "  the  crust  is 
certainly  less  than  30  miles  thick."  In  Chapter  XII.  we  get  the 
result,  "  The  crust  of  the  earth  at  a  place  near  the  sea-level  is  about 
25  miles  thick ;  beneath  the  central  parts  of  the  ocean  it  is  about 
20  miles  thick,  or  perhaps  less,  and  that  it  is  more  dense  in  those 
regions  "  *.  The  coni.raction  is  next  calculated  on  the  two  suppo- 
sitions that  oceans  are  due  (1)  to  compression,  (2)  to  a  denser 
crust ;  and  the  outcome  of  the  discussion  is  that  the  ocean-basins 
are  thought  to  be  due  to  a  greater  density  and  general  depression 
of  the  suboceanic  crust.  Then  it  is  shown  that  the  oblateness 
may  have  been  altered  by  changes  in  the  rotational  velocity ;  but 
Mr,  Fisher  thinks  there  is  no  iiidication  in  the  arrangement  of 
mountain-chains  of  their  having  been  connected  with  such  a  mode 
of  action.  In  Chapters  XV.  to  XXI.  the  alternative  hypothesis  is 
examined,  viz.  that  the  causes  of  compression  are  situated  within 
the  crust  itself.  We  content  ourselves  with  giving  the  titles  of 
these  Chapters: — Compression  and  Volcanic  Action  (Prof.  Xor- 
denskiold's  theory  and  the  views  of  American  geologists  are 
amongst  the  matters  treated  of  in  this  chapter) ;  on  Faulting  ; 
Geological  Movements  explained;  Mr.  Mallet's  Theory  of  Volcanic 
Energy  (opposed  to  Mr.  Fisher's  results)  ;  the  Volcano  in  eru])tion 
(discussion  of  theories  of  Scrope,  Dalton,  Mallet,  and  Eichthofen) : 
Sequence  of  Volcanic  Eocks ;  and,  lastly,  Geographical  Distribution 
of  Volcanos. 

Mr.  Fisher  closes  with  reminding  his  readers  that  his  work 
"deals  with  a  great  number  of  questions,  each  in  a  very  superficial 

*  The  densities  given  are — suboceanic  2'i)56,  coutiuental  2-68. 
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manner,  and  that  indeed  entire  treatises  might  be  written  upon  the 

subject  of  some  cliapters There  are  phenomena  which  appear 

to  require  for  their  production  causes  hitherto  unexplained,  which 
must  be  looked  for  possibly  outside  the  globe  itself.  Such  are  cli- 
matal  changes.  Such  is  also  the  remarkable  fact  that  the  grand 
efforts  of  elevatory  action  ap])ear  to  have  been  paroxysmal,  and 
after  slumbering  for  long  ages  to  have  been  more  intense  at  cer- 
tain periods,  the  last  of  which  was  subsequent  to  the  Eocene. 
These  questions  are  left  for  a  rising  generation  of  physicists  and 
astronomers,  who,  it  is  hoped,  may  think  the  ascertained  facts  _  of 
Geology  a  worthy  field  for  the  application  of  exact  scientific 
methods." 

There  is  a  good  summary  of  the  contents  of  the  several  chapters, 
and  an  Appendix,  which  takes  notice  of  two  memoirs  (unpublished 
at  the  date  of  publication  of  the  '  Physics ') — one  by  Mr.  Gr.  H. 
Darwin,  "•  On  the  Stresses  caused  in  the  Interior  of  the  Earth  by 
the  Weight  of  Continents  and  Mountains,"  and  the  other  by  M. 
Ed.  Eoche.     An  Index  closes  the  volume. 

The  Solution  of  the  Pyramid  Problem.    By  Eobeet  Ballard.    New 

York  :  John  Wiley  and  Sons.  1882.  (109  pp.,  75  woodcuts.) 
This  is  another  addition  to  the  "  curious "  literature  about  the 
great  pyramids.  Taking  the  pi'incipal  pyramids  at  Chizeh,  the 
author  states  that  the  lines  joining  their  centres  form,  together 
with  the  meridional  and  east-to-west  lines  through  them,  a  system 
of  right-angled  triangles  whose  sides  are  in  simple  ratios,  e.  <j.  as 
3:4:5,  or  as  20  :  21  :  29,  &c.  Also  the  sides  of  these  triangles 
are  said  to  contain  each  an  exact  nmnber  of  a  new  cubit,  styled  by 
the  author  "  E.B.  cubit"  [query,  "  Eobert  Ballard  cubit"?],  so 
called  "  because  it  closely  resembles  the  Eoyal  Babylonian  cubit :"  it 
seems  also  that  this  "  E.B.  cubit "  is  exactly  one  geodetic  "  third," 
i.  e.  J^g^th  part  of  one  second  of  the  earth's  polar  circumference.  A 
new  theory  is  advanced,  that  the  pyramids  were  intended  as  a  sort 
of  fixed  surveying-instrument,  viz.  as  great  marks  for  ranging  out 
lines  on  definite  bearings,  and  for  recovei'ing  landmarks  lost  in  the 
annual  inundations  of  the  Nile :  this  may  be  so,  but  they  would  be 
a  very  expensive  form  of  landmarks.  A  whole  chapter  is  devoted 
to  the  advantages  to  surveyors  and  engineers  of  the  use  of  right- 
angled  triangles,  especially  of  the  "  beautiful  triangle  "  whose  sides 
are  as  20  :  21  :  29.  Another  chapter  is  devoted  to  the  "  beautiful 
symbol  "  of  the  pentangle  (or  5-pointed  star),  which  it  seems  is  the 
"  geometric  emblem  of  extreme  and  mean  ratio,"  and  also  the  "  sym- 
bol of  the  Egyptian  pyramid  Cheops  "  (the  pyramid,  however,  is 
four-sided).  Moreover,  if  "we  close  the  geometric  flower  Pentalpha," 
and  thereby  "  convert  it  into  a  pyramid,"'  it  appears  that  "  such 
transitions  point  to  the  indissoluble  connexion  between  plane  and 
solid  geometry."     This  work  is  handsomely  got  up. 

Allan  CuNNiNanAM,  Major  R.E. 
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Saturated  Steam  the  Motive  Poiver  in  Volcanoes  and  EartJiquaTces  ; 

great  Imjiortance  of  Electricity,     By  R.  A.  Peacock,  C.E.  Sfc. 

London  :  E.  and  F.  N.  Spon.  1882.  (136  pp.) 
The  object  of  this  little  work  is  (as  expressed  in  the  title)  to  show  that 
saturated  steam  is  the  motive  power  in  volcanic  eruptions  and  earth- 
quakes. Evidence  is  quoted  from  various  authorities  to  the  effect 
that  (1)  free  hydrogen  has  been  detected  in  the  flames  issuing  from 
certain  volcanoes;  (2)  the  temperature  of  combustion  of  hydrogen 
with  oxygeii  is  14,541°  E.;  (3)clouds  of  steam  are  frequently  ejected 
from  volcanoes  ;  (4)  the  pressure  of  saturated  steam  at  14,541"  E.  is 
about  one  million  tons  per  square  inch.  Hence  the  conclusion  that 
"  there  is  no  other  teri'estrial  force  at  all  approaching  to  saturated 
steam  in  power  and  magnitude,"'  and  the  question  (about  volcanic 
eruptions  and  earthquakes)  "  Will  any  man  venture  to  deny  that 
saturated  steam  was  the  active  agent  on  these  occasions  ?  "  answered 
further  on  thus  : — "  This  steam  necessarily  causes  earthquakes  and 
volcanoes ;  for  how  is  it  possible  so  very  vast  a  power  can  remain 
idle?" 

In  part  evidence  of  the  great  resistance  of  the  air  to  a  body  in 
rapid  motion,  a  graphic  account  is  given  of  the  author's  personal 
experience  thereof  on  a  runaway  horse  forty  years  ago.  In  other 
cases  statements  of  fact  are  generally  freely  supported  by  quota- 
tions from  authority:  the  author  even  thinks  it  as  well  to  "prove 
by  a  quotation  from  '  Chemisti'y '  that,  since  an-  and  water  were  pre- 
sent in  the  volcano  of  Java,  oxygen  and  hydrogen  were  necessarily 
present  also."  The  figure  14,541°  E.  quoted  above  seems  very  pre- 
cise in  the  units,  but  it  is  quoted  (as  8061°  C.)  from  Prof.  Tyndall 
with  the  remark  that  "  Professor  Tyndall  is  a  safe  man  to  follow." 

The  style  is  not  always  clear;  e.  g.  the  phrase  ''  being  about  equall)'' 
and  vei'y  great "  occurs  thrice  ;  aud  the  terminology  is  sometimes 
loose  ;  e.g.  steam  is  described  as  a  "  force"  {v.  supra). 

Allan  Cunningham,  Major  R.E. 


X.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 
[Continued  from  vol.  xiv.  p.  478.] 

November  15,  1882.— Dr.  J,  Gwyn  Jeffreys,  F.R.S., 
Vice-President,  in  the  Chair. 

THE  following  communications  were  read : — 
1.  "  The  Drift-beds  of  the  North-west  of  England  and  North 
Wales. — Part  2.    Their   Nature,    Stratigraphy,   and   Distribution." 
By  T.  Mellard  lleade,  Esq.,  C.E.,  E.G.S. 

The  author  stated  that  the  first  part  of  this  paper,  read  in  1873, 
treated  of  the  low-level  Boulder-clay  and  sands,  specially  in  relation 
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to  the  contained  shells.  Since  that  time  he  has  been  diligently  col- 
lecting information  to  enable  him  to  treat  of  the  nature,  origin,  and 
stratigraphy  of  the  Drift  lying  between  Liverpool  and  St.  Bees,  and 
Liverpool  and  Caernarvonshire.  He  finds  that,  in  the  basin  of  the 
river  Mersey,  the  Triassic  rocks  underlying  the  low-level  Boiilder- 
clay  and  sands  are  cut  up  by  a  system  of  preglacial  valleys,  in  some 
cases  presenting  very  precipitous  sides  and  not  in  all.  cases  following 
the  present  course  of  the  rivers.  If  the  mantle  of  clay  and  sands 
could  be  stripped  off,  we  should  have  scenery  differing  considerably 
from  the  present  surface-features.  These  preglacial  valleys  are,  in 
parts  of  their  courses,  considerably  below  the  present  low- water 
level. 

Where  the  rock  has  been  bared  and  is  of  a  nature  capable  of 
retaining  striations,  we  almost  invariably  find  it  planed  and  grooved 
in  a  direction  approximately  from  N.W. :  and  when  the  rock  is 
soft,  it  is  broken  up  into  rubble  and  red  sand. 

Upon  this  debris  of  the  Trias  lie  the  low-level  Boulder-clay  and 
sands  of  the  plains,  the  clay  lying  immediately  on  the  rock  being 
frequently,  but  not  invariably,  of  a  sandier  and  harder  nature  than 
the  upper  beds.  Lines  of  erosion  of  a  local  nature,  but  often  of  con- 
siderable extent,  often  occur  at  the  top  of  this  clay  and  then  die 
out ;  or  there  are  thin  or  thick  beds  of  sand  and  gravel  intercalated 
at  the  junction  and  also  dying  out.  Sometimes  sand  and  gravels 
underlie  this  harder  clay  ;  but  the  larger  mass  of  the  low-level 
clay  is  of  a  more  plastic  nature,  and  is  used  in  brickmaking.  Inter- 
calated sand-beds  also  occur  in  this ;  and  sometimes  the  clay  gets 
stonier  again  near  the  top. 

If  we  trace  the  drift  from  the  sea  up  each  river-valley  to  the  high 
lands,  we  see  at  once  that  the  nature  of  the  clay  gets  more  intimately 
connected  with  the  rocks  in  the  basin  above.  This  is  specially 
noticeable  in  the  Ribble  valley,  where  the  brown  marine  Boulder- 
clay  gradually,  above  Milton  Bridge,  gets  replaced  by  a  drift  com- 
posed almost  wholly  of  the  debris  and  grin  dings  of  the  Carbo- 
niferous limestone  and  grits  above.  In  the  mountain-districts, 
also,  the  drift  becomes  more  localized  both  in  Cumberland  and 
Wales. 

The  author's  conclusions  are  that  an  ice-sheet,  radiating  from  the 
mountain-district  of  the  English  lakes  and  the  south  of  Scotland, 
produced  the  planing  and  grooving  of  the  rock  and  the  red  sand  and 
rubble  debris ;  then  the  ice  melted  back  into  local  glaciers,  and  the 
submergence  began.  The  low-level  Boulder-clay  and  sands  were, 
during  a  slow  submergence,  laid  down  probably  at  depths  of  from 
200  to  300  feet ;  and  the  author  considers  that  all  the  phenomena 
can  be  satisfactorily  accounted  for  by  ordinary  river-action  and 
fraying  of  the  coasts  by  the  sea,  combined  with  frost  and  ice  due 
to  a  severer  climate  bringing  down  the  materials  of  such  river- 
basins  to  the  sea,  while  icebergs  and  coast-ice  sailed  over,  dropping 
on  the  sea-bottom  their  burdens  of  erratic  stones  and  other  materials 
from  the  mountain-districts  of  the  north.  He  pointed  out,  also, 
that  the  great  majority  of  the  wcU-glaciated  rocks  were  specially 
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those  that  could  be  traced  to  the  high  lands.  This  fact  was  forced 
upon  his  notice  after  making  a  large  collection  of  glaciated 
boiilders  and  pebbles.  Among  the  rocks  he  had  been  able  to  identify, 
with  the  help  of  Professor  Bonney  and  Mr.  P.  Dudgeon,  of  Dum- 
fries, Scawrell  granite  (Eskdale  of  Mackintosh)  was  the  most 
abundant  granite ;  then  came  grey  granites  from  Dumfries  ;  syenite 
from  Buttermere,  which  occurred  all  over  the  area  described,  and  up 
to  1200  feet  on  the  Macclesfield  Hills ;  and  syenite  from  Cannock 
fell.  Other  probable  identifications  were  also  named.  The  whole 
scries  of  rocks  from  the  Silurian  to  the  New  Ped  Marl  were  repre- 
sented in  the  low-level  Boulder-clay ;  a  few  flints  also  occurred, 
and  one  piece  of  what  was  believed  to  be  chalk. 

The  paper  concluded  with  an  Appendix  by  Mr.  David  Robertson, 
giving  a  list  of  the  Foraminifera  and  other  organisms  found  in  the 
various  beds  of  Boulder-clay  in  the  Atlantic  Docks,  Liverpool. 

2.  "On  the  Evidences  of  Glacial  Action  in  South  Brecknockshire 
and  East  Glamorganshire."  By  T.  W.  Edgeworth  David,  Esq. 
Communicated  by  Professor  J.  Prestwich,  F.G.S.,  F.R.S. 

The  area  which  is  included  in  this  paper  is  about  200  square 
miles,  extending  north  and  south  from  the  Brecknockshire  Beacons 
to  a  line  between  Cowbridge  and  the  mouth  of  the  Rhymney,  of 
which  the  Cly  valley  has  been  more  particularly  studied.  Most  of 
the  rocks  in  this  district,  and  particularly  the  MiUstone  Grit,  retain 
traces  of  glacial  markings.  The  whole  area  has  a  montonnee  aspect. 
The  evidence  of  glacial  action  is  classified  under  the  following 
heads: — (1)  erratics;  (2)  Boulder-clay;  (3)  shattered  and  con- 
torted rock-surfaces  ;  (4)  grooved  and  striated  rock-surfaces.  The 
first  three  obtain  everywhere  ;  but  the  last  is  confined  to  the  coal- 
basin  sandstones  in  certain  localities,  to  the  Millstone  Grit  at  its 
northern  outcrop,  and  to  a  small  extent  of  Carboniferous  Limestone 
to  the  north  of  the  latter. 

(1)  The  erratics  consist  of  Old  Red  Sandstone,  of  various  members 
of  the  Carboniferous  series,  of  dolomitic  conglomerate,  Lias,  and 
chalk  flints.  These,  in  one  district,  are  derived  from  Brecknockshire 
rocks,  in  another  from  Glamorganshire. 

(2)  The  Boulder-clay  contains  boulders  which  are  sometimes 
5  feet  in  diameter,  generally  smoothed,  rounded,  and  striated.  It 
is  sometimes  100  feet  thick,  and  is  found  as  high  as  1200  feet  above 
the  sea.  Many  sections  are  described,  and  percentages  of  their 
contents  given. 

(3)  In  certain  districts  the  rocks  are  much  shattered,  so  as  to 
resemble  a  breccia,  and  Boulder-clay  has  been  forced  into  this — as, 
for  example,  near  St.  Fagan. 

(4)  Grooved  and  striated  surfaces  are  preserved  under  favour- 
able circumstances.  A  full  description  is  given  of  a  number  of 
instances,  the  direction  of  the  stria)  being  recorded,  as  well  as  the 
fall  in  feet  per  mile  from  the  summit  of  the  Beacons.  The  author, 
in  summing  up  his  observations,  conies  to  the  conclusion  that  the 
erratics  in  the  Eglwysiliau  and  Caovau  group  were  probably,  as  a 


Rev.  A.  Irving  on  the  Mechanics  of  Glaciers.  63 

rule,  trausported  by  floating  ice,  but  that  some  may  be  the  relics  of 
old  moraines,  that  the  Boulder-clay  of  8onth  Brecknockshire  is 
chiefly  the  product  of  land-ice,  and  that  the  striated  rock-surfaces 
are  in  some  cases  the  result  of  glaciers  which  have  descended  exist- 
ing valleys.  In  other  cases  they  may  have  been  produced  by  an 
ice-sheet,  which  it  is  possible  may  have  come  from  the  N.W. 

December  6,  1882.— J.  W.  Hulke,  Esq.,  F.E.S., 
President,  in  the  Chair. 

The  following  communications  were  read: — 

1.  Note  on  a  Wealden  Fern,  Oleandridium  (Tceniopferis)  Bey- 
richii,  Scheuk,  new  to  Britain.  Bv  John  E.  H.  Pevton,  Esq., 
F.G.8. 

2.  "  On  the  Mechanics  of  Glaciers,  more  especially  with  relation 
to  their  supposed  Power  of  Excavation."  By  the  Rev.  A.,  Irving, 
M.A.,  F.G.S. 

1.  The  author  commenced  by  showing  that  ice  is  comparable 
in  some  respects  to  glass,  with  which  (at  temperatures  not  far 
removed  from  their  several  points  of  liquefaction)  it  has  many 
points  of  physical  resemblance,  the  chief  point  of  difference  between 
the  two  bodies  being  the  absence  in  ice  of  the  great  ductility  which 
characterizes  glass.  Ice  may  therefore  be  regarded  as  a  near 
approximation  to  the  "  vitreous  condition  "  of  water. 

2.  The  remarkable  yielding  property  ("  plasticity,"  "  Nachgiebig- 
keit"')  of  ice  as  it  exists  in  glaciers  (which  constitutes  its  most 
important  point  of  resemblance  to  heated  glass)  being  recognized  as 
a  fact  of  observation  (the  experiments  of  TyndaU  and  Helmholtz, 
and  the  measurements  of  glacier-movements  by  the  former  being 
referred  to),  the  deduction  drawn  from  these  facts  (irrespectively  of 
the  theoretical  explanation  of  the  facts  themselves)  in  the  light  of 
the  simple  Jaw  of  conservation  of  eneir/y,  is  that  in  the  movement  of 
glaciers  only  a  small  residuum  of  "  energy  of  motion  "'  of  the  glacial 
mass  is  available  for  the  work  of  erosion ;  most  of  the  energy  is 
expended  ivlthin  the  mass  of  the  (jiacier  in  overcoming  cohesion. 

3.  If  the  ice,  though  flowing  really  in  a  way  comparable  to  the 
motion  of  a  river-current  (the  upper  layers  moving  faster  than  the 
lower,  the  median  portions  faster  than  the  lateral),  retained  its  con- 
tinuitg,  the  strain  against  the  rocks  might  be  great  enough  to  do 
much  that  is  required  of  it  by  the  "  erosion-theory  ;"  but  here  comes 
in  the  remarkable  absence  of  dndiJity  of  ice,  giving  birth  to  crevasses, 
the  varieties  of  which  are  all  referable  to  one  common  principle,  and 
adverse  to  erosion. 

4.  Prof.  Tyndall  was  quoted  as  an  authority  for  the  fact  that  there 
is  a  gradual  transfer  of  ice-particles  from  the  bed  towards  the  sur- 
face of  the  glacier,  a  fact  which  the  author  attempted  to  explain 
later  on  in  the  paper  by  reasoning  adopted  from  Helmholtz.  The 
fact  itself  is  directly  opposed  to  erosive  action. 
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5 .  The  iustance  of  the  Morteratsch  glacier  was  more  particularly 
considered  :  and  an  attempt  was  made  to  show  that  the  assumptions 
which  imderlie  the  reasoning  by  which  Prof.  Tyndall  has  endea- 
voured to  meet  the  objections  which  have  been  raised  to  the  erosion- 
theory  from  observations  of  the  Morteratsch,  are  incompatible  with 
sound  mechanical  principles. 

6.  The  important  law  of  the  loivering  of  the  free-ing-^oint  of 
ivater  hi/  pressure  was  next  discussed,  and  reasoning  adopted  from 
Helmholtz,  which  leads  to  the  remarkable  conclusion  that  within 
the  glacier  water  at  0°  C.  exists  in  contact  with  ice  below  0°  C. 
This  was  accepted  by  the  author  as  the  explanation  of  the  otherwise 
unintelligible  fact  referred  to  in  4. 

7.  The  last  point  led  to  the  discussion  of  Dr.  Croll's  views  on 
glacier-movement.  The  author  gave  reasons  for  rejecting  Dr.  Croll's 
so-called  "  molecular  theory  "  of  the  movement  of  glaciers  (it  is 
really  little  more  than  a  restatement  of  the  regelation  theory,  dis- 
guised by  a  misuse  of  the  terms  "molecule"  and  "  moleciilar "' ), 
and  for  not  sharing  his  feeling  of  "mystery"  about  the  theory  of 
regelation. 

8.  A  real  work  of  erosion  was  shown  to  go  on  in  connexion  with 
glaciers,  by  the  direct  action  of  the  glacier-streams ;  but  the  same 
objections  apply  to  these  as  to  streams  flowing  in  an  open  valley,  as 
agents  capable  of  excavating  basin-like  hollows. 

9.  The  remainder  of  the  paper  was  mainly  occupied  with  a  consi- 
deration of  "  tarns  "  among  the  mountains.  Here  it  was  admitted 
that  a  glacier  may  work  in  a  different  manner  from  a  glacier  moving 
down  a  valley :  and  so  it  was  thought  many  small  rock-basins 
(now  tarns)  may  have  been  fonned  at  the  foot  of  precipices. 
On  the  other  hand  it  was  maintained  that  many  tarns  occupy 
hollows  formed  by  earth-movements  on  the  mountain-slopes,  or  by 
moraines. 

10.  In  conclusion  the  author  strengthened  his  position  by  point- 
ing to  the  rejection  of  the  erosion-theory  by  such  high  authorities  as 
Professors  Bonney,  Helmholtz,  and  Credner,  and  Mr.  John  Ball, 
and  expressed  his  regret  at  finding  himself  at  issue  with  Sir  A. 
Ramsay,  to  whose  geological  writings  we  all  owe  so  much. 

Generally,  the  author  concluded,  from  mechanical  and  physical 
considerations,  that  far  too  much  erosive  power  has  been  attributed 
by  some  writers  to  glaciers,  and  that  it  is  doubtful  if  the  work  of 
actual  excdvation  has  been  accomplished  by  them  at  all.  The  dif- 
ferential movement  of  glaciers  he  attributed  to  three  causes : — 
(1)  cracking  and  regelation  (Tyndall  and  Helmholtz)  ;  (2)  genera- 
tion of  heat  by  friction  within  the  glacier  (Helmholtz)  ;  (3)  the 
penetration  of  the  glacier  by  luminous  solar  energy,  the  absorption 
of  this  by  opaque  bodies  contained  in  the  ice  (stones,  earth,  organic 
germs,  &c.),  and  the  transformation  of  it  in  this  way  into  heat.  To 
this  last  he  attributed  the  greater  differential  movement  of  the 
glacier  (a)  by  day  than  by  night,  (h)  in  summer  than  in  winter. 
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December  20,  1882.— J.  W.  Hulke,  Esq.,  F.R.S., 
President,  in  the  Chair. 

The  following  communications  were  read  : — 

1.  "  On  Generic  Characters  in  the  Order  Sauropterygia."  By 
Prof.  Owen,  C.B.,  F.R.S.,  F.G.S.,  &c. 

2.  "  On  the  Origin  of  Yalley-Lakes,  mainly  with  reference  to  the 
Lakes  of  the  Northern  Alps."  By  the  llev.  A.  Irving,  B,A,,  B.Sc, 
F.G.S. 

The  author,  having  given  reasons  for  considering  this  question  still 
an  open  one,  proceeded  to  criticise  Prof.  Ramsay's  theory  as  it  was 
expounded  by  him  in  1862.  The  defects  in  Prof.  Ramsay's  argu- 
ment are,  he  considers  : — (1)  the  non-recognition  of  the  fact  that 
many  lakes  in  the  Northern  Alps  lie  in  loiuptiuUnal  valleys;  (2) 
the  omission,  in  the  discussion  of  the  relation  of  valleys  to  lines  of 
fracture,  of  the  consideration  of  anticlinal  lines  of  fracture,  which 
can  be  shown  to  be  very  common  in  the  Alps  ;  (3)  the  illogical 
inference  from  conditions  existing  in  crystalline  metamorphosed  rocks 
as  to  what  could  or  could  not  occur  in  the  stratified  sedimentary  de- 
posits of  the  Alps^  among  which  the  Alpine  lakes  chiefly  occur ;  (4) 
the  rejection  of  the  hypothesis  of  subsidence  on  the  mere  ground  of 
the  number  of  instances.  The  author  proceeded  to  show  that  the 
lakes  of  the  Northern  Alps  are  found,  as  a  rule,  just  among  those 
strata  where  subsidence  would  be  most  likely  to  occur.  In  this 
way  it  was  shown  that  we  are  not  shut  up,  by  Prof.  Ramsay's  reason- 
ing, to  the  hypothesis  of  glacial  excavation. 

Further,  other  agencies  than  those  discussed  by  Prof.  Ramsay 
may  have  cooperated  to  form  lakes,  such  as  : — 

(a)  Alterations  in  the  relative  levels  of  different  parts  of  a  floor 
of  a  valley,  connected  with  movements  of  parts  of  a  mountain- 
system  on  a  large  scale.  The  effects  of  (1)  lines  of  flexure  crossing 
older  lines  of  valley-erosion,  (2)  of  lateral  thrusts  closing  in  a 
valley  (partly),  were  here  considered. 

(b)  Lfpthrust  of  the  more  yielding  strata  (as  in  the  "creeps  "  of 
coal-mines)  by  resolution  of  forces  due  to  pressure  of  the  mountain- 
masses  at  the  side  of  a  vallej". 

(c)  The  dead  iveight  of  the  huge  glaciers  which  filled  the  Alpine 
valleys,  and  crushed  in  the  floor,  in  places  where  extensive  under- 
ground erosion  had  gone  on  in  preglacial  times. 

(d)  The  partial  damming  %(p  of  valleys,  (1)  by  diluvial  detritus, 
(2)  by  moraines,  (3)  by  Bergstiirze  (recently  investigated  by  Prof. 
Hcim  of  Ziirich). 

(e)  Faults. 

(f)  Chemiccd  solution,  by  Alpine  waters  derived  from  the  melting 
of  the  snow,  which  has  undergone  long  exposure  to  the  atmosphere. 

It  was  shown  that  the  very  situation  of  the  great  majority  of  the 
lakes  of  the  Northern  Alps  is  distinctly  favourable  to  the  operation 
of  one  or  more  of  these  agencies.     The  Konigsee  was  mentioned 
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as  a  special  instance  of  subsidence,  the  Achensee  of  a  lake  lying  in 
a  faulted  line  of  dislocation  ;  L.  Alleghe  and  L,  Derborence  as  lakes 
formed  by  Bergstiirze  during  the  last  century  ;  the  prehistoric  delta 
of  the  Arve  as  the  most  conspicuous  instance  in  the  Alps  of  the 
partial  damming-up  of  a  valley  by  diluvial  detritus  ;  the  quondam 
Lake  of  K-eutte  as  an  instance  connected  with  violent  inversion  of 
strata ;  and  the  ancient  lakes  of  the  Griidner  aud  Oetz  Thais  as  in- 
stances of  the  action  of  moraines. 

The  common  fact  of  observation  that  lakes  are  more  numerous  in 
glaciated  than  in  non-glaciated  countries,  the  author  thought,  was 
partly  explained  by  some  of  the  foregoing  principles,  partly  by  the 
better  preservation  of  lake-basins  in  glaciated  countries  from  silting 
up  and  from  becoming  thus  obliterated,  while  in  some  glaciated 
regions  lakes  are  wanting. 


XI.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  EXACTNESS  OF  THE  MEASUKEMENTS  MADE  WITH 
MERCURIAL  THERMOMETERS.   BY  J.  M.  CRAFTS. 

ATHEEMOMETER  with  a  large  bulb  readily  indicates  0°-002 ; 
but  the  preciseuess  of  the  observation  is  restricted  by  shght 
perturbations  caused  by  variations  in  the  capillary  resistance  of  the 
stem,  by  changes  of  pressure  proceeding  from  barometric  changes  or 
owing  to  the  position  of  the  thermometer,  and  also  by  calibra- 
tion-errors and  the  difficulty  of  getting  a  large  thermometer  to  take 
the  temperature  of  its  surroundings. 

Neglecting  these  errors,  the  sum  of  which  does  not  exceed  0°"02 
in  suitably  arranged  experiments,  let  us  examine  those  which  are 
due  to  movements  of  the  particles  of  the  glass,  slow  movements 
which  succeed  expansion  by  heat,  and  which  would  invohe  errors 
if  their  effect  could  not  be  estimated.  Some  distinguished  physi- 
cists have  compared  glass  to  sealing-wax :  according  to  them,  it 
yields  to  pressures,  and  those  of  the  atmosphere  and  of  the  air  left 
in  the  stem  determine  the  changes  of  volume  of  the  bulb  of  a  ther- 
mometer. Others,  estimating  at  less  the  part  played  by  pressure, 
have  cited  the  case  of  a  bar  of  metal  suspended  by  its  extremities, 
which  slowly  becomes  permanently  deformed.  These  analogies 
appear  to  me  fallacious :  we  have  not  here  to  do  with  pressures 
similar  to  the  enormous  force  that  causes  the  bending  of  a  bar  ;  we 
ought  rather  to  compare  the  bulb  of  a  thermometer  to  a  leaden 
pipe,  which  nevertheless  supports  for  years  the  pressure  of  a  high 
column  of  water,  whilst  the  least .  bending  deforms  it.  Person's 
experiments,  moreover,  since  confirmed  by  mine,  showed  that  no 
important  influence  could  be  attributed  to  pressure. 

Numerous  determinations  tend  to  prove  that  we  have  to  do  with 
motions  which  are  but  little  luider  the  influence  of  external  forces, 
and  that  their  effects  can  be  foreseen  and  regulated,  by  which  the 
precision  of  thermometric  measurements  can  be  considerably 
augmented. 
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Depression  of  the  Zero. — Person  supposed  that  thermometers 
heated  foi-  a  long  time  would  be  rendered  incapable  of  a  depression 
of  the  zero-point ;  but  that  expectation  has  not  been  realized  :  the 
depressions  produced  when  the  thermometer  is  heated  after  a  long 
rest  cannot  be  put  an  end  to.  The  values  of  these  depressions  have 
been  determined  by  several  authors  ;  and  it  has  been  ascertained 
that  similar  experiments  give  numbers  identical  to  within  0°'01 
when  the  thermometers  are  heated  to  100°;  and  the  errors  do  not 
exceed  0°-04  for  higher  temperatures  up  to  300°.  The  only  pre- 
caution necessary  is  to  follow  one  invariable  method  of  observa- 
tion :  that  which  appears  to  me  preferable  to  the  rest  is  to  let  the 
thermometer  cool  in  the  air  and  then  immediately  observe  the  zero. 
Some  observers,  after  an  experiment  at  100°,  plunge  the  thermo- 
meter into  a  bath  heated  to  50°,  and  afterwards  into  cold  baths  to 
accelerate  tlie  cooling:  equally  constant  results  are  obtained  by 
this  means ;  but  the  position  of  the  zero  is  about  0°-05  lo\Aer  than 
in  the  first  case.  If  the  thermometer  be  heated  in  a  large  bath 
holding  20  litres,  and  the  bath  and  thermometer  be  left  to  cool 
together  during  twenty-four  hours,  the  zero  will  be  about  0°'15 
higher  than  in  the  first  case.  If  the  zero-point  be  taken  before  the 
experiment,  or  if  the  experimenter  wait  some  time  before  observing 
it,  the  positions  will  be  higher,  but  will  be  moi'e  constant  if  he  pro- 
ceed methodically. 

Permanent  Elevation  of  the  Zero. — The  observations  above  referred 
to,  as  well  as  all  measurements  to  be  made  with  a  mercurial  thermo- 
meter, are  singularly  impeded  by  the  permanent  elevation  of  the  zero  ; 
and  the  alteration  of  the  coefficient  of  expansion  of  the  glass  which 
accompanies  that  phenomenon  falsifies  all  measurements.  This 
movement  of  the  glass-particles  varies  enormously  in  its  extent, 
according  to  the  circumstances.  Thus  in  a  few  hours  at  430°,  or 
in  a  few  days  at  355°,  the  zero  can  be  raised  17°  or  26°,  whilst  the 
writings  of  M.  Libri  and  later  a  publication  of  M.  Meucci's  estab- 
lish that,  of  some  thermometers  preserved  at  Florence  for  more 
than  two  centuries,  the  position  of  the  zero  has  not  notably  changed. 
A  fact  of  especial  importance  to  us  is  that  the  permanent  elevation 
of  the  fixed  points,  produced  at  a  high  temperature,  preserves  the 
thermometer  from  the  effect  of  heat  in  this  respect  at  lower  tempe- 
ratures. Some  thermometers  which  were  kept  for  eleven  days 
heated  to  355°,  and  were  afterwards  constantly,  during  two  j^ears 
and  a  half,  submitted  to  experiments  at  all  temperatures  up  to 
326°,  showed  again,  after  being  heated  for  half  an  hour  to  355°, 
the  same  position  of  the  zero,  within  0°-l,  as  after  the  first  heating 
to  355°. 

Thermometers  intended  for  our  ordinary  laboratory  experiments 
should  be  heated,  before  graduation  and  calibration,  for  a  week  or 
ten  days  in  boiling  mercury.  That  is  the  only  appropriate  way  to 
obtain" instruments  that  preserve  the  value  of  the  degree  fixed  during 
graduation  ;  and  the  errors  of  thermometers  which  have  not  under- 
gone this  treatment  may  amount  to  4°  for  a  length  of  300°. 

When  the  thermometer  is  intended  to  give  lower  temperatures, 
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it  is  sufficient  to  heat  it  to  the  highest  temperature  of  the  experi- 
ments during  a  very  long  time  relatively  to  the  duration  of  the  sub- 
sequent experiments. 

Thus  a  thermometer  which  indicates  the  temperature  of  the 
atmosphere,  and  from  time  to  time  is  raised  to  100°  in  order  to  fix 
the  value  of  the  degree,  is  prepared  for  that  use  by  three  or  four 
days'  heating  to  100°.  If,  however,  it  is  to  serve  for  prolonged  ex- 
periments at  temperatures  near  100°,  the  whole  length  of  it  must 
be  heated  to  100°  for  three  or  four  weeks  before  graduation  and 
calibration. 

If  a  new  thermometer  is  examined  during  this  treatment,  the 
value  of  a  degree  is  seen  to  change  in  the  proportion  of  about 
1  :  1"0004  ;  and  with  the  fixity  of  the  zero  towards  the  end  of  tl  e 
heating,  the  value  of  the  degree  is  observed  to  have  also  itself 
become  fixed  ;  and  it  remains  constant  if  the  thermometer  is  left  at 
the  ordinary  temperature  before  a  fresh  determination  of  the 
interval  from  100^  to  zero*. 

I  agree  with  M.  Pernet  in  admitting  that  the  value  of  the  degree 
does  not  change  in  ordinary  observations,  when  there  is  no  percep- 
tible change  in  the  position  of  the  zero ;  but  a  new  thermometer 
cannot  undergo  a  great  number  of  operations  at  100°  without  one 
or  other  of  its  constants  varying.  Thanks  to  the  kindness  of  M, 
Mascart,  I  have  been  able  to  submit  to  a  long  heating  to  100"  a 
thermometer  Mhich  had  been  in  use  during  more  than  ten  years  ; 
and  with  that  instrument  no  notable  change  was  seen  to  be  pro- 
duced in  the  position  of  the  zero.  The  treatment  at  100°  does 
nothing  but  imitate  the  effect  of  long  use.  The  time  necessary  for 
the  treatment  is  abridged  by  heating  for  twenty-four  hours  in 
boiling  essence  of  turpentine,  and  afterwards  from  four  days  to  a 
week  to  100°;  and  an  analogous  procedure  serves  for  higher  tem- 
peratures. 

The  glass  must  not  be  exposed  to  the  corrosive  action  of  boiliug 
water ;  and  metallic  apparatus  of  easy  construction  permits  those 
operations  to  be  effected  without  escape  and  without  contact  of 
vapours  of  either  water  or  mercury. — Comptes  Rendus  deVAcad^ie 
des  Sciences,  Nov.  13,  1882,  t.  xcv.  pp.  910-912. 


THEORETIC  INTERPEETATION  OF  THE  EFFECT  PRODUCED  BY  A 
THIN  LATER  OF  OIL  SPREAD  OUT  AT  THE  SURFACE  OF  THE 
SEA  TO  CALM  THE  AGITATION  OF  THE  WAVES.  BY  M.  VAN 
DER  MENSBRUGGHE. 

Since  the  remarkable  experiments  of  Mr.  Shields  in  Scotland, 
public  attention  has  been  called  to  the  marvellous  eflicacy  possessed 
by  oil  for  calming  the  surges  of  the  sea.     I  have  the  honour  of 

*  It  is  to  be  noted  that  the  thing  required  is  to  compare  zeros  de- 
pressed to  the  maximum,  and  that  the  depression  does  not  attain  its  limit 
at  100°  mitil  after  an  hour  or  nn  hour  and  a  half.  The  time  necessary 
to  complete  the  depression  diuiinishea  with  the  elevation  of  the  tempe- 
rature. 
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addressing  to  the  Academy  a  summary  of  the  propositions  with 
the  aid  ot"  which  I  believed  I  could  explain,  at  the  August  meeting 
of  the  Eoyal  Academy  of  Belgium,  how  a  small  quantity  of  oil 
spread  out  upon  a  large  surface  can  overcome  an  euormous  quan- 
tity of  vis  viva  of  the  waters*. 

1.  The  quantity  of  work  necessary  for  increasing  by  1  square 
metre  the  free  surface  of  a  mass  of  water  is  about  0-0075  kilo- 
gramme-metre ;  this  work  is  stored  up,  in  the  form  of  potential 
energy,  in  the  fresh  surface  layer  of  the  water  ;  the  thickness  of  the 
layer  in  which  that  energy  resides  does  not  reach  yuJuo  "liHim. 

2.  Reciprocally,  if  the  free  surface  of  the  water  rapidly  dimi- 
nishes, to  each  square  metre  of  surface  lost  an  energy  of  motion 
equivalent  to  0"007o  kilogramme-metre  corresponds, 

3.  Let  us  in  thought  isolate  a  mass  of  water  having  a  base  of 
1  square  metre  and  a  thickness  of  1  metre,  and  imagine  that  a 
mechanical  action,  such  as  the  wind,  rapidly  rolls  up  a  superficial 
layer  of  1  square  metre  base  and  a-TTu  ijo  iiiiHiin-  thickness,  laying 
bare  a  fresh  layer  of  the  same  extent ;  then  the  potential  energy  of 
the  first  layer  will  be  entirely  transformed  into  energy  of  motion. 
If  all  the  layers  in  succession,  each  ^-owo  millim.  in  thickness,  are 
]ike\\ise  rolled  up,  the  application  of  the  principle  of  vires  vivce 
shows  that  theoretically  the  cubic  metre  of  water  can  store  up 
150,000  kilogramme-metres  of  work,  capable  of  impressing  on  the 
total  mass  a  velocity  of  54'2  metres. 

4.  If  a  superficial  layer  of  water  of  1  square  metre  surface  is 
caused  by  the  action  of  the  wind  to  slide  over  the  next  layer,  of  the 
same  extent,  the  latter,  being  covered  by  the  former,  loses  its  po- 
tential energy,  but  acquires  an  equivalent  quantity  of  energy  of 
motion ;  if  the  action  of  the  wind  makes  a  fresh  layer  slide  over 
the  first  two,  there  is  again  developed  a  vis  viva  equivalent  to  the 
lost  potential  energy  of  the  free  surface,  and  so  on. 

5.  Let  us  now  suppose  that  a  layer  of  pure  water  slides  over  a 
layer  next  to  it,  covered  with  oil ;  from  that  time  the  potential 
energy  (0-0055  kilog.-m.)  of  the  water  covered  by  a  thin  greasy 
layer  is  replaced  by  the  potential  energy  of  the  free  surface  of 
pure  water  (0-0075  kilog.-m.),  an  energy  augmented  by  those  of  the 
two  surfaces  of  contact  of  the  submerged  thin  layer  of  oil  with 
the  water  below  and  the  water  above :  tlie  value  of  each  of  these 
latter  is,  according  to  M.  Quincke's  measurements,  0-002  kilog.-m. 
Therefore  the  sliding  of  the  layer  of  pure  \Aater  over  the  oily  layer 
has  produced  a  gain  of  potential  energy  of  0-006  kilog.-m.  per 
square  metre.     But  to  such  a  development  of  potential   energy 

*  It  is  highly  desirable  that  trials  should  be  made  at  the  mouth  of 
the  Seine  for  the  purpose  of  ascertaining'  if  a  relatively  minute  quantity 
of  oil  can,  as  the  focts  already  known  and  my  theory  of  the  potential 
energ-y  of  liquid  surfaces  would  lead  us  to  presume,  prevent  the  disastrous 
eifects  of  the  violent  eddy  of  the  tide.  In  case  of  sncressthe  employment 
of  oil  during  storms  in  harbours,  in  the  vicinity  of  lighthouses,  at  dan- 
gerous parts  of  the  coasts,  &c.  would  become  a  duty. 
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an  equivalent  loss  of  vis  viva  necessarily  corresponds  ;  and  that  is 
the  reason  w  hy  the  waves  must  quickly  lose  theii'  force  as  soon  as 
they  come  into  contact  with  an  oily  layer. 

Such  are  the  very  simple  propositions  which  permit  me  to  account 
for  a  phenomenon  known  from  ancient  times,  but  which,  even  on 
account  of  its  singularity,  has  not  yet  obtained  the  valuable  appli- 
cations it  deserves. —  Comj^tes  Rendus  de  VAcademie  des  Sciences, 
Nov.  27,  1882,  t.  xcv.  pp.  1055,  1056. 


ON  THE  ELECTEIFICATION  OF  THE  AIR.      BY  M.  MASCAET. 

At  one  of  the  meetings  of  the  International  Committee  for  the 
determination  of  the  electric  imits,  lately  assembled  at  Paris,  Sir 
W.  Thomson  pointed  out  the  importance  to  science  of  continuous 
observations  of  the  proper  electrification  of  the  lower  sti'ata  of  the 
atmosphere  by  determiuiug  the  potential  in  a  limited  volume  of  gas 
taken  from  the  surrounding  air  and  withdrawn  from  the  action  of 
foreign  electrical  masses. 

I  have  essayed  to  see  by  experiment  how  a  mass  of  air  thus  iso- 
lated preserves  its  electrification,  in  order  to  define  the  conditions 
under  which  it  would  be  expedient  to  place  one's  self  for  the  pur- 
pose of  continuous  observation. 

The  air  of  the  amphitheatre  of  the  Colle'ge  de  France,  which 
represents,  roughly,  a  cube  of  9  or  10  metres  side,  was  electrified 
by  discha^'ging  into  it  a  Leyden  jar  during  10  seconds  by  a  conduct- 
ing flame.  An  electrometer,  placed  in  the  room,  was  in  communi- 
cation with  a  receiving  flame  placed  about  8  metres  from  the  spot 
where  the  discharge  took  place,  and  1"5  metre  from  the  ground. 
As  soon  as  the  discharge  is  commenced  the  electrometer  is  affected : 
the  deflection  at  first  undergoes  a  series  of  oscillations  of  great  am- 
plitude, then  increases  in  a  more  regular  manner,  reaches  a  maxi- 
mum at  the  end  of  from  10  to  15  minutes,  and  afterwards  decreases 
very  slowly. 

The  larger  oscillations  at  the  outset  appeared  to  result  from  a 
direct  action  of  the  electrified  strata  of  air  upon  the  couductiug 
wires  of  the  electrometer,  which  were  too  near  them.  To  eliminate 
this  cause  of  error,  the  electrometer  was  placed  in  an  adjacent  room, 
the  communication  with  the  receiving  flame  being  established  by  a 
wire  passing  through  the  pai'tition.  In  this  case  the  effects  are 
more  regular  :  the  maximum  deflection  "u  as  again  reached  in  about 
a  quarter  of  an  hour ;  it  then  diminished  slowly,  obeying  a  law 
clearly  indicated  by  the  form  of  the  curve  to  be  an  exponential, 
like  that  for  thermal  radiation.  After  two  hours  the  potential  was 
still  -}fj  of  its  maximum  value.  Xevertheless  there  was  still  mani- 
fested, especiallv  during  the  first  minutes,  a  series  of  oscillations 
of  small  amplitude  ;  and  those  oscillations  were  exaggerated  as  soon 
as  a  door  was  opened  even  for  a  Aery  short  time,  or  if  an  observer 
crossed  the  room  at  several  metres  distance  from  the  receiving 
flame. 

These  phenomena  can  be  naturally  explained  if  it  be  admitted 
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that  the  electrificatiou  remains  adherent  to  the  strata  of  air  which 
were  directly  in  contact  \^"iththe  flame  during  the  discharge.  The 
electrified  gases  ascend  by  virtue  oi:  their  raised  temperatnre,  then 
move  and  disseminate  themselves  after  the  manner  of  smoke  until 
they  are  uniformly  distributed  in  the  atmosphere  of  the  room :  the 
deflection  of  the  galvanometer  is  then  near  its  maximum.  As  to 
the  disappearance  of  the  electricity,  it  takes  place  either  by  ex- 
change «'ith  the  outer  air,  or  by  the  receiving  flame  itself  conti- 
nually neutralizing  the  surrounding  electricity,  or  by  contact  of 
the  air  with  the  walls  of  the  room. 

The  loss  will  be  diminished  when  the  movements  of  gas  due  to 
the  presence  of  the  flames  are  suppressed.  This  is  shown  by  expe- 
riment when  the  discharge  is  effected  by  a  sharp-  point  and  the 
receiving  flame  is  replaced  by  running  water :  the  needle  of  the 
electrometer  is  again  deflected  immediately  the  discharge  com- 
mences;  but  after  this  it  remains  some  time  stationary,  attains 
the  maximum  deflection  a  little  later,  and  the  return  to  zero  takes 
place  more  slowly.  At  the  end  of  an  hour  the  loss  was  only  two 
thirds  ;  it  would  doubtless  be  much  slower  in  air  absolutely  still. 
We  have  moreover  obtained  an  identical  proof  of  it  by  studying  the 
air  enclosed  in  a  room  communicating  with  the  outside  only  by  the 
usual  leakages  of  the  doors  and  windows :  electricity  was  almost 
always  found  there,  of  the  same  sign  as  that  of  the  outer  air ;  for 
opening  a  window  was  sufficient  to  augment  greatly  the  indications 
of  the  instrument. 

The  electritication  produced  by  a  Leydeu  jar  is  always  A'ery 
slight ;  but  much  more  energetic  effects  can  easily  be  obtained. 
On  the  electricity  furnished  by  a  Holtz  machine  being  discharged 
by  a  flame  during  one  minute,  the  air  was  so  much  electrified  that 
the  potential  about  the  middle  of  the  room  at  the  instant  of  the 
maximum  exceeded  2000  volts  ;  from  this  the  mean  density  of  the 
electricity  in  the  air  can  be  deduced,  supposing  its  distribution 
uniform. 

From  these  experiments  it  follows  that,  for  the  examination  of 
the  lower  strata  of  the  atmosphere,  it  is  sufficient  to  determine  the 
potential  in  a  room  of  some  metres  dimensions,  the  walls  of  which 
should  be  formed  by  wire  netting  with  large  meshes,  in  communi- 
cation with  the  ground,  in  order  to  eliminate  the  action  of  external 
electric  masses.  The  exchanges  of  gas  with  the  atmosphere,  how- 
ever gentle  the  wind  may  be,  will  be  sufficient  to  compensate  the 
loss  produced  by  the  wails  and  the  collecting-apparatus  (flame  or 
running  water),  and  to  communicate  to  the  electrometer  a  potential 
constantly  proportional  to  the  electrification  belonging  to  the  sur- 
rounding air.  That  potential  will  be  quite  different  (most  fre- 
quently of  contrai'y  sign)  fi'om  that  obtained  by  the  usual  methods. 
If  electricity  plays  an  important  part  in  natural  phenomena,  it  is  to 
be  presumed  that  the  proper  electrification  of  the  air  is  peculiarly 
effective  :  Sir  W.  Thomson's  suggestion  therefore  merits  the  atten- 
tion of  all  observers. —  Comptes  Reiidus  de  V Academic  des  Sciences, 
Nov.  13, 1882,  t.  cxv.  pp.  017-919. 
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THE  DISPLACEMENTS  AND  DEFORMATIONS  OF  ELECTRIC  SPARKS 
BY  ELECTROSTATIC  ACTIONS.      BY  AUG.  RIGHI. 

Known  experiments  show  that  the  electric  discharge  commences 
when  the  electric  density  on  the  electrodes  has  attained  a  sufficient 
value  relatively  to  the  dimensions  of  the  balls,  their  quality,  dis- 
tance, &c.*  Supposing  that  the  discharge  is  constituted  by  the 
emission  of  electrified  particles,  it  will  commence  at  that  one  of  the 
two  electrodes  on  which  the  density  is  the  greater — from  which  we 
derive  the  explanation  of  many  phenomena. 

If,  then,  at  but  little  distance  from  the  place  where  the  spark  is 
formed  there  are  other  electrified  bodies,  the  particles  will  deviate 
from  their  path,  moving  away  from  the  bodies  which  have  charges 
of  the  same  name  as  that  of  the  electrode  which  repels  them,  and 
approaching  the  bodies  charged  with  the  contrary  electricity. 

JN'ow  the  spark  must  pursue  the  path  of  the  first  particles  re- 
pelled ;  for,  by  reason  of  the  heat  evolved,  it  offers  less  resist- 
ance. Therefore  the  spark  itself  will  deviate,  as  if  it  were  a  body 
charged  with  electricity  of  the  same  sign  as  that  of  the  electrode  on 
which  the  density  previous  to  the  discharge  is  the  greater. 

The  following  is -one  of  the  ways  in  which  I  have  verified  this 
class  of  facts  : — The  two  stems  bearing  the  discharge-balls  are 
arranged  vertically  one  below  the  other,  and  at  equal  distance  two 
parallel  vertical  disks  are  kept  constantly  charged,  the  one  with 
positive,  the  other  with  negative  electricity,  by  a  Holtz  machine 
with  auxiliary  combs,  the  exciters  of  which  are  sufficiently  distant 
from  one  another  for  the  sparks  not  to  explode.  It  is  readily  ob- 
served that,  when  the  two  disks  are  not  charged,  the  form  of  the 
spark  produced  between  the  two  stems  by  the  discharge  of  a  con- 
denser charged  by  another  Holtz  machine  is  nearly  a  straight  line 
(if  the  distance  between  the  balls  is  not  too  great)  ;  but  if  the  disks 
are  charged  and  if  the  two  balls  are  not  in  all  respects  identical, 
the  spark  is  curved,  approaching  the  one  or  the  other  disk.  The 
changes  of  shape  are  very  remarkable  when  a  liquid  resistance  such 
that  the  spark  becomes  yellow  is  inserted  in  the  discharge-circuit. 
The  spark  then  takes  very  curious  forms  ;  and  at  the  same  time  it 
is  observed  to  start  from  points  of  the  electrodes  situated  laterally. 

Suppose,  for  example,  that  the  two  balls  are  identical  in  dimen- 
sions and  quality,  but  that  one  of  them,  the  negative,  communi- 
cates with  the  earth ;  the  greater  density  is  then  on  the  positive 
ball,  and  it  is  there  that  the  discharge  will  commence.  The  spark, 
in  fact,  is  displaced  and  deformed  as  a  positi\'ely  electrified  flexible 
body  would  be.  The  same  effect  is  obtained  if,  both  balls  being 
insulated,  the  diameter  of  the  negative  is  greater  than  that  of  the 
positive  ball. — Comptes  liendus  de  VAcadeinie  dcs  Sciences,  Dec.  11, 
1882,  t.  xcv.  p.  1223-24. 

*  A,  Eighi,  "  SuUc  scariche  elettriche,"  Nuovo  Cimento,  ser,  2,  xvi. 
pp.  89  &  07. 
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XII.  Elementary  Investigations  relating  to  Forced  Vibrations  ; 
ivith  Applications  to  the  Tides  and  to  Controlled  Pendulums. 
By  Prof.  J.  D.  Everett,  F.R.S.,  Queens  College,  Belfast*, 

1.  T  ET  there  be  a  body  whose  free  vibrations  are  simple- 
J-J  harmonic,  the  acceleration  for  a  displacement  s  being 
fi-^s,  and  the  period  being  therefore  'lir/  \/ [i]^.  If  this  body  be 
acted  on  by  an  external  force  which  is  a  simple-harmonic 
function  of  the  time,  and  which  urges  the  body  along  the 
same  path  which  it  would  take  if  vibrating  freely,  the  body 
will  ultimately  be  brought  into  a  permanent  state  of  simple- 
harmonic  vibration  with  the  same  period  as  the  external  force. 
This  is  on  the  supposition  (which  is  practically  fulfilled  in  the 
majority  of  actual  cases)  that,  though  friction  can  be  neglected 
in  considering  a  single  vibration,  its  accumulated  effect  in  a 
great  number  of  vibrations  is  sufficient  ultimately  to  destroy 
any  previously  existing  free  vibration  if  the  body  were  left  to 
itself. 

2.  It  is  easy  to  show,  by  reductio  ad  ahsurdum,  that  in  the 
permanent  state  the  maxima  of  the  external  force  must  coincide 
loith  the  maxima  of  displacement.  Let  us,  for  instance,  try  the 
supposition  that  the  force  attains  its  maximum  after  the  mean 
position  has  been  passed  but  before  the  extreme  position  has 
been  attained  (and  if  this  be  true  on  one  side,  it  must  also,  by 
symmetry,  be  true  on  the  other).     The  force  in  any  given 

*  Communicated  by  the  Autlioi'. 
Fhil.  Mag.  S.  5.  Vol.  15.  No.  92.  Feb.  1883.  G 


74         Prof.  J.  D.  Everett's  Elementary  Investigations 

position  will  then  be  greater  in  the  outward  than  in  the  return 
movement;  the  work  done  by  the  force  in  the  outward  move- 
ment will  therefore  not  be  equal  to  the  work  of  opposite  sign 
which  it  does  in  the  return  movement ;  and  this  ditference  of 
work  will  produce  a  steady  gain  or  steady  loss  of  energy  from 
one  passage  through  the  mean  position  to  the  next,  which  is 
contrary  to  the  supposition  of  a  permanent  state  having  been 
attained. 

3.  The  external  force  then  is  a  maximum  in  the  extreme 
position;  and  as  this  maximum  force  may  either  act  outwards 
or  inwards,  two  opposite  cases  are  possible.  Either  the  ex- 
ternal force  urges  the  body  outward  during  the  whole  of  the 
outward  movement,  and  by  continuing  to  act  outward  opposes 
the  motion  during  the  whole  of  the  return  movement;  or  else 
it  opposes  the  whole  of  the  outward  movement  and  assists  the 
whole  of  the  return.  In  this  latter  case  the  external  force 
always  urges  the  body  towards  the  mean  position,  and  this  is 
precisely  Avhat  the  internal  forces  (on  which  free  vibration 
depends)  are  doing.  Moreover,  since  the  displacement,  the 
internal  force,  and  the  external  force  are  all  three  of  them 
simple-harmonic  functions  of  the  time,  with  the  same  period, 
and  they  attain  their  maxima  simultaneously,  the  external  force 
has  a  constant  ratio  to  the  internal  force. 

4.  The  acceleration  due  to  the  internal  force  is  ix^s  ;  the 
acceleration  due  to  the  external  force  must  therefore  have  the 
value  IX.2S,  where  ^2  is  a  constant.  Tlie  actual  acceleration 
will  be  {fii+fi2)^}  directed  towards  the  mean  position. 

This  reasoning  also  applies  to  the  other  alternative,  except 
that  fi^  must  be  regarded  as  negative,  because  the  acceleration 
due  to  the  external  force  will  always  he  from  the  mean  posi- 
tion, and  therefore  opposite  in  direction  to  that  due  to  the 
internal  force.  In  this  case  fi2  must  be  less  in  absolute  mag- 
nitude than  fjii  ;  for  otherwise  the  actual  acceleration  would  be 
from  the  mean  position — a  supposition  inconsistent  with  vibra- 
tory movement. 

In  all  the  foregoing  reasoning,  the  displacement  s  may 
either  be  a  linear  distance,  or  an  angular  distance,  or  any 
other  quantity  which  serves  to  measure  the  displacement  of  a 
body  with  one  degree  of  freedom. 

5.  Denoting  the  actual  ])eriod  of  vibration  by  T,  and  the 
period  of  free  vibration  by  Tj,  we  have 

T=2'7r/s/(fii+/j,2),     Ti  =  27r/V/ii- 

If  the  forced  vibrations  are  quicker  than  the  free  vibrations, 
T  is  less  than  Tj,  and  ytii+/u.2  must  be  greater  than  fi^,  hence 
the  external  force  always  acts  inward;  but  if  the  forced  vibra- 
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tions  are  slower  than  the  free  vibrations,  /a^  +  jjl^  must  be  less 
than  /A J,  and  the  external  force  must  always  act  outward. 

6.  If  a  denote  the  amplitude,  or  maximum  value  of  .s,  and  / 
the  maximum  acceleration  due  to  the  external  force,  which  is 
supposed  to  be  a  known  quantity,  we  have 

from  which  equation  we  can  obtain  a  determination  of  a  in 
terms  of  the  free  and  forced  periods,  as  follows: — 

/ij+ytio      :     /*!      :  :     Ti  :     T'"^ 

yu,2     :     /*!     :  :     T,  — T"'      :     P 

7.  We  shall  now  apply  some  of  the  above  results  to  the 
lunar  tides  in  a  uniform  canal  encircling  the  earth  at  the 
equator,  the  moon  being  supposed  to  be  always  vertically  over 
the  equator,  and  to  revolve  round  the  earth  at  a  constant  dis- 
tance with  constant  angular  velocity. 

Let  6  denote  the  difference  of  longitude  of  any  point  of  the 
canal  from  the  point  vertically  under  the  moon,  and  M  the 
moon's  attraction  upon  a  unit  of  mass  on  the  earth  multiplied 
by  the  ratio  of  the  earth's  radius  to  the  moon's  distance. 
Then,  as  is  well  known,  the  moon's  distui-bing  force  at  anv 
point  of  the  canal  can  be  resolved  into  a  component  M  sin  6 
perpendicular  to  the  line  of  centres  of  the  earth  and  moon, 
and  a  component  2M  cos  6  parallel  to  the  line  of  centres — the 
direction  of  the  former  component  being  towards  the  line  of 
centres,  and  the  direction  of  the  latter  component  being  from 
the  medial  plane  of  the  earth  which  separates  the  hemisphere 
enlightened  by  the  moon  from  the  other  hemisphere.  By 
resolving  each  of  these  components  along  a  tangent  to  the 
equator,  we  get  3M  sin  6  cos  6,  or  |  M  sin  '16,  as  the  horizontal 
force  urging  the  water  along  the  canal,  due  to  the  moon^s 
action,  its  direction  being  always  that  which  would  bring  the 
water  nearer  to  the  line  of  centres.  As  the  value  of  6  for  a 
given  point  of  the  canal  increases  at  the  uniform  rate  of  27r 
per  lunar  day,  the  expression  f  M  sin  26  represents  a  simple- 
harmonic  function  of  the  time  with  a  period  T  of  half  a  lunar 
day.  As  the  amplitude  of  vibration  of  a  particle  of  the  water 
will  be  insignificant  in  comparison  with  a  quadrant  of  the 
equator,  we  may  identify  the  actual  disturbing  force  on  a  par- 
ticle with  that  which  would  be  exercised  if  the  particle  were 
in  its  mean  position,  and  may  therefore  adopt  |  M  sin  26  as 
the  expression  for  the  disturbing  force  on  a  particle. 

a2 
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8.  The  actual  horizontal  acceleration  of  a  particle  of  the 
water  at  any  moment  is  the  algebraic  sum  of  two  horizontal 
components — one  due  to  the  moon  and  equal  (as  just  shown) 
to  |^Msin2^,  and  the  other  due  to  the  slope  of  the  surface. 
The  magnitude  of  the  latter  component  is  g  multiplied  by  the 
tangent  of  the  slope  ;  and  its  direction  is  always  towards  the 
lower  side.  The  particle  vibrates  under  the  joint  action  of 
these  two  accelerations,  each  of  which  is  a  simple-harmonic 
function  of  the  time  with  a  period  of  half  a  lunar  day.  Hence, 
by  the  reasoning  of  section  2,  they  attain  their  maxima 
together.  The  maxima  of  the  component  due  to  the  moon 
are  at  the  points  45°  distant  from  the  line  of  centres  ;  these 
must  therefore  be  the  points  of  steepest  slope  ;  and  as  the 
points  of  steepest  slope  in  a  simple-harmonic  wave  are  mid- 
way between  crest  and  trough,  there  will  be  either  a  crest  or 
a  trough  exactly  under  the  moon.  The  reasoning  of  section  5 
shows  that,  if  the  actual  period  he  less  than  the  period  of  free 
vibration,  the  two  components  conspire',  but  if  greater,  they  are 
in  opposition.  If  they  conspire,  the  slope  for  45°  on  each  side 
of  the  point  under  the  moon  must  be  towards  this  point  ;  that 
is  to  say,  there  must  be  low  water  under  the  moon.  If  they 
are  in  opposition,  the  slope  must  be  the  other  way,  and  there 
must  be  higrh  water  under  the  moon. 

The  periods  of  the  free  and  forced  vibrations  are  inversely 
as  the  velocities  of  free  and  forced  waves,  since  a  wave  of 
either  kind  travels  half  round  the  equator  in  one  period. 
Hence,  if  the  forced  ivave  travels  faster  than  the  free  wave,  there 
is  low  ivater,  and  if  sloioer,  high  icater,  under  the  moo7i^. 

9.  We  can  now  calculate  the  height  of  the  tide,  if  the  ratio 
of  the  actual  period  T  to  the  free  period  T^  be  known. 

Let  z  denote  the  height  of  any  point  of  the  surface  of  the 
water  measured  from  mean  level  at  time  t,  at  a  point  of  the 
canal  distant  cc  in  the  forward  direction  from  a  fixed  point  of 
reference,  V  the  actual  velocity  of  the  wave,  X  the  wave- 
length, which  is  Trr  (where  r  denotes  the  earth's  radius),  and 
2h  the  difference  between  high  and  low  water.  Then,  by  the 
standard  formula  for  simple-harmonic  waves,  we  have 

27r  2     . 

z  =  h  cos  ^—  (yt  —  d-)  =  h  cos  -  (Vt—x), 
A,  r  ^ 

The  acceleration  due  to  the  slope  is 

dz  2h  .    2.„         , 

—  q-r  =— ^/  — sni     (V<  — A-), 
^  dx  -^  r         r^  '^ 

*  On  oompariug  the  reasoning  of  this  section  with  that  employed  by- 
Mr.  Abbott  in  a  paper  on  the  same  subject  (Phil.  Mag.  January  ]870j,  it 
will  be  seen  that  Mr.  Abbott  has  neglected  the  acceleration  due  to  cilope. 
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the  maximum  value  of  which  is 

%jh/r. 

The  maximum  value  of  the  component  due  to  the  moon  is  |M; 
and  the  quantities  yu.^  and  /^g  hi  section  5  are  proportional  to 
these  maximum  values.     We  have  therefore 

T^   :T^   ::;.,   :  ^.,  + ^.,   :  :  ^-^   :  ^  +  |M, 

T-   :  T-T   ::^  :  f M, 
rM       T^ 


2  ^    T^_T-^ 

10.  By  making  T  indefinitely  great  compared  Avith  Tj,  we 
obtain  the  height  of  the  equilibrium  tide,  which  is  therefore 
(neglecting  sign) 


M/g. 


A  positive  value  of  2h  indicates  low,  and  a  negative  value 
high,  water  under  the  moon  ;  because  we  have  taken  as  the 
standard  case  that  in  which  /xg  has  the  same  sign  as  /i^. 

Taking  the  moon's  mass  as  one  80th  of  the  earth^s,  the 
moon's  distance  as  60  times  the  earth's  radius,  and  this  latter 
as  4000  miles,  the  value  of  |7'M/j7  comes  out  exactly  22  inches. 

11.  The  height  of  the  equilibrium  tide,  and  the  distribution 
of  elevation  and  depression  over  the  whole  ocean  on  the  equi- 
librium theory,  can  be  independently  calculated  by  the  follow- 
ing simple  method,  which  I  have  not  been  able  to  find  in  print, 
though  I  am  informed  that  it  is  not  new. 

Imagine  narrow  tubes  leading  down  from  two  points  (or 
any  number  of  points)  on  the  surface  to  the  centre  of  the 
earth.  The  same  distribution  of  water  which  gives  equilibrium 
when  there  is  freedom  for  the  water  to  traverse  these  tubes, 
will  still  give  equilibrium  when  they  are  blocked  by  dia- 
phragms ;  for  the  introduction  of  diaphragms  cannot  destroy 
previously  existing  equilibrium. 

To  determine  the  height  of  the  tide,  it  suffices  to  consider 
two  points,  one  directly  under  the  moon  and  the  other  90° 
distant. 

In  the  column  of  water  which  goes  down  from  the  first  of 
these  points  to  the  centre  of  the  earth,  the  moon's  disturbing 
force  is  vertically  upward,  and  varies  as  the  distance  from  the 
centre  of  the  earth.  At  the  top  of  the  column  the  disturbing 
force  (with  the  notation  of  section  7)  is  2M  ;  and  its  average 
value  for  the  whole  column  is  therefore  M. 
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In  the  column  at  right  angles  to  this,  which  goes  down  from 
the  second  point,  the  disturbing  force  is  vertically  downward, 
and  has  the  average  value  ^  M. 

As  each  column  has  the  length  r,  the  pressure  to  be  coun- 
terbalanced by  difference  of  levels  at  the  tops  of  the  two 
columns  is  (M  +  ^M)?';  and  this  must  be  equal  to  2hg,  where 
2A  denotes  the  height  of  the  equilibrium  tide.  We  have 
therefore 

as  previously  found. 

12.  The  vertical  component  of  the  moon's  disturbing  force 
at  a  point  of  the  surface  at  angular  distance  6  from  the  point 
under  the  moon,  is  found  by  compounding  the  upward  com- 
ponent of  a  force  2M  cos  6  parallel  to  the  line  of  centres  with 
the  downward  component  of  a  force  M  sin  6  perpendicular  to 
the  line  of  centres,  and  is  therefore  an  upward  force, 

M(2cos-^-sin2^)=M(3cos2  6'-l)  =  M(i  +  |cos2^). 

The  average  force  through  the  column  which  goes  down  from 
the  point  in  question  to  the  earth's  centre  will  be  half  of  this, 
or  will  be 

pI(l  +  3cos2^); 

and  to  prevent  the  column  from  moving  upward  we  must  have 
an  elevation  at  its  summit  equal  to 

i?_^(l  +  3cos2^). 
9 

The  elevation  measured  from  the  mean  level  of  a  great  circle 
passing  through  the  point  under  the  moon  is 

rM 

I— cos26>, 

9 
which  follows  the  simple- harmonic  law. 

13.  We  have  taken  no  account  of  the  attraction  of  the  ele- 
vated water  upon  the  general  mass  of  water.  When  this  effect 
is  included,  it  makes  the  height  of  the  equilibrium  tide  greater 
by  about  one  eighth  part. 

14.  The  principles  of  sections  1  to  6  have  an  important 
bearing  on  the  control  of  pendulums. 

Suppose  that  the  controlling  clock  gives  the  controlled 
pendulum  an  impulse  in  one  direction  at  the  beginning  of 
every  even  second  of  Greenwich  time,  and  an  impulse  in  the 
opposite  direction  at  the  beginning  of  every  odd  second.  Then, 
if  the  controlled  pendulum  is  naturally  too  slow  in  its  move- 
ments, it  will  adjust  itself  so  as  to  receive  an  inwaid  impulse 
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at  each  extremity  of  its  swing ;  but  if  it  is  naturally  too  quick  > 
it  will  receive  an  outward  impulse  at  each  extremity.  If  its 
natural  rate  is  sometimes  too  quick  and  sometimes  too  slow, 
according  to  temperature,  it  must  therefore  either  gain  or  lose 
(practically  it  would  probably  always  lose)  an  odd  number  of 
seconds  when  the  temperature  passes  through  the  critical 
value. 


XIII.   On  the  Connexion  between  the  Units  of  Magnetism  and 
Electricity.     By  Prof.  R.  Clausius*. 

IN  a  paper  published  in  March  of  this  yearf,  I  made  some 
remarks  upon  the  systems  of  measures  to  be  employed 
for  the  measurement  of  electric  and  magnetic  quantities ;  and 
therein  one  point  occurs  which  has  given  occasion  to  various 
objections — namely,  the  determination  of  the  unit  of  magnetism 
in  the  electrostatic  system.  Some  of  these  objections,  which 
appeared  in  the  June  Number  of  the  '  Philosophical  Maga- 
zine,' I  have  already  replied  to  in  the  August  Number  of  the 
same  journal.  Since  then,  however,  some  further  remarks, 
proceeding  in  part  from  parties  worthy  of  high  regard,  have 
been  made  ;  so  that  I  think  it  necessary  again  to  introduce 
the  subject. 

In  former  times  magnetism  was  regarded  as  an  agent  exist- 
ing apart,  independent  of  electricity.  If  that  view  were  still 
adhered  to,  it  would  not  be  necessary,  in  establishing  a  svstem 
of  measures  for  magnetism,  to  take  into  consideration  the 
system  employed  for  electricity.  It  is,  however,  Ampere's 
great  merit,  and,  I  believe  I  may  add,  one  of  the  greatest 
advances  made  by  physics,  that  an  indissoluble  connexion 
between  electricity  and  magnetism  has  been  demonstrated;  so 
that  we  no  longer  need  to  consider  magnetism  a  separate 
agent,  but  can  regard  all  the  forces  usually  called  magnetic 
as  electrodynamic. 

For  if  we  imagine,  in  a  given  magnet  of  measurable  mag- 
nitude, each  of  the  innumerable  little  magnets  of  which  it 
consists  replaced  by  a  small  electric  current  of  which  the  defi- 
nition is  that  the  product  of  the  current-intensitv  and  the  area 
round  which  the  current  flows  is  equal  to  the  product  of  the 
length  of  the  little  magnet  and  the  strength  of  its  poles,  or, 
differently  expressed,  equal  to  the  magnetic  momentum  of  the 
little  magnet,  then  the  totality  of  these  small  currents  exerts 

*  Translated  from  a  separate  impressiou,  communicated  by  the  Author 
from  "Wiedemann's  yl?i««/e?i,  xvii.  (1882)  pp.  7 J  3-719. 

t  Verhandl.(tes7uttnrhi!it.  Vereins  der prenss.  Rheinlande  undWestfaUns 
xxxix.  p.  lOo ;  Phil.  Mag.  June  1882,  p. 381;  Wied.  Ann.  xvi.  p.  529  (1882)! 
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upon  othei'  electric  currents  or  other  magnets  the  same  forces 
as  the  given  magnet.  Magnetism  can  thus,  according  to 
Ampere,  be  accounted  for,  without  assuming  the  existence  of 
a  second  agent  besides  electricity,  from  the  existence  of  those 
electric  currents. 

According  to  this  explanation,  by  the  term  Magnetism 
we  are  to  understand  only  an  electrodynamic  conception  ; 
and  hence,  in  every  system  of  measures,  the  unit  which  is  to 
be  employed  for  measuring  magnetism  must  be  chosen  in  ac- 
cordance with  that  conception — that  is,  so  that  the  product  of 
the  unit  of  magnetism  and  the  unit  of  length,  and  the  product 
of  unit  current  and  unit  area,  become  equivalent  quantities. 
Therefore,  if  [??i]  denotes  the  unit  of  magnetism,  and  [i]  the 
unit  of  current-intensity,  and,  further,  [L]  the  unit  of  length 
and  accordingly  [L""^]  the  unit  of  area,  the  following  equation 
must  hold : — 

[mL]  =  [iL^]; (1) 

from  which  follows 

W  =  [^'L] (2) 

Now,  since  the  unit  of  current-intensity  is  the  intensity  of  a 
current  in  which,  in  the  unit  of  time,  the  unit  of  electricity 
passes  through  a  cross  section,  we  have,  if  [e]  denotes  the  unit 
of  electricity  and  [T]  the  time-unit,  to  put 

by  w^hich  the  preceding  equation  is  changed  into 

M  =  [.LT-] (3) 

Tliis  equation  expresses  the  relation  between  the  units  of 
magnetism  and  electricity  corresponding  to  Ampere's  expla- 
nation of  magnetism.  If  we  apply  it  to  the  electrostatic 
system  of  measures,  and  hence  define  the  quantity  [e],  Avhich 
in  this  case  must,  in  order  to  distinguish  it  from  the  electro- 
dynamic  unit  of  electricity,  be  written  \_e^ ,  by  the  equation 

W  =  [M^^LiT-], (4) 

in  which  [M]  denotes  the  unit  of  mass,  we  get  for  the  defini- 
tion of  the  electrostatic  unit  of  magnetism  the  following  equa- 
tion:— 

[m,]  =  [M^L-^T-^ (5) 

It  was  this  equation  that  gave  rise  to  the  above-mentioned 
objections,  because  it  differs  from  Maxwell's,  which  reads  as 
follows: — 

[m,]=:[M^Li] (6) 

The  way  in  which  Maxwell  arrived  at  his  equation,  as  may- 
be inferred  from  the  connexion  of  his  analvses,  was  based  ou 
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the  employment  of  an  equation  which  differs  from  Ampere's 
with  respect  to  its  attitude  towards  the  electrostatic  and  elec- 
trodvnamic  systems.  For  a  distinction  must  be  made  between 
equations  which  belong  exclusively  to  one  of  those  systems 
and  those  which  are  applicable  to  both.  Exclusively  electro- 
static or  electrodynamic  equations  are  those  which  represent 
an  electrostatic  or  an  electrodynamic  force  by  the  formula  of 
mechanical  force. 

Now,  as  to  Ampere's  equation,  it  certainly  resulted  from  the 
consideration  of  electrodynamic  forces — that  is  to  say,  from 
the  comparison  of  the  forces  exerted  by  a  magnet  and  by 
an  electric  current ;  but  it  does  not  represent  these  forces 
either  by  the  mechanical-force  formula  or  by  any  other  for- 
mula, but  merely  expresses  that  the  magnet  and  the  current 
are,  in  respect  of  the  forces  exerted  by  them,  equivalent  to  one 
another.  It  is  therefore  not  to  be  regarded  as  an  exclusively 
electrodynamic  equation;  much  rather,  since  it  expresses  only 
the  relation  which,  according  to  Ampere,  subsists  between 
magnetism  and  electricity,  to  it  must  be  ascribed,  so  far  as 
Ampere's  theory  is  at  all  recognized  as  correct,  a  general 
validity  independent  of  the  system  of  measures  employed:  and 
this  justifies  my  application  of  it. 

Maxwell's  equation,  on  the  contrary,  was  produced  by  repre- 
senting an  electrodynamic  force,  namely  the  force  which  a 
magnetic  pole  exerts  upon  an  electric  current,  by  the  mecha- 
nical-force formula.  It  consequently  has  in  itself  the  cha- 
racter of  an  exclusively  electrodynamic  equation  ;  and  its 
employment  for  the  determination  of  the  electrostatic  unit  of 
magnetism  cannot  be  acknowledged  as  justified. 

On  the  reasons  alleged  by  various  English  authors  in  sup- 
port of  this  mode  of  determination  I  have  already  expressed 
myself  in  my  above-mentioned  article  in  the  '  Philosophical 
Magazine,'  and  will  not  repeat  what  I  have  there  said,  but 
will  confine  myself  to  noticing  some  points  which  appear  to 
me  to  furnish  a  standard  for  judging  the  mutually  contrary 
modes  of  determination. 

Maxwell's  determination  is  not  only  carried  out  without  regard 
to  Ampere^s  explanation  of  magnetism,  but  is  even  in  contra- 
diction to  it,  as  will  readily  be  seen  if  the  formula  (G)  above 
given  for  [?»«],  and  at  the  same  time  formula  (4)  for  [fs],  be 
inserted  in  equation  (3),  because  then  on  the  two  sides  there 
will  be  different  expressions,  and,  indeed,  expressions  of  differ- 
ent dimensions.  And  I  must  say  that,  if  Ampere's  explana- 
tion of  magnetism,  by  which  the  great  department  of  science 
embracing  electricit}',  magnetism,  and  electromagnetism  is  so 
essentially  simplified,  were  given  up  again,  I  should  hold  that 
a  decidedly  retrograde  step  had  been  taken. 
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It  is  further  to  be  remarked  that,  if  once  Ampere's  expla- 
nation is  abandoned  and  the  electrostatic  unit  of  magnetism  is 
sought  to  be  determined  in  another  way,  by  employing  one  of 
the  forces  exerted  by  a  magnetic  pole,  then  Maxwell's  formula 
is  not  the  only  possible  one.  I  am  induced  to  make  this 
remark  especially  by  a  memoir  recently  published  by  Prof. 
Helmholtz*. 

M.  Helmholtz  speaks  of  Gauss's  units  of  electricity  and 
magnetism,  which  are  defined  by  the  following  propositions: — 
(1)  The  unit  of  electricity  is  that  quantity  of  electricity  which 
at  unit  distance  exerts  the  unit  of  force  upon  an  equal  quan- 
tity of  electricity;  (2)  The  unit  of  magnetism  is  that  quantity 
of  magnetism  which  exerts  at  unit  distance  the  unit  of  force 
upon  an  equal  quantity  of  magnetism.  From  these  proposi- 
tions result  the  equations  : — 

[m]  =  [M*LtT-'].J 

A  system  of  measures  based  upon  the  simultaneous  employ- 
ment of  these  two  equations  M.  Helmholtz  calls  the  hitherto 
employed  electrostatic  sr/stem,  and  in  one  place  also  the  electro- 
static magnetic  system  of  Gauss. 

Now  1  certainly  do  not  believe  that  Gauss  intended  to  make 
these  two  equations  the  foundation  of  one  and  the  same  co- 
herent system  of  measures ;  I  am  much  rather  of  the  opinion 
that  he  regarded  the  electric  and  magnetic  systems  as  two 
separate  and  independent  systems,  of  which  each  would  have 
one  of  the  two  equations  for  its  basis.  On  the  other  hand, 
however,  I  M'illingly  admit  that,  if  we  once  abandon  Ampere's 
explanation  of  magnetism,  we  can  just  as  well  combine  these 
two  equations  into  one  system  as  those  which  underlie  Max- 
well's electrostatic  system  of  measures. 

We  have  consequently,  including  the  system  recommended 
by  M.  Helmholtz,  three  different  electrostatic  systems  of  mea- 
sures, which  agree  perfectly  with  each  other  in  relation  to 
the  purely  electrical  quantities,  and  differ  only  with  respect 
to  the  unit  of  magnetism  ;  and  here,  for  the  sake  of  distinct- 
ness, the  three  formula  representing  the  latter  may  be  placed 
side  by  side. 


Maxwell. 

1 

Helmholtz.               Clausius. 

[-,] 

[M*L^] 

[M'L^T-^]      [MiL'^T-2] 

!So  far  as  Ave  have  to  do  only  with  the  comparison  of  mag- 
•  Wied.  Ann.  xvii.  p.  42 ;  Phil.  Mag.  Dec.  1882,  p.  43  ). 
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netic  quantities  with  one  another,  all  three  formula  can  serve 
equally  well  as  formulae  for  the  unit  of  magnetism  ;  but  if  we 
compare  magnetic  with  electric  quantities,  the  question  arises, 
to  what  relations  between  magnetism  and  electricity  do  the 
different  formula  lead  ? 

In  the  electrodynamic  system,  between  the  units  of  mag- 
netism and  electricity  the  following  universally  accepted  equa- 
tion holds  : — 

[m,]  =  [.,LT-^] (8) 

With  this  we  will  compare  the  equations  which  in  the  electro- 
static system  have  to  be  formed,  according  to  the  three  diflFer- 
ent  conceptions  of  it,  between  the  units  of  magnetism  and 
electricity. 

According  to  my  conception  we  must  put 

['"J  =  kLT-].  .._....  (9) 
This  equation  has  the  same  form  as  that  which  holds  good  in 
the  electrodynamic  system  ;  and  consequently  with  this  con- 
ception we  get  a  definite  relation  between  magnetism  and 
electricity,  independent  of  the  system  of  measures  employed. 
In  the  equations  it  is  expressed  that  the  unit  of  magnetism  is 
a  quantity  having  the  dimension  of  a  product  of  the  unit  of 
electricity  and  the  unit  of  velocity.  The  occurrence  of  a  velo- 
city as  a  factor  expresses  that  magnetism  is  to  be  placed  in  the 
same  rank,  not  with  resting  (static),  but  with  flowing  (current) 
electricity,  in  accordance  with  Ampere's  explanation. 
According  to  Helmholtz's  conception  we  must  put 

W  =  W '     '     '    _(9a) 

This  is  quite  another  equation  than  that  which  is  valid  in 
the  electrodynamic  system  ;  and  I  must  confess  I  know  not 
what  idea  is  to  be  formed  of  the  nature  of  magnetism  if  in  one 
system  of  measures  the  unit  of  magnetism  appears  as  a  quan- 
tity having  the  same  dimension  as  the  unit  of  electricity,  and 
in  the  other  system  as  a  quantity  having  the  dimension  of  a 
product  of  the  unit  of  electricity  and  the  unit  of  velocity. 
According  to  Maxwell's  conception  w'e  must  put 

K]  =  p^i3 (^^) 

This  is  likewise  a  different  equation  from  that  current  in  the 
electrodynamic  system.  Instead  of  a  product  of  the  elec- 
tricity- and  velocity-units,  here  is  a  fraction  having  the 
electricity-unit  for  the  numerator  and  the  velocity-unit  for  the 
denominator;  and  the  question  again  arises.  What  idea  of  the 
nature  of  magnetism  is  to  be  formed  from  two  expressions  so 
different  ? 

Bonn,  September  1882. 
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XIY.   A  Alethod  for  Determining  the  Rate  of  Tuning -forJcs. 
By  Albert  A.  Michelson*. 

THE  tuning-fork  is  already  employed  to  a  great  extent  as 
a  measurer  of  small  intervals  of  time  ;  and  this  use 
promises  to  become  more  extended  as  its  advantages  become 
more  fully  appreciated.  Any  method  which  will  facilitate 
the  operation  of  finding  the  rate,  or  increase  its  accuracy, 
should  therefore  merit  consideration. 

The  following  plan  appears  to  be  open  to  fewer  objections 
than  any  now  in  use;  and  its  accuracy  is  limited  only  by  the 
accuracy  of  the  pendulum. 

The  fork  to  be  rated,  for  example  an  Utg  making  about  128 
double  vibrations  per  second,  is  compared  with  an  Ut2  kept 
in  vibration  by  electro-magnets  and  which  shall  be  designated 
EUtg ;  and  this  is  compared  directly  with  the  seconds  pendu- 
lum ;  and  then  the  two  forks  are  once  more  compared,  to  make 
certain  that  EUts  has  not  changed  in  the  interval.  Thus  Utg 
is  determined.  The  whole  operation  may  be  performed  in 
less  than  ten  minutes. 

To  determine  the  rate  of  EUtg  we  will  suppose  that  this  is 
within  a  small  fraction  of  the  whole  number  of  vibrations  per 
second,  and  that  this  whole  number  is  known,  say  128  v.  s. 
A  mirror  is  attached  to  one  prong  of  EUt,  ;  and  in  front  of 
this,  and  at  a  distance  of  two  or  three  feet,  is  placed  a  Cleissler 
tube.  This  last  is  illuminated  once  every  second.  The 
tube  itself  is  continuously  illuminated,  and  its  image  in 
the  mirror  presents  the  appearance  of  a  broad  band  with  well- 
defined  edges.     Against  this  the  narrow  flash  is  projected. 

Evidently  if  EUts  makes  an  exact  whole  number  of  vibra- 
tions per  second,  then  this  flash  will  always  find  the  fork  in 
the  same  phase  of  vibration  ;  and  consequently  its  image  will 
always  appear  at  the  same  part  of  the  band.  If,  however,  the 
fork  makes,  say,  128'1  v.  s.,  then  it  will  occupy  successively 
the  positions 

012. 3     456789     10 


That  is,  there  would  be  ten  flashes  between  the  positions  (0) 
and  (10).  If,  therefore,  ten  flashes  occur  in  one  "period," 
then  the  whole  number  128  is  to  be  increased  (or  diminished) 

*  From  Silliman's  American  Journal  for  January  1883 
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by  one  tenth  ;  and  in  general  if  a  flashes  occur  in  one  period, 

then  EUto  makes  128 +  -  vibrations  per  second. 
—  a 

Since  EUtg  vibrates  continuously,  the  number  of  periods 
which  may  be  counted  is  unlimited;  hence  a  can  be  found 
with  any  desired  degree  of  accuracy. 

It  was  found  that  the  chief  difficulty  in  executing  this  plan 
lay  in  the  imperfections  of  the  break-circuit.  If  thereby  the 
seconds  intervals  differed  as  much  as  0*002  second,  then  the 
operation  would  be  impracticable,  on  account  of  the  irregu- 
larities in  the  position  of  the  flashes.  A  great  many  break- 
circuits  were  tried;  and  the  one  which  was  finally  adopted  as 
being  the  most  reliable  and  giving  the  least  trouble  was  the 
"mercury  globule.'^  Even  this,  however,  in  its  usual  form 
was  unsatisfactory.  A  great  improvement  was  effected  by 
narrowing  the  globule  in  the  direction  of  the  swing  of  the 
pendulum,  by  placing  it  in  a  small  tube  whose  upper  end 
was  flattened.  If  the  current  from  a  "  bichromate  "  cell  is 
interrupted  by  this  break-circuit,  the  mercury  oxidizes  rapidly, 
and  the  flashes  (given  by  a  small  induction-coil  through  the 
Geissler  tube)  become  irregular. 

To  obviate  this  difficulty,  the  circuit  of  a  "  gravity  "  battery 
was  interrupted ;  and  this  worked  a  relay,  which  in  turn  inter- 
rupted the  circuit  of  the  induction-coil.  The  results  thus 
obtained  left  nothing  to  be  desired. 

In  order  that  the  rate  of  EUt2  remain  constant,  it  is  neces- 
sary that  the  current  passing  through  its  electro-magnets  be 
constant.  Hence  the  necessity  for  constant  batteries,  which, 
however,  have  a  comparatively  great  resistance.  Several 
might  be  joined  in  parallel  circuit;  but  it  was  found  that  much 
better  results  were  obtained  by  using  six  "  gravity  "  cells  in 
series,  and  using  fine  wire  magnets.  Such  a  battery  will  keep 
the  fork  in  vibration  indefinitely  with  but  little  alteration  in 
its  rate  except  that  due  to  variations  in  temperature. 

In  comparing  the  forks  a  convenient  plan  is  to  weight  the 
EUt2,  so  that  it  gives  with  the  fork  to  be  rated  about  9  beats 
in  10  seconds,  and  then  to  time  the  "  coincidences  "  between 
the  beats  and  the  ticks  of  the  pendulum.  By  this  means  the 
comparison  can  be  much  more  accurately  determined  than  by 
counting  the  beats  for  sixty  seconds.  This  may  also  be  done 
by  the  optical  method.  It  was  found  that  the  "  gravity  " 
battery  which  kept  the  EUtg  in  vibration  could  serve  at  the 
same  time  to  work  the  relay. 

The  whole  arrangement  is  shown  in  fig.  1,  in  which,  for 
clearness,  all  the  parts  to  the  right  of  i  have  been  shown  in  the 
plane  of  the  di*avving,  instead  of  at  right  angles. 
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p.  pendulum. 

w,,  mercury  globule. 

q.  gravity  battery. 

r.  relay. 

b,  bichromate  battery. 

i,  induction  coil. 

s,  Geissler  tube. 

/,  fork  to  be  rated. 

e,  "  electric"  fork. 
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In  practice  only  the  even  flashes  are  counted,  the  odd  ones 
being  disregarded.  Consequently  if  a  be  the  number  of  these 
per  period,  n  the  rate  of  the  fork,  and  2N  the  whole  number 

nearest  to  2n.  then  ?i  =  X  +  7,— .     To  determine  which  sign  is 

to  be  used,  EUtg  is  weighted  by  a  very  small  piece  of  wax. 
If  a  is  greater  than  before,  the  sign  is  + ;  if  a  is  less,  the 
sign  is  — . 

The  electric  fork  may  be  dispensed  with  entirely  by  the 
following  method.  The  fork  to  be  rated  is  placed  vertical,  so 
that  one  edge  is  in  the  focus  of  a  microscope  provided  with 
cross-hairs.  Behind  the  fork  the  Geissler  tube  is  placed  hori- 
zontal. The  appearances  observed  in  the  microscope  at  each 
flash  would  then  be  as  follows: — 

Fig.  2. 


From  these  we  can  deduce  the  rate  as  before. 

This  method  would  probably  give  results  almost  if  not  quite 
as  accurate  as  the  preceding,  and  has  the  advantage  of  being 
more  direct.  The  nearest  whole  number  may  be  found  by 
comparison  with  one  of  Konig's  standards,  or  by  the  following 
method. 

The  fork  is,  in  turn,  compared  with  two  pendulums,  whose 
times  of  vibration  are  f,  and  t^,  h—h  being  small. 

Let  ni  =  number  of  vibrations  of  the  fork  in  time  t^  ; 

Let  ?i2  =  ii^^^^'^6^  ^^  vibrations  of  the  fork  in  time  t^ ; 
n   and  n^  differing  from  a  whole  number  by  less  than  a  small 
fraction,  e^. 
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Let  «j  =  nuinber  of  beats  of  pendulum  (1)  per  period  =  -  ; 

Let  a2  =  nuniber  of  beats  of  pendulum  (2)  per  period  =— ; 
Ci  and  Cj  being  small  fractions  less  than  ('j-  ^ 

Let  Ni  =  whole  number  nearest  to  n^; 

Let  N2  =  whole  number  nearest  to  n^. 
Tlien  «i  +  Ci  =  Xi. 

"2  +  ^2  =  ^^2- 

Ui  —  n2  +  ("i  — ("2  =  ^i~^2  =  ^Jf?  a  whole  number. 
Wx  — nj  +  Ci— C2  is  less  than  2(g|  +  ^2)' 
If,  therefore,  2(61  +  ^2)  is  numerically  less  than   h,  then  M  =  0, 
whence  Ni=N2  =  N. 

^1  — ^^gi_^  and  N  =  ^1^2  — ^2''i_ 

^2        N  —  Cg       ^2  '2~^1 

Eight  determinations  of  the  rate  of  an  Utg  fork,  made  by  the 

preceding  method,  gave  the  following  results  : — 

Temp.  Fahr.  v.  s.  v.  s.  at  60°  F.  DiiF.  from  mean. 

54-0  128-134  128-090  -f  0-003 

56-3  128-114  128-087  0-000 

58-0  128-102  128-087  0-000 

60-0  128-090  128-090  +0-003 

62-2  128-077  128-093  +0-006 

63-0  128-060  128-082  -0-005 

64-5  128-050  128-083  -0-004 

73-5  127-984  128-084  -0*003 

XV.    On  a  Netv  Form  of  Ergometer* . 
By  Frederick  John  Smith,  B.A.-[ 

IN  the  present  period  of  electrical  science,  in  addition  to 
that  branch  which  deals  with  lighting,  another  very  im- 
portant branch  has  grown  out  of  the  great  stock,  viz.  the 
distribution  of  power,  as  the  different  Companies  call  it. 

In  estimating  ^he  qualities  of  various  electromotors,  and 
also  in  certain  physical  experiments  connected  with  motion 
(for  instance,  to  illustrate  the  amount  of  work  done  to  keep 
the  balls  of  a  centrifugal  governor  at  any  given  angle),  some 
sort  of  very  sensitive  ergometer  is  required.  In  dealing  with 
a  few  foot-pounds  per  minute  instead  of  many  horse-power, 
great  care  must  be  taken  that  the  ergometer  be  of  consider- 
able range,  dead-beat  in  its  action,  and  that  it  have  no  internal 

*  The  term  "Ergometer"  is  now  logically  used  for  Dynamometer.    See 
Thomson  and  Tait's  'Elements  of  Natural  Philosophy.' 
t  Communicated  bv  the  Author. 
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source   of  error  arising  from  the  position  of  the   spring  by 
which  the  tension  of  a  belt  is  estimated. 

There  are  several  forms  of  ergometer  in  which  a  fast-and- 


Fig.l. 


loose  pulley  are  connected  together  by 
a  spring  h  (fig.  1)  or  springs,  and  in 
w^hich  any  advance  of  the  loose  pulley 
on  the  ftist  one  extends  the  springs. 
Now  as  long  as  the  springs  are  very 
rigid,  such  as  those  used  in  large  ergo- 
meters,  there  is  but  little  tendency  to 
bulge  out  as  they  fly  round  and  assume 
the  position  shown  at  a  (fig.  1).  But 
if  the  springs  are  suitable  for  measuring 
small  quantities,  then  they  are  not  rigid 
enough  to  keep  their  shape  while  subject  to  centrifugal  force: 
such  deformation  introduces  serious  error  into  the  total  result  ; 
it  is  therefore  necessary  that  the  spring  be  so  placed  that  it  is 
in  no  way,  or  but  very  slightly  indeed,  affected  by  centrifugal 
force.  The  author  finds  that  this  end  can  be  attained  if  the  axis 
of  the  spiral  be  made  to  coincide  with  the  axis  of  the  moving 
pullej's.  In  fig.  2  it  will  be  seen  that  the  spring  A  is  placed 
in  a  hollow  shaft  B  C,  part  of  which  E  F  is  in  the  form  of  a  link 

Fig.  2. 
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to  take  the  spring.  This  shaft  carries  three  pulleys  ;  of  these 
L  is  loose,  G  fast,  and  D  is  geared  to  Gr  by  means  of  three 
mitre-wheels  (part  of  the  wheel  G  is  supposed  to  be  removed 
to  show  these).  The  mitre-wheels  K  and  M  are  provided  with 
flat  pulleys,  to  which  the  cross  bar  P  is  attached  by  two  pieces 
of  strong  catgut.  By  this  arrangement  any  advance  of  D  upon 
G  extends  the  spring  A,  a  light  rod  connected  to  the  cross  bar 
moves  in  the  tubular  shaft,  and  the  projecting  end  actuates 
either  a  pointer  Q,  or  an  integrating  apparatus  not  shown. 
With  regard  to  the  latter  apparatus,  the  most  convenient  form 
perhaps  is  that  in  which  a  diagram  of  the  work  done  is  drawn 
on  a  sheet  of  paper  attached  to  a  revolving  drum,  as  used  in  the 
ergometer  of  the  late  Mr.  W.  Fronde  and  some  others.  The  area 
of  the  diagram  can  be  estimated  by  the  well-known  method  of 
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the  planimeter;  or,  if  the  paper  is  of  great  homogeneity,  the 
area  may  be  cut  out  out  and  estimated  by  weight  (this  method  is 
Morin's).  The  author  finds  that  far  the  best  results  are  obtained 
by  the  use  of  tinfoil  or  thin  lead  instead  of  paper,  as  paper  is  sub- 
ject to  damp  and  rapid  variation  of  weight.  In  order  that  the 
instrument  may  be  of  considerable  range,  springs  of  different 
strengths  can  be  easily  interchanged.  Since  the  weight  of 
the  indicating  rod  and  bar  is  slight,  the  indications  are  dead- 
beat.  A  speed-indicator  (this  is  Young's  form  of  instrument), 
R,  showing  the  number  of  revolutions  at  any  instant,  is 
attached  to  the  hollow  shaft,  and  is  so  placed  that  its  reading 
and  that  of  the  tension-indicator  can  be  seen  at  a  glance.  This 
is  found  sufficient  for  most  purposes;  but  ^vhon  continuous 
work  is  being  done,  such  as  charging  a  Faure  battery,  then 
the  diagram-drum  is  attached. 

For  a  continuous  record,  the  following  form  of  integrating 
apparatus  has  been  also  employed  : — 

Hydraulic  Integrating  Apparatus. 
In  using  the  ergometer,  it  is  not  always  necessary  to  attach 
the  recording  drum,  unless  some  special  curve  be  sought  for, 
such  as  that  which  is  produced  when  the  instrument  is  mea- 


suring the  work  done  in 
charging  an  accumulator. 
The  following  apparatus 
has  been  devised  by  the 
author  to  take  the  place 
of  a  disk  integrator. 

A  very  small  double- 
acting  pump,  D,  oscilla- 
ting about  the  point  H, 
and  having  a  long  rod, 
E  G,  not  shown  at  full 
length  in  fig. 3, is  actuated 
by  a  link  A  B  (rocking 
about  the  point  B),  to 
which  reciprocal  motion 
is  given  by  the  connect- 
ing-rod, 0.  This  rod 
receives  its  motion  from 
the  revolution  of  the  shaft; 
the  position  of  the  end  of 
the  pump-rod,  E,  and 
hence  the  length  of  the 
stroke,  is  controlled  by 
the  rod  E  F,  which  is  con- 
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nected  to  the  spring  of  the  instrument,  so  that  any  extension 
of  the  spring  moves  E  towards  A,  and  consequently  lengthens 
the  stroke  of  the  pump.  Now,  when  no  energy  is  being  trans- 
mitted the  spring  of  the  ergometer  is  not  extended  and  E  has 
a  definite  position  between  C  and  B ;  and  then  the  water  dis- 
charged by  the  pump  is  proportional  to  the  number  of  revolu- 
tions of  the  shaft ;  but  as  soon  as  energy  is  transmitted  the 
spring  is  extended,  and  the  discharge  of  water  is  increased  by 
the  stroke  being  thus  lengthened  :  the  discharge  then  becomes 
a  measure  of  the  work  done  in  driving  any  given  machine. 
Instead  of  a  small  pump,  a  ratchet  arrangement  was  tried  ; 
but  the  results  were  somewhat  inferior  to  those  with  the  pump. 
The  constants  of  the  ergometer  are  found  in  the  same  manner 
as  when  a  disk  integrator  is  used. 

2'he  Speed-Indicator  (second  form,  by  the  Author). 

This  is  based  on  the  principle  involved  in  the  velocimeter 
of  Ramsbottom.  In  this  instrument  oil  in  a  glass  cylinder  is 
caused  to  rotate,  the  depression  caused  by  rotation  being  a 
measure  of  the  number  of  revolutions.  As  this  instrument 
does  not  admit  of  sufficiently  close  reading  for  the  ergometer, 
the  author  uses  mercury  instead  of  oil ;  this  is  whirled  in  a 
cup  with  inverted  edges.  Into  the  centre  of  the  mercury  a 
fixed  tube  dips,  the  end  of  the  tube  in  the  mercury  being  of 
twenty  times  the  capacity  of  the  rest  of  the  tube ;  the  tube  is 
partly  filled  with  a  tinted  liquid  ;  the  column  of  liquid  is  sup- 
ported by  the  mercury.  Now,  when  the  mercury  is  whirled 
the  centre,  in  sinking,  alters  the  capacity  of  the  large  end  of 
the  tube ;  and  therefore  the  indications  of  the  liquid  in  the 
small  end  of  the  tube  are  very  large  for  any  change  in  the 
depression  of  the  mercury.  The  cup  is  caused  to  rotate  by 
means  of  any  two  of  a  set  of  change-wheels,  these  wheels 
being  used  either  to  reduce  or  augment  the  speed  of  rotation 
of  the  cup  as  the  case  may  require. 

The  speed-indicator  is  attached  to  the  shaft  driven  by  the 
engine,  and  not  always  to  the  ergometer  itself,  because  in 
dealing  with  small  amounts  of  work  it  is  well  that  the  work 
done  in  moving  the  speed-indicator  should  not  be  added  to  the 
work  under  test. 

The  central  shaft  was  made  of  compressed  steel,  by  Sir  J. 
Whitworth  Co. 

Taunton,  December  19,  1882. 
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XVI.  The  Nature  of  Solution.  By  W.  W.  J.  NicoL,  M.A., 
B.Sc,  F.R.S.E.,  Lecturer  on  Chemistry,  Mason  College, 
Birmingham* . 

THE  solubility  of  a  salt  in  -svater  is  usually  explained  b}" 
the  supposition  that  it  combines  with  a  portion  of  the 
water  to  form  a  hydrate,  more  or  less  stable,  and  that  this 
hydrate  diffuses  throughout  the  mass  of  the  liquid,  forming  a 
homogeneous  solution.  This  is  more  fully  stated  by  Berthelotf 
as  follows: — 

''  Les  phenomenes  de  la  dissolution  uormale  sont  en  quelque 
sorte  intermediaires  entre  le  simple  melange  et  la  combiuaisou 
veritable.  En  effet,  d'une  part,  I'aptitude  a  s'unir  pour 
former  une  systenie  homogene  indique  une  affinite  reelle 
entre  le  solide  et  le  dissolvant ;  mais,  d'autre  part,  cette  union 
cesse  sous  I'influence  d'une  simple  evaporation,  et  elle  se 
produit,  en  apparence  du  moins,  suivant  des  proportions  qui 
varient  d'une  mani^re  continue  avec  la  temperature. 

"  Cependant  il  me  parait  probable  que  le  point  de  depart  de 
la  dissolution  proprement  dite  reside  dans  la  formation  de 
certaines  combinaisons  defiuies  entre  le  dissolvant  et  le  corps 
dissous.  Tels  seraient  les  hydrates  definis  formes  au  sein  de 
la  liqueur  meme,  entre  les  sels  et  I'eau  existant  dans  cette 
liqueur;  hydrates  analogues  ou  identiques  aux  hydrates  definis 

des  memes  composants,  connus  sous  I'etat  cristallise Je 

pense  en  effet  qu'il  en  est  ainsi,  et  que  chaque  dissolution  est 
reellement  formee  par  le  melange  d'une  partie  du  dissolvant 
libre,  avec  une  partie  du  corps  dissous,  combinee  au  dissol- 
vant suivant  la  loi  des  proportions  definies.  Tantot  cette  com- 
binaison  se  formerait  integralement  et  d'une  facon  exclusive  ; 

Tantot,  au  contraire,  cette  combinaison  ne  se  formerait 

qu'en  partie,  le  tout  constituant  un  systeme  dissocie,  dans 
lequel  le  corps  anhydre  coexiste  avec  I'eau  et  son  hydrate, 

plusieurs  hydrates  definis  d'un  meme  corps  dissous, 

les  uns  stables,  les  autres  dissocies,  peuvant  exister  a  la  fois 
au  sein  d'une  dissolution.  lis  constituent  alors  un  systeme 
en  equilibre,  dans  lequel  les  proportions  relatives  de  chaque 
hydrate  varient  avec  la  quantite  d'eau,  la  temperature,  ainsi 
qu'avec  la  presence  des  autres  corps  etc.  Ce  serait  le  degre 
inegal  de  cette  dissociation  des  hydrates,  variable  avec  la 
temperature,  que  ferait  varier  le  coefficient  de  solubilite  du 
corps  dissous  lui-meme.^' 

I  have  quoted  the  above  as  the  most  concise  and  definite 
statement  of  the  generally  received  hydrate  theory  of  solution 

*  Communicated  by  the  Author,  haring  been  read  before  the  Royal 
Society  of  Edinbm-gh.  Jamiary  15,  1883. 
t  Mecanique  C'himujue,  ii.  p.  160  et  seq. 
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that  I  have  been  able  to  find;  but  it  fails  to  explain  in  a  satis- 
factory way  many  of  the  phenomena  of  solution,  amongst 
others  the  following: — 

The  alteration  in  the  solubility,  of  salts  Avhen  simultaneously 
dissolved  in  water.  The  experiments  of  Karsten*  and  Koppf 
show  that  in  very  many  cases  the  solubility  of  a  salt  is  in- 
creased by  the  presence  of  a  second  salt  in  the  solution, 
while  in  others,  notably  in  the  case  of  sparingly  soluble  salts 
in  the  presence  of  more  soluble  ones,  the  solubility  of  the 
former  is  diminished  while  that  of  the  latter  is  increased. 

Again,  no  explanation  is  offered  of  the  almost  total  insolu- 
bility of  some  salts  (e.  g.  barium  sulphate)  and  the  great  solu- 
bility of  others,  nor  why  the  solubility  of  some  salts  should 
increase  but  slightly  with  rise  of  temperature  whereas  that  of 
others  increases  rapidly  ;  nor  does  the  explanation  admit  of 
extension  to  such  cases  of  solution  as  that  of  glue,  where  there 
is  no  saturation-point,  but  the  solid  is  soluble  in  all  propor- 
tions in  water. 

Lastly,  if  the  experiments  of  Wiedemann^  on  the  effect  of 
heat  on  sodium  sulphate  in  the  solid  state,  and  my  determina- 
tions§  of  the  coefficient  of  expansion  of  solutions  of  that  salt, 
be  admitted  to  have  proved  that  the  crystallized  salt  parts  with 
its  water  of  crystallization  at  34°  C,  whether  in  solution  or 
not,  and,  as  a  consequence,  the  salt  dissolves  in  water  above 
that  temperature  in  the  anhydrous  state,  we  are  brought  face 
to  face  with  the  difficulty  that  we  have  explained  solution  by 
hydration  and  increased  solubility  by  diminished  hydration, 
and  at  the  same  time  have  an  example  of  a  salt  dissolving  in 
the  anhydrous  condition,  and  being  then  less  soluble  than  in 
the  hydrated  state. 

The  hy[3othesis  I  have  to  offer  in  place  of  the  foregoing 
is,  I  believe,  applicable  to  all  cases  of  solution  whether  of 
liquids  or  solids  either  in  water  or  other  liquids;  but  the 
proofs  I  shall  adduce  in  the  present  paper  are  confined  to  the 
solution  of  salts  in  water.  In  a  paper  "  On  the  Condition 
of  Ammonium  Salts  when  dissolved  in  Water,"  communicated 
to  the  Royal  Society  of  Edinburgh  last  July,  I  made  the  fol- 
loA^dng  statement : — 

"If  we  wish  to  observe  the  results  produced  solely  by  the 
mutual  action  of  the  salt  and  the  water,  we  must  take  care 
that  our  solutions  are  sufficient!}^  dilute ;  as  the  solution 
becomes  more  concentrated  the  observed  specific  gravity  de- 
pends, not  only  on  the  attraction  of  the  salt  for  the  water,  but 
also  on  that  of  the  salt-molecules  for  one  another."      This 

*  Ann.  do-  Cheni.  unci  Pharni.  xl.  p.  197.  t  Ibid,  xxxiv.  p.  200. 

X  Annalen  der  Pliys.  und  Chemie,  1882,  p.  oGl. 
§  Ber,  der  deut.  chem.  Oes.  xv.  p.  1931. 
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gives,  I  believe,  the  key  to  the  problem  of  solution  ;  it  is  this 
mutual  attraction  of  the  salt-molecules  which,  in  conjunction 
with  that  of  the  water  for  the  salt,  conditions  the  solubility  or 
insolubility  of  a  salt. 

The  solution  of  a  salt  in  water  is  a  consequence  of  the 
attraction  of  the  molecules  of  water  for  a  molecule  of  salt  ex- 
ceeding the  attraction  of  the  molecules  of  salt  for  one  another. 
It  follows,  then,  that  as  the  number  of  dissolved  salt-molecules 
increases,  the  attraction  of  the  dissimilar  molecules  is  more 
and  more  balanced  by  the  attraction  of  the  similar  molecules  : 
when  these  two  forces  are  in  equilibrium,  saturation  takes 
place.  At  the  saturation-point  the  force  tending  to  keep  in 
solution  any  single  molecule  of  salt  (attraction  of  dissimilar 
molecules)  is  balanced  by  the  force  tending  to  produce  sepa- 
ration of  that  molecule  from  the  solution  (attraction  of  similar 
molecules).  Further,  any  external  cause  tending  to  alter  the 
intensity  of  either  of  these  two  forces  or  to  modify  both  in 
unequal  degrees  disturbs  the  condition  of  equilibrium,  and 
further  solution  or  solidification  ensues*. 

Before  proceeding  to  a  consideration  of  the  experimental 
results  on  which  the  above  statement  is  based,  an  account  of 
the  mode  in  which  my  experiments  were  made  is  necessary  to 
show  the  extent  to  which  experimental  errors  affect  the  results. 

All  the  determinations  of  specific  gravity  of  solutions  were 
made  in  Sprengel  tubes ;  and  these  were  immersed  in  a  con- 
stant-temperature bath  at  20°  or  40°  C,  the  variation  in  tem- 
perature never  exceeding  one  tenth  of  a  degree.  The  solutions 
containing  definite  quantities  of  salts  were  prepared  by  weigh- 
ing a  quantity  of  water,  calculating  the  required  amount  of  salt 
and  weighing  that  directly.  The  accuracy  of  this  method  is 
shown  by  the  following  three  determinations  of  the  specific 
gravity  of  a  solution  of  sodium  chloride  containing  2  molecules 
of  salt  to  100  molecules  of  water  : — 

(1)  September  21st,  spec,  gravity  =  1-04387 

(2)  October  4th,  „         „         =  1-04393 

(3)  October  26th,        „         „         =  1-04388 

The  solutions  were  made  afresh  each  time ;  and  the  maximum 
difference  is  -00006.  But  in  most  cases  the  error  is  even  less ; 
for  in  the  experiments  on  dilution  the  same  solution  was 
diluted  at  20°  and  40°,  thus  eliminating  error  in  the  Aveight 
of  salt  dissolved;  and  thus  the  limit  of  error  is  reduced  to  that 

*  In  addition  to  the  attraction  of  water  for  salt,  and  of  salt  for  salt, 
there  is  that  of  water  for  water ;  but  as  that  for  one  temperature  and  for 
the  cases  we  are  considering  is  practically  a  constant  quantity,  I  have  not 
thought  it  necessary  to  introduce  this  thii-d  factor  in  the  above  account  of 
solution  ;  we  shall  see  further  on  what  part  it  plays. 
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of  the  variation  in  the  weight  of  the  contents  of  the  Sprengel 
tubes.  This  was  found  in  three  cases  to  vary  from  •0002 
to  '0004,  that  is  '3  rainigramme.  A  difference  of  1  milli- 
gramme in  the  weight  of  the  solution  corresponds  to  '00006 
in  the  specific  gravity  ;  consequently  the  limit  of  error  is 
"00002,  and  is  generally  less  than  that.  No  appreciable  in- 
crease of  this  quantity  is  caused  by  the  fact  that  the  weighings 
were  made  in  air,  without  correction  ;  for  the  Sprengel  tubes 
varied  but  slightly  in  size,  and  care  was  taken  to  use  the  same 
tube  throughout  each  series  of  experiments :  these  results  then, 
being  comparative,  are  strictly  comparable.  The  dilutions 
were  made  by  mixing  equal  volumes  of  salt-solution  and  water. 
The  quantities  taken  were  ten  times  the  specific  gravity  in 
grammes  and  ten  grammes  of  water.  The  error  in  volume 
in  no  case  exceeded  '0003  cub.  cent.  The  specific  gravities 
of  the  solid  salts  (finely  powdered  and  sifted  through  muslin) 
were  determined  in  paraffin  by  means  of  a  special  form  of 
Sprengel  tube,  thus  eliminating  errors  unavoidable  when 
bottles  with  movable  stoppers  are  employed.  The  limit  of 
error  is  the  same  as  that  in  determining  the  specific  gravity 
of  the  paraffin  by  means  of  the  same  tube.  Eleven  determi- 
nations gave  results  varying  from  •81831  to  '8184,  with  a 
mean  of  '81836,  error  + '00005.  The  specific  gravity  of  the 
solid  salt  is  therefore  correct  to  the  fourth  place. 

Kremers,  in  1852*,  found  that  the  specific  gravity  of  a  solid 
salt  was  influenced  by  the  temperature  at  which  it  was  crystal- 
lized from  its  solution  ;  and  that  if  the  solubility  of  the  salt 
increased  with  the  temperature,  the  specific  gravity  of  the  solid 
salt  diminished  with  the  rise  of  temperature  of  the  solution 
from  which  it  separated ;  if,  however,  the  solubility  diminished 
with  the  temperature,  the  specific  gravity  increased.  I  have 
repeated  the  experiments  of  Kremers,  and  the  results  are  con- 
tained in  Table  I. ;  they  agree  substantially  with  his.     There 

Table  I. 


Salt. 

P. 

Sp.  gr. 

Salt. 

t°. 

Sp.  gr. 

Salt. 

t°. 

Sp.  gr. 

KNO3... 

0 
20 

110 

2-10355 
209916 

Na.  SO^ 

0 
40 

110 

2-66180 
2-66372 

NaCl 

0 
20 

108 

2-16171 
216494 

DiflFerence  ...   --00439            +-00192          

-■00077 

Water  at  20°  =1.     t°=  temperature  of  crystallization. 

*  Poggeiidorft''s  Annalen,  vol.  Ix.xxv. 
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can  be  no  doubt  of  the  meaning  of  this;  the  specific  gravity 
of  a  solid  is  an  index  of  the  amount  of  attraction  exercised  by 
its  molecules  on  one  another  at  the  moment  of  solidification  (if 
the  determination  be  made  at  once);  and  any  further  alteration 
of  the  extent  of  the  intermolecular  spaces  can  go  on  but  slowly, 
owing  to  the  exceedingly  small  internal  motion  of  the  mole- 
cules of  a  solid.  The  separation  of  a  salt  from  its  solution  is 
really  a  slow  process,  however  quickly  (relatively  speaking) 
the  solution  may  be  cooled ;  the  molecules  consequently  are 
able  to  arrange  themselves  in  positions  of  stability  for  that 
particular  temperature ;  and  once  this  arrangement  has  taken 
place,  any  further  arrangement  is,  as  has  been  said,  extremely 
slow.  Kremers's  experiments  and  mine  show  that  the  inter- 
molecular attraction  of  salts  is  altered  by  the  temperature, 
and  that  this  alteration  is  connected  with  the  solubility  :  in 
cases  where  the  solubility  increases,  the  attraction  is  iveakened ; 
and  with  sodium  sulphate  diminution  in  solubility  is  accom- 
panied by  increase  of  attraction. 

Further  evidence  on  this  point  is  furnished  by  Berthelot's 
recent  experiments  on  the  heat  of  solution  of  various  salts 
before  and  after  fusion*.  When  a  salt  dissolves  in  water  the 
thermal  equilibrium  is  usually  disturbed;  in  the  case  of  most 
salts,  whether  they  contain  water  of  crystallization  or  not,  the 
solution  of  the  form  which  crystallizes  at  ordinary  tempera- 
tures is  attended  by  absorption  of  heat,  due  to  the  heat  ab- 
sorbed by  the  liquefaction  of  the  salt  exceeding  the  heat  evolved 
by  union  with  the  water ;  or,  in  other  words,  the  work  done 
in  separating  the  molecules  of  the  salt  requires  more  heat  than 
that  given  out  by  the  union  of  water  and  salt.  If  the  mutual 
attraction  of  the  salt-molecules  be  in  any  way  weakened,  then 
less  work  has  to  be  done  to  separate  them,  and  consequently 
the  total  absorption  of  heat  is  diminished.  Berth elot  finds 
that  in  a  number  of  cases  the  heat  absorbed  on  the  solution  of 
a  salt  in  its  normal  state  is  greater  than  that  absorbed  when 
the  salt  has  been  fused,  allowed  to  cool,  and  at  once  dissolved ; 
lastly,  if  a  length  of  time  sufficiently  long  be  allowed  to  elapse 
after  fusion  and  before  solution,  the  thermal  effects  of  solution 
are  identical  with  those  observed  before  fusion.  Now  a  refer- 
ence to  Clarke's  tables  of  specific  gravityf  shows  that  in  nearly 
every  case  where  the  specific  gravity  of  a  substance  has  been 
taken  before  and  after  fusion,  it  has  been  found  that  the  result 
of  fusion  has  been  diminution  of  specific  gravity  :  but  the 
data  existing  on  this  subject  are  very  incomplete  and  in  many 
instances  contradictory,  as  indeed  is  the  case  with  the  greater 

*   Comptes  Hendus,  July  1882. 

t  '  Constants  of  Nature,'  Part  I.     Smithsonian  Institution, 
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number  of  specific-gravity  determinations.     I  hope  soon  to 
be  able  to  investigate  this  point  more  fully. 

The  next  evidence  I  have  to  bring  forward  is  that  based  on 
the  volume-alteration  attending  the  solution  of  salts  in  water 
and  the  dilution  of  these  solutions  at  various  temperatures  ; 
but  before  doing  so  it  is  necessary  to  have  a  clear  understand- 
ing of  what  is  meant  by  saying  that  one  salt  is  more  soluble 
in  water  than  another,  and  that  two  solutions  of  different  salts 
are  of  the  same  strength.  As  solution,  however  it  may  be 
explained,  is  evidently  a  molecular  process,  I  will  in  the  fol- 
lowing pages  express  the  solubility  of  a  salt  in  water  in  terms  of 
salt-molecules  to  a  fixed  number  of  water-molecules  (IOOH2O), 
and  consider,  as  indeed  my  experiments  show,  that  salt-solu- 
tions are  of  the  same  strength,  and  are  therefore  comparable, 
when  they  contain  an  equal  number  of  salt-molecules  dissolved 
in  each  case  in  100  molecules  of  water. 

When  a  salt  is  dissolved  in  water,  the  volume  of  the  solu- 
tion is  usually  less  than  the  sum  of  the  volumes  of  the  salt 
and  the  water  before  solution  takes  place.  This  has  long  been 
stated  as  a  general  rule,  to  w^hich,  among  anhydrous  salts, 
ammonium  chloride  formed  the  only  exception.  I  have  re- 
cently shown*  that  this  property  is  shared  by  other  ammonium 
salts  ;  and  I  believe  that,  on  further  investigation,  it  will  be 
found  that  contraction  is  by  no  means  the  necessary  or  even 
the  usual  concomitant  of  solution.  But  in  cases  where  such 
contraction  does  occur,  it  is  found  that  the  amount  increases 
as  the  amount  of  salt  in  solution  increases,  but  that  the 
amount  of  contraction  produced  by  the  solution  of  each  suc- 
cessive molecule  is  less  than  that  produced  by  the  preceding 
one,  as  stated  by  Gerlachf: — 

"  Die  Contraction  wachststetig  in  alien  Fallen,  wenn  in 
einer  constantbleibenden  Wassermenge  eine  stetig  wachsende 
Anzahl  gleicher  Salzatome  gelost  wird.  Die  Zunahme  der 
Contraction  steht  indess  keineswegs  in  einfachem  Verhaltniss 
mit  der  Zunahme  geloster  Salzatome  ;  ist  letztere  eine  stets 
gleiche,  so  ist  erstere  eine  stetig  abnehmende." 

This  is  shown  by  Table  II.,  which  gives  the  specific  gravity 
of  molecular  solutions  of  sodium  chloride,  ranging  from  1  mo- 
lecule in  200  of  water  up  to  10"9y  molecules  in  100  of  water 
(saturated  solution). 

This  is  entirely  in  accordance  with  my  statement  of  the 
nature  of  solution  : — the  greater  the  amount  of  salt  already 
in  solution  the  less  the  result  of  th(^  attraction  of  dissimilar 
molecules  and  the  greater  that  of  similar  molecules. 

*  Proc.  Roy.  Soc.  Edinb.  July  1882. 

t  S2}ec.  Geivicht  d.  Snlzh'isinif/cn,  18o9.  p.  08. 
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Water  at  20°  =  1. 

t°. 

Strength. 

Spec.  grav. 

DiflPerences. 

o 

20 

*NaCl 

1-01145 

-02226 

NaCl 

1-02258 

2 

2NaCl 

1-04389 

■02131 

3      „ 

1-06437 

-02048 

4      „ 

1-08409 

•01972 

5     „ 

1-10266 

■01857 

6     „ 

1-12099 

-01833 

7     „ 

1-13838 

■01739 

8     „ 

1-15503 

-01665 

9     „ 

117140 

•01637 

10     ., 

1-18707 

•01567 

" 

10-99NaCl 

1-20191 

•01484 

This  change  of  volume  on  solution  can  also  be  investigated 
in  another  way — the  change  of  volume  attending  dilution  ; 
and  it  is  this  method  that  is  at  once  the  simplest  and  most 
accurate.  Table  III.  contains  the  results  of  my  experiments 
under  this  head.  In  each  case  a  solution  of  the  salt  containing 
approximately  1  molecule  to  100  molecules  of  water  was  pre- 
pared, its  specific  gravity  determined,  and  then  diluted  with 
an  equal  volume  of  water. 

Table  III. 


Water  at  20°  =1.     C=( 

jontr 

iction.     Volume  before  mixin 

g= 100,000. 

Salt. 

Spec, 
gray. 

1st  dilu- 
tion. 
Spec, 
gray. 

C. 

2nd  dilu- 
tion. 
Spec, 
grav. 

C. 

3rd  dilu- 
tion. 
Spec, 
grav. 

0. 

4th  dilu- 
tion. 
Spec, 
gray. 

C. 

] 
iNaCl 

1-02252 

1-01142 

16 

1-00571 

1 

i  KCl 

1-02542* 

1-01283 

12 

1-00641 

0 

NaNOg 

1-03304 

1-01667 

15 

1-00841 

7 

1-0042 

0 

KNO3 

i  1-03379 

1-01706 

16 

1-00857 

4 

1-00428 

0 

KCIO3 

1-04131 

1-02088 

23 

1-01052 

8 

100529 

3 

1-00265 

0 

*  This  solution  is  weak.     See  Table  V. 
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The  specific  gravity  of  the  diluted  solution  having  been 
determined,  it  was  in  its  turn  diluted  with  an  equal  volume  of 
water.  This  was  repeated  till  further  dilution  was  unattended 
by  change  of  volume.  With  some  salts  this  was  found  to  be 
the  case  after  the  first  dilution,  whereas  with  others  a  second 
and  even  a  third  dilution  was  required.  It  may  be  noted  here 
that,  in  the  case  of  the  less  soluble  salts,  the  dilution  has  to  be 
carried  further  than  with  the  more  soluble  ones.  I  will  return 
to  this  later  on.  Now  this  change  of  volume  on  dilution  can- 
not be  explained  by  the  hypothesis  that,  on  each  dilution,  the 
salt  combines  with  a  further  quantity  of  water  to  form  hy- 
drates richer  in  water  ;  for  Guthrie's  experiments*  show  that 
the  cryohydrate  is  the  salt  which  contains  the  maximum  num- 
ber of  water-molecules  with  which  the  salt  can  combine;  and, 
as  shown  in  Table  IV.,  the  solution  which  gives  no  change  of 
volume  on  dilution  contains  far  more  water  than  that  required 
by  the  corresponding  cryohydrate  ;  in  addition,  the  tempera- 
ture 20°  C.  is  in  every  case  much  higher  than  the  temperature 
of  formation  of  the  cryohydrate,  consequently  the  dispropor- 
tion of  water  to  salt  is  much  greater. 

Table  IV. 


Salt. 

AiDproximate  strength. 
(Table  III.). 

Cryohydrate. 

NaOl  

1  molecule  to  200  H,  0  1  molecule    10-5  HoO 
1       „       „      2OOH0O  1                     Ifi-fiTTO 

KCl    

NaNOg  

KNO3    

KCIO3    

1       „       „      400  H,0 
1        „       „      400  H^O 
1        „       „      800  H^O 

1         „            S-ISH^O 
1        „          44-6  H2O 
1         „        222  H2O 

Berthelot's  experimentsf  are  equally  conclusive.  He  found 
that  the  heat  of  solution  of  a  salt  varied  with  the  temperature, 
that  the  higher  the  temperature  the  greater  the  amount  of  heat 
evolved.  This  appears  quite  irreconcilable  with  the  hypothesis 
that  the  salt  combines  with  less  water  at  a  high  temperature 
than  at  a  low  one,  while  it  is  in  accordance  with  the  results  of 
my  experiments  on  the  molecular  attraction  of  salts  at  various 
temperatures.  Further,  Table  V.,  which  embodies  my  expe- 
riments on  the  effect  of  dilution  of  salt.-solutions  at  20°  and 
40°,  shows  that  the  effect  of  a  rise  in  temperature  is  to  lessen 

*  Phil.  Mag.  [4]  xlix.  p.  1  &c. 

t  Annales  de  Chimie  et  de  Physique,  [5]  1875,  iv.  p.  28. 
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the  contraction  on  dilution  in  the  case  of  salts  whose  solubility 
increases  greatly  with  the  temperature,  while  it  scarcely 
affects  those  salts  whose  solubility  remains  nearly  constant. 

Table  A^ 


Salt. 


P. 


NaOl  fi^g 

Kci [Z 

NaN03   ...[I  |g 

K^O. {/^ 

KOIO3    ...[f^ 


r,  I      Spec.  erav. 

Spec.gi-av.|  ^fteV  dilution. 


1-02257 
1-02182 
1-02569 
1-02516 
1-03161 
102998 
1-03352 
1-03232 
1-04131 
1-04014 


1-01147 
1-01103 
1-01301 
1-01272 
101596 
1-01.W9 
101692 
1-01619 
1-02088 
1-02024 


Solubility  cc  molecules  in  100  H.^  O 


Mean  spec, 
grav. 

C. 

Solubility. 

'     1-01128 

17+ 

10-99  mol. 

:     1-0109 

13 

11+     „ 

101284 

17 

8+     „ 

1-01258 

14 

9+     „ 

i     1-0158 

15+ 

10+     „ 

101499 

10 

18+     „ 

1-01676 

16 

5+     „ 

1-01616 

3 

10+     „ 

102065 

23 

1+     „ 

1-02007 

17 

(2-?)   ,. 

30H,O. 

Again,  the  determinations  of  the  coefficient  of  expansion  of 
salt-solutions  lend  additional  support  to  this  view  of  their  con- 
stitution. Gerlach^  and  Kremersf  have,  with  others,  done  a 
large  amount  of  work  in  this  direction;  and  the  result  appears 
to  be  that,  for  weak  solutions  of  salts,  the  coefficient  of  expan- 
sion is  in  most  cases  greater  than  that  of  water  for  the  whole 
range  of  temperature  from  4°  to  100°  C. ;  and  this  is  also  the 
case  with  strong  solutions  up  to  a  certain  temperature,  which 
varies  with  the  salt  and  with  the  degree  of  concentration,  but 
is  lower  the  more  concentrated  the  solution.  These  pheno- 
mena may,  I  think,  be  satisfactorily  explained  as  follows, 
according  to  the  statement  on  page  93.  We  have  three  factors 
to  consider  in  a  solution  : — 


The  attVaction  of  water  for  water 
That  of  water  for  salt  .  .  .  . 
That  of  salt  for  salt 


Now,  in  a  solution  the  effect  of  heat  on  x  and  y  will  be  to 
produce  expansion,  and  on  z  to  produce  contraction  ;  for  if  z 
be  weakened  y  is  increased.  If  z  be  very  small,  as  in  a  weak 
solution,  it  will  scarcely  affect  y;  and  the  result  will  be  that, 
in  addition  to  the  expansion  of  water,  there  is  the  expansion 
due  to  the  effect  of  heat  on  y.  If,  however,  z  be  very  large, 
as  in  a  strong  solution,  y  is  correspondingly  smaller  in  pro- 
portion ;  and  a  weakening  of  z  is  accompanied  l)y  a  large 

*  Spec.  Gewicht  der  SalzWsunyen,  Part  III. 
t  PoggendorfFs  Annalen,  vol.  c.  &c. 
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increase  of  y — it  may  be,  more  than  equal  to  the  weakening 
due  to  heat ;  consequently  contraction  ensues,  tending  to  de- 
crease the  expansion  due  to  the  water. 

Table  VI.  is  partly  taken  from  Kremers's  paper,  and  will 
show  that  the  above  is  the  case. 

Volume  at  20°  =  100,000. 

A  =  difference  between  the  volume  of  the  solution  and  that 
of  water  at  the  same  temperature. 

The  strengths  are  respectively  10  and  40  "  salt  atoms  "  to 
100  parts  by  weight  of  water  (see  PoggendorfF^s  Annalen, 
xcv.,  xcvi.,  xcviii.,  &c.). 

Table  VI. 


KCl. 

t°. 

Vol.  10  s.  a. 

A. 

Vol.  40  s.  a. 

A. 

o 
20 
40 
60 
80 
100 

100,000 
100,700 
101,026 
102,767 
104,134 

0 
+107 
+  110* 
+  60 
+  5 

100,000 
100,807 
101,727 
102,782 
103,954 

0 

+214* 
+211 
+  87 
-175 

NaCl. 

20 
40 
60 
80 
100 

100,000 
100,730 
101,673 
102,826 
104,187 

0 

+  137 
+  157* 
+  125 

+  58 

100,000 
100,895 
101,880 
102,983 
104,213 

0 

+302 
+364* 

+282 
+  84 

LiCl. 

20 
40 
60 
80 
100 

100,000 
100,613 
101,480 
102,565 
103,866 

0 
+  20* 
-  34 
-136 
-263 

100,000. 

100,592 

101,327 

102,206 

103,220 

0 
-  1 
-189 
-495 
-909 

*  Point  of  maximum  expansion. 

In  conclusion  I  may  point  out  that,  in  cases  where  the  same 
substance  exists  in  more  than  one  form,  the  variety  that  is 
most  soluble  or  is  most  readily  attacked  by  acids  is  the  one 
with  the  least  specific  gravity.  Sulphur  forms,  I  l)elieve,  the 
solitary  exception  to  this  rule,  which  is  followed  by  phos- 
phorus, arsenic,  arsenious  oxide,  selenium,  carbon,  and  also 
by  that   class  of  compounds   of  which  ferric  and   aluininic 


M.  E.  Pringsheim  on  the  Radiometer.  101 

oxides  are  well-known  examples,  the  specific  gravity  of  which 
increases  with  the  amount  of  heat  to  which  they  are  subjected, 
while  their  solubility  in  acids  diminishes. 

I  believe,  then,  that  it  will  be  possible  to  connect  together 
the  molecular  volume  and  the  solubility  of  solids,  just  as  the 
molecular  volume  and  the  boiling-point  of  liquids  have  been 
shown  to  be  connected.  The  problem  is  necessarily  a  more 
complex  one,  as  we  have  to  deal  not  only  with  the  mutual 
attraction  of  the  molecules  of  the  solid,  but  also  with  that  of 
the  water  for  the  solid,  which  varies  not  only  with  the  tem- 
perature, but  also  with  the  nature  of  the  solid.  However, 
some  experiments  I  have  already  made  lead  me  to  believe  that 
such  determinations  are  possible. 

Since  the  above  paper  was  written,  my  attention  has  been 
drawn  to  an  article  on  Solution  by  Dossios*,  which  I  had 
known  only  in  abstract :  our  theories  have  much  in  common  ; 
but  Dossios's  is  unsupported  by  experimental  evidence. 


XVII.   On  the  Radiometer.     By  Eenst  Pringsheim  f. 

THE  uncertainty  and  differences  of  opinion  which  still  exist 
respecting  the  cause  of  the  motion  in  the  radiometer 
and  similar  apparatus  appear  to  arise  from  the  circumstance 
that  in  fact  the  motion  of  these  instruments  is  essentially  in- 
fluenced by  several  different  things,  the  actions  of  which  are 
reciprocally  so  complementary  and  disturbing  that  by  the 
complexity  of  the  different  results  the  conformity  to  law  which 
prevails  among  them  is  often  obscured. 

If  we  ask  what  are  the  things  which  may  have  influence 
upon  radiometer-motion,  they  are,  first,  the  different  parts  of 
the  apparatus  itself — namely  the  glass  case,  the  enclosed  gas, 
and  the  vanes.  Therefore  the  only  right  way  to  study  the 
mode  of  working  of  radiometric  apparatus  will  be,  to  separate 
as  much  as  possible  the  effects  of  these  different  parts  experi- 
mentally, and  to  treat  each  of  them  singly. 

Apparatus. 

For  this  purpose  the  ordinary  radiometers  are  extremely 
unsuitable,  as  in  them  the  phenomena  are  very  much  com- 
plicated by  the  moving  force  always  appearing  simultaneously 

*  "  Zur  Theorie  der  Losungen,"  Vierteljahrsschrift  der  ziirichischen  Na- 
tiirforschenclen  Gesellschaft,  xiii.  pp.  1-21 ;  Jahreshericht,  1867,  pp.  92-95. 
t  Translated  from  Wiedemaun's  Annalen,  1883,  No.  1,  pp.  1-32. 
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at  several  vanes,  so  that  any  possible  opposed  actions  of  two 
vanes  must  first  be  ascertained  by  special  experiments  ;  while 
it  is  very  difficult  really  to  determine  what  portion  of  the 
motion  proceeds  from  one  vane  alone,  since  this  is  frequently 
disturbed  by  reflections  of  light,  which,  especially  when  the 
action  of  bright  surfaces  blackened  at  the  back,  with  radiation 
of  the  bright  side,  is  to  be  ascertained,  are  often  apt  to  reverse 
the  entire  motion.  Besides,  the  vanes  in  their  rotation  change 
their  position  with  respect  to  the  source  of  heat,  and  there- 
with the  essential  conditions  of  the  motion,  so  quickly,  that 
perhaps  dissimilar  phenomena,  separate  in  time,  occurring  at 
one  vane,  are  completely  obliterated  and  rendered  undistin- 
guishable.  And,  lastly,  a  relatively  strong  force  is  requisite 
in  order  to  overcome  the  resistance  presented  by  friction  and 
set  the  radiometer  rotating  ;  so  that  it  is  a  comparatively 
insensitive  apparatus. 

These  inconveniences  are  avoided  when,  instead  of  a  radio- 
meter, a  so-called  torsion-apparatus  (like  several  constructed 
by  Crookes;  is  employed.  In  these  we  have,  as  a  rule,  to  do 
(unless  the  differential  actions  of  several  faces  are  to  be 
observed)  with  one  vane  only,  which  is  suspended  by  a  thread 
and,  on  receiving  the  radiation,  is  deflected  a  certain  angle,- 
till  the  torsion  of  the  thread  counterbalances  the  effective 
force.  Such  an  apparatus,  but  of  more  simple  construction 
than  most  of  Crookes's,  I  constructed  for  myself ;  and  with 
it  I  carried  out  the  experiments  particularly  described  below. 

It  consisted  of  a  glass  tube  r,  435  millim.  in 
length  and  22  millim.  in  diameter,  blown  out  at 
one  end  into  a  spherical  bulb,  /j,  of  80  millim. 
diameter  ;  into  the  other  end  a  ground  glass 
stopper  fitted  air-tight.  To  a  small  hook  pro- 
jecting from  the  stopper  a  very  fine  glass  thread, 
/,  420  millim.  long,  was  cemented,  to  the  other 
extremity  of  which  a  small,  very  thin  microscope 
covering-glass,  d,  silvered  behind,  was  fastened, 
to  serve  as  a  mirror.  To  the  back  of  this  mirror 
one  extremity  of  the  rectangular  disk  s,  of  24 
millim.  length  and  l(i  millim.  width,  servingf  as 
a  vane,  was  cemented  with  hot  wax,  while  on  the 
other  side  the  disk  was  counterpoised  by  a  pin, 
n.  The  whole,  attached  to  the  glass  thread,  was 
slowly  lowered  through  the  glass  tube  ;  and  then 
the  stopper,  previously  greased,  was  inserted, 
air-tight,  so  that  the  mirror  hung  in  the  centre 
of  the  Ijulb. 

From  the  glass  tube  two  lateral   branch  tubes 
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furnished  with  glass  cocks,  proceeded,  by  which  the  apparatus 
could  be  connected  with  the  air-pump  and  a  gasometer.  To 
produce  a  vacuum  in  the  apparatus  a  Geissler  mercury  air- 
pump  was  employed  ;  and  the  exhaustion  was  always  carried 
on  till  the  volume  of  air  expelled  by  the  rise  of  the  mercury- 
level  ceased  to  diminish,  in  spite  of  continued  pumping.  This 
pump  being  employed,  the  finally  remaining  pressure  could 
not  be  determined, because  the  pump  possessed  only  an  ordinary 
mercury  manometer  ;  in  this,  however,  on  exhausting,  the 
mercury  stood  somewhat  higher  in  the  open  than  in  the 
closed  leg  ;  so  that  the  rarefaction  was  at  all  events  consider- 
able, and,  as  may  be  inferred  from  the  sensitiveness  of  the 
apparatus,  not  far  from  the  pressure  at  which  the  mobility 
reaches  its  maximum.  Moreover,  an  exact  knowledge  of  the 
amount  of  pressure  is  immaterial  in  our  experiments. 

For  the  experiments  the  instrument  w^as  fixed,  as  perpendi- 
cular as  possible,  on  a  tripod,  so  that  the  vane  could  rotate 
with  perfect  freedom.  The  reading-ofF  of  its  position  was 
secured  by  the  follomng  arrangement: — The  image  of  a  fine 
slit  illuminated  by  a  petroleum  lamp  was  concentrated  upon 
the  mirror  by  a  lens,  and  reflected  thence  to  a  scale  divided 
into  millimetres  at  about  1100  millim.  distance.  In  order, 
however,  to  be  quite  safe  from  any  disturbing  action  of  this 
light,  the  latter  should  first  be  caused  to  pass  through  a  layer 
of  water  and  solution  of  alum,  and  thus  deprived  of  the  rays 
which  are  eft'ective  upon  the  apparatus. 

To  protect  the  whole  from  air  currents  it  might  be  put  into 
a  tin  case  stuffed  with  wadding,  having  only  two  apertures  to 
permit  the  luminous  index  and  the  rays  of  the  source  of  heat 
to  fall  upon  the  mirror  and  the  disk  respectively. 

This  apparatus  permitted  a  relatively  convenient  and  quick 
changing  of  the  disks,  although  this  is  a  sufficiently  delicate 
manipulation;  and  in  lowering  in  and  taking  out  the  apparatus 
more  than  one  glass  thread  broke,  since  the  disk  with  the  mirror 
could  only  slide  through  the  narrow  glass  tube  lengthways,  so 
that  the  thread  had  to  bend  sharp  round  directly  on  the 
mirror.  This  inconvenience  could  have  been  remedied  only 
by  inserting  the  apparatus  in  a  proportionally  wide  cylindrical 
tube  ;  but  then  the  space  to  be  exhausted  would  have  been 
too  large,  or  the  thread  must  have  been  short,  and  hence  the 
sensitiveness  too  little  ;  moreover  the  desked  similarity  of  the 
glass  case  in  the  vicinity  of  the  vane  to  the  globe  of  the 
radiometer  would  have  been  lost. 

In  most  of  the  experiments  the  cock  of  one  of  the  side  tubes 
was  closed,  while  the  other  tube  was  connected  wdth  the  air- 
purap  by  very  short   india-rubber    connexions   and  a  long 
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elastic  glass  tube.  The  cocks  and  stopper  were  all  well 
greased,  which  enabled  me,  with  a  little  attention,  to  keep  the 
apparatus  completely  exhausted  for  days  together  without  any 
perceptible  increase  of  the  air-pressure. 

I.  Action  of  the  Glass  Case. 

On  the  direct  action  of  the  glass  case  of  the  radiometer  no 
prior  experiments  are  known  to  me.  It  is  true  that  experi- 
ments were  made  by  Crookes  *  for  the  purpose  of  ascertaining 
what  influence  is  exerted  by  a  greater  or  less  distance  of  the 
vanes  from  the  glass  sides,  but  only  in  order  to  show  that  the 
motion  depends  on  a  reciprocal  action  between  the  vanes  and 
the  case. 

First,  the  question  presents  itself.  Is  the  glass  case,  in  itself, 
an  indispensably  necessary  condition  for  the  generation  of  the 
motion  of  the  radiometer  ? — that  is,  would  the  motion  cease,  or 
be  different  in  quality,  if  the  movable  part  of  the  apparatus 
were  suspended  in  an  unlimited  space  of  rarefied  air  ?  Crookes 
once  affirms  this  t,  emphatically  stating  that  in  the  radiometer, 
in  contrariety  to  the  otheoscope,  the  glass  case  is  necessary 
for  the  motion,  but  without  mentioning  his  reasons  either  in 
the  place  cited  or,  to  my  knowledge,  anywhere  else.  He  was 
perhaps  led  to  this  conclusion  by  theoretical  considerations, 
which  he  indicates  in  another  place  |,  where  he  adopts  Stoney's 
theory. 

To  decide  ijjis  question  directly  by  a  simple  experiment  is, 
of  course,  impossible,  since  we  cannot  produce  even  a  rough 
approximation  to  an  infinite  space  of  air  so  highly  rarefied. 
Hence  the  decision  of  this  point  is  only  possible  by  approach- 
ing it  indirectly,  and  probably  not  without  theoretical  dis- 
cussions ;  therefore  we  have  not  yet  come  to  the  place  for 
entering  more  particularly  into  it. 

A  supposition,  however,  which  certainly  at  first  obtrudes 
itself  respecting  the  behaviour  of  the  glass  case,  is  very  easily 
refuted.  For  a  very  simple  observation  shows  that  in  the 
ordinary  radiometers,  consisting  of  thin  mica  vanes  blackened 
on  one  side  with  soot,  irradiation  of  the  blackened  side 
alone  with  sunlight  or  an  ordinary  artificial  source  of  light 
produces  rotation  in  the  same  direction  as  irradiation  of 
the  bright  side  only,  so  that  in  both  cases  the  black  sur- 
face recedes.  Now,  on  the  assumption  that  the  rotation  is 
produced  by  the  difference  of  temperature   w^hich  actually 

*  Comptes  Rendus,  Ixxxiii.  p.  1233  (1876)  ;  Proc.  Roy.  Soc.  xxv, 
pp.  308,  309  (1876). 

t  Comptes  Rendus,  Ixxxiv.  p.  1081  (1877). 

X  Proc.  Roy.  Soc.  xxv.  p.  308  (1876) ;  Natui-e,  xv.  p.  224  (1877). 
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occurs  between  tLe  glass  case  and  the  vanes,  it  might  easily 
be  believed  that  the  temperature  of  the  former  lies  between 
the  temperatures  of  the  bright  and  the  dark  surface,  and 
therefore  exerts  an  opposite  influence  on  both.  But  the 
glass  case  can  be  kept  at  the  temperature  originally  possessed 
by  the  entire  apparatus  by  inserting  in  the  path  of  the  rays 
a  layer  of  plane  glass  plates  of  such  thickness  that  all  the  rays 
generally  absorbable  by  glass  are  kept  back  in  them;  and  in  this 
way  it  is  easy  to  ascertain  that  even  then  a  sufficiently  power- 
ful source  of  light  produces  the  same  effect,  although  in  a 
less  degree,  as  without  the  interposition  of  the  glass  plates. 
Further,  that  all  the  rays  absorbable  by  glass  are  actually 
absorbed  by  the  glass  plates  before  reaching  the  apparatus, 
can  with  facility  be  known  from  this — that  the  insertion  of 
additional  glass  plates  between  the  source  of  light  and  the 
instrument  has  no  effect  upon  the  motion.  This  proves, 
therefore,  that  the  above  assumption  does  not  correspond  to 
the  real  cause  of  the  opposite  action  upon  the  bright  and  the 
dark  side  of  the  vanes,  and  consequently  furnishes  a  con- 
firmation of  the  view  enunciated  by  Cooke  *,  that  the  rays 
which  have  passed  through  the  mica,  being  absorbed  by  the 
soot,  produce  sufficient  heating  to  cause  the  motion. 

Now,  although  it  is  not  possible,  as  above  remarked,  to 
decide  by  experiment  whether  the  glass  case  is  absolutely 
necessary  for  the  production  of  the  motion,  yet  we  can  get 
some  elucidation  of  its  actual  operation.  For  as  all  the  rays 
incident  upon  the  vanes  must  first  pass  through  the  glass,  it 
is  evident  that  it  must  absorb  a  portion  of  the  radiation  and 
thereby  have  its  temperature  raised.  Probably  it  is  now 
possible  to  ascertain  what  influence  this  rise  of  temperature 
of  the  glass  sides  alone  would  have  if  the  vanes  themselves 
retained  their  initial  temperature  during  the  entire  experi- 
ment, or  at  least  showed  no  difference  of  temperature  on  their 
two  sides. 

To  effect  this,  in  the  above  described  torsion-apparatus  a 
niica  plate  as  thin  as  possible  was  employed  as  a  vane,  from 
which  it  was  to  be  presumed  that  it  would  be  capable  of  ab- 
sorbing very  few  rays  indeed,  and  that,  with  its  extraordinary 
thinness,  both  sides  would  always  have  the  sam^e  temperature. 
When  now  our  apparatus,  suspended  in  the  open  air  without 
its  tin  case,  was  irradiated,  the  side  of  the  glass  case  which 
was  turned  to  the  source  of  light  must  have  absorbed  more 
rays  than  that  which  was  turned  from  it,  while  it  could  be 
assumed  that  the   mica  plate  possessed  the  same  temperature 

*  Silliman's  Journal,  xiv.  p.  237  (1877). 
FkU.  Mag.  S.  5.  Vol.  15.  No.  92.  Feb.  1883.  I 
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on  both  sides.  The  light-source  was  placed  so  that  its  centre 
was  in  the  normal  to  the  centre  of  the  mirror  ;  so  that  the 
cone  of  rays  issuing  from  it  was  tangent  to  the  glass  sphere 
in  the  same  vertical  plane  in  which  the  mica  vane  hung. 
Therefore,  if  our  assumptions  are  correct  (which  shall  subse- 
quently be  still  more  closely  investigated),  and  if  it  be  further 
assumed  that  any  possible  absorption  within  the  raretied  air 
is  without  influence  (a  question  which  w-ill  also  be  afterwards 
discussed),  anv  effect  that  may  be  produced  must  be  ascribed  to 
the  heating  of  the  glass  side  alone. 

First  some  experiments  Avere  made  with  sunlight  reflected 
from  the  metallic  mirror  of  a  Duboscq  heliostat  upon  the 
apparatus.  With  these  there  was  not  the  slightest  motion  of 
the  spot  of  light. 

The  thing  took  another  shape,  however,  when  the  flame  of 
a  Bunsen  burner  was  employed  as  the  source  of  heat.  There 
were  now  energetic  deflections  which  were  all  positive — that 
is,  in  which  the  irradiated  side  recedes — amounting,  on  the 
average,  to  65  millim. 

We  see  therefore  that  repulsion  of  the  vane  by  the  more 
strongly  heated  side  of  the  glass  case  takes  place,  if  our  above 
suppositions  are  correct. 

But  now  it  might  still  be  possible  that  we  should  have  to 
distinguish  in  the  thin  mica  plates  a  front  and  a  back  side, 
and  that  the  front  face  absorbs  a  greater  portion  of  the  rays 
than  the  back,  hence  becomes  warmer,  and,  in  consequence  of 
this,  recedes. 

In  order  to  test  this  possibility  the  glass  case  was  irradiated 
laterally  and  at  the  same  time  half  of  it  shaded  so  that  the 
mica  plate  was  in  the  shade,  and  its  plane  formed  exactly  the 
plane  of  division  of  light  and  shade.  If  now  motion  again 
occurred,  it  certainly  could  not  arise  from  direct  absorption 
by  the  mica  jjlate,  since  this  itself  was  outside  of  the  cone  of 
light. 

On  employing  sunlight,  again  no  trace  of  motion  appeared; 
and  consequently,  as  directly  follows  from  the  action  of  the 
gas-flames,  it  was  proved  that  the  thin  glass  absorbed  only 
vanishingly  little  of  the  sun's  rays. 

Lateral  irradiation  by  a  gas-flame,  on  the  contrary,  effected 
a  deflection  in  the  same  direction  as  before — namely,  so  that 
the  mica  plate  was  always  repelled  from  the  illuminated  side 
of  the  glass. 

The  results  were  : — 

I.  With  lateral  irradiation  from  the  vane  side  (so  that  the 
]iart  of  the  glass  case  nearest  to  the  vane  was  first  struck  by 
the  light)  :— 


M.  E.  Pringsheim  on  the  Radiovieter. 


107 


Re  sting -position  of  the  Sjwt  of  Light  :     On  the  Illumination 

Of  the  hind 
half. 
531 


Of  the  fore  half. 


Bright  gas-flame  ...  468 


Of  the  entire  sphere. 

500 


Deflection 


— V— 

32 


31 


Dull  gas-flatne  ...       447         | 


500 


552 


Deflection 


53 


52 


II.  With  lateral  irradiation  from  the  side  situated  furthest 
from  the  mica  plate  : — 

Re  sting -})0  sit  ion  of  the  Spot  of  Light :    On  the  Illumi?iation 
Of  the  fore  half.    .  Of  the  entire  sphere. 
Bright  gas-flame  ...  496         | 


500 


Of  the  hind 

half. 

504 


Deflection  ... 
Dull  gas-flame  ...       493 


7 


500 


507 


7 


Deflection  .. 

These  experiments  therefore  show  that  in  fact  the  ^A'armed 
glass  side  exerts  a  repellent  force  upon  the  vane  ;  and  at  the 
same  time  it  follows,  from  the  difference  of  the  eff"ects  when 
the  irradiation  proceeded  from  the  side  furthest  from  and  from 
that  nearest  to  the  mica  plate,  that  the  parts  of  the  glass, 
situated  nearest  to  the  vane  almost  alone  exert  the  action. 
This  remark  will  be  corroborated  bjthe  following  experiment. 

The  apparatus  was  illuminated,  as  in  the  first-cited  experi- 
ments, by  means  of  a  bright  Bunsen  burner  ;  and  then  the 
greater  part  of  the  light-cone  was  so  far  cut  oft'  that  only  the 
outermost  part  of  the  glass,  nearest  the  mica  vein,  was  ir- 
radiated, Avhile  the  vane  itself  was  in  shadow.  The  following 
was  the  resting-position  of  the  spot  of  light  : — 

With  partial  illu- 
mination. 


With  full  illumination. 


Without  illumination. 


465 


500 


471. 

J 


Deflection  35  29 

Almost  the  whole  of  the  effect  therefore  comes  from  the 
part  of  the  glass  side  immediately  opposite  to  the  mica  vane. 
,  After  the  above  experiments  with  lateral  illumination  it 
cannot  any  longer  be  doubtful  that  the  deflection  is  really 
owing  to  the  heating  of  the  glass  side  ;  but  from  this  it  doe"s 
not  yet  appear  whether  this  effect  is  a  direct  repulsion  brouf^ht 
about  by  the  air  particles  present  between  the   two  surfaces 
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or  a  secondary  one  produced  by  the  heat  radiated  from  the 
heated  glass  side  being  more  strongly  absorbed  by  the  front 
than  by  the  back  surface  of  the  mica.  The  latter,  however, 
is  in  the  highest  degree  improbable  ;  for  certainly  a  great 
part  of  the  heat  conveyed  into  the  glass  by  absorption  is 
communicated  to  the  colder  air  in  the  interior  of  the  apparatus; 
and  of  that  withdrawn  from  the  glass  by  radiation,  only  an 
extremelj  small  part  can  pass  over  to  the  mica  plate,  since  it 
is  radiated  in  the  space  uniformly  in  all  directions.  Hence 
the  proportionally  strong  action  is  scarcely  to  be  attributed  to 
this  minute  quantity  of  heat,  but,  at  any  rate  for  the  most 
part,  proceeds  from  the  heat  communicated  to  the  gas  by 
conduction. 

The  mica,  too,  would  certainly  absorb  a  portion  of  those 
rays  which  come  to  it  direct  from  the  source  of  heat,  which 
must  have  the  same  action  as  those  emitted  from  the  glass; 
so  that  with  the  irradiation  first  employed,  from  the  front, 
the  two  actions  would  be  added  together,  while  with  the 
lateral  irradiation  only  the  action  of  the  glass  is  present. 
Therefore,  the  mica  plate  being  at  equal  distance  from  the 
same  source  of  heat,  the  deflection  ought  to  be  greater  in  the 
iirst  case  than  in  the  second.  But  it  is  not  so,  as  the  follow- 
ing observations  show  : — 

Distance  of  the  bright  gas-flame  from  the  outernjost  per- 
pendicular edge  of  the  mica  plate,  305  millim.. 

Resting-position  of  the  Spot  of  Light. 

I.  With  irradiation  from  the  front : 

Without  illumination.  With  illumination.  Peflection. 

500  465  35 

II.  With  lateral  irradiation  : 

With  illumination  of  With  illumination  of  -r.  ^     *• 

the  whole.  one  half.  Deflection. 

500  447  53 

The  deflection  in  the  second  case  is  therefore  not  only  not 
weaker,  but  considerably  stronger  than  in  the  flrst — which 
probably  results  from  the  circumstance  that  with  irradiation 
from  the  front  the  side  of  the  glass  facing  the  back  side  of  the 
mica  plate  is  heated  by  absorption,  and  thus  counteracts  the 
action  of  the  front  half  of  the  glass,  while  with  the  irradiation 
lateral  only  the  fixvourably  acting  half  of  the  sphere  is  heated. 

Besides  these  probable  reasons,  a  strict  proof  by  experiment 
presents  itself  that  the  repellent  action  of  the  heated  glass 
side  is  a  primary  and  not  a  secondary  action.  If,  namely,  it 
proceeded  from  the  absorption  by  the  vane  of  the  rays  emana- 
ting from  the  glass,  its  amount  would  depend  on  the  absorp- 
tive capacity  of  the  vane,  and  consequently  on  its  sub;itance. 
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In  order  to  put  this  dependence  to  the  proof,  the  transparent 
mica  vane  emjjloyed  in  the  previous  experiments  was  blackened 
on  one  side  with  soot  and  again  inserted  in  the  apparatus. 
The  source  of  light  was  placed  at  the  side  of  the  apparatus  (as 
in  the  experiments  described  in  pp.  106  and  107),  in  the  plane 
of  the  vane,  so  that  tlie  part  of  the  glass  case  in  front  of  the 
vane  was  as  strongly  illuminated  as  the  half  situated  behind  it. 

If  the  action  depends  on  the  substance  of  the  vane,  with 
this  arrangement  the  irradiation  of  one  half  of  the  glass  sphere, 
while  the  other  half  and  the  vane  are  shaded,  ought  to  produce 
a  quantitatively  different  deflection  from  that  produced  by  the 
irradiation  of  the  other  half.  On  the  other  hand,  if  the  action 
consists  of  a  direct  repulsion,  it  is  evident  that  it  will  remain 
unaltered  whether  it  strikes  a  soot  or  a  mica  surface,  and  then 
the  deflections  produced  by  both  halves  of  the  glass  case  must 
be  of  the  same  magnitude.  The  experiment  confirmed  the 
latter  supposition.  At  the  same  time  it  should  not  be  for- 
gotten that  all  other  influences,  especially  those  of  neighbouring 
objects  and  the  walls  of  the  apartment,  must  be  carefully  kept 
off  from  the  apparatus,  as  in  this  form  it  is  very  sensitive,  and 
the  arrangement  of  the  experiment  makes  it  impossible  to 
surround  it  with  a  protecting  case. 

As  with  lateral  irradiation  of  the  entire  glass  case  direct 
heating  of  the  soot  is  evidently  unavoidable,  in  the  following 
Table  the  deflections  are  reckoned  from  the  resting-position 
when  the  entire  apparatus  is  completely  shaded. 

The  experiments,  conducted  with  the  requisite  precautions, 
gave  the  following  result: — 

Resting-position  of  the  Siwt  of  Light  on  Shading 


The  blackened 
side  of  the  glass. 

The  entire 
glass  case. 

The  mica-side 
of  the  glass. 

Bright  gas-flame  ...  545 

500 

455 

Deflection     .. 

.    45 

45 

Bright  gas-flame  ...  576 

1 

500 

1 

425 

Deflection     .. 

V 

.    76 

75 

Dull  gas-flame     ...     555 

1 

500 

1 

445 

J 

Deflection     .. 

.    55 

55 

Dull  gas-flame     ...     570 

1 

500 

1 

430 

7 

0 

70 
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That  tliis  effect  indeed  proceeds  onlj  from  the  glass  case  is 
known  from  the  fact  that  even  a  plane  glass  plate  of  8  millim. 
thickness,  placed  between  the  source  of  light  and  the  apparatus, 
is  sufficient  to  prevent  any  deflection. 

As  the  deflection  of  the  translucent  mica  vane  when  irradia- 
tion takes  place  from  the  front  arises  from  the  excess  of  the 
amount  of  heat  absorbed  by  the  fore  half  of  the  glass  case 
over  that  absorbed  in  the  hinder  half,  it  will  be  possible  to 
reverse  the  motion  by  so  arranging  the  glass  case  that  its 
hinder  half  absorbs  more  heat  than  the  fore  half.  This  can 
be  done  by  blackening  the  hinder  half  with  lampblack.  But 
when  this  was  done  and  the  apparatus  irradiated  by  a  bright 
Bunsen  burner,  there  appeared  at  first  not  a  reversal,  but  only 
a  weakening  of  the  deflection,  and  only  by  inserting  glass  in 
the  path  of  the  rays  could  a  reversal  be  obtained.  Conse- 
quently with  full  irradiation  the  heating  of  the  clean  half  of 
the  glass  was  stronger  than  that  of  the  blackened  half,  and  it 
was  only  when  the  rays  most  absorbable  by  glass  were  removed 
before  reaching  the  sphere  that  the  absorption  in  the  lamp- 
black gained  the  preponderance.  In  this  experiment  the 
resting-position  of  the  spot  of  light  was  : — 

Without  With  full  ,  With  li^-ht  transmitted 

iUumination.  illumination.        *^^'«"8'^  ^'^  f  ^V""-  ^^'''^- 

uess  01  glass. 

500  489  554 

•   Deflection  ...  11  54 

It  was  different  when  sunlight  was  employed,  which  had  the 
greatest  effect  without  any  intervening  glass,  and  produced  a 
deflection  of  50  millim. — a  fresh  proof  that  extremely  little  of 
solar  radiation  is  absorbed  by  glass. 

All  the  above  experiments  prove  that  the  heated  glass  side 
exerts  upon  a  movable  surface  suspended  in  front  of  it  a  repel- 
lent force  which  is  independent  of  the  substance  of  the  surface 
— or,  diff"erently  expressed,  that  a  pressure  emanates  from  the 
heated  glass  side  which  increases  with  the  temperature  of  the 
glass. 

In  numerous  similar  experiments  it  has  by  previous  observers 
been  ascertained  that  any  warmed  surface  tends  to  repel  a  light 
body  suspended  over  against  it  in  a  space  of  rarefied  air. 

Therefore,  having  now  proved  that  this  repulsion  is  a  direct 
one,  and  not  generated  by  absorption  of  the  heat  radiated  by 
the  warmed  body,  we  can  express  the  above  proposition  in  the 
following  amplified  form  : — 

Froia  a  warm  surface,  in   a  space  containing  rarefied  air, 
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emanates  a  pressure  which  increases  ivith  the  temperature  of  the 
surface. 

We  have  (p.  lOG)  made  the  supposition  that  in  our  expe- 
riments absorption  of  heat  within  the  rarefied  air  filling  the 
radiometer  has  no  influence  upon  the  motion.  Since,  how- 
ever, on  lateral  irradiation  this  air  is  illuminated  as  well  as 
the  glass  side,  it  might  still  be  possible  to  refer  the  generated 
motion  to  a  rise  of  Temperature  of  the  residual  air,  produced 
by  absorption.  That  this  would  be  erroneous  we  will  demon- 
strate in  the  following  section. 

II.  Action  of  the  Residual  Gas. 

It  must  first  of  all  be  premised  that,  according  to  all  theories 
of  the  radiometer  that  rest  on  the  kinetic  theory  of  gases,  any 
one-sided  conveyance  of  heat  to  the  gas  must  cause  a  motion 
of  the  vane;  and  therefore  a  local  rise  of  temperature  produced 
by  absorption  in  the  rarefied  air  must  do  so  also.  Yet,  at  the 
high  degree  of  rarefaction  at  which  the  air  in  the  radiometer 
is,  it  is  in  itself  very  unlikely  that  that  air  is  capable  of  absorb- 
ing any  considerable  amount  of  heat,  especially  as  the  rays 
from  the  source  of  heat  must,  before  reaching  the  apparatus, 
pass  through  so  great  a  thickness  of  atmospheric  air  that  they 
are  doubtless  completely  cleared  of  all  the  rays  which  can  be 
absorbed  by  air. 

In  relation  to  this  I  made  some  experiments  with  sunlight 
and  gas-light,  by  throwing  close  before  the  translucent  mica 
disk  of  my  apparatus,  arranged  as  in  the  experiments  described 
above,  a  focus  in  the  rarefied  air. 

In  order  to  avoid  the  influence  of  the  heating  of  the  glass 
side,  I  caused  the  light  to  fall  from  above  obliquely  into  the 
apparatus,  so  that  the  glass  was  struck  by  the  light  at  a  place 
obliquely  above  the  mica  plate  at  a  greater  distance  from  it. 
There  was  then  not  the  slightest  perceptible  deflection  of  the 
vane.  This  proved  that  in  the  above  experiments  an  absorp- 
tion of  heat  by  the  rarefied  air  had  no  influence  on  the  result. 

Yet,  in  order  to  prove  by  experiment  the  theoretically  im- 
portant assumption  that  absorption  of  heat  by  the  gas  might 
produce  motion  of  the  vane,  I  filled  my  apparatus  with  illu- 
minating-gas instead  of  atmospheric  air,  by  connecting  the 
second  side  tube  with  a  drying-apparatus  which  was  connected 
with  the  gas-pipe  supplying  the  house.  After  filling  and  ex- 
hausting the  apparatus  five  times,  so  as  to  be  certain  that  I 
really  had  in  it  rarefied  illuminating-gas,  I  repeated  the  ab- 
sorption-experiments which  had  been  made  with  atmospheric 
air,  but  with  the  same  negative  result.     It  appears,  therefore, 
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that  in  gas  so  highly  rarefied  the  absorption  is  vanishinglj 
little.  In  other  respects  the  apparatus  showed  the  same  phe- 
nomena with  illuminating-gas  as  when  atmospheric  air  was 
employed. 

III.  Actio?!  of  the  Vanes. 

By  far  the  greatest  influence  on  the  manner  of  motion  of 
radiometric  apparatus  is  exerted  by  the  quality  of  the  vanes 
themselves.  First  of  all,  it  is  evident  that  motion  can  only  be 
produced  by  the  vanes  when  on  irradiation  their  two  sides  act 
differently  ;  for  one  and  the  same  action  of  both  sides  would 
neutralize  itself.  This  different  action  presupposes  a  difference 
in  the  quality  of  the  two  sides,  which  difference  may  lie  in 
their  consisting  of  different  substances,  or  having  different 
forms,  or  being  of  the  same  substance  but  having  different 
temperatures. 

As  to  the  first  point,  the  great  complexity  of  the  cooperating 
properties  of  the  bodies  renders  it  hardly  possible  to  state 
exactly  the  influence  exerted  by  each  property  of  the  sub- 
stances used  as  vanes. 

In  the  first  place,  the  forces  which  generally  come  into  play 
are  very  slight]  hence  it  will  be  necessaiy  to  employ  extremely 
light  substances — such  as  pith,  mica,  or  very  thin  metal  plates. 

Further,  as  the  motion  is  produced  by  irradiation,  it  is  clear 
that  the  vis  viva  of  the  motion  is  derived  from  the  rays.  But 
this  is  only  possible  by  absorption,  since  even  the  simplest 
experiments  show  that  the  cause  of  the  motion  cannot  be  a 
direct  transference  of  the  vis  viva  of  the  rays  to  the  vanes. 
Hence  the  greater  the  amount  of  rays  absorbed  in  the  vane, 
and  the  more  the  portion  of  the  radiation  absorbed  by  one 
surface  exceeds  that  absorbed  by  the  other,  the  stronger 
will  the  action  be.  To  this  inference  correspond  also  the 
observations*  which  show  that  the  action  is  strongest  when 
thin  mica  plates,  which  absorb  almost  no  rays  at  all,  are 
coated  on  one  side  with  lampblack,  the  blackest  of  all  knoAvn 
substances  also  for  heat.  Less  favourable  are  metal  plates 
blackened  on  one  side  with  lamj)black,  since  metal  radiometers 
on  being  radiated  upon  by  dark  sources  of  heat  move  with  the 
lampblacked  side  in  front,  therefore  inversely  as  in  lightf. 
From  this  it  is  to  be  inferred  that  the  metals  are  still  more 
impenetrable  to  heat-rays  of  very  great  wave-length  than  soot 
— which  also  agrees  with  the  experience  that  soot  in  thin 

*  Crookes,  Pbil.  Trans,  clxix.  (1878)  pp.  259,  260. 
t  Ciooke.s,  Conqdes  licmhis,  Ixxxiii.  p.    1289;  Pioc.  Royal  Soc.  xxv 
p.  312  ;  '  Mature,'  xv.  p.  220  (1877). 


M.  E.  PrinCTsbeim  on  tlie  Radiometer.  113 

layers  is  redly  translucent.  According  to  Tyndall*,  a  plate  of 
rock-salt  coated  with  lampblack,  tbrougb  wbicb  not  a  glimmer 
of  tbe  ligbt  from  tbe  most  brilliant  gas-flame  could  penetrate, 
transmitted  38  per  cent,  of  the  rays  emanating  from  a  vessel 
of  boiling  M'ater. 

Besides  the  absorption,  the  internal  heat-conductivity  of  the 
substances  made  use  of  for  radiometei'-vanes  is  of  exceeding 
importance,  since  it  tends  to  remove  the  difference  of  tempe- 
ratures of  the  two  sides,  and  consequently  to  weaken  the  most 
important  cause  of  the  motion.  Direct  methodical  experi- 
ments on  this  subject  have  not  yet,  so  far  as  I  know,  been 
made,  although  differences  in  the  action  of  metal  and  mica 
radiometers  have  frequently  been  referred  to  the  difference  of 
conductivity  of  the  two  substances.  To  investigate  this  more 
closely,  the  simple  way  presented  itself  of  making,  in  my 
above-described  apparatus,  a  series  of  similar  experiments 
with  mica  and  a  metal.  First  the  same  mica  plates  which 
had  served  for  the  experiments  on  the  influence  of  the  glass 
case  were  smoked  on  one  side  over  a  turpentine-oil  flame,  and 
then  introduced  in  the  old  way  into  the  apparatus,  after  which 
the  latter  was  completely  exhausted.  On  irradiating  the  clear 
side  with  sunlight,  it  was  so  forcibly  propelled  against  the 
light  that  the  spot  of  light  which  served  as  index  fell  quite 
outside  of  the  scale,  and  reading-off  was  impossible.  At  all 
events  the  lampblack,  heated  by  absorption  of  the  rays  trans- 
mitted through  the  mica,  acted  just  as  if  it  had  undergone 
direct  heating. 

On  irradiation  by  the  flame  of  a  Bunsen  burner,  however,  a 
peculiar  phenomenon  presented  itself.  Namely,  at  the  first 
instant  of  the  irradiation  an  energetic  negative  deflection  oc- 
curred, as  the  irradiated  clear  side  moved  towards  the  source 
of  light]  then  a  brief  oscillation  to  and  fro  followed  ;  and  after 
that  the  mica  plate  gradually  passed  over  to  a  fixed  position 
of  rest  corresponding  to  a  positive  deflection,  consequently  to 
a  receding  of  the  irradiated  side  of  the  mica.  If  the  irradia- 
tion was  then  interrupted  suddenly  by  the  interposition  of  an 
opaque  screen,  the  same  play  repeated  itself  in  the  opposite 
direction  :  first  the  vane  was  suddenly  and  energetically  de- 
flected with  its  blackened  side  going  before  ;  it  then  swung 
backwards  and  forwards  for  a  few  seconds  ;  and  after  that  it 
quite  gently  returned  to  its  initial  position  of  rest. 

The  following  are  the  corresponding  positions  of  the  spot 
of  light: — 

*  Tyndall,  '  Heat  as  a  Mode  of  Motion,'  Geiinan  translation,  3rd  ed 
p.  407 
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With  bright  Gas-flame. 

With  diill  Gas-flame. 

L. 

A. 

L. 

A. 

87 
38 
86 

L. 

500 
642 
485 
344 
500 

A. 

! 

142 

15 

141 

L. 

A. 

L.         A. 

I. 

II. 
III. 
IV. 

V. 

500 
585 
462 
376 
500 

85 

.38 
86 

500 

587 
462 
376 
500 

I. 

II. 
III. 
IV. 

V. 

500 
549 
441 
390 
500 

49 
59 
51 

500 
549 
445 
397 
600 

49 
55 
48 

Here  the  numbers  in  the  columns  superscribed  with  L. 
denote,  in  the  horizontal  rows: — 

I.  The  resting-position  of  the  index  when  the  apparatus  is 
shaded  with  a  screen. 

II.  The  extreme  deflection  of  the  index  at  the  moment  of 
the  removal  of  the  screen. 

III.  The  resting-position  of  the  index  on  full  irradiation. 

IV.  The  extreme  deflection  at  the  moment  of  shading. 
V.  The  resting-position  during  the  shading. 

The  numbers  in  the  columns  A.  give  the  deflections  from 
the  next  preceding  resting-position,  which  correspond  to  the 
numbers  standing  on  the  left  side  of  them. 

As  these  deflections  are  not  very  great,  and  are  pretty  much 
of  the  same  order  as  the  previous  ones  produced  by  the  absorp- 
tion of  the  glass,  it  suggested  itself  that  this  absorption  might 
exert  a  disturbing  influence  which  would  be  likely  to  mask 
the  proper  motion  produced  by  the  vanes.  On  this  account, 
in  a  second  series  of  experiments  the  light,  before  arriving  at 
the  apparatus,  was  cleared  of  its  most  absorbable  rays  by  three 
thick  glass  plates.  The  following  results  were  then  obtained 
(the  notation  having  the  same  meaning  as  before): — 


Bright  Gas-flame. 

Dull  Gas-flame. 

L. 

A. 

L. 

A. 

L.         A. 

L.         A. 

I. 

II. 
III. 
IV. 

V. 

500 

587 
477 
386 
500 

87 
23 
91 

500 
585 
482 
394 
500 

85 
18 
88 

500 
584 
483 
398 
500 

84 
17 
85 

I. 

II. 
III. 
IV. 

V. 

500 
519 
479 
459 
500 

19 
21 
20 
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It  therefore  appeared,  as  might  have  been  foreseen,  that  by 
the  filtration  of  the  hght  in  passing  through  the  glass  plates 
the  first  deflection,  opposed  to  the  action  of  the  glass  wall  of 
the  apparatus^  in  comparison  with  the  final  deflection  was 
strengthened. 

Further,  in  all  the  observations  the  almost  absolute  accord- 
ance in  the  magnitude  of  the  first  deflection,  at  the  sudden 
commencement  and  sudden  cessation  of  the  irradiation,  is 
remarkable. 

With  respect  to  the  explanation  of  these  phenomena,  there 
cannot  be  any  doubt  that  here  two  difterent  and  opposite 
causes  of  motion  confront  each  other,  of  which  the  first  comes 
in  suddenly,  the  second  gradually. 

The  first,  suddenly  acting  cause  is  the  absorption  in  the 
lampblack;  the  second,  slowly  appearing,  is  the  heating  of  the 
front  (mica)  face  by  conduction.  Here,  truly,  the  peculiar 
case  has  happened,  that  that  very  substance  which,  as  a  bad 
conductor  of  heat,  we  had  selected  in  order  as  far  as  possible 
to  exclude  the  influence  of  conduction,  shows  this  influence 
with  special  distinctness. 

At  the  same  time,  however,  this  arrangement  of  the  expe- 
riment permits  us  to  separate  completely  the  action  of  the 
absorption  from  that  of  the  heat-conduction,  because,  in  con- 
sequence of  the  comparatively  slight  conductivity  of  mica,  a 
considerable  time  elapses  before  the  effect  of  the  conduction 
commences.  The  process  is  doubtless  as  follows: — The  rays 
from  the  source  of  heat  pass  for  the  most  part  unabsorbed 
through  the  thin  plate  of  mica,  and  are  strongly  absorbed  in 
the  coat  of  lampblack,  in  which,  thin  as  it  is,  two  sides  are  to 
be  distinguished — the  front  side,  nearest  to  the  source,  and 
the  back  side,  furthest  from  it.  The  former  absorbs  more 
strongly,  and  becomes  in  consequence  more  heated,  than  the 
latter.  Now,  since  the  heat-conducting  power  of  lampblack, 
as  B-umford*  already  showed  by  experiment  and  H.  Weberf 
concluded  from  his  experiments  on  iron  and  German  silver,  is 
extraordinarily  little  (according  to  Rumford,  almost  exactly 
equal  to  that  of  sheep's  wool),  the  heat  of  the  front  layer  of 
the  lampblack  is  conducted  away  less  by  the  lampblack  than 
by  the  mica  ;  so  that  after  a  time  the  front  face  of  the  mica 
becomes  warmer  than  the  back  of  the  lampblack.  While  this 
back  side  of  the  lampblack  is  at  first  suddenly  heated  by  ab- 
sorption and  therefore  produces  the  sudden  first  deflection  of 
the  vane,  the  heat  conveyed  to  the  mica  by  conduction  causes 

*  Pliil.  Trans.  1792,  p.  42.  See  also  Tyndall,  ' Heat'  &c.,  German  tr., 
3rd  ed.  p.  276. 

t  Pogg.  Ann.  cxlvi.  p.  282  (1872). 
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a  gradual  rise  of  temj)erature,  and,  in  consequence  of  it,  only 
a  gradual  deflection  of  the  vane.  If  no\y,  after  the  apparatus 
has,  under  the  influence  of  the  irradiation,  taken  a  fixed  position 
of  rest  (in  which  therefore  the  rotation-force  generated  by  the 
excess  of  temperature  of  the  front  over  the  back  side  is  kept 
in  equilibrium  by  the  torsion  of  the  glass  thread),  the  irradia- 
tion be  suddenly  interrupted,  the  back  side  of  the  lampblack 
suddenly  loses  the  heat  conveyed  to  it  by  absorption  every 
instant  during  the  irradiation,  while  the  heat  communicated 
to  the  mica  face  by  conduction  diminishes  just  as  slowly  as  it 
increased  at  the  beginning.  Hence  at  the  first  instant  of  the 
shading  the  temperature-difference  of  the  two  faces  is  increased 
by  the  same  quantity,  although  in  the  inverse  direction,  as  at 
the  first  moment  of  the  irradiation  ;  and  the  increase  produces 
an  equally  strong  and  sudden  deflection  of  the  vane  as  in  the 
first  case,  only  in  the  opposite  direction.  When  then  from 
the  sudden  cooling  of  the  jPront  layer  of  the  lampblack  a  gra- 
dual lowering  of  temperature  takes  place  at  the  front  face  of 
the  mica,  the  difference  between  the  two  sides  gradually  comes 
to  an  end,  and  the  vane  slowly  returns  to  its  initial  resting- 
position. 

That  this  pregnant  effect  of  heat-conduction  is  not  brought 
to  light  with  the  usual  mica  radiometers  is  moreover  a  clear 
proof  of  their  unsuitableness  when  the  object  is  to  fathom  the 
causes  of  their  motion.  If,  namely,  such  a  radiometer  is  irra- 
diated on  one  side  so  that  the  clear  faces  of  the  vanes  is  always 
illuminated  and  the  dark  sides  are  in  the  shade,  the  first  de- 
flection, produced  by  the  absorption  of  the  back  side  of  the 
lampblack,  is  in  every  case  sufficient  to  carry  the  irradiated 
vanes  completely  out  of  the  range  of  the  radiation  and  bring 
a  fresh  vane  into  it,  ^^'hich  in  its  turn,  by  its  first  deflection, 
continues  the  rotation  of  the  radiometer- cross  in  the  same 
direction,  so  that  a  constant  rotation,  with  the  mica  going  in 
front  of  the  lampblack,  sets  in,  and  the  effect  of  the  heat- 
conduction  completely  vanishes. 

Therefore,  although  an  effect  of  the  heat-conduction  had 
unequivocally  come  out  already  in  the  experiments  with  lamp- 
blacked  mica  vanes,  yet  corresponding  experiments  were 
undertaken  with  a  very  well  conducting  substance,  in  order 
to  see  whether  the  phenomena  would  be  essentially  affected  by 
the  good  conductivity  of  the  vane.  For  this  purpose  a  vane 
of  very  thin  copper  foil  (so-called  Dutch  metal),  an  excellent 
conductor  of  heat,  was  prepared  and  introduced  into  the  bulb. 
First  some  experiments  corresponding  with  the  previously 
communicated  observations  with  the  translucent  mica  vane, 
were  instituted  with  the  vane  not  lampblacked,  but  bright  on 
both  sides. 
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On  irradiation  with  sunlight,  a  positive  deflection,  with  the 
irradiated  side  receding,  occurred  (the  reverse  of  what  took 
place  with  the  mica).  This  phenomenon  distinctly  shows  that, 
in  spite  of  the  good  conducting-power  and  the  thinness  of  the 
A^ane,  absorption  produced  a  lasting  difference  of  temperatures 
between  the  front  and  the  back  side.  That  any  difference 
which  may  have  existed  in  the  shape  of  the  two  sides  was  not 
the  cause  of  the  deflection  was  evident  from  the  fjict  that 
irradiation  of  the  other  side  of  the  vane  had  for  its  result  a 
deflection  in  the  contrary  direction.  The  magnitude  of  this 
deflection  amounted  to  about  50  divisions  of  the  scale.  A 
one-sided  lateral  irradiation  of  the  glass  case  by  sunlight  pro-r 
duced,  as  might  have  been  anticipated,  no  deflection,  just  as 
when  the  thin  mica  plate  was  employed. 

When  a  bright  gas-flame  was  employed  as  the  source  of 
heatj^  somewhat  weaker  deflection  appeared  than  with  sun- 
light, and  which  also  had  a  quite  different  character. 

While,  namely,  the  sun  produced  a  sudden  deflection,  here 
the  deflection  took  place  quite  slowly,  and  thereby  showed 
that  its  cause  was  a  quite  different  one.  In  fact  it  appears  to 
me  very  probable  that  in  the  copper  foil  only  a  Aery  slight 
difference  of  temperature  arises  from  the  absorption  of  the 
rays  emanating  from  the  gas-flame,  and  that  the  greater  part 
of  the  deflection  is  produced  by  the  absorption  in  the  glass 
case.  An  argument  in  favour  of  this  is  the  fact  that,  with 
equal  distance  of  the  source  of  heat,  the  deflection  was  almost 
exactly  the  same  on  lateral  irradiation  of  one  half  of  the  glass 
case  as  on  full  irradiation  of  the  apparatus  from  the  front. 
There  resulted,  namely,  when  the  gas-flame  was  at  305  mil- 
lim .  distance  from  the  vane,  a  deflection  of  the  index, 

On  lateral  irradiation,  of   .     .     .  23*5  millim. 
„    irradiation  from  the  front,  of  23*0       ,, 

The  force  produced  by  direct  absorption  in  copper  foil  ap- 
pears therefore  to  be  almost  exactly  equal  to  that  generated 
by  the  heating  of  the  back  part  of  the  glass  case. 

Just  as  with  the  mica  vane,  here  also  by  smoking  the  out- 
side of  the  hinder  half  of  the  glass  case  the  direction  of  the 
deflection  was  reversed — with  sunlight  directly,  with  the  gas- 
flame  by  employing  glass  plates.  Thereupon  the  Dutch- 
metal  lamina  was  smoked  on  one  side  over  an  oil-of-turpentine 
flame  and  again  put  into  the  apparatus. 

Irradiation  of  the  bright  side  with  sunlight  gave  a  very 
strong  positive  deflection,  in  which  the  bright  side  receded 
until  the  smoked  side  began  to  come  within  the  range  of  the 
radiation,  whereupon  a  violent  oscillation  X'esulted. 
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If  the  bright  side  "was  irradiated  by  the  flame  of  a  Bunsen 
burner,  a  positive  deflection  again  occurred,  ^vhich  varied 
between  100  and  200  scaie-divisions,  according  to  the  dis- 
tance and  size  of  the  flame. 

On  irradiating  the  smoked  side,  the  Dutch  metal  behaved 
(as  might  have  been  foreseen)  quite  similarly  to  the  mica  ; 
for  both  underAvent  a  strong  positive  deflection. 

The  motion  of  the  radiometer-vane  can  be  produced  not 
only  by  a  diflerence  in  the  substance  and  temperature  of  its  two. 
faces,  but  also  by  a  difference  in  the  shape,  and,  lastly,  by  a  dif- 
ference in  the  position  with  respect  to  the  glass  case.  Many 
experiments  have  been  made  with  curved  vanes,  especially 
by  Crookes*  and  Zollnert,  which,  however,  do  not  completely 
agree  with  each  other.  Yet  from  all  of  these  experiments  it 
follows  that  the  convex  face  corresponds  to  the  blackened  side  in 
ordinary  radiometers,  the  concave  face  to  the  bright  side.  Yery 
peculiar  were  the  results  found  by  Crookes  with  aluminium 
vanes  lampblacked,  some  on  one  and  others  on  both  sides;  for 
whenever  in  those  experiments  any  motion  was  generated,  on 
employing  a  luminous  source  of  heat  the  concave  side  went 
before,  even  when  both  sides  were  lampblacked  but  only  the 
concave  surface  was  irradiated.  The  perfect  equality  of  tem- 
perature of  both  sides,  assumed  by  Crookes  in  order  to  account 
for  this  phenomenon,  appears  to  me,  after  the  above-commu- 
nicated experiments  on  the  influence  of  the  heat-conduction, 
very  unlikely.  Crookes,  moreover,  on  Stokes's  proposal,  has 
made  an  experiment  with  a  radiometer  having  peculiarly  curved 
vanes,  which  shows  it  to  be  very  probable  that  the  rotation  is 
not  a  result  of  the  diflerence  of  form  of  the  two  sides  by 
itself,  but  much  rather  arises  from  their  difterent  position  to 
the  glass  case.  The  influence  of  the  position  of  the  vane  with 
respect  to  the  glass  appears  considerable  in  radiometers  with 
transparent  vanes  placed  obliquely ;  and  in  these  it  is  found 
that  the  side  which  is  nearest  to  the  glass  is  repelled  the  most 
strongly.  To  this  cause  is  certainly  to  be  referred  also  the 
phenomenon  remarked  by  CrookesJ,  that  a  radiometer-cross 
rotates  more  rapidly  in  a  small  than  in  a  large  vessel. 

The  Laws  of  Radiometer-motion. 

The  results  of  the  experiments  made  by  the  various  obser- 
vers with  radiometric  apparatus  cannot  at  once  be  comprised 
in   general   propositions   from  which  it  would  be  possible  to 

*  Proc.  Roy.  Soc.  xxv.  pp.  31 2-33 4 ;  Comptfs  Bendus,  Ixxxiii.  pp.  1289- 
1291 :  Kature,  xix.  p.  88 ;  Phil.  Trans.  1878,  pp.  294-302. 
t  Pogg.  A>u>.  clx.  pp.  IGO,  164,  &  lOo. 
X   Comptes  Rendus,  Ixxxiii.  p.  1233 ;  Proc.  Roy.  Soc.  xxv.  pp.  308, 309. 
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predict  with  certainty  the  course  of  each  phenomenon.  For, 
in  the  first  place,  in  most  of  the  experiments  such  different 
influences  operated  that  even  with  exact  knowledge  of  the 
laws  that  govern  each  one  of  them  it  would  be  difhcult  to  cal- 
culate the  result  of  their  cooperation;  and,  besides,  we  are 
still  far  from  being  able  to  state  numerically  the  properties  in 
question  of  the  different  parts  of  the  apparatus  (such  as  ab- 
sorptive capacity  for  the  precise  kind  of  radiation  employed, 
emissive  power,  internal  and  external  conductivity,  specific 
heat,  &c.);  and  much  less  still  do  we  know  of  the  laws  by 
which  the  action  in  the  apparatus  itself  of  those  various  pro- 
perties is  regulated. 

Nevertheless,  in  order  to  embrace  in  the  simplest  possible 
propositions  the  laws  of  radiometer-motion,  we  will  first  re- 
present to  ourselves  the  experimental  conditions  on  which  the 
occurrence  of  the  motion  is  dependent.  The  first  condition, 
which  makes  the  apparatus  (radiometer,  otheoscope,  or  tor- 
sion-apparatus) what  we  call  "  radiometric,"  is  that  the  gas 
enclosed  in  the  instrument  be  rarefied  beyond  the  neutral  point. 
Then  we  get  the  following  general  proposition  : — 

Forces  act  upon  the  movable  parts  of  a  radiometric  apparatus 
as  soon  as  the  eqiiilihrium  of  temperature  within  it  is  disturbed . 

A  more  particular  statement,  how  and  in  what  direction 
these  forces  act,  upon  what  their  magnitude  depends,  &c., 
cannot  at  present  be  made;  but  the  experiments  must  be  em- 
pirically combined  into  larger  classes;  and  thus  the  following 
rules  can  be  given: — 

(1)  A  plane  radiometer- vane  tends,  when  irradiated,  to 
recede  with  its  warmer  side. 

(2)  A  curved  vane  tends,  when  warmed,  to  recede  with  its 
convex  side. 

(o)  A  vane  suspended  over  against  a  warmed  surface  tends 
to  recede  from  it. 

By  these  propositions,  however,  little  is  gained,  unless  we 
can  bring  them  under  a  common  point  of  view  that  will  make 
the  process  intelligible  to  us  and  show  us  on  what  it  really 
depends. 

We  shall  arrive  at  such  a  point  of  view  if  we  consider  what 
process  in  radiometric  phenomena  is  precisely  that  with  which 
the  force  comes  in.  The  motion  arises  through  the  irradia- 
tion of  the  apparatus;  the  force  of  the  motion  must  therefore 
be  derived  from  the  force  of  the  radiation. 

If  now  we  investigate  the  successive  changes  produced  in 
the  apparatus  by  the  irradiation,  we  very  easily  come  to  per- 
ceive that  the  motion  of  the  vanes  can  only  be  brought  about 
by  heat  passing  from  the  vane  to  the  gas,  or  vice  versa.',  and, 
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in  fact,  all  the  theories  of  the  radiometer  which  rest  on  other 
foundations  have  very  soon  proved  themselves  inapplicable. 

If  we  consider  radiometer-motion  from  this  point  of  view, 
the  first  of  the  above  propositions  takes  the  form: — 

An  irradiated  plane  radiometer-vane  tends  to  recede  with 
that  side  which  gives  out  the  greatest  quantity  of  heat  to  the 

Since  it  is  difficult,  in  such  propositions,  to  take  into  account 
the  form  of  the  cooperating  bodies,  we  will  rather  fall  back 
upon  the  surface-elements,  and  say: — 

A  surface-element  which  ti-ansfers  heat  to  rarefied  air, 
tends  to  recede  with  a  force  increasing  with  the  intensity  of 
the  heat-current. 

We  are,  indeed,  in  a  position  to  state  the  law  according  to 
which  the  quantity  of  the  heat  given  out  increases.  For 
Crookes*  has  shown,  with  the  aid  of  a  very  sensitive  torsion- 
apparatus  in  which  a  lampblacked  pith  bar  served  as  the  irra- 
diated object,  that  when  the  apparatus  was  screened  as  much 
as  possible  from  radiation  outwards,  the  deflections  increased 
in  the  inverse  ratio  of  the  square  of  the  distance  of  the  source 
of  light  from  the  pith.  Now,  as  the  force  necessary  for  the 
torsion  of  the  Ihread  is  proportional  to  the  angle  of  torsion, 
the  force  produced  by  the  radiation  increases  likewise  in  that 
proportion.  The  intensity  of  the  radiation  incident  upon  each 
surface-element  of  the  pith  bar,  howe^'er,  increases  in  pre- 
cisely the  same  ratio,  if  the  dimensions  of  the  latter  may  be 
neglected  in  comparison  with  its  distance  from  the  source  of 
light.  Hence  the  quantity  of  heat  absorbed  by  each  element 
of  the  lampblack  surface,  and  consequently  the  rise  of  tempe- 
rature of  each  element,  increases  in  the  same  measure.  Now 
the  quantity  of  heat  given  up  to  the  surrounding  air  in  an 
element  of  time  by  an  element  of  surfiice  is  proportional  to  the 
difference  of  temperatures  between  the  lampblack  and  the  air; 
therefore  the  increase  of  the  heat-current  is  proportional  to 
the  increase  of  temperature  of  the  lampblack — that  is^  inversely 
proportional  to  the  square  of  the  distance  of  the  source  of 
light.  But,  as  we  have  shown  above,  the  force  acting  upon 
the  entire  pith  bar,  and  consequently  that  upon  each  element  of 
its  surface,  increases  in  the  same  jiroportion.  Now,  as  this 
force  vanishes  when  the  quantity  of  heat  transferred  is  nil,  it  is 
proportional  to  the  quantity  of  heat  given  out  by  the  element 
in  unit  time.     We  can  therefore  enunciate  the  })roposition : — 

An  element  of  surface  which  is  transferring  heat  to  the 
rarefied  air  tends  to  recede  with  a  force  that  is  pro})ortional 
to  the  intensity  of  the  heat-current. 

*  Phil.  Trans,  clxvi.  pt.  2. 


M.  E.  Pringsheiin  on  the  Radiometer.  121 

Here  the  question  iininediately  presses,  whether  a  similar 
force  will  notarise  at  an  element  of  the  surface  which,  instead 
of  givmg  heat  to  the  gas,  takes  heat  from  it.  This  question  is 
answered  by  proposition  3  (p.  119),  if  it  be  considered  from  the 
point  of  view  of  heat-conduction  which  we  have  gained  for  radio- 
meter-motion universally.  For  the  heat  which  is  given  out  to 
the  gas  by  the  first  warmed  surface  simply  escapes  from  the  gas 
again  at  the  surface  of  the  vane;  and  as  it  passes  to  the  vane  it 
imparts  to  it  a  receding  motion.  After  the  analogy  of  the 
above  procedure,  we  can  here  also  conclude  that  the  repellent 
force  is  proportional  to  the  quantity  of  heat  passing.  This 
agrees  also  with  the  experience  that  this  force  increases  with 
the  ditFerence  of  temperatures  between  the  heated  surface  and 
the  gas  and  with  the  approach  of  the  two  surfaces  to  one 
another.  We  can  therefore  extend  the  above  proposition  and 
say:— 

A  surface-element  at  which  heat  enters  or  leaves  the  rarefied 
air  undergoes  a  repulsion,  of  which  the  amount  is  proportional 
to  the  intensity  of  the  heat-current. 

In  this  proposition  are  contained  not  only  the  three  rules 
above  given,  but  all  the  propositions  that  can  be  enunciated 
on  radiometer-motion.  Thus,  from  it  is  directly  inferred,  as 
a  consequence,  the  influence  which  a  favourable  position  of 
the  vane  with  respect  to  the  glass  case  has  upon  the  motion. 
For  the  nearer  the  vane  confronts  the  glass,  the  more  quickly 
do  the  air-particles  give  up  their  heat  to  the  glass,  and  there- 
fore the  more  quickly  the  conduction  goes  on,  and  hence  the 
more  heat  is  withdrawn  from  the  vanes  in  the  unit  of  time. 
Since  Stokes,  as  already  mentioned  (p.  117),  traced  the  phe- 
nomena occurring  in  radiometers  with  curved  vanes  to  the 
favourable  position  of  the  convex  side  with  respect  to  the  glass 
case,  our  proposition  contains  also  rule  2  (p.  120). 

Theory  of  Radiometer-motion. 

Till  now  we  have  sought  to  fathom  the  laws  of  radiometer- 
motion  from  the  point  of  view  that  that  motion  is  generated 
by  the  passage  of  heat  between  a  surface  and  a  gas,  without 
forming  any  theoretical  notion  as  to  how  such  a  passage  of 
heat  is  capable  of  producing  the  motion.  Now  there  are  two 
quite  different  ways  of  explaining  this — namely,  the  theory  of 
air-currents,  and  those  theories  of  the  radiometer  which  rest 
upon  the  kinetic  theory  of  gases. 

The  view  that  the  motions  are  due  to  air-currents*  can 
hardly  be  justified;  for  as  the  analogous   phenomena  under 

*  Neesen,  Po^g.  Ann.  clvi.  pp.  144-1.56  (1875),  clx.  pp.  143-lo3  (1877). 
O.  E.  Meyer,  Kinetische  Theorie  der  Gase,  Bre.'^lau,  p.  154  (1877). 

FhiLMag.  S.  5.  Vol.  15.  No.  92.  Feb.  1883.  K 


122  M.  E.  Pringsheim  on  the  Badiometer. 

atmospheric  pressure  take  place  in  exactly  the  contrary  way 
to  the  motions  of  the  radiometer,  in  order  to  maintain  these 
theories  it  Avould  be  necessary  to  assume  that  in  rarefied  air 
the  currents  follow  quite  different  laws  from  those  governing 
them  under  the  ordinary  pressure.  At  the  most  one  might 
infer  these  laws  from  the  radiometer-motions,  jind  so  would 
fall  into  a  vicious  circle.  Moreover  it  is  indubitable  that 
air-currents  arise  in  radiometers  ;  but  these,  in  the  high 
rarefactions,  are  very  weak,  and  they  are  not  the  cause  of  the 
motion,  but  usually  counteract  it. 

Of  the  impossibility  of  finding  the  cause  of  the  motion  in 
air-currents  one  can  easily  be  convinced  by  a  very  simple  phe- 
nomenon which  I  have  had  occasion  to  observe.  A  radio- 
meter (or,  more  correctly,  an  otheoscope)  possessed  a  movable 
cross  with  four  mica  vanes  inserted  radially  and  inclined  about 
45°  to  the  plane  of  the  horizon,  which  were  lampblacked  on 
their  upper  side.  Immediately  over  this  cross  was  a  circular 
disk  of  mica,  easily  rotated  about  a  vertical  axis,  suspended 
horizontal.  Horizontally  incident  sunlight  produced  rotation 
of  the  cross  with  the  bright  side  preceding,  and  an  opposite 
rotation  of  the  disk. 

This  same  motion  continued  when  a  portion  of  the  cone  of 
light  was  cut  off  so  that  only  the  lampblacked  sides  of  the 
vanes  were  irradiated,  while  the  bright  sides  were  in  the  shade. 
When,  on  the  contrary,  the  lampblacked  sides  of  the  vanes 
were  shaded  and  the  bright  sides  irradiated,  the  motion  of  the 
cross  was  reversed,  so  that  now  the  blackened  sides  preceded. 
But  the  mica  disk  preserved  its  previous  direction  of  rota- 
tion; and  consequently  now  the  vanes  and  the  disk  rotated  in 
the  same  direction.  Now  it  is  certainly  inconceivable  that, 
in  consequence  of  the  change  of  the  illumination,  the  air- 
current  at  one  place  should  be  reversed  while  that  immediately 
above  it  has  the  same  direction  as  before. 

From  a  much  more  sure  foundation,  and  one  that  has  already 
by  manifold  experiments  been  rendered  almost  a  certainty,  do 
those  theories  start  which  rest  on  the  kinetic  theory  of  gases. 
The  thought  wliicli  is  common  to  all  these  theories  is  that  the 
"  vacuum  "  with  which  we  have  to  do  in  radiometers  is  not 
an  empty  space  at  all,  but  still  contains  an  enormous  number 
of  molecules  of  air.  If,  then,  these  molecules  meet  a  surface  of 
higher  temperature,  a  jiart  of  the  heat  contained  in  the  surface 
passes  to  the  gas-molecules;  these  become  warmer;  that  is, 
according  to  the  kinetic  theory,  they  rel)ound  with  greater 
velocity  than  they  approached.  According  to  the  law  of  the 
equality  of  action  and  reaction,  the  warmer  surface  must  suffer 
a  greater  repulsion  from  these  particles  retiring  with  accele- 
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rated  velocity  than  if  it  possessed  the  same  temperature  as  the 
surrounding  gas.  In  consequence  of  this  the  warmer  side  of 
the  radiometer-vane  is  exposed  to  a  greater  repulsion  or  pres- 
sure than  the  cooler  side,  and  therefore  moves  backwards. 
Just  so  these  warmed  gas-molecules  repel  a  surface  on  which 
they  impinge,  as  they  give  up  to  it  their  surplus  velocity. 

Moreover,  this  explanation  requires  our  proposition  on 
radiometer -motion  given  above  (p.  121)  to  be  somewhat  modi- 
fied, since  according  to  it  a  surface-element  always  undergoes 
repulsion,  even  when  it  has  the  same  temperature  as  the  gas. 
But  as  in  reality  a  surface  is  never  exposed  to  motion  by  the 
gas  without  its  back  side  being  likewise  in  the  rarefied  gas, 
the  moditication  is  in  practice  superfluous. 

We  have  not  yet  explained  how  it  is  that  the  motion  does 
not  commence  until  the  gas  has  reached  a  certain  degree  of 
rarefaction;  and  this  is  the  point  in  the  explanation  of  which 
the  different  theories  essentially  differ.  Of  all  these  theories, 
that  framed  by  Osborne  Reynolds,  communicated  and  adopted 
by  Schuster*,  seems  to  me  to  come  nearest  the  truth.  It 
rests  essentially  on  the  assumption  that  the  predominant 
motion  in  a  determined  direction  connnunicated  to  the  gas- 
molecules  by  the  passage  of  heat  from  a  "warmer  body  to  the 
gas  cannot  be  again  withdrawn  from  the  gas  by  the  collisions 
of  its  molecules,  but  is  only  withdrawn  when  the  motion 
passes  again  from  the  gas  to  a  solid  body.  Now,  at  the  places 
where  the  unilateral  motion  enters  and  leaves  the  gas  certain 
forces  become  operative. 

This  theory  agrees  perfectly  with  the  above-given  general 
law  of  radiometer-motion  ;  and  the  motion  which  appears  in 
the  solid  body  is  quite  simply  accounted  for  by  the  impact  of 
the  gas-particles  and  the  reaction  of  the  case.  That  at  the 
same  time  the  force  acting  upon  an  element  of  the  surface  is 
proportional  to  the  intensity  of  the  heat-current  follows  im- 
mediately from  our  assumption  if  it  be  presupposed  that  the 
rarefaction  is  so  great  that,  on  both  sides  of  the  vane,  each 
surface-element  is  struck  by  an  equal  number  of  molecules 
with  ihe  same  mean  velocity.  Let  the  number  be  n,  and  the 
component  perpendicular  to  the  surface-element,  of  the  mean 
velocity  of  the  impinging  molecules,  r;  then,  assuming  that 
one  side  of  the  vane  has  the  same  temperature  as  the  gas,  and 
putting  the  mass  of  a  molecule  =1,  the  quantity  of  motion 
communicated  to  the  surface-element  on  this  side  in  unit  time 
is  equal  to  2rn\  If  on  the  warmer  side  of  the  vane  the  mole- 
cules   rebound    with    the   mean    normal    velocity-component 

*  Nature,  xvii.  p   143  (1877). 
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r  +  Ar,  the  quantity  of  motion  here  communicated  to  the  sur- 
face-element in  the  unit  of  time  is  2n(i7  +  At');  therefore  the 
force  which  becomes  effective  is  2?iAv;  that  is,  proportional 
to  the  heat-motion  given  up  to  the  gas  by  the  surface-element. 

As  to  the  reversed  motion  at  higher  pressure,  this  is,  no 
doubt,  produced  by  the  air-currents  arising  on  the  warmer  side, 
which  become  weaker  and  weaker  as  the  rarefaction  increases, 
until  at  last,  at  the  neutral  point,  they  exactly  counterbalance 
the  contrary  force  of  the  air-molecules.  Since  these  air- 
currents  differ  in  streng-th  and  direction  accordino-  to  the  form 
of  the  surface  at  which  they  arise,  the  conductivity  of  the 
warm  substance,  the  shape  of  the  vessel,  &c.,  the  dependence 
of  the  position  of  the  neutral  point  on  all  these  is  thus 
accounted  for. 

The  complicated  phenomena  in  the  so-called  electrical  radio- 
meters cannot,  so  far  as  they  take  place  in  the  highest  rare- 
factions, well  be  regarded  as  analogous  heat-effects  upon  the 
air-molecules,  but  are  much  rather  conditioned  by  the  laws  of 
electrical  phenomena  in  highly  rarefied-air  spaces,  so  that 
their  investigation,  though  of  importance  for  the  explanation 
of  those  laws,  is  not  so  for  that  of  radiometer-motion. 

XVIII.  On  the  Graphic  Repref^entation  of  the  Laic  of  Ejjiciency 
of  an  Electric  Motor.  By  Professor  SiLVANUS  P.  Thompson*. 

(1)  "VTARIOUS  graphic  constructions  have  been  given  at 
»  different  times  to  represent  the  work  performed  by 
an  electric  motor  and  the  electric  energy  expended  upon  it.  The 
main  defect  of  those  hitherto  given  has  been  that  they  present 
these  quantities  in  such  a  manner  that  a  comparison  of  the 
two,  which  would  show  the  efficiency  of  working  of  the  motor, 
is  not  immediately  evident.  Moreover  it  has  not  been  possible 
hitherto  to  show  on  one  construction  both  the  law  of  maximum 
rate  of  working  and  the  law  of  efficiency.  The  following  con- 
struction makes  them  evident  to  the  eye.  Fig.  1. 

Let  the  vertical  line  AB  (fig.  1)  repre-   a      k  d 

sent  the  electromotive  force,  E,  of  the 
electric  supply  when  the  motor  is  at  rest, 
On  A  B  construct  a  square  A  B  C  D,  of 
which  the  diagonal  B  D  may  be  drawn, 
Now  measure  out  from  the  point  B,  along 
the  line  B  A,  the  counter  electromotive 
force  of  the  motor  c,  this  quantity  will  in- 
crease as  the  velocity  of  the  motor  increases,  •*  •-  0 
Let  e  attain  the  value  B  F.  Let  us  inquire  what  the  actual 
*  Communicattd  by  the  Physical  Society. 
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current  will  be,  and  what  the  energy  of  it ;  also  what  the  work 
done  by  the  motor  is. 

First  complete  the  construction  as  follows  : — Through  F 
draw  F  G  H  parallel  to  B  C,  and  through  G  draw  K  G  L 
parallel  to  A  B.  Then  the  actual  electromotive  force  at  work 
in  the  machine  producing  a  current  is  E  —  e,  which  may  be 
represented  by  any  of  the  lines  A  F,  K  G,  G  H,  or  L  C. 
Now  the  electric  energy  expended   per  second  is  EC  ;  and 

since  C=^',  E(E-,) 

and  the  work  absoi'bed  by  the  motor,  measured  electricaUy,  is 
ej^-e) 
211 

2R  being  a  constant,  the  values  of  the  tMO  may  be  written 
respectively 

E(E-e) 
and 

<E-e). 

Now  the  area  of  the  rectangle 

AFHD  =  E(E-«), 
and  that  of  the  rectangle 

GLCH  =  <E-g). 

The  ratio  of  these  iico  areas  on  the  diagram  is  the  efficiericy  of  a 
'perfect  nwtor,  vnder  the  condition  of  a  given  constant  electro- 
motive force  in  the  electric  supply. 

(2)  So  far  we  have  assumed  that  the  efficiency  of  a  motor 
(working  with  a  given  constant  external  electromotive  force) 
is  to  be  measured  electrically.  But  no  motor  actually  converts 
into  useful  mechanical  efiect  the  whole  of  the  electric  energy 
which  it  absorbs,  since  part  of  the  energy  is  wasted  in  friction 
and  part  in  wasteful  electromagnetic  reactions  between  the 
stationary  and  moving  parts  of  the  motor.  If,  however,  we 
consider  the  motor  to  be  a  p>erfect  engine  (devoid  of  friction, 
not  producing  wasteful  Foucault  currents,  running  without 
sound,  giving  no  sparks  at  the  collecting-brushes,  &c.),  and 
capable  of  turning  into  mechanical  effect  100  per  cent,  of  the 
electric  energy  which  it  absorbs,  then,  and  then  only,  may  we 
take  the  electrical  measure  of  the  work  of  the  motor  as  being 
a  true  measure  of  its  performance.  Such  a  "  perfect  "  elec- 
tric engine  would,  like  the  ideal  "perfect"  heat-engine  of 
Carnot,  be  perfectly  reversible.     In  Carnot's  heat-engine  it  is 
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supposed  that  the  whole  of  the  heat  actually  absorbed  in  the 
cycle  of  operations  is  converted  into  useful  work;  and  in  this 
case  the  efficiency  is  the  ratio  of  the  heat  absorbed  to  the  total 
heat  expended.  As  is  well  known,  this  efficienc}^  of  the  per- 
fect heat-engine  can  be  expressed  as  a  function  of  two  absolute 
temperatures,  namely  those  respectively  of  the  heater  and  of 
the  refrigerator  of  the  engine.  Carnot's  engine  is  also  ideally 
reversible  ;  that  is  to  say,  capable  of  reconverting  mechanical 
work  into  heat. 

The  mathematical  law  of  efficiency  of  a  perfect  electric 
engine  illustrated  in  the  above  construction  is  an  equally  ideal 
case.  And  the  efficiency  can  also  be  expressed,  when  the 
constants  of  the  case  are  given,  as  a  function  of  two  electro- 
motive forces.    We  shall  return  to  this  comparison  a  little  later. 

The  Laic  of  Maximum  Rate  of  Working  (Jacobi) . 

(3)  Let  us  next  consider  the  area  G  L  C  H  of  the  diagram 
(fig.  2),  which  represents  the  work  utilized  in  the  motor.  The 
value  of  this  area  will  vary  with  the  posi- 
tion of  the  point  G,  and  will  be  a  maximum 
when  G  is  midway  between  B  and  D ;  for 
of  all  rectangles  that  can  be  inscribed  in 
the  triangle  BCD,  the  square  will  have 
maximum  area  (fig.  2).  But  if  G  is 
midway  between  B  and  D,  the  rectangle 
G  L  C  H  will  be  exactly  half  the  area  of 
the  rectangle  AFHD;  or,  the  useful 
work  is  equal  to  half  the  energy  ex- 
pended.     When  this    is    the  case,   the 

counter  electromotive  force  reduces  the  current  to  half  the 
strength  it  would  have  if  the  motor  were  at  rest;  which  is 
Jacobi's  law  of  the  efficiency  of  a  motor  doing  work  at  its 
greatest  possible  rate. 

Law  of  Maximum  Efficiency. 

(4)  Again,  consider  these  two  rectangles  when  the  point  G 
moves  indefinitely  near  to  D  (fig.  3). 
We  know  from  common  geometry  that 
the  rectangle  G  L  0  H  is  equal  to  the 
rectangle  A  F  G  K.  The  area  (square) 
K  G  H  D,  which  is  the  excess  of  A  F  H  D 
over  A  F  G  K,  represents  therefore  the 
electric  energy  which  is  wasted  in  heat- 
ing the  resistances  of  the  motor.  That 
the  efficiency  should  be  a  maximum  the 
beat-waste  must  be  a  minimum.     The 
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ratio  of  the  areas  A  F  H  D  and  G  L  C  H,  which  represents  the 
efficiency,  can  therefore  only  become  equal  to  unity  when  the 
square  K  G  H  D  becomes  indefinitely  small — ^that  is,  when 
the  motor  runs  so  fast  that  its  counter  electromotive  force  e 
differs  from  E  by  an  indefinitely  small  quantity  only. 

Further,  it  is  clear  that  if  our  diagram  is  to  be  draw^n  to 
represent  any  given  efficiency  (for  example,  an  efficiency  of 
90  per  cent.),  then  the  point  G  must  be  taken  so  that  area 
G  L  C  H  =  ^Q  area  A  F  H  D  ;  or,  G  must  be  ^q  of  the  whole 
distance  along  from  B  towards  D.  This  involves  that  e  shall 
be  equal  to  -^q  of  E;  w^hich  expresses  geometrically  the  law^  of 
maximum  efficiency. 

It  is  strange  that  even  in  many  of  the  accepted  text-books 
this  law  is  ignored  or  misunderstood.  It  is  indeed  frequent 
to  find  Jacobi's  law  of  maximum  rate  of  working  stated  as  the 
law  of  efficiency.  Yet  as  a  mathematical  expression  the  law 
has  been  known  for  many  years.  It  is  implicitly  contained 
in  more  than  one  of  the  memoirs  of  Joule  ;  it  is  implied  also 
in  more  than  one  passage  of  the  memoirs  of  Jacobi*;  it  exists 

*  Jacobi  seems  very  clearly  to  have  understood  that  his  law  was  a  law 
of  maxioaiim  working,  but  not  to  have  understood  that  it  was  not  a  law 
ot"  true  economical  efficiency.  In  one  passage  {Annates  de  Chimie  et  de 
Physique,  t.  xxxiv.  (1852)  p.  4S0)  he  says  : — "  Le  travail  mecanique  maxi- 
muru,  ou plutOt  Veffet  economique,  n'est  uullement  complique  avec  ce  que 
M.  Miiller  appelle  les  circonstauces  specitiques  des  moteui's  electromag- 
neriques."  let,  though  here  there  is  apparently  a  confusion  between  the 
two  very  different  laws,  in  a  preceding  part  of  the  very  same  memoir 
Jacobi  says  (p.  4(j6)  : — "En  divisant  la  quautite  de  travail  par  la  depense 
(de  zinc),  on  obtient  ime  expression  tres-importante  dans  la  mecanique 
iudustrielle  :  c'est  I'etfet  economique,  oii  ce  que  les  Anglais  appellent 
dutyy  Here,  again,  is  a  singular  confusion.  The  definition  is  perfect;  but 
'•  ett'et  economique  "  is  not  the  same  thing  as  the  maximum  power. 
Jacobi's  law  is  not  a  law  of  maximum  efficiency,  but  a  law  of  maximum 
power ;  and  that  is  where  the  error  creeps  in.  It  is  significant,  in  suggesting 
the  cause  of  this  remarkable  conflict  of  ideas,  that  throuirhout  this  memoir 
Jacobi  speaks  of  joork  as  being  the  product  of  force  and  velocity,  not  of 
force  and  displacement.  The  same  mistake — common  enough  amongst 
continental  writers — is  to  be  found  in  the  accounts  of  Jacobi's  law  given 
in  Verdet's  Theorie  mecanique  de  la  Chaleur^  in  Miiller's  LehrbucJi  der 
Pht/sik,  and  even  in  Wiedemann's  Galvanismus.  Now  the  product  of 
force  and  velocity  is  not  work,  but  work  divided  by  time — that  is  to  sav, 
rate-of-workiug,  or  "power."  This  may  account  for  the  widely-spread 
fallacy.  Jacobi  makes  another  curious  slip  in  the  memoir  above  alluded 
to  (p.  463),  by  supposing  that  the  strength  of  the  current  can  only 
become  =0  when  the  motor  runs  at  an  injinite  speed.  We  all  know  now 
that  the  current  will  by  reduced  to  zero  when  the  counter  electromotive 
force  of  the  motor  equals  that  of  the  external  supply;  and  if  this  is  finite, 
the  velocity  of  the  motor,  if  there  is  independent  magnetism  in  its  magnets, 
need  also  only  be  finite.  This  error — also  to  be  found  in  Verdet — seems 
to  have  thrown  the  latter  off"  the  track  of  the  true  law  of  efficiency,  and 
to  have  made  him  fall  back  on  Jacobi's  law. 
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in  the  The'orie  Mecanique  de  la  Chaleur  of  Verdet*.  Yet  it 
remained  a  mere  mathematical  abstraction  until  its  significance 
•was  pointed  out  three  or  four  years  ago  by  Siemens. 

(5)  Further,  if  the  motor  be  not  a  "  perfect "  one,  but  one 
whose  intrinsic   efficiency,  or  efficiency  per  se,  is  known,  the 
actual  mechanical  work  performed  by  the  motor  can  be  repre- 
sented on  the  diagram  by  simply  retrenching   fi-om  the  rect- 
anole  G  L  C  H  the  fraction  of  work  lost  in  friction  &c.     Simi- 
larly, in  the  case  where  the  electric  energy  expended    has 
been  generated  in  a  dynamo-electric  machine  Avhose  intrinsic 
efficiency  is  known,  the  total  mechanical  work  expended  can 
be  represented  by  adding  on  to  the  area  A  F  H  D  the  propor- 
tion spent  on  useless  friction  &c.     To  make  the  diagram  still 
more  expressive,  we  may  divide  the  area  K  G  H  D  into  slices 
proportional  to  the  several  resistances  of  the  circuit ;  and  the 
areas  of  these  several  slices  will  represent  the  heat  wasted  in 
the  respective  parts  of  the  circuit.     These  points  are  exempli- 
fied in  fig.  4,  which  represents  the  transmission   of  power 
between  two  dynamos,  each  supposed  to  have  an  intrinsic  effi- 
ciency of   80   per   cent.,  each  having  500  ohms  resistance, 
working  through  a  line  of  1000  ohms  resistance,  the  electro- 
motive force  of  the  machine  used  as  generator  being  2400 
volts,  and  the  counter  electromotive  force  of  the  machine  used 
as  motor  being  1600  volts. 

The    entire    upper    area    repre- 
sents   the    total    mechanical    woi*k 
expended.     Call  this    100,   and   it      j 
is  expended   as   follows  : — a  =  20,         ^ 
lost  by  friction  &c.  in  the  generator:       ' — 
6  =  6f,   lost  in  heating   generator; 
c=  13^,  lost  in  heating  line-wires; 
f/=z6f,     lost    in    heating    motor; 
^=10f,    lost     in     friction    in    the 
motor;  w'  =  42f  is  the  percentage 
realized  as  useful  mechanical  work. 

(6)  The  advantage  derived  in  the  case  of  the  electric  trans- 
mission of  power  from  the  employment  of  very  high  electro- 
motive forces  in  the  two  machines  is  also  deducible  from  the 
diagram. 

Let  fig.  3,  given  above,  be  taken  as  representing  the  case 
where  E  is  100  volts  and  e  80  volts.  Kow  suppose  the  resists 
ances  of  the  circuit  to  remain  the  same  while  E  is  increased  to 
200  volts  and  e  io  180  volts.  (This  can  be  accomplished  by 
increasing  the  speed  of  both  machines  to  the  requisite  degrees.) 
E— eis  still  20  volts,  and  the  current  will  be  the  same  as 
before.  Fig.  5  represents  this  state  of  things.  The  square 
*   Verdet,  (Euvres,  t.  ix.  p.  174. 
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K  G  H  D  which  repre-  jrio-.  5. 

sents  the  heat-waste  is 

the  same  size  as  before; 

but  the  energy  spent  is 

twice  as  great,  and  the 

useful    work    done    is 

more    than     twice    as 

great     as     previously. 

High        electromotive 

force  therefore  means 

not     only    a     greater 

quantity      of      power 

transmitted,       but      a 

higher      efficiency     of 

transmission  also.    The 

efficiency  of  the  system 

in    the  case  of  fig.  3     ^  l       c 

was  80  per  cent;  in  the  case  of  fig.  5  it  is  90  (the  dynamos 

used  being  supposed  "perfect");  and  whilst  double  energy  is 

expended,  the  useful  return  has  risen  in  the  ratio  of  9  to  4. 

(7)  So  far  it  has  been  supposed  that  the  resistance  of  the 
system  is  a  constant  quantity.  But  it  is  possible  to  construct 
diagrams  in  which  changes  of  resistance  are  taken  into 
account.  All  that  is  necessary  is  to  vary  the  scale  of  the 
diagram,  the  linear  unit  of  scale  being  chosen  inversely  pro- 
portional to  the  square  root  of  the  total  resistance.  This  will 
make  the  areas  of  the  diagrams  inversely  proportional  to  the 
resistances  in  the  different  cases,  as  required  by  the  law  that 

the  energy  of  the  current  is  proportional  to  w. 

An  example  in  which  this  rule  is  applied  is  the  following. 
It  can  be  shown  that  the  power  transmitted  and  efficiency  of  a 
transmitting  system  are  increased  by  doubling  the  number  of 
coils  in  the  armatures  of  the  machines.  This  is  not  at  first  sight 
self-evident;  for  though,  cceteris  paribtis,  this  doubles  the  elec- 
tromotive force  of  the  machines,  it  also  doubles  their  resistances. 
Let  fio-.  6  be  the  diagram  for  a  trans- 
mitting  system,  where  g  =  |E,  and 
in  which  these  values  ai'e  both  going 
to  be  doubled  by  doubling  the  num-  so 
ber  of  armature-coils.  There  are 
two  cases  to  consider: — (a)  first, 
where  the  line-resistance  is  very 
small  compared  with  that  of  the 
two  machines;  (b)  second,  where 
the  line-resistance  is  very  large 
compared  with  that  of  the  two  machines. 


Fig.  6. 


Fi£r.  7. 


130     Prof.  S.  P.  Thompson  on  the  Graphic  Representation 

{(i)  In  the  former  case,  where  we  neglect  the  resistance  of 
the  line,  we  must  draw  a  diagram  diminishing  the  linear  unit 

of  scale  to  --^  of  its  value.     But  as  on  this  scale  we  are  going 

to  represent  doubled  electromotive  forces,  the  actual  figure 
will  have  to  be  ^2  times  as  large  as  fig.  6.  Draw,  then,  the 
fig.  7,  taking  as  side  of  the 
square  a  line  equal  to  the  dia- 
gonal of  fig.  6,  and  we  obtain 
a  diagram  in  which,  while  the 
efficiency  is  the  same  as  before, 
the  actual  quantity  of  work 
eSfected  in  unit  time  is  doubled. 
For  the  areas  representing  re- 
spectively energy  expended,  work 
done,  and  heat-waste  are  in  fig.  7 
double  of  those  in  fig.  6.  But 
no  such  case  can  occur  in  prac- 
tice, as  the  line  must  have  some  resistance.  Then  doubling 
the  number  of  coils  of  the  machines  will  not  cut  down  the  scale 
so  greatly  as  we  have  supposed;  and  the  work  transmitted  will 
be  more  than  doubled.  Further,  if  the  number  of  coils  on  the 
machine  used  as  motor  be  a  little  more  than  doubled,  a  higher 
efficiency  will  be  attained;  since  then  the  area  of  the  square 
K  G  H  D  will  be  further  diminished,  while  the  scale  on  which 
the  diagram  is  drawn  will  only  be  very  slightly  diminished. 
If  diminished,  as  shown  by  the  dotted  lines,  so  that  g— E  has 
the  same  value  as  before,  the  efficiency  will  be  a  little  less  than 
doubled,  the  power  transmitted  remaining  as  at  first. 

{h)  If  the  case  where 
the  line-resistance  is  very  goo 
great  as  compared  with 
the  resistances  of  the 
machines  be  taken,  we  ico 
find  that  doubling  the 
number  of  the  coils  of 
the  two  machines  will 
double  their  respective 
electromotive  forces, 
without  altering  appre- 
ciably the  total  resistance 
or  the  scale  of  the  dia- 
gram. To  represent  this 
change  relatively  to  fig. 
6,  we   nmst  reconstruct 


Fi?.  8. 


that  figure,  doubling  its  linear  dimensions  each  wav 


as  in 


fiff.  8. 


of  tlie  Law  of  Efficiency  of  an  Electric  Motor.  131 

It  is  at  once  evident  that  the  power  transinitteJ  is  increased 
fourfold,  while  the  efficiency  remains  the  same.  If  we  increase 
the  number  of  coils,  as  before,  on  the  machine  at  the  receiving 
end  of  the  line  so  as  to  bring  up  the  difference  E— g  to  the 
value  it  had  in  fio;.  6,  the  scale  of  the  diao^ram  will  still  be 
unaltered;  the  power  transmitted  will  be  now  only  double 
instead  of  quadruple;  but  the  efficiency  will  thereby  be  more 
than  doubled,  the  heat-waste  being  the  same,  and  the  energy 
utilized  more  than  twice  as  great.  High  electromotive  force 
is  therefore  advantageous  in  both  cases,  especially  in  the  case 
of  a  great  resistance  in  the  line. 

(8)  It  only  remains  to  point  out  a  curious  contrast  that 
presents  itself  between  the  efficiency  of  a  perfect  heat-engine 
and  that  of  a  perfect  electric  engine.  We  saw  (§  2)  that  the 
one  could  be  expressed  as  a  function  of  two  temperatures, 
whilst  the  other  could  be  expressed  as  a  function  of  two  elec- 
tromotive forces.  But  in  the  heat-engine  the  efficiency  is  the 
greatest  when  the  difference  between  the  two  temperatures  is 
a  maximum;  whilst  in  the  electric  engine  the  efficiency  is  the 
greatest  when  the  difference  between  the  two  electromotive 
forces  is  a  minimum.  The  two  cases  are  contrasted  in  figs.  U  and 
10,  fig.  9  showing 
the  efficiency  of  a 
heat-engine  Avork- 
ing  between  tem- 
peratures T  and  t 
(reckoned  from  ab- 
solute zero)  ;  whilst 
fig.  10  shows  the 
etficiency  of  an 
electiic  engine  re- 
ceiving current  at 
an  electromotive 
force E,  its  counter  0  ^ 

electromotive  force  being  e.  Joule's  remark,  here  illustrated, 
that^  an  electric  engine  may  be  readily  made  to  be  a  far  more 
efficient  engine  than  any  steam-engine,  is  amply  justified  by 
all  experience.  _  But  in  spite  of  this  tact,  electric  engines  are, 
as  yet,  dearer  in  practice  than  heat-engines,  simply  because 
energy  in  the  form  of  electric  currents  supplied  at  a  high 
potential  is,  as  yet,  much  more  costly  to  produce  than  energy 
in  the  form  of  heat  supplied  at  a  high  temperature. 
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XIX.    On  the  Change  in  the  Double  Refraction  of  Quartz  pro- 
duced by  Electric  Forces.     By  Prof.  W.  C.  I{6^;tgen*. 

IT  is  well  known  that  Sir  W.  Thomson  has  endeavoured  to 
explain  pyroelectric  phenomena  by  assuming  that  the 
interior  of  pyroelectric  crystals  is  constantly  in  a  condition  of 
electric  polarization  ;  the  external  action  of  this  polarization 
is  neutralized  by  a  constant  electric  charge  of  the  surface, 
so  long  as  the  polarization  remains  unaltered.  Changes  in  the 
temperature  of  the  crystals  alter  this  condition;  and  the  pyro- 
electric phenomena  observed  are  the  consequence  of  this 
change. 

This  view  is  supported  by  the  phenomena  recently  observed 
by  Messrs.  J.  and  P.  Curie f,  confirmed  by  Hankel  %,  and  dis- 
tinguished as  2^^^^oelectric,  as  well  as  by  the  experiments 
made  by  J.  and  P.  Curie  §  on  the  changes  of  form  produced 
by  electricity  in  pyroelectric  crystals ;  at  least  these  pheno- 
mena are  naturally  explained  by  the  hypothesis  in  question. 

I  will  not  now  dwell  upon  the  difficulties  which,  in  my 
opinion,  militate  against  the  acceptance  of  this  hypothesis,  but 
will  simply  explain  how  this  view  induced  me  to  make  the  ex- 
periments here  described,  the  results  of  which  are  certainly  in 
themselves  worthy  of  attention.  The  consideration  from  which 
I  started  was  the  following  : — If  an  electric  polarization  were 
constantly  present  in  a  pyroelectric  crystal  in  definite  direc- 
tions, and  if  it  is  allowable  to  conclude  from  the  recently  dis- 
covered effects  of  statical  electricity  on  the  optical  properties 
of  singly-refracting  media  that  not  only  the  polarization  pro- 
duced by  external  electric  forces,  but  also  any  natural  polari- 
zation already  existing,  would  exert  an  influence  on  the 
vibrations  of  light  transmitted  through  the  crystal,  then  the 
optical  properties  of  a  pyroelectric  crystal  would  be  affected 
in  different  ways,  according  as  the  natural  polarization  was 
weakened  or  strengthened  by  the  action  of  external  electric 
forces. 

Taking  a  quartz  crystal  as  example,  the  result  of  piezo- 
electric experiments  with  it  may  be  described  as  follows,  at 
least  for  normal  crystals  of  simple  formation: — A  section  of 
the  crystal  at  right  angles  to  the  principal  axis  may  be  divided 
by  three  straight  lines  intersecting  each  other  in  any  point 

*  Translated  from  a  separate  impression  from  the  Berichte  der  Oberh. 
Ges.  fiir.  Natur-  und  Heilkiinde,  communicated  by  the  Author. 

t  Comjjt.  Rend.  xci.  pp.  294,  383  (1880) ;  xcii.  pp.  186,  350 ;  xciii. 
p.  204  (1881). 

X  Abhundl.  der  kon.  sdchsT  GeseUschaft .  vol.  xii.  p.  459  (1881). 

§    Conijjt.  lietid.  xciii.  p.  1137  (1881). 
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at  angles  of  60°,  into  six  fields,  which  possess  the  following 
properties  : — A  pressure  exerted  upon  the  crystal  in  any 
direction  through  the  point,  or  in  any  parallel  direction, 
causes  the  crystal  to  become  electrified  at  the  two  points  of 
pressure,  the  one  becoming  positive,  the  other  negative.  If 
we  change  from  one  direction  of  pressure  to  another  lying 
in  an  adjacent  field,  the  sign  of  the  electricity  at  the  points  of 
pressure  changes  whenever  the  direction  of  pressure  crosses 
the  boundary  between  adjacent  fields. 

Hence  it  follows  that  a  pressure  exerted  in  the  direction  of 
one  of  the  three  lines  mentioned  can  produce  no  piezoelec- 
tricity ;  on  this  account  I  propose  to  call  these  three  direc- 
tions the  axes  of  no  piezoelectricity.  In  the  three  directions 
bisecting  the  angles  between  these  axes,  there  must  be  a 
maximum  of  piezoelectricity  produced  ;  these  directions  may 
therefore  be  called  the  axes  of  maximum  piezoelectricity. 
They  coincide  more  or  less  exactly  with  the  so-called  secondary 
axes,  the  lines  joining  the  two  opposite  edges  of  the  quartz 
crystal.  I  am  not  yet  able  to  decide  whether  or  not  they 
coincide  exactly,  since  the  experiments  which  I  have  made 
to  test  the  point  are  not  sufficiently  numerous  ;  with  some 
crystals,  however,  it  seems  to  be  really  the  case.  If  this 
were  so,  the  axes  of  no  piezoelectricity  would  have  the  same 
direction  as  the  intermediate  axes  of  the  quartz. 

Let  us  suppose  that  the  three  axes  of  maximum  piezo- 
electricity give  the  three  directions  of  the  natural  polariza- 
tion :  if  we  consider  the  ends  of  each  axis  as  positive  or 
negative,  corresponding  to  the  natural  distribution  of  elec- 
tricity in  the  interior,  then  these  ends,  if  we  follow  them 
round  in  order,  must  be  alternately  positive  and  negative. 
The  electricity  produced  by  pressure  is  correspondingly  posi- 
tive or  negative ;  and  this  holds  good,  as  already  remarked, 
for  the  whole  field  in  which  any  axis  lies. 

If  now  a  piece  of  quartz  be  so  exposed  to  the  inductive 
action  of  static  electricity,  that  at  any  place  the  lines  of 
force  run  at  right  angles  to  the  principal  axis,  and  at  the 
same  time  do  not  run  in  the  direction  of  an  axis  of  no  piezo- 
electricity, these  forces  will  produce  an  increase  or  decrease 
of  the  natural  polarization  at  this  place,  and  with  it,  in  accor- 
dance with  the  hypothesis  stated  at  the  outset,  we  shall 
have  an  increase  or  a  decrease  of  the  natural  double  refraction 
of  rays  which  traverse  the  crystal  at  right  angles  to  the  prin- 
cipal axis  and  to  the  lines  of  force.  The  occurrence  of  the 
one  case  or  of  the  other  will  depend  wholly  upon  which  of  the 
three  pairs  of  opposite  fields  the  direction  of  the  lines  of 
force  lies  in,  and  in  what  direction  they  traverse  it.     There 
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would  be  no  change  of  the  natural  double  refraction  to  be 
observed  under  the  conditions  assumed,  if  the  lines  of  force 
run  in  the  direction  of  one  of  the  three  axes  of  no  piezo- 
electricity. 

These  conclusions,  that  the  double  refraction  of  the  quartz 
may  be  increased  or  diminished  at  pleasure  by  the  action  of 
statical  electricity,  and  that  under  certain  defined  conditions 
the  double  refraction  is  incapable  of  any  such  change,  have 
been  found  to  be  confirmed  by  experiment. 


The  preliminary  experiments  were  made  Avith  two  rect- 
angular parallelepipeds  of  pure  Brazilian  quartz,  in  which 
optical  experiment  showed  no  deformation.  The  pieces  of 
quartz,  which  were  obtained  from  Messrs.  Steeg  and  Reuter, 
were  2'0  centim.  long,  and  were  made  exactly  of  a  uniform 
width  and  breadth  of  1"2  centim.  According  to  my  instruc- 
tions, the  longest  axis  of  the  parallelepipeds  should  have 
coincided  with  a  secondary  axis  ;  but,  owing  to  a  misunder- 
standing on  the  part  of  the  workman,  little  weight  was 
attached  to  this  condition.  Subsequent  inquiries,  as  well  as 
determinations  made  by  means  of  Leydolt's*  etched  figures, 
showed  that  in  both  pieces  this  direction  deviated  but  little 
from  that  of  a  secondary  axis.  It  may  further  be  remarked 
that  it  is  suflScient  for  the  investigations  in  hand  that  the 
direction  of  length  should  not  coincide  with  an  axis  of  no 
piezoelectricity  :  the  piezoelectric  experiments  have  shown 
that  this  was  the  case.  Tavo  of  the  lateral  surfaces  are 
exactly  at  right  angles  to  the  principal  axis  ;  and  the  other 
two  lateral  surfaces  are  therefore  strictly  parallel  to  the  prin- 
cipal axis  and  nearly  parallel  to  a  secondary  axis. 

Each  piece  had  a  perforation  in  the  direction  of  its 
length  of  about  0'2  centim.  width,  starting  from  the  centre 
of  the  end  faces ;  the  coaxial  perforations  do  not  quite  reach 
each  other  in  the  middle  of  the  crystal,  but  leave  a  thickness 
of  0"2  centim.,  which  forms  the  portion  of  the  crystal  whose 
electro-optical  properties  are  to  be  investigated. 

Both  crystals  were  examined  ;  but  in  each  experiment  only 
one  crystal  was  placed  in  the  electric  field  ;  the  other  was  used 
to  compensate  the  natural  double  refraction  of  the  first  :  for 
this  purpose  the  pieces  were  cemented  together  with  a  little 
isinglass,  so  as  to  have  their  principal  axes  at  right  angles  to 
each  other.  Light  polarized  in  a  plane  making  an  angle  of 
45°  with  the   principal   axes   traversed    the   crystal   at  right 

*  Berichte  der  Wicnei-  Akademie,  vol.  xv.  p.  59  (1855). 
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angles  to  the  plane  containing  the  principal  axis  and  a 
secondary  axis  of  one  of  the  crystals,  and  consequently  at 
right  angles  to  two  lateral  surfaces. 

When  placed  between  crossed  Nicols,  the  centre  of  the 
field  of  view  (that  is,  the  place  betAveen  the  perforations)  was 
nearly  uniformly  dark  (employing  sodium-light,  the  intensity 
of  which  was  quite  sufficient  for  these  experiments),  not  re- 
garding certain  small  irregularities,  probably  resulting  from 
pressure  during  boring.  Brass  wires  of  about  O'locentim. 
thickness,  with  well-i'ounded  ends,  were  placed  in  the  two 
perforations  of  the  crystal  under  examination,  which  were  so 
connected  with  the  electrodes  of  a  Holtz  machine  as  to  admit 
of  rapid  reversal  of  the  connexions.  The  difference  of  po- 
tential between  the  two  electrodes  could  be  varied  at  pleasure 
and  continuously,  whilst  the  machine  was  rotated  with  uni- 
form velocity  by  means  of  a  secondary  connexion  containino- 
a  variable  air-resistance.  This  method,  which  I  have  em- 
ployed for  some  time,  consists  in  connecting  one  electrode 
with  an  insulated  sharp  point,  the  other  with  an  insulated 
metal  plate.  The  point  and  plate  are  opposed  to  each  other ; 
and  their  distance  apart  can  be  altered  at  pleasure  ;  the 
further  they  are  apart  the  greater  is  the  resistance  of  air  for 
the  dark  discharge,  and  the  greater  therefore  is  the  difference 
of  potential. 

In  order  to  avoid  the  undesirable  passage  of  sparks  between 
the  wires  within  the  crystal,  which  is  liable  to  occur  when 
the  difference  of  potential  becomes  too  great,  the  crystal 
was  placed  in  a  small  flask  filled  with  sulphide  of  carbon,  and 
in  the  later  experiments  with  benzol  ;  the  polarized  light 
entered  one  side  at  right  angles  where  the  flask  was  perfo- 
rated, and  the  opening  closed  b\"  a  piece  of  plate-glass,  and 
passed  out  at  the  opposite  side,  which  was  perforated  in  a 
similar  manner. 

For  the  purpose  of  control  I  have  also  examined  the  pieces 
of  quartz  in  air,  and  have  observed  in  all  essential  points  the 
same  behaviour  as  when  they  were  immersed  in  sulphide  of 
carbon  or  in  benzol. 

The  direction  of  the  secondary  axis,  the  axis,  of  length  of 
the  crystal  examined  for  electro-optical  eft'ect,  was  placed 
vertical  ;  the  direction  of  the  lines  of  force  in  the  middle  of 
the  crystal  was  therefore  vertical  ;  and  the  principal  plane  of 
the  Nicol  consequently  made  angles  of  45^  with  these  lines 
of  force  (the  arrangement  previously  designated  "  Position  I." 
of  the  Nicol*). 

*  Compare  Ber.    d.   Ob.  Ges.  vol.    xix.   p.   1   (1880j ;    Wied.  Annal. 
vol.  X.  p.  77  (1880). 
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To  distinguish  the  pieces  of  quartz  from  each  other  they 
may  be  called  "  Crystal  I."  and  '^  Crystal  II."  ;  one  eud  face 
of  each  is  marked,  and  in  what  follows  is  called  "  the  marked 
end.^' 

The  action  which  the  electricity  exerts  upon  the  light 
passing  through  the  crj^stal  was  compared  with  the  action 
which  was  caused  by  the  compression,  in  a  vertical  or  hori- 
zontal direction,  of  a  piece  of  glass  inserted  between  the 
analyzer  and  crystal.  If  we  have  noted,  for  example,  as 
follows, 

"  Below  + ,  above  — ;    the    same  action   as  vertical  com- 
pression,^' 

it  is  to  be  understood  that  charging  the  ends  of  the  secondary 
axis  below  with  positive  and  above  with  negative  electricity 
produced  the  same  optical  change  in  the  centre  of  the  field 
of  view  as  a  compression  of  the  plate  of  glass  in  a  vertical 
direction. 

Experiment  I.  Crystal  I.,  marked  end  at  the  bottom. 

Below  + ,  above  — ;  same  action  as  vertical  compression. 
Below  — ,  above  + ;  ,,  horizontal  „ 

Experiment  II.  Crystal  I.,  marked  end  at  the  top. 

Below  +,  above  — ;  same  action  as  horizontal  compression. 
Below  — ,  above  + ;  „  vertical  „ 

Experiment  III.  Crystal  I.,  marked  end  above. 

(a)  The  centre  of  the  field  of  view  was  made  somewhat 
darker  by  vertical  compression  of  the  glass  plate,  then,  while 
the  glass  plate  remained  compressed,  "  Below  + ,  above  —  " 
caused  an  increase  of  brightness.  This  action  could  be  com- 
pensated by  stronger  compression  in  a  vertical  direction. 

(h)  By  vertical  compression  of  the  glass  plate  the  centre 
of  the  field  of  view  was  again  rendered  darker;  "  Below  — , 
above  +  "  again  rendered  the  field  of  view  brighter;  but  this 
brightening  was  not  now  compensated,  but  rather  increased 
by  stronger  compression  in  the  vertical  direction. 

Experiment  IV.  (after  the  crystals  had  been  cemented 
together  in  the  opposite  way).  Crystal  II.,  marked  end  at 
the  top. 

Below  + ,  above  — ;  same  action  as  horizontal  compression. 

Below — ,  above  +;  „  vertical  „ 

Experiment  V. — In  the  above  experiments  the  quartz  was 
surrounded  by  sulphide  of  carbon  ;  in  the  following  ones  it 
was  surrounded  by  air. 
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Crystal  I.,  marked  end  at  the  top. 
Below  + ,  above  — ;  same  effect  as  horizontal  compression. 
Below  — ,  above  + ;  „  vertical  „ 

Experiment  VI.     Crystal  11.,  marked  end  at  the  top. 

Below  + ,  above  — ;  same  effect  as  Jwrizontal  compression. 
Below —,  above  +;  „  vertical  „ 

The  experiments  were  repeated  at  very  different  times  and 
under  varied  conditions  :  thus  in  the  later  experiments  there 
was  often  only  one  crystal  in  the  flask  filled  with  benzol,  the 
other,  which  served  as  compensator,  being  surrounded  by  air ; 
sometimes  plates  of  mica  or  other  pieces  of  quartz  were  chosen 
as  compensator  ;  but  the  same  results  described  above  were 
always  obtained,  and  never  any  thing  different. 

It  is  well  known  that  a  compressed  glass  plate  behaves 
optically  as  a  negative  crystal  the  principal  axis  of  which 
coincides  with  the  direction  of  compression.  Since  quartz  is 
a  positive  crystal,  the  results  obtained  above  may  be  expressed 
by  saying  that  the  double  refraction  of  the  pieces  of  quartz 
examined  increased  when  the  marked  end  of  the  secondary 
axis  was  charged  with  positive  electricity  and  the  unmarked 
end  with  negative,  and  that,  on  the  contrary,  the  double 
refraction  diminishes  when  the  marked  end  of  the  axis  is 
negative  and  the  unmarked  end  positive. 

It  was  now  further  examined  how  these  ends  behave  in 
piezoelectric  relationship.  The  experiment  was  made  by 
covering  the  end  faces  of  the  crystal  with  tinfoil  and  com- 
pressing it  in  a  screw-press  between  plates  of  ebonite  in  the 
direction  of  its  length :  the  one  strip  of  tinfoil  was  connected 
with  a  delicate  Fechuer's  goldleaf  electroscope,  capable  of 
indicating  the  charge  of  the  insulated  pole  of  a  Daniell's 
element  by  a  marked  deflection,  the  other  was  connected  with 
earth. 

The  experiment  frequently  i-epeated  gave  uniformly  the 
same  result,  that  the  marked  end  of  the  secondary  axis  of 
both  pieces  of  quartz  became  negatively  electrified  upon  in- 
crease of  pressure,  and  positively  electrified  upon  decrease  of 
pressure  ;  the  unmarked  end  became  respectively  positively 
or  negatively  electrified. 

We  may  therefore  express  the  result  of  the  electro-optical 
investigation  thus  :  The  double  refraction  of  quartz  increases 
if  positive  electricity  is  communicated  to  that  end  of  a  secon- 
dary axis  which,  upon  increase  of  pressure  acting  in  the 
direction  of  this  secondary  axis,  becomes  negatively  electrified, 
and  if  at  the  same  time  negative  electrity  is  communicated 
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to  the  other  end.  The  double  refraction  diminishes,  on  the 
other  hand,  when  the  distribution  of  the  communicated  elec- 
tricities is  the  opposite. 

If  we  adopt  the  view  that  a  piezoelectric  crystal  is  in  a 
condition  of  electric  polarization,  whose  direction,  in  the 
particular  case  of  quartz,  seems  to  coincide  with  the  direction 
of  a  secondary  axis,  and  that  the  observed  piezoelectricity  is 
a  consequence  of  the  change  of  polarization  produced  by 
pressure,  then  simple  reasoning  shows  that  the  end  which 
becomes  negative  upon  increase  of  pressure  is  that  to- 
wards which  the  negative  side  of  the  electrically  polarized 
molecules  is  turned.  But  we  found  before  that  the  double 
refraction  increases  when  positive  electricity  is  communicated 
to  this  end  and  negative  electricity  to  the  other  ;  the  polari- 
zation must  be  strengthened  by  this  electrification  ;  and  we 
consequently  obtain  the  result,  that  the  double  refraction  of 
quartz  increases  or  decreases  according  as  the  natural  polari- 
zation is  increased  or  weakened  by  external  electric  forces. 

Having  thus  found  the  first  of  the  consequences  mentioned 
at  the  beginning  confirmed  by  experiment,  I  proceeded  fur- 
ther to  put  the  second  to  the  experimental  test.  The  experi- 
ments described  had  shown  me  that,  as  far  as  intensity  was 
concerned,  there  was  at  any  rate  no  great  difference  between 
the  increase  and  the  decrease  of  the  double  refraction  pro- 
duced by  equal  electric  forces  ;  thence  I  concluded  that  it  must 
be  possible  to  find  a  direction  in  the  quartz  possessing  the 
property  that  electric  forces  acting  in  this  direction  would 
produce  no  perceptible  change  in  the  double  refraction. 
From  what  has  been  said  above,  this  direction  was  to  be 
sought  for  in  an  axis  of  no  piezoelectricity — consequently  in, 
or  at  any  rate  in  the  neighbourhood  of,  an  intermediate  axis 
of  the  crystal.  I  obtained  therefore  from  Messrs.  Steeg  and 
Renter  a  square  plate  of  quartz  of  1'5  ceutim.  in  the  side  and 
0*25  centim.  thickness,  which  was  cut  accurately  parallel  to  a 
side  face,  and  consequently  at  right  angles  to  an  intermediate 
axis.  The  principal  axis  is  parallel  to  a  side  of  the  square;  a 
secondaiy  axis  is  consequently  parallel  to  one  of  the  sides  at 
right  angles  to  the  first  named.  The  four  narrow  side  faces 
are  polished. 

First  of  all  I  examined  whether  the  intermediate  axis  of 
this  crystal  was  really  an  axis  of  no  piezoelectricity.  The 
result  obtained  was  that  even  great  changes  of  pressure  in  the 
direction  of  the  intermediate  axis  gave  rise  to  no  perceptible 
quantities  of  electricity  at  the  points  of  pressure,  and  that 
this  direction  is  consequently  an  axis  of  no  piezoelectricity. 
It  may  be  remarked  that  a  pressure  parallel  to  the  principal 
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axis  gave  the  same  result,  that,  on  the  contrary,  a  pressure 
parallel  to  the  secondary  axis  produced  considerable  quantities 
of  electricity. 

Next  the  plate  was  perforated  in  the  centre  of  a  square 
end  face  so  that  a  nearly  hemispherical  depression  was  formed 
there  (depth  O'l  centim).  A  further  examination  for  piezo- 
electricity gave  the  same  result  as  before. 

The  plate  so  prepared  was  placed  upon  the  brass  plate 
employed  in  my  former  electro-optic  experiments  between 
two  til  in  strips  of  glass  cemented  to  it,  and  introduced  into 
the  little  flask  filled  with  benzol.  The  end  of  a  well-rounded 
brass  wire  projected  into  the  depression  in  the  plate,  and 
formed  the  upper  electrode,  the  plate  being  the  lower  elec- 
trode. The  rays  of  light  traversed  the  crystal  parallel  to  the 
secondary  axis,  and  consequently  at  right  angles  to  the  prin- 
cipal axis  and  to  a  secondary  axis.  The  Nicols  were  placed 
in  position  I. 

In  order  to  compensate  the  natural  double  refraction,  I 
employed  the  same  means  as  in  the  experiments  with  the 
quartz  parallelepiped;  a  second  square  plate  of  quartz,  which 
was  cut  at  right  angles  to  the  principal  axis  and  had  nearly 
the  same  dimensions  as  the  first,  was  placed  between  the 
analyzer  and  glass  flask,  upon  a  stand  movable  about  three 
axes  at  right  angles  to  each  other,  and  so  placed  that  its 
principal  axis  was  at  right  angles  to  that  of  the  first  plate. 
The  double  refraction  could  not  be  exactly  compensated;  but 
it  was  very  easy  to  decide  whether  any  such  change  of  double 
refraction  as  took  place  with  the  first  plate  occurred  here, 
by  observing  one  of  the  vertical  dark  bands  which  crossed 
the  field  of  view  when  the  compensating  plate  was  turned  a 
little  about  a  vertical  axis.  Any  change  in  the  double  refrac- 
tion would  have  been  perceived  by  a  displacement  of  the  band 
to  the  right  or  to  the  left. 

The  experiment  was  made  by  adjusting  a  band  in  the 
middle  of  the  field  of  view,  consequently  exactly  under  the 
bulb-shaped  depression,  which  was  to  see  if  any  displace- 
ment occurred  when  the  diff'erence  of  potential  between  the 
electrodes  was  subjected  to  rapid  change.  I  have  never  been 
able  to  observe  any  such  displacement,  however  varied  the  con- 
ditions under  which  the  experiment  has  been  made.  Hence 
it  follows  that  a  change  in  the  double  refraction  is  not  produced 
in  any  perceptible  degree  by  electric  forces  acting  in  the 
direction  of  the  axis  of  no  piezoelectricity*. 

*  It  is  obvious  that  I  cannot  assert  that  no  trace  of  electro-optic  effect 
could  have  been  observed  in  the  direction  of  an  axis  of  no  piezoelectricity 
if  much  greater  differences  of  potential  than  those  in  my  experiments, 
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The  bands  were  next  adjusted  first  to  the  left  and  then  to 
the  right  of  the  depression,  but  remaining  close  to  it ;  in  these 
positions  also  no  effect  of  electrification  upon  the  double  re- 
fraction was  observed  ;  neither  the  lower  nor  the  upper  end 
of  the  band  altered  its  position. 

The  observation  that  also  the  upper  end  of  the  band  was 
not  displaced  is  of  importance;  for  since  the  lines  of  force 
which  issue  from  the  hemispherical  depression  run  there 
horizontally,  and  coincide  with  the  direction  of  the  principal 
axis  to  the  left  and  to  the  right  of  the  upper  electrode,  it 
follows  that  also  in  the  direction  of  the  principal  axis  of  the 
quartz  no  perceptible  change  can  be  produced  in  the  double 
refraction  by  means  of  electric  forces. 

The  remark  made  already  in  a  footnote  of  course  holds 
here  also.  The  piezoelectric  investigation,  as  remarked,  had 
shown  that  change  of  pressure  in  the  direction  of  the  prin- 
cipal axis  did  not  produce  any  electricity  at  the  points  of 
pressure.  This  result  seemed  worthy  of  direct  proof.  For  this 
purpose  the  plate  cut  at  right  angles  to  the  principal  axis 
was  provided  with  a  central  hemispherical  depression  just  like 
the  plate  cut  parallel  to  the  axis,  and  introduced  into  the 
flask  in  the  place  of  the  latter;  the  plates  were  simply  inter- 
changed. Having  by  this  arrangement  obtained  an  inter- 
ference-band under  the  depression  (that  is,  at  the  point  where 
the  lines  of  force  run  parallel  to  the  principal  axis),  I  was 
unable  to  produce  any  displacement  of  the  band  by  increasing 
or  decreasing  the  difference  of  potential  between  the  elec- 
trodes; consequently  in  this  plate  also  the  double  refraction 
was  not  perceptibly  altered  by  the  action  of  electric  forces  in 
the  direction  of  the  principal  axis.  This  plate  also,  upon 
pressure  parallel  to  the  principal  axis,  gave  no  piezoelectricity 
at  the  points  of  pressure.  If  the  band  were  situated  at  one 
side  of  the  depression,  but  very  near  to  it,  I  observed  a  pheno- 
menon upon  electrification  which  furnished  a  veiy  welcome 
confirmation  of  the  results  obtained  with  the  quartz  parallele- 
piped. The  lower  end  of  the  vertical  band  remained  fixed  ; 
but  the  upper  end  inclined  towards  the  right  or  towards  the 
left ;  and  the  direction  of  the  motion  changed  with  the  sign 
of  the  electricity  upon  the  electrodes.  Further,  I  observed 
that,  when  the  sign  of  the  electricity  remained  the  same,  the 
upper  end  of  a  band  moved  in  a  different  direction  according 


and  a  more  intense  source  of  light  had  been  employed.  If  such  a  change 
were  to  be  observed,  it  would  certainly  be  much  smaller  than  that  which 
takes  place  in  the  direction  of  au  axis  of  maximum  piezoelectricity.  The 
above  experiments  would  therefore  not  lose  their  significance. 
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as  the  band  was  situated  to  the  right  or  to  the  left  of  the 
centre.  Vertical  or  horizontal  compression  of  the  ntercalated 
glass  plate  produced  a  displacement  of  the  whole  band 
parallel  to  itself  to  the  left  or  to  the  right. 

The  explanation  of  these  phenomena  is  easy  to  find  if  we 
consider  that  as  the  experiments  described  show  the  direc- 
tion on  the  right,  so  on  the  left;  that  is,  the  horizontal  direc- 
tion at  right  angles  to  the  rays  of  light  in  the  crystal  employed 
does  not  exactly  coincide  with  an  axis  of  no  piezoelectricity. 
The  phenomena  are  thus  easily  deduced  from  the  first-described 
experiments: — The  lines  of  force  in  the  upper  part  of  the  plate 
run  nearly  horizontally  in  the  neighbourhood  of  the  depres- 
sion; some  of  them  therefore  coincide  with  directions  in  which 
the  double  refraction  is  capable  of  being  altered :  in  the  lower 
part  of  the  plate,  on  the  other  hand,  the  lines  of  force  are 
vertical;  they  consequently  run  in  the  direction  of  the  princi- 
pal axis,  and  therefore  produce  no  change  of  double  refraction. 
Consequently  it  is  only  the  upper  end  of  the  band  which  is 
displaced,  and  not  the  lower.  The  observation  that  the  direc- 
tion of  displacement  changes  when  the  electrification  or  the 
position  of  the  band  changes  is  in  complete  agreement  with 
the  observed  fact  that  the  increase  of  the  double  refraction 
of  quartz  is  changed  into  a  decrease  if  the  direction  of  the 
lines  of  force  is  reversed.  We  have  seen  above  that  from  the 
distribution  of  piezoelectricity  we  can  predict  with  certainty, 
for  a  given  direction  of  the  lines  of  force,  whether  an  increase 
or  a  decrease  of  the  double  refraction  will  take  place;  and  the 
question  consequently  arises  whether  with  the  new  crystal  the 
established  rule  will  be  found  confirmed  or  not. 

The  plate  w^as  examined  for  piezoelectricity.  A  pressure 
upon  the  square  surface  in  the  direction  of  the  principal  axis 
produced  no  distinctly  perceptible  quantity  of  electricity  at 
the  points  of  pressure.  The  four  narrow  side  faces,  however, 
behaved  difterently;  they  may  be  designated  a,  6,  c,  d  in 
order.  An  increase  of  pressure  in  the  direction  parallel  to  h 
and  d  produced  positive  electricity  at  a,  and  negative  electri- 
city at  c;  a  decrease  of  pressure,  electricities  of  opposite  sign. 
An  increase  of  pressure  in  the  direction  parallel  to  a  and  c 
gave  negative  electricity  at  h,  positive  electricity  at  fZ;  a  de- 
crease of  pressure,  the  opposite.  In  both  cases  I  obtained 
vigorous  deflection  of  the  electroscope*.     The  plate  was  again 

*  Between  the  two  directions,  parallel  to  b  and  cl  and  parallel  to  a  and 
e,  there  miist  be  a  field  which  in  piezoelectric  relation  would  behave  op- 
positely to  the  two  fields  to  which  these  du'ections  belong.  In  fact,  an 
increase  of  pressure  in  the  du'ection  of  the  diagonal  of  the  square  which 
joins  the  corner  a  fZ  with  the  corner  b  c,  gave  negative  electricity  zX  ad 
and  positive  electricity  at  6  c ;  a  decrease  of  pressui-e,  the  opposite. 
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placed  in  the  flask  full  of  benzol,  and  the  electro-optical 
experiments  repeated.  The  optical  action  of  the  electricity 
was  also  compared  with  the  action  of  a  glass  plate  compressed 
in  a  horizontal  or  in  a  vertical  direction.  In  what  follows  such 
a  note  as 

"  Below  + ,  above  — ;  upper  end  of  band  left ;  horizontal 
compression  " 

is  to  be  understood  thus: — When  the  lower  electrode  was 
positive  and  the  upper  one  negative,  the  upper  end  of  the 
band  lying  on  the  left  of  the  centre  inclined  towards  the  side 
towards  which  the  whole  band  was  displaced  by  a  compres- 
sion of  the  glass  plate  in  a  horizontal  direction. 

Experiment  I.  The  rays  of  light  traversed  the  plate  parallel 
to  a  and  c;  a  on  the  left,  c  on  the  right. 

Below  + ,  above  — ;  upper  end  of  band  left;  vertical  compres- 

[sion. 
j5      —  5     ;?       +;         )j  „  M      horizontal      „ 

J5      +j     55      — ;         jj  „  right;  horizontal      „ 

jj  J     jj      ~r  j         jj  jj  jj      vertical  ,, 

Experiment  II.  Rays  of  light  parallel  to  a  and  c;  a  right, 
c.  left. 

Below  +,  above— ;  upper  end  of  band  left;  horizontal  com- 

[pression. 
J)  J     jj       T"  5         jj  ?5  55      vertical  „ 

„      +,     ,,      — ;         „  „         right;  vertical  „ 

„—,„+;         „  „  „     horizontal      „ 

Experiment  III.  Rays  of  light  parallel  to  h  and  d  ;  h  right, 
d  left. 

Below  + ,  above  — ;  upper  end  of  band  left;  vertical  compres- 

[sion. 
j;      — J     ;j      +;         3)  V  53      horizontal     „ 

„+,„—;         „  „         right;  horizontal     „ 

jj  J        33  '5  33  33  33  VCrtlCal  ,, 

Experiment  IV.  Rays  of  light  parallel  to  h  and  d;  h  left, 
d  right. 

Below +,  above  — ;  upperendof  band  left;  horizontal  com- 

[pression. 

33  —  3         33  +;  33  33  ^33  VCrtical  „ 

33      +3     33      — ;         35  33         light ;  vertlcal  „ 

33  —5         33  +  ;  55  55  55  horlzOUtal  „ 

It  is  easv  to  convince  one's  self  that  these  data  are  in  all 
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respects  in  complete  accordance  with  the  results  obtained  from 
the  experiments  previously  described. 


It  is  necessary  to  mention  that  the  phenomena  described 
above  may  be  explained  by  means  of  two  known  facts.  One 
of  these  facts  has  been  recently  demonstrated  by  MM.  J. 
and  P.  Curie*,  as  follows: — If  electricities  of  opposite  sign 
be  communicated  to  the  ends  of  a  secondary  axis  of  a  quartz 
crystal,  the  crystal  contracts  or  expands  in  the  direction 
of  this  axis,  according  as  the  signs  of  the  electricities  com- 
municated to  the  ends  of  the  axis  are  opposed  to,  or  the  same 
as  the  signs  of  the  piezoelectricities  produced  at  these  ends 
by  a  pressure  exerted  in  the  direction  of  the  axis.  It  seems 
to  me  very  probable  that  this  result,  found  in  the  first  instance 
for  the  direction  of  a  secondary  axis,  would  be  found  to  hold 
good  also  for  every  direction  at  right  anglesto  the  principal  axis, 
and  that  consequently  the  direction  of  the  intermediate  axis 
or  the  axis  of  no  piezoelectricity  possesses  the  property  that 
electrical  forces  acting  in  this  direction  produce  no  perceptible 
change  in  the  form  of  the  quartz.  So  far  I  have  had  no 
opportunity  to  test  the  accuracy  of  Curie's  experiment,  and  to 
extend  it  in  the  direction  indicated;  but  inasmuch  as  those 
experiments  interest  me  very  much  because  of  the  close  rela- 
tionship in  which  they  stand  to  my  former  experiments  on  the 
so-called  electrical  expansionf,  I  shall  undertake  this  inves- 
tigation at  the  earliest  possible  opportunity. 

The  second  fact,  admitting  of  easy  confirmation,  is  that  a 
mechanical  compression  of  quartz  at  right  angles  to  the  prin- 
cipal axis  exerts  the  same  qualitative  effect  upon  the  rays  of 
light  which  traverse  the  crystal  at  right  angles  to  the  prin- 
cipal axis  and  to  the  direction  of  compression  as  a  compression 
exerted  in  the  same  direction  upon  an  interposed  plate  of 
glass. 

We  shall  find  without  difficulty  that  the  phenomena  de 
scribed  are  even  in  detail  completely  in  agreement  with  the 
properties  of  quartz  just  now  described. 

I  hope  shortly  to  give  an  account  of  the  remarkable  pheno- 
mena which  I  have  observed  when  the  rays  of  light  traverse 
the  crystal  parallel  to  the  principal  axis. 

Giessen,  November  25,  1882. 

*  Compt.  Rend.  vol.  xciii.  p.  1137  (1881). 
t  Ber.  d.  Obei-h.  Oes.  vol.  xx.  p.  1  (1881). 
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Madeira  Spectroscopic,  1881-82.     By  C.  PiAzzi  Smyth,  Astronomer 
Royal  for  Scotland.     W.  and  A.  K.  Johnston  :  Edinburgh. 

T^HIS  volume,  read  in  connexion  with  '  Madeira  Meteorologie ' 
^  (D.  Douglas,  Edinburgh)  by  the  same  author,  forms  a  valu- 
able contribution  to  the  moist-climate  history  of  that  island ;  but 
its  more  immediate  object  (as  we  read  on  the  title-page)  was  "  the 
revision  of  21  places  in  the  red  half  of  the  solar  visible  spectrum 
with  a  Eutherf  ord  difeaction-grating  at  Madeira  in  the  summer  of 
1881." 

This  is  effected  in  32  closely  printed  large  quarto  pages,  and  17 
photo-lithographed  plates.  At  first  sight  the  latter  rather  shock 
the  eye  by  certain  dense  black  columns  of  irregular  heights  and 
masses  of  apparently  coarse  shading ;  but  by  and  by  we  ascertain 
how  this  arises. 

Part  I.  opens  by  explaining  the  local  disadvantages  presented  by 
the  Royal  Observatory  at  Edinburgh  for  such  work,  and  the  need 
of  a  station  where  the  sun  was  nearer  the  zenith,  Madeira,  though 
offering  one  day  only  in  ten  of  pure  blue  sky  (but  that  one  of 
splendid  quality),  was  selected,  and  at  the  Quinto  da  Corvalho, 
near  Euuchal,  a  heliostat  and  spectroscope  were  erected.  The 
sun's  beam  from  the  heliostat  was  transmitted  through  a  6-inch 
achromatic  lens  of  long  focus  to  a  collimator  of  31  inches  focal 
length,  then  reflected  from  a  Eutherford  grating  1-6  inch  square 
with  17,296  lines  to  the  inch,  and  finally  viewed  with  a  telescope 
of  52  inches  focal  length.  The  lenses  of  the  collimator  and  tele- 
scope were  respectively  of  quartz,  2-25  inches  in  diameter ;  and  eye- 
pieces were  used  magnifying  30,  45,  and  64  times  upon  the  second 
or  third  order  of  spectrum. 

In  front  of  the  slit  a  white  flint-prism  separated  the  colours  for 
the  particular  portions  of  the  spectrum  examined.  This  fine  piece 
of  apparatus  secured  the  author  his  Madeiran  spectra,  drawn  on  a 
nearly  uniform  scale  of  wave-numbers  to  six  places  of  figures. 

The  earher  Solar  Maps  with  which  these  are  compared  are  thus 
enumerated : — 

(1)  Sir  David  Brewster  and  Dr.  Gladstone's  in  Phil,  Trans. 
1860.  A  careful  copperplate,  but  on  too  small  a  scale,  except  as 
to  certain  magnified  groups  :  a  prismatic  spectrum. 

(2)  Prof.  Angstrom's  normal  (grating)  solar  spectrum,  1868. 
Most  exemplary,  on  stone  with  "  incised  "  lines. 

(3)  Kirclihoff  and  Hofmaun's  prismatic  spectrum  as  presented 
in  Eoscoe's  '  Spectrum  Analysis '  (1869).  Defective,  owing  to  errors 
of  "  registration  "  in  the  four  tint  stones  used  in  the  printing. 

(4)  From  Dr.  Schellens  '  Spectrum  Analysis  :'  a  print  of  the  last 
map  from  wood-engraving,  liable  to  similar  errors. 

(5)  Eutherford's  single  stone  lithograph  (about  1874),  from  his 
fine  photograpli  of  tlie  blue  and  violet  half  of  a  prismatic  spectrum  ; 
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discriminating  and  faithful  in  reproducing  lines,  bands,  sha- 
dows, &c. 

(6)  Janssen's  copperplate  prismatic  spectrum  from  C  to  D 
(about  1874).     Very  accurate,  almost  microscopic. 

(7)  The  Eoyal  Society's  prismatic  second  Himalaya  spectrum,  by 
Hennessey,  in  Phil.  Trans.  1875.  On  stone,  mechanical  but  cer- 
tain, with  the  merit  of  showing  high-  and  low-sun  spectrum  from 
the  ultra-red  to  Great  F. 

(8)  Captain  Abuey's  drawing  from  his  remarkable  photographs 
of  the  ultra-red  region  beyond  the  range  of  optical  vision  (grating), 
1878. 

(9)  Prof.  Langley's  lithographic  views  of  Great  A  and  Great  B 
(1878). 

(10)  M.  Fievez's  engraving  on  stone  of  a  grating-spectrum  of  the 
little  "6"  group  (1880). 

(11)  Prof.  Vogel's  Potsdam  prismatic-spectrum  map  from  near 

o 

E  to  K,  on  three  times  the  scale  of  Angstrom's  map,  part  based  on 
eye-observation  and  part  on  photographs  (1880). 

(12)  Lastly,  Prof.  Young's  pencil-sketch  of  the  Great  E  group 

on  nine  times  the  scale  of  Angstrom's  normal  map.  A  most  refined 
and  exact  drawing  from  a  fine  grating  (1881). 

Later  on  (1882)  the  author  received  a  copy  of  M.  Eievez's  grand 
"  Spectre  Solaire "  (obtained  with  a  Eutherford  grating  and  two 
Christie  half-prisms),  and  substituted  its  results  for  some  of  his 
Madeirau  duplicates. 

Part  11.  opens  by  describing  the  frontispiece  plate  (0)  as  containing 
three  spectrum-scales,  the  British  inch  being  used  in  these  and  the 
other  spectrum-plates  as  the  unit.  Form  1  is  a  wave-numhe?'  shape, 
with  about  equal  portions  of  the  red  and  violet  ends.  Form  2  a 
■wsxYe-length  shape  diffraction  (grating)  spectrum,  with  much  red 
and  a  contracted  violet.  Form  3  an  average  refraction  (prism) 
spectrum,  showing  a  contracted  red  and  opened-out  violet. 

We  now  proceed  to  the  21  subjects  and  their  147  examples, 
which  we  can  but  notice  briefly,  though  each  of  them  contains  some 
interesting,  and  often  novel,  feature. 

Plate  I.,  subject  1,  Great  A,  We  first  get  an  explanation  that  a 
perfect  reproduction  of  the  exquisite  Hues  and  shadows  seen  in  the 
solar  spectrum  is  diflicult  to  impossibility,  and  a  pointing-out  that 
the  shading  by  vertical  lines  generally  adopted  by  lithographers 
and  engravers  is  mischievous  and  deceiving. 

Prof.  Smyth  then  lays  down  as  rules : — 

1st.  Any  vertical  line  shall  represent  a  true  spectrum-line  and 
nothing  else. 

2nd.  Greater  or  less  thickness  of  lines  shall  be  represented  truly  ; 
but  degrees  of  intensity  by  shortening  the  height  of  column,  or  (less 
easily)  by  dotting,  stippling,  or  crossline. 

3rd.  Thin  hazy  lines  by  vertically  dotted  or  vertical  linearly  wavy 
lines ;  or  such  shorter  figurings  in  ink  as  would,  if  smeared  verti- 
cally, produce  a  correspondingly  pale  line. 
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4th.  Broad  and  pale  lines  and  shadings  in  their  proper  breadths, 
but  produced  by  close  thin  lines  drawn  in  any  direction  except  the 
vertical. 

These  are  the  rigid  principles  on  which  the  spectra  are  con- 
structed in  the  author  s  plates.  An  example  per  contra,  by  way  of 
warning,  is  adduced  from  Brewster  and  Gladstone's  map  (ex- 
ample I.),  where  every  line  in  the  Great-A  band  has  been  evidently 
doubled,  not  by  the  observers  but  by  the  engraver. 

On  the  whole  therefore  the  author  decided  to  magnify  all  the 
old  drawings  to  his  own  scale ;  and  to  sijmholize  their  shadings, 
giving  dates  and  the  number  of  times  linear  of  enlargement. 
Hence,  and  from  the  small  original  scale  of  some  of  the  maps,  come 
the  "  Cyclopean  "  columns  in  some  of  the  examples. 

Great  A  and  its  preliminary  band  take  up  two  plates  and  14 
examples  (subjects  1  and  2).  The  beautiful  splitting  up  of  the 
preliminary  band  into  a  rhythmical  series  of  double  lines  is  well 
shown  in  the  Madeiran  examples.  The  Eoyal  Society's  spectrum 
is  represented  by  a  blur  of  shade  for  the  baud  and  an  immensely 
broad  line  for  Great  A,  showing  no  splitting-up  whatever,  and  in 
this  respect  is  in  no  way  equal  to  Brewster  and  Gladstone's  much 
earlier  drawing. 

As  regards  Great  A  itself.  Prof.  Langley's  spectrum  alone  seems 
to  compare  in  number  of  lines  shown  with  the  two  Madeiran 
examples. 

While  discussing  Great  A ,  the  author  points  out  the  need  of  a 
fine  slit  and  accurate  focus  to  bring  out  the  doubling  of  the  lines  of 
the  preliminary  band.  He  considers  that  the  origin  of  these  lines, 
if  telluric,  is  not  watery  vapour,  but  some  dry  gas  in  the  upper 
regions  of  our  atmosphere,  or  in  the  millions  of  miles  of  space 
beyond,  and  suggests  a  mode  of  research  "  by  looking  through 
500-feet  long  metal  tubes  -with  glazed  ends  filled  in  succession  with 
every  known  gas,  at  a  Hght  of  constant  quality.'' 

"  Little  a  "  and  its  band  of^lines  form  subject  3.  This  line  and 
group  were  ascertained  by  Angstrom  to  be  caused  by  invisible 
watery  vapour  in  the  lower  part  of  the  earth's  atmosphere. 

The  earlier  spectra  fairly  represent  the  object,  except  that  we  are 
told  that,  in  the  Royal  Societ/s  plate,  vertical  "engraver's''  shading- 
lines  mislead.  The  two  Madeiran  spectra  show  a  great  number  of 
lines  ;  and  we  find  (example  5)  a  very  interesting  Lisbon  spectrum 
of  the  author's,  with  high  sim  and  in  a  dry  air,  in  ^^-hicll  the  lines 
become  very  fine.  On  page  10  we  have  a  suggestion  that  on  the 
Peak  of  Teneriffe  they  would  possibly  cease  to  have  an  apparent 
existence  in  the  solar  spectrum. 

Great  B  with  its  preliminary  and  attached  bands,  as  seen  in  a 
high  and  low  sun  respectively  (subjects  4,  5,  6,  and  7),  occupies 
3  plates  j^and  28  examples.  Here  (preliminary  band)  the  earlier 
map  of  Angstrom's,  as  respects  double  lines  in  rhythmical  series, 
contrasts  favourably  with  the  later  maps  until  we  come  to  the 
Madeiran  views.  The  author  discusses  whether  one  of  Prof.  Lang- 
ley's  lines  is,  or  is  not,  outside  a  couplet  in  the  series ;  and  records 
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the  important  observation  that  a  filling-up  of  close  parallel  lines  is 
a  failing  peculiar  to  spectroscopic  vision,  and  that  such  close  lines 
throw  out  a  haze  towards  each  other,  thatchiug-in  the  intervening 
space.  Great  B  with  its  attached  band  shows  more  distinctly  the 
excellence  and  value  of  the  author's  observations.  The  earlier 
masses  of  almost  black  shadow  (iu  the  Royal  Society's  spectra  quite 
so)  are  broken  up  by  the  author's  apparatus  into  thin  lines. 

Subjects  8  and  9,  with  4  plates  and  14  examples,  introduce  us 
to  Great  C,  the  first  in  order  hydrogen-line.  The  principal  point 
noticed  here  is  the  hazy  and  pale  character  of  this  important  line, 
as  seen  in  the  Madeiran  spectra,  when  compared  wdth  the  blacker 
and  sharper  aspect  presented  in  the  comparison  spectra.  The 
author  explains  this  by  reminding  us  that  the  observation  of  this 
line  results  from  the  integi-ation  of  all  the  hydrogen  activities  going 
on  over  all  the  sun's  surface,  and  that  consequently  the  line  C  could 
have  no  definite  outline ;  and  he  gives  adequate  reasons  for  the 
black  and  well  defined  lines  of  observers  with  less  powerful  in- 
struments. 

Subjects  10  and  11  with  Plates  IX.  aud  X.  illustrate  "little  a" 
(alpha),  or  C  6  band ;  aud  again  we  find  the  author's  spectra 
showing  a  series  of  fine  lines  but  sparingly  represented  in  the 
earlier  maps,  and  of  which  (in  a  high  sun)  three  only  appear  in  the 
Eoyal  Society's  specti'um.  The  high-  and  low-sun  views  of  this 
object  difi^er  essentially  in  strength,  but  not  in  general  character. 

The  indications  of  telluric  gas-bands  in  nature's  cold  way,  the 
question  of  place  of  a  red  aurora-line,  and  of  a  gold  line  falling 
on  the  very  centre  of  intensity  of  this  band,  are  referred  to  by  the 
author. 

Subjects  12  and  13,  Plate  XI.,  ^  are  the  D  or  sodium-lines,  so 
well  known  to  all  spectroscopists.  Angstrom's  map  shows  one  (the 
Ni)  with  a  high  sun,  and  five  with  a  low  sun,  of  intermediate  fines, 
with  the  D  lines  black  and  sharp  in  both  cases.  The  improvement 
in  modern  observation  and  instrumental  power  is  evidenced  in  the 
Madeiran  examples  by  five  intermediate  Hues  with  a  high  sun,  and 
ten  with  a  low.  Notably  also  the  Madeiran  examples  show  the 
D  lines  comparatively  pale  and  fuzzy  (though  not  to  the  same  ex- 
tent as  Great  C),  demonstrating  that  solar  sodium  (Js^a)  enters  in 
part  into  the  composition  of  the  prominences.  The  intermediate 
and  adjacent  fine  lines  to  D^  and  D-  are  proved  to  be  due  to  telluric 
watery  vapour  ;  and  it  is  shown  that  with  a  really  good  spectroscope 
there  need  be  no  undefined  haze  about  them. 

Prom  D  we  pass  to  Helium,  47,778  W.  N.  PL,  subject  14, 
Plate  XII.  The  history  of  this  line  is  given,  and  its  observation 
in  the  eclipses  of  1870,  1871,  and  1872  is  referred  to,  together 
with  its  presumed  (but  now^disproved)  detection  in  the  aurora  and 
zodiacal-light  spectra.  In  Angstrom's  map  it  appears  as  a  single 
line  marked  only  Fe.  Eoscoe  makes  it  single.  The  Ptoyal  Society's 
map  ignores  it  altogether.  Yogel  doubles  it,  but  doubtfully,  "as 
it  may  be  a  tint-stone  line  sticking  out  on  one  side."  The  Madeiran 
spectrum  beautifully  and  sharply  doubles  it :  and,  lastly,  M,  Pievez's 
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"spectre  solaire"  shows  it  as  a  wide  hazy  filled-up  double.  We 
note  here  the  widening  and  filling-up  of  M.  Fievez's  doubles ;  and 
on  page  17  are  curious  instances  of  the  fact  that  spectroscopic 
power  does  not  necessarily  imply  fine  definition.  Where  Prof. 
Toung  -with  a  single  Eutherford  grating  saw  27  thin  lines,  M. 
Fievez,  with  a  similar  grating  and  two  Christie  half-prisms  added, 
saw  only  13.  Prof.  Toung  has  also  one  more  strong  line  split  into 
two  than  M.  Fievez;  and  in  matter  of  doubles  shown  to  be  triples, 
the  former  has  one  which  the  latter  has  not. 

Subjects  16  and  17,  Plates  XIII.  and  XIV.,  relate  respectively 
to  the  bandelet  of  lines  following  E,  and  to  a  "  basic  "  line  prece- 
ding "  little  b."     In  the  latter  subject  we  again  find  a  single  fine  of 

O 

Angstrom's,  of  Kirchhoff  and  Hofmann's,  and  even  of  Vogel's  map, 
beautifully  split  by  our  author  and  by  M.  Fievez,  the  line  itself 
being  left  to  imagination  in  the  Eoyal  Society's  map. 

The  "little  b"  (magnesium)  group  comes  next,  in  subject  18, 
Plate  XV.,  with  a  repetition  in  b\  b",  and  b^  of  the  pale  and  hazy 
effects  shown  in  Great  C  and  D  (indicative  of  the  volatility  of  mag- 
nesium to  solar  heat)  in  Vogel's,  the  author's,  and  M.  Fievez's 

o 

maps.  b\  a  single  line  by  Angstrom  attributed  to  Mg  and  Fe, 
remains  single  in  the  earlier  maps,  including  Vogel's,  but  is  well 
divided  by  the  author  and  M.  Fievez :  while  the  latter  seems  also 

o 

to  have  divided  b',  marked  Xi  and  Fe  by  Angstrom,  and  retained 
as  single  even  in  the  Madeiran  spectrum.  In  Plate  XVI.,  sub- 
ject 19,  a  group  following  ''  little  b,"'  we  get  three  basic  lines  of 

Angsti-om's,  all  marked  Fe  and  Xi,  neatly  divided  by  the  author 
and  M.  Fievez,  they  making  a  triple  of  one  of  Vogel's  doubles. 

Plate  XVI.,  subject  20,  is  Great  F,  with  the  paleness  and  haze 
characteristic  of  a  solar  storm-line  (duly  recorded,  by  the  way,  by 

o 

Angstrom).  The  comparative  effect  of  eye  and  photographic 
brightness  as  between  the  r/laucous  and  violet  hydrogen-lines  is  here 
discussed. 

"Xear  G"  line  or  violet  hydrogen,  Plate  XVII.,  subject  21,  ends 
the  typical  series  with  further  illustrations  of  the  hydrogen  haze 
and  paleness. 

Example  4  on  Plate  XVII.  gives  us  the  interesting  part  of  the 
spectrum  adjoining  "  near  G "  as  shown  in  Rutherford's  photo- 
graph ;  and  it  is  noteworthy  how  closely  this  absolute  reproduction 
corresponds  with  the  Madeiran  hand-drawn  spectra. 

If  we  were  aesthetically  startled  by  the  black  and  white  of  Plates 
I.  to  XVn.,  Plate  XVill.  effectually  consoles  us  ;  for,  without 
exception,  we  have  seen  no  specimen  of  chromo-lithogi'aphy  to 
compare  with  it  for  brilliancy  and  blending  of  tints.  It  docs  the 
greatest  credit  alike  to  the  author's  artistic  conception  and  to  the 
lithographer's  skill.  It  represents  three  diagrams  of  colours  on 
spectrum  principles  : — (1)  Pure  or  single  spectrum  colours  in 
their  natural  order ;  (2)  mixed  or  double  spectrum  colours ;  and 
(3)  very  mixed  or  treble  spectrum  colours.     The  diagrams  most 
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effectively  show  gradations  of  light  and  shade  and  differences  of 
coloiu'-distances,  while  in  the  fine  cross-hatching,  which  delicately 
indicates  shading,  the  vertical  line  is  carefully  avoided.  The  only 
sections  where  we  thought  gradation  was  not  quite  perfect  are  deep 
blue  (58,000)  and  grey  (67,000) ;  otherwise  the  plate  seems  to  be 
real  perfection  in  a  very  difficidt  subject, 

A  special  note  requests  that  if  these  colour-diagrams  ax'e  used  for 
star-colour  comparison  in  observatories  (for  which  they  seem  very 
appropriate),  they  may  be  viewed  by  a  white  light,  a  small  Swan 
lamp  being  preferred. 

Pages  25  to  2^  comprise  the  author's  simimary  of  his  Madeiran 
results ;  and  with  a  genuine  lament  at  the  ignorance  we  are  all  in 
of  the  chemical  character  of  Great  A,  Great  B,  and  the  Alpha 
Band  (as  evinced  at  the  discussions  of  the  British  Association  at 
Southampton,  1882),  he  gives  us  his  own  views  of  it,  to  which  we 
must  refer  the  reader.  An  Appendix  prints  Prof.  Josiah  P.  Cooke's 
valuable  paper  on  the  aqueous  lines  of  the  solar  spectrum  (Proc. 
Amer.  Acad,  of  Boston,  vol.  vii.  p.  57);  and  a  pretty  vignette  from 
a  sketch  by  the  author  adds  the  ornamental  to  the  useful. 

That  so  elaborate  and  precise  a  work  should  have  been  carried 
out  by  one  hand,  and  under  certain  drawbacks  to  which  Prof. 
Smyth  feelingly  alludes,  is  not  one  of  the  least  of  the  merits.  To 
be  able  to  ti'ace  the  recorded  history  of  typical  solar  lines  and 
groups,  with  a  final  examination  of  them  as  shown  in  an  almost  ne 
plus  ultra  instrument,  and  under  splendid  air-conditions  hardly 
attainable  in  this  countiy,  is  no  slight  gain  to  spectroscopists.  To 
these  in  particular,  as  to  scientists  in  general,  '  Madeira  Spectro- 
scopic,' cannot  fail  to  prove  a  standard  work  of  the  highest  value. 


XXI.  Intelligence  and  Miscellaneous  Articles. 

ON  AN  ELECTKODYNAMIC  METHOD  FOR  THE  DETERMINATION 
OF  THE  OHM.  THE  EXPERIMENTAL  MEASUREMENT  OF  THE 
CONSTANT  OF  A  LONG  INDUCTION-COIL.       BY  G.  LIPPMANN. 

''PHE  electromotive  force  employed  in  this  method  is  produced 
-'-  by  the  relative  displacement  of  two  circuits,  as  in  the  well- 
known  experiment  of  M.  Kirchhoff.  The  entire  arrangement  is 
nearly  the  same  as  in  the  method  of  M.  Lorenz. 

1.  A  movable  frame  rotates  about  one  of  its  diameters  with  a 
uniform  velocity  of  n  turns  per  second.  It  is  placed  inside  a  fixed 
coil  traversed  by  a  current  of  intensity  i,  which  at  the  same  time 
traverses  the  \nre  of  which  the  resistance  is  sought.  The  induced 
circuit  is  closed  only  for  an  instant,  at  the  moment  when  the  elec- 
tromotive force  passes  through  its  maximum  value  e.  At  that 
moment  it  is  opposed  to  the  difference  of  potentials  which  arises 
between  two  points  A  and  B  on  the  wire,  chosen  so  that  there  is 
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equilibrium :  the  equilibrium  is  ascertained  by  means  of  a  sensitive 
galvanoscope.  If  r  be  the  resistance  of  the  portion  of  the  wire 
comprised  between  the  straight  sections  passing  through  A  and  B, 
S  the  surface  covered  by  the  induced  wire,  C  a  constant  peculiar  to 
the  coils  employed,  we  have  the  following  condition  of  equilibrium, 
which  at  the  same  time  gives  the  value  of  r : — 

v=2irnC^. 

The  employment  of  a  frame  carrying  p  turns  of  wire  gives  elec- 
tromotive forces  ]i  times  as  great  as  those  which  would  be  obtained 
if  Lorenz's  disk  were  used ;  consequently  the  effect  of  thermoelec- 
tric perturbations  becomes  negligible. 

It  is  known  that  the  determination  of  C  is  too  complicated  for 
its  approximation  to  be  easily  indicated.  I  believe  that  calculation 
may  be  altogether  dispensed  with  by  operating  in  the  following 
manner  : — If  a  fixed  coil  were  employed  of  infinite  length  in  propor- 
tion to  its  diameter,  C  would  be  known :  we  should  have,  exactly, 

C=  -J,  d  being  the  mean  distance  between  two  turns  of  the  wire. 

Now  we  cannot  construct  an  infinitely  long  coil ;  but  an  equivalent 
result  can  be  obtained.  The  movable  frame  is  first  placed  in  the 
centre  of  a  fixed  coil  of  which  the  length  is,  for  instance,  2  metres, 
and  the  points  A  and  B  are  obtained  as  was  said  above.  Then,  the 
movable  frame  remaining  in  its  place,  the  fixed  coil  is  brought  into 
a  second  position,  which  is  the  extension  of  the  first :  a  new  interval 
B  B'  is  thus  obtained  on  the  \vire,  immediately  following  A  B  ;  the 
small  additive  segment  B  B'  is  the  lengthening  undergone  by  A  B 
when  the  inducing  coil  is  lengthened  2  metres.  We  can  thus 
lengthen  indefinitely  the  inducing  coil  by  simply  displacing  one  and 
the  same  segment ;  and  we  very  quickly  arrive  at  segments  which 
can  be  neglected  in  comparison  with  A  B.  The  determination  is 
then  finished. 

It  will  be  remarked  that  this  method  is  one  of  the  most  direct ; 
it  requires  no  calculation  for  reduction  or  correction.  If  the  deri- 
vation-points, such  as  A  and  B,  are  needle-points,  the  final  dis- 
tance between  them  is  the  final  residt  sought,  without  any  correction. 
It  follows  that  the  control  of  the  method  is  equally  direct. 

2.  The  above-explamed  way  to  determine  C  experiinentally  can 
be  applied  to  other  problems  besides  the  construction  of  the  ohm; 
it  can  be  employed  especially  for  constructing  a  tangent-compass  or 
an  absolute  dynamometer.  For  this  purpose,  either  a  movable 
magnet  or  a  movable  coil  is  placed  in  the  centre  of  a  fixed  coil. 

The  constant  of  the  instrument  is  equal  to  —. — Z,  h  being  the  sum 

of  the  moments  of  the  deflections  obtained  on  successively  removing 
the  fixed  coil  further  and  further  until  it  reaches  infinite  distance. — 
— Comptes  Mendus  de  I' Academie  des  Sciences,  Dec.  26,  1882,  t.  xcv. 
pp.  1348-1350. 
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AMOUNT  OF  CAKBON  DIOXIDE  IN  THE  ATMOSPHERE. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

Gentlemen, 

My  thanks  are  due  and  tendered  to  Prof.  John  LeConte  for 
pointing  out  a  numerical  eri'or  relating  to  the  above  which  has 
crept  into  my  paper  on  "  Carbon  Dioxide  as  a  Constituent  of  the 
Atmosphere,"  published  in  the  number  of  your  Journal  for  No- 
vember last.  It  is  pleasing  to  be  able  to  add,  however,  that  the 
main  conclusions  and  arguments  of  that  paper  are  not  thereby 
affected.  The  mistake  arose  apparently  by  making  use  in  some 
unaccountable  manner  of  the  formula  for  a  prolate  spheroid  instead 
of  that  for  an  oblate  one.  Making  the  correction  and  recalculating 
on  the  basis  of  3  vols,  of  CO.,  per  10,000  (which  all  recent  inves- 
tigations show  to  be  nearer  the  truth  than  4),  we  obtain 

Weight  of  CO,  in  atmosphere  =  2420  billions  of  kilogrammes 
nearly. 

The  great  difference  between  this  number  and  that  given  by  the 
older  chemists  and  stated  in  text-books  will,  I  think,  justify  the 
conclusion  drawn  in  my  paper,  that  the  generally  received  idea  of 
the  amount  of  CO^  in  the  atmosphere  is  much  too  great. 
1  am,  Gentlemen, 

Your  obedient  servant, 

Eenest  H.  Cook. 


EXPERIMENTS  ON  THE  DIRECT  PHOTOGRAPHY  OF  SOUND- 
VIBRATIONS.       BY  PROF.  BOLTZMANN. 

A  small  thin  platinum  plate  was  attached  perpendicularly  to  the 
centre  of  a  thin  iron  plate,  which,  as  in  the  telephone  or  phonograph, 
was  fixed  on  a  wall- piece.  It  was  first  ascertained  that  the  small 
platinum  plate  really  repeated  approximately  unchanged  the  vibra- 
tions of  the  sound  that  arrived  in  the  capsule.  For  this  purpose  a 
second  small  platinum  plate  was  fixed  iminovably  in  the  vicinity  of 
the  first.  The  resulting  fine  slit  between  the  two  was  brought  into 
the  focus  of  a  collecting-lens,  upon  which  sunlight  fell.  After 
passing  through  the  slit,  the  rays  reached  a  Breguet  selenium  cell, 
which,  together  with  two  telephones,  was  inserted  in  the  closing 
circuit  of  twelve  Leclanche  cells.  Single  sounds  and  words  spoken 
into  the  mouthpiece  could  be  heard  most  distinctly  in  the  telephones. 
When  the  rays,  after  issuing  from  the  sUt,  were  rendered  as  nearly 
as  possible  parallel,  and  intercepted  at  a  greater  distance  by  a  large 
collecting-lens  to  be  concentrated  upon  the  selenium  cell,  the  appa- 
ratus could  also  be  employed  as  a  photoplione. 

After  these  preliminary  experiments,  intense  sunlight  was  again 
concentrated  upon  the  vibrating  platinum  plate;    and  then,  by 
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means  of  a  solar  microscope,  au  image  of  the  shadow  of  the  plati- 
num plate  was  thrown  upon  a  screen.  The  bounding  line  of  the 
shadow,  as  nearly  as  possible  straight,  was  condensed  by  a  cylin- 
drical lens.  Li  the  place  of  the  screen  a  glass  plate,  prepared  with 
Vogel's  emulsion,  was  now  moved  rapidly  across  by  a  strong 
spring,  so  that  the  direction  of  its  motion  was  perpendicular 
to  the  line  of  light  produced  by  the  cylindrical  lens,  while  the 
mouthpiece  was  spoken  into.  Side  light  being  duly  kept  off,  a 
bounding  line  between  light  and  shadow  was  then  obtained  on  the 
prepared  plate,  forming  a  curve  corresponding  to  the  sonorous 
vibrations.  To  the  vowels  pretty  simple  cuiwes  correspond,  often 
approximately  curves  of  sines,  often  interference-curves  of  two  or 
three  curves  of  sines.  With  the  vowel  a  a  period  contains  the 
greatest,  with  the  vowel  u  the  least  number  of  indentations.  To 
the  consonants  Z,  m,  n,  r,  and  also  especially  p  and  h,  uncommonly 
multifarious  curves  correspond,  ha%iug  a  resemblance  to  those  found 
by  Konig  for  r  by  means  of  his  tone-flame,  but  showing  in  addition 
much  finer  details. 

The  author  intends  to  repeat  the  experiments  by  photography 
upon  rotating  disks  in  order  to  be  able  to  take  up  a  greater  number 
of  successive  vibrations.— i5u:n'se/-Z.  AJcad.  tier  Wissensch.  in  Wien, 
math.-natarw.  Classe,  Xov.  30,  1882. 


ON  CENTRAL  FORCES  AND  THE  CONSERVATION  OF  ENERGY. 

To  the  Editors  of  the  Philosophical  Magazine  and  Jourmd. 

Gentlemen, 

Permit  me  to  point  out  an  error  in  Mr.  Browne's  paper  with 
the  above  title  in  the  January  number  of  the  Philosophical  Maga- 
zine. On  page  37  he  says,  ''  Then  it  is  easy  to  sliow  that  F  must 
not  vary  with  6.  For  if  it  does,  let  us  suppose  that  when  B  has 
come  to  rest,  and  before  it  is  allowed  to  return,  it  is  made  to  rotate 
about  A  through  an  angle  dd,  and  agaiu  brought  to  rest.  Then 
the  circumstances  of  A  and  B  are  unchanged."  This  last  state- 
ment is  only  true  if  F,  the  component  of  the  force  in  the  direction 
AB,  constitutes  the  whole  force ;  for  otherwise  work  will  be  done 
during  the  rotation,  and  therefore  the  potential  energy  of  the 
system  will  be  changed.  Thus  Mr.  Browne's  conclusion  that  "  the 
force  with  which  A  acts  upon  B  always  tends  towards  A,"  is  tacitly 
assumed  in  the  proof.  It  therefore  appears  to  me  that  the  only 
conclusion  which  Mr.  Browne  is  entitled  to  draw  is  that  if  the 
force  with  which  A  acts  upon  B  always  tends  towards  A,  then  its 
magnitude  must  be  a  function  of  the  distance  only. 

I  have  the  honour  to  remain,  Gentlemen, 
Tour  obedient  servant, 

G.  W.  VON  TUNZELMANN, 

H.M  S.  '  Britannia,^  Dartmouth. 
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XXII.   The  Selective.  Absorption  of  Solar  Energy. 
By  S.  P.  Langley*. 

[Plate  m.] 

Introduction. 

IN  1800  Sir  William  Herschel  published  his  remarkable 
investigations,  in  the  Philosophical  Transactions,  on 
obscure  heat,  in  which  he  reached  the  conclusion  that  heat  is 
an  entity  distinct  from  light. 

This  view  was  modified  by  subsequent  writ-ers  into  the 
statement  that  each  ray  has  three  qualities — heat,  light,  and 
chemical  action;  while  at  the  present  time  many  physicists 
have  reached  the  further  conception  that  heat,  light,  and  che- 
mical action  are  not  so  much  qualities  inherent  in  any  ray,  as 
modes  of  the  manifestation  of  one  common  energy — or,  to 
state  this  view  in  the  broadest  manner,  that  the  same  aethereal 
wave  will  give  us  either  heat,  light,  or  chemical  action,  accord- 
ing to  the  absorbent  nature  of  the  substance  which  receives  it. 

These  last  opinions,  however,  cannot  be  said  even  yet  to  be 
universally  accepted  by  physicists. 

Dr.  J.  W.  Draper  long  since  pointed  out  that  the  maximum 
of  heat  did  not  necessarily  lie  in  every  case  below  the  red 
(though  it  does  so  in  the  prismatic  spectrum),  and  that  in  a 
normal  spectrum  it  would  be  in  the  orange.     These  conclu- 

*  Communicated  by  the  Author,  to  whom  we  are  also  indebted  for  th» 
cliches  of  the  illustrations. 
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sions  as  to  the  normal  spectrum  were  unverifiable  by  direct 
experiment  by  any  means  he  possessed.  He  found  it  impos- 
sible, with  the  most  delicate  thermopiles  at  his  command,  to 
get  sensible  heat  from  the  grating-spectruin  without  gathering 
all  that  lay  in  the  two  halves  of  it  together,  and  could  conse- 
quently only  infer  the  result  of  complete  measures.  But  it 
followed  that,  if  it  ever  became  possible  to  measure  amounts  of 
heat  so  minute,  these  conclusions  could  be  verified  on  separate 
rajs  of  the  diffraction  spectrum. 

No  one,  so  far  as  I  know,  has  hitherto  succeeded  in  mea- 
suring the  heat  from  a  diffraction-grating  except  in  the  gross — 
by  thus  concentrating,  for  instance,  the  whole  up])er  half  and 
the  whole  lower  half  of  its  spectrum  upon  the  pile,  and  so 
reaching  some  results  not  without  value,  even  as  thus  obtained, 
but  of  quite  other  interest  than  those  which  may  be  expected 
when  we  become  able  to  measure  with  close  approximation 
the  separate  energy  of  each  wave-length.  Having  devoted 
many  years  to  the  study  of  the  solar  radiant  heat  by  means 
of  the  thermopile,  I  w^as  led  to  hope  that,  by  my  long  appren- 
ticeship to  the  precautions  needed  with  this  instrument  and 
the  possession  of  the  most  delicate  apparatus  attainable,  I 
might  succeed  better  than  my  predecessors.  I  found,  how- 
ever, that  though  I  got  results,  they  were  too  obscure  to  be 
of  any  great  value,  and  that  science  possessed  no  instrument 
which  could  deal  successfully  with  quantities  of  radiant  heat 
so  minute  ;  for  the  average  heat  in  the  diffraction  spectrum 
does  not,  under  the  most  favourable  circumstances,  reach  one 
tenth  that  in  the  prismatic  one,  and  is  usually  much  less  even 
than  this. 

Impelled  by  the  pressure  of  this  actual  necessity,  I  therefore 
tried  to  invent  something  more  sensitive  than  the  thermopile, 
which  should  be  at  the  same  time  equally  accurate — which 
should,  I  mean,  be  essentially  a  "  meter "  and  not  a  mere 
indicator  of  the  presence  of  feeble  radiation,  and  was  led  by 
nearly  a  year's  continual  experimenting  to  the  construction 
of  the  Bolometer  {^o\r]  fxe-rpov),  an  instrument  the  details  of 
whose  construction  are  described  in  the  Proceedings  of  the 
American  Academy  of  Arts  and  Sciences,  vol.  xvi.  (1881). 
"With  this  apparatus  the  experiments  on  the  diffraction  spec- 
trum were  resumed — the  first  entirely  unquestionable  evidence 
of  measurable  heat,  in  a  width  so  small  as  to  be  properly 
described  as  linear,  having  been  obtained  on  October  7, 1880. 
Nearly  the  whole  year  1880  passed  in  modifications  of  the 
instrument,  or  in  the  making  of  those  measures  which  gave 
promise  from  the  first  of  bringing  results  of  value. 

It  will  be  seen  that  they  afford  almost  all  the  experimental 
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evidence  the  subject  admits  of;  that  every  ray,  whether  lying 
in  the  "  chemical,"  "  visible,"  or  "  heat  "  region,  is  capable  of 
making  itself  known  as  heat,  and  that  the  maximmn  of  heat 
in  the  normal  spectrum  is  near  the  yellow. 

Further,  by  taking  all  the  observations  twice  daily,  at  times 
when  the  atmospheric  absorption  is  very  different,  we  are  able 
to  calculate  (for  the  first  time)  the  amount  of  this  absorption 
for  each  separate  spectral  ray.  These  researches  are  neces- 
sarily long  and  difficult ;  but  they  have  led  to  some  very 
unexpected  results.  The  reader  who  wishes  to  pass  at  once  to 
these  results  will  find  them  in  the  summary  at  the  close  of 
this  memoir. 

Preliminary  Observations. 

The  measurements  with  the  grating  possess  the  inestimable 
advantage  of  enabling  us  to  fix  the  wave-length  of  every  ray 
measured;  but  while  the  heat  in  the  grating-spectrum  is,  as 
has  just  been  said,  at  best  less  than  one  tenth  that  in  the  pris- 
matic, the  latter  is  itself,  when  taken  in  portions  so  narrow  as 
to  be  approximately  homogeneous,  almost  insensibJe.  The 
difficulties  of  measuring  heat  with  the  grating  are  greatly 
complicated  by  the  overlapping  of  the  spectra.  In  these 
first  measures,  which  Mere  carried  to  a  wave-length  of  one 
thousandth  of  a  millimetre*,  I  have  employed  two  of  the 
admirable  gratings  of  Mr.  Rutherfurd — one  containing  17,296 
lines  to  the  inch,  or  681  to  the  millimetre,  and  one  half  that 
number,  both  ruled  upon  speculum-metal. 

I  have  used  a  slit  at  a  distance  of  5  metres,  without  any 
collimator,  and  have  kept  the  grating  normal  to  the  optical 
axis.  It  will  be  seen,  then,  that  the  rays  have  passed  through 
no  absorbing  medium  whatsoever,  except  the  sun^s  atmosphere 
and  our  own. 

The  rays  from  the  grating  fall  upon  a  concave  speculum 
(whose  principal  focal  distance  is  about  1  metre),  and  from 
this  are  concentrated  upon  the  mouth  of  the  bolometer,  form- 
ing a  nai'row  spectrum,  which  passes  down  the  case  of  the 
instrument  and  falls  upon  the  bolometer-thread.  As  this 
thread  moves  along  the  spectrum  parallel  to  the  Fraunhofer 
lines,  its  coincidence  with  one  of  them  is  notified  by  a  lowering 
of  its  temperature  and  a  deflection  of  the  galvanometer.  The 
instrument  is  of  course  equally  sensitive  to  the  invisible  radia- 
tion as  to  the  visible.     It  is  important  to  observe  that  no 

*  Througtiout  these  measures  the  unit  of  wave-length  will  he  the  micron 
(h-)  =  ToVo^  milUmetre,  or  10,000  times  the  unit  of  Angstrom.  Thus  the 
wave-length  of  Fraunhofer's  "A"  is  here  written  O^-TO. 
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screen  is  interposed  between  the  bolometer  and  the  grating  ; 
for  the  temperature  of  the  screen  itself,  as  it  is  replaced  or 
withdrawn,  will  certainly  affect  such  measurements  as  these. 
Through  the  whole  course  of  the  experiment  the  bolometer  is 
uninterruptedly  exposed  to  radiations  from  the  grating, 
whether  reflected  by  it  or  emanating  from  its  own  substance. 
The  interruption  of  the  solar  radiation  is  effected  at  the  other 
end  of  the  train,  5  metres  beyond  the  grating  itself.  In  the 
gratings  employed  one  of  the  second  spectra  is  very  feeble,  or 
almost  lacking.  The  rays  of  the  second  spectrum  are  neces- 
sarily superposed  on  those  of  double  the  wave-length  in  the 
first ;  and  as  all  evidence  of  solar  radiation  in  the  most  sensi- 
tive apparatus  at  the  sea-level  dies  out  near  X  =  0'**3  in  the 
ultra-violet,  it  follows  that  we  can  measure  down  in  the  first 
spectrum  as  far  asX=0'^'6,  or  in  fact  further,  without  any  fear 
whatever  of  our  results  being  affected  by  the  underlying 
second  spectrum,  even  if  that  were  a  strong  one.  Underlying 
0'^'7,  which  is  near  the  limit  of  the  red  in  the  first  spectrum, 
is  0'^"35  in  the  second,  Avhere  heat  is  practically  still  negligible. 
We  have  therefore  (knowing  the  amount  of  heat  in  the  second 
spectrum  at  0^"5,  and  knowing  that  our  ultimate  point  of 
measurement  at  f^'O  in  the  first  spectrum  overlies  0'^'5  in  the 
second)  the  means  of  asserting  M'ith  confidence  that  no  con- 
siderable error  can  be  introduced  from  this  cause,  after  an 
allowance  has  been  made  here  for  the  minute  effect  of  this 
second  spectrum.  An  allowance  is  also  made  to  reduce  the 
effect  to  that  which  would  have  been  observed  with  a  grating 
so  coarsely  ruled  as  to  cause  no  considerable  deviation  from 
the  slit  of  any  portion  of  the  spectrum  measured.  The  bolo- 
meter (in  a  constant  position  relative  to  the  concave  mirror 
such  that  the  optical  axis  of  the  latter  bisected  the  angle  be- 
tween its  central  thread  and  the  centre  of  the  grating)  Avas 
moved,  together  with  the  mirror,  by  a  tangent-screw  in  arc, 
so  that  the  spectrum  appeared  to  traverse  its  face. 

The  actual  angular  deviation  of  any  ray  under  examination 
was  obtained  from  a  divided  circle  on  which  the  arm  carrying 
both  mirror  and  bolometer  moved.  A  particular  description 
is  not  given,  as  the  whole  apparatus  was  replaced  by  a  more 
perfect  one  later.  That  actually  used  Avill  be  intelligible  by 
the  sketch,  fig.  1,  where  S  is  the  slit,  G  the  grating,  M  the 
concave  mirror,  B  the  bolometer,  and  C  the  divided  circle. 

The  light  came  from  the  silvered  mirror  of  a  heliostat, 
passing  through  the  slit  at  a  distance  of  about  5  metres  from 
the  grating,  which  was  bolted  inmiovably  above  the  centre  of 
the  circle  of  a  massive  dividing-engine,  with  the  grating^s 
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plane  always  perpendicular  to  the  line  joining  its  centre  and 
the  slit.  The  mirror  and  the  bolometer,  with  their  attach- 
ments, were  fastened  to  this  movable  circle. 

An  allowance  has  been  made  for  the  ^J-.  1. 

absorption  of  speculum-metal  and  silver; 
but  the  absorption  of  the  iron  strips  of 
the  bolometer  has  only  been  indirectly 
allowed  for.  This  has  been  done  by 
comparison  with  the  action  of  a  bolo- 
meter with  lampblacked  surface.  It 
will  be  seen  hereafter  that  the  whole 
experiment  has  been  repeated  with  a 
lampblacked  bolometer  without  in  any 
way  affecting  the  results.  The  wave- 
lengths are  derived  from  the  measured 
angles  by  the  use  of  the  formula 
nsk  =  sin  i  +  sin  r,  where  n  is  the 
order  of  the  spectrum,  s  the  space 
between  the  lines  of  the  grating,  A.= 
the  wave-length  of  the  radiation,  i  the 
angle  of  incidence  (in  the  present 
instance  0°),  and  r  the  angle  of  dif- 
fraction. 

In  the  early  observations  it  ap- 
peared from  the  examination  of  the  dif- 
fraction-spectrum up  to  X  =  1'^"0  that 
the  energy  in  the  invisible  part  as  fiir 
as  this  was  much  less  than  in  the  visible. 
Nothincr  definite  is  even  at  this  time 
known  to  physicists  as  to  the  extent 
of  the  normal  solar  spectrum;  but  the 
prismatic  spectrum  is  still  very  com- 
monly supposed  to  be  limited  by  theo- 
retical considerations  to  an  extent  little  greater  than  this;  and 
one  of  those  most  conversant  with  the  subject  has  treated  this 
wave-length  (i.  e.  V^'O)  as  marking  the  limit  of  everything 
known  to  exist*. 


*  Drappr,  "  On  the  Phosphnrograph  of  a  Solar  Spectrum,  and  on  the 
Lines  in  the  Infra-red  Region,"'  Philosophical  Magazine,  vol.  xi.  p.  167, 
March  1881.  He  asks,  "  Do  we  not  encounter  the  objection  that  this 
wave-length,  lO-ToO"'"  metre  (the  limit  of  Captain  Abney's  map),  is 
altogether  beyond  the  theoretical  limit  of  the  prismatic  spectrum  ? " 
Previous  measurements  of  heat  had,  it  will  be  remembered,  been  made  by 
comparing  its  total  amounts  in  the  visible  and  invisible  prismatic  spec- 
trum, which  gives  us  no  knowledge  as  to  wave-lengths  in  any  case ;  and 
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It  seemed  at  first,  then,  improbable  that  tlie  heat  below  the 
red  should  materially  exceed  or  even  equal  that  above  it ;  for 
this  would  demand  (since  the  heat  shown  bj  the  last  ordinate 
at  A,  =  1'^'0  is  very  small)  an  extension  of  the  curve  of  heat,  as 
obtained  from  the  grating,  to  a  distance  enormously  beyond 
the  furthest  limit  then  assigned  to  the  normal  spectrum  by 
experiment.  The  writer's  further  investigations,  however, 
led  him  to  believe  that  this  immense  and  unverified  extension 
has  really  existed,  and  to  thus  confirm  by  independent  means 
the  statements  of  Tyndall  and  others  as  to  the  great  heat  in 
this  region.  He  was  unable  to  determine  its  exact  limit  with 
the  grating  as  then  used,  on  account  of  the  overlapping  spectra, 
but  was,  some  two  years  since,  led,  from  experiments  not  here 
detailed,  to  suspect  the  existence  of  solar  heat  at  a  distance  of 
nearly  four  times  the  wave-length  of  the  lowest  visible  line, 
A(\=0''-76)  orat\=3''-0. 

We  receive  all  the  solar  radiations  through  an  absorbing 
atmosphere;  and  it  is  of  the  first  consequence  to  determine  the 
rate  of  this  selective  absorption  for  each  separate  ray.  This 
has  (owing  to  the  difiiculties  before  alluded  to)  never  been,  so 
tar  as  I  know,  yet  attempted.  It  forms  a  prominent  part  of 
the  present  design. 

The  great  difficulty  in  this  investigation,  after  the  provision 
of  a  sufficiently  delicate  heat-measurer,  lies  in  the  varying 
amount  of  radiant  energy  which  our  atmosphere  transmits, 
even  for  equal  aiz'-masses.  The  solar  radiation  is  itself  sen- 
sibly constant ;  but  the  variations  in  the  radiant  heat  actually 
transmitted  are  notable,  even  from  one  minute  to  another 
under  an  apparently  clear  sky.  The  bolometer,  in  fact,  con- 
stantly sees  (if  I  may  use  the  expression)  clouds  Avhich  the  eye 
does  not.  That  these  incessant  variations  are  in  fact  due  to 
extraneous  causes  and  not  to  the  instrument  itself,  has  been 
abundantly  demonstrated  by  measurements  on  a  constant 
source  of  heat. 

Those  taken,  for  instance,  on  a  petroleum-lamp,  so  placed 
as  to  give  nearly  the  same  galvanometer-deflection  as  the  sun 

wave-lengths  in  the  dark-heat  region  had  been  estimated  by  hazardous 
extrapolations  from  contradictory  formulae — formulae  which  profess  a 
theoretical  basis,  but  contradict  each  other.  Thus  Miiller  tinds  by  Red- 
tenbacher's  formula  a  wave-length  of  nearly  S'^'O  for  the  extreme  solar 
heat-rays,  Draper  (as  we  have  just  seen)  a  wave-length  of  but  I'^-O  for  the 
same  rays,  &c.  All  these  formuke  (Briot's,  Cauchy's,  &c.)  agree  well 
with  the  observations  in  the  visible  spectrum,  which  they  have  in  fact 
been  originally  deduced  from.  They  contradict  each  other  thus  grossly 
when  used  for  extrapolating  the  place  of  the  extreme  infra-red  rays, 
whose  real  place  we  give  later  from  actual  measures. 


S.  p.  Langley  on  the  Selective  Absorption  of  Solar  Energy.     159 

did,  were  found  to  indicate  a  probble  error,  for  a  single  obser- 
vation, of  less  than  1  per  cent. 

The  variations  from  minute  to  minute  (under  a  visually  clear 
sky)  amount  frequently  to  ten  times  the  probable  instrumental 
error;  and  they  can  only  be  eliminated  by  repeating  the  obser- 
vations a  great  number  of  times  on  many  different  days. 
Actually  twenty-nine  such  days'  observations  have  been  made 
(as  appears  below)  in  the  preliminary  series  ;  but  it  would  be 
an  error  to  suppose  that  this  number  was  obtained  without  the 
sacrifice  of  a  still  larger  number  on  which  the  apparatus  was 
prepared  and  the  day  spent  without  results,  owing  to  the  still 
more  considerable  atmospheric  changes  between  morning  and 
afternoon.  Even  of  the  twenty-nine  days  cited,  and  which 
may  be  considered  exceptionally  fair,  it  will  be  seen  that  in 
only  ten  cases  did  the  sky  continue  sufficiently  constant  in  the 
morning  and  afternoon  to  allow  complete  series  to  be  taken. 

It  will  be  understood  that  we  aim  to  make  at  least  two  sets 

of  measu]-es  throughout  the  spectrum  daily — one  when  the  rays 

have  been  little  absorbed  (at  noon),  the  other  when  they  have 

been  greatly  absorbed  (in  the  morning  or  afternoon).     The 

mass  of  air  through  which  the  rays  pass  is  taken  proportional 

to  secant  ^  for  zenith-distances  less  than  65°,  and  for  those 

'0174  tabular  refraction        i  •     i    ,i  i      ii 

2;reater  to  ; — r-r- — ,—  ,  and  in  both  cases  to  the 

'^  cos  apparent  attitude 

actual  barometric  pressure.  It  is  expressed  in  units,  each  of 
which  is  represented  by  the  pressure  of  one  decimetre  of  mer- 
cury at  the  sea-level.  As  the  barometric  pressure  there  is 
7*6  deciin.,  f'^  gives  the  transmission  for  an  entire  atmosphere. 
The  coefficient  of  transmission,  then,  for  one  atmosphere  {t'''^) 
is  the  proportion  of  the  radiation  transmitted  by  a  sun  in  the 
zenith  to  an  observer  at  the  sea-level;  and  this  is  here  shown 
to  vary  greatly  for  each  ray.  Thus,  by  reference  to  Table  III., 
we  find  of  three  solar  rays  whose  wave-lengths  are  '375,  '600, 
1*000,  that  of  the  ray  whose  w^ave-length  is  0'^*375  (in  the 
ultra-violet),  61  per  cent,  of  the  original  energy  would  be  ab- 
sorbed and  39  transmitted;  of  wave-length  0*^*600  (in  the 
orange),  36  per  cent,  would  be  absorbed  and  64  transmitted  ; 
of  wave-length  I'^-OOO  (in  the  infra-red),  20  per  cent,  is  ab- 
sorbed and  80  transmitted,  &c. 

Allegheny  Bolometer  Ohservafions  on  the  Solar  Diffraction- 
Spectrum  pirevious  to  Mt.  Whitney  Expedition. 

The  following  list  shows  the  dates  at  which  bolometer  ob- 
servations were  made  at  Allegheny  up  to  June  1881,  for  the 
measurement  of  heat  in  the  spectrum  and  the  determination  of 
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atmospheric  transmission,  by  the  comparison  of  the  noon  and 
afternoon  measures.  Those  days  on  which  noon  measure- 
ments were  taken  which  were  rendered  useless  for  this  purpose, 
by  subsequent  changes  in  the  condition  of  the  sky  or  by  other 
causes,  are  indicated  by  an  asterisk.  It  will  be  seen  that  of 
twenty-nine  days  of  observation  only  ten  observations  could 
be  fully  utilized. 

Dates:— 1880,  Nov.  12,*  Dec.  11,*  Dec.  18.*  1881, 
Jan.  12,*  Jan.  18,*  Jan.  28,  Feb.  2,  Feb.  3,*  Feb.  5,* 
Feb.  17,  Feb.  19,*  Feb.  22,*  Feb.  26,*  March  2,*  March  10,* 
March  11,*  March  25,*  March  28,*  April  7,*  April  16,* 
April  22,  April  23,  April  28*,  April  29,  April  30,  May  4,* 
May  26,*  May  27,*  May  28. 

The  following  table  gives  the  observed  galvanometer-deflec- 
tions reduced  to  a  scale  on  which  the  readings  are  proportional 
to  the  current  passing  through  the  galvanometer. 

dj  =  galvanometer-deflection  with  high  sun, 
dj=  „  „  „  low  sun. 

Table  I. 

X=  Of'-STo    -400    -450    -500    -600    700   -800    -900     1000 

T,„  9S  i«8i      f^/      •••       101       -     374     383    320    221 
Jan.28,  1881...  1^^^     ...         43       ...     167      2(>8     215    221 

,.,    o  f^,     34        80    215    289     307    293    175      ...         93 

^^°-^ \d,,      3        20      61     104      141     195      91      ...         47 

Tj,  ,    ,-  U;      23        62     120    232     260    227     188      ...         71 

■^^''•^'   \d„      8        25      58     110      133     151      80      ...         39 

.     .,  on  frf,      19        43-5154    236     262    239-5 1775 123-5     98 

■*P^"^^ \d„      6-5      17      63    119-5  171-5180-5122-5   89-5     84 

A,.r;i9'^*M       l'^'      •-         59     152    206     263    227     191     121        94 
Apriiz^,A.M....|^,^^     ...        41     124    189     258    257    187     122        96 

4     -?9<?x.„       l'^'      -        59     152    206     263    277     191     121        94 
Apmzo.p.M....  1^^     ...        32     103     124      188     198     140      80        66 

A     -1  9Q  A  X,      ^^,      13        29     113     151      235    235     139     100        89 
April  ^j,  A.M....  I  ^^^     10        22      65     126      156     197     135      93        86 

.     .,  OQ  \d,     13        29     113    151     235    235     139     100        89 

April -J,  P.M....  I  ^^^      5  8      49      62      107     116      72      58        66 

.     ..Of.  {d,     21        55     121     186     245    259     ]75    119        90 

■^P"'*^" \d,,     18        33      97     148     220    232     166      97        80 

^^,      ;,«  /c?,        8        34      99     109      144    134      89      64        52 

^^y-°  yd,,     ...  2        9      27        52      66      61      33        39 

The  next  table  gives  the  sun's  position,  and  the  correspond- 
ing air-mass  for  each  series  in  the  previous  tiible. 

in  this  table,  /3  denotes  the  reading  of  the  barometer,  and 


144      102 
116        78 
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M  is  determined  from  the  formula 

•0174  X  tabular  refraction 


M  = 


cosapp.  altitude 
Table  II. 


Date  of  obser- 
vation. 

High  Sun. 

Low  Sun. 

1 

Sun's 
hour- 
angle. 

Sun's 
zenith 

dis- 
tance. 

Baro- 
meter. 

Air- 
mass. 

(M,/3J. 

Sun's 
hour- 
angle. 

Sun's 
zenith 
dis- 
tance. 

Baro- 
meter. 

Air- 
mass. 

Jan.  28, 1881 
Feb.  2 

h  m 
0  00 
0  09 
0  38 
0  12 
0  11 
0  11 
0  06 
0  06 
0  04 
0  11 

58  29 
57  09 
52  57 
28  13 
27  49 
27  49 
25  50 
25  50 
25  31 
19  03 

d  m 
7-45 
7-39 
7-43 
7-36 
7-40 
7-40 
7-35 
7-35 
7-41 
7-32 

14-25 
13-63 
12-33 

8-35 
8-37 
8-37 
8-17 
8-17 
8-21 
7-75 

h  m 

2  57 

3  00 
2  56 

4  36 

2  45 

4  26 

3  11 

5  23 
3  54 
5  33 

71  28 

70  45 
66  09 
66  22 
45  30 
63  57 
48  46 
73  36 
56  31 

71  14 

d  m 
7-45 
7-39 
7-42 
7-36 
7-40 
7-40 
7-35 
7-35 
7-41 
7-32 

23-24 
22-24 
18-25 
18-32 
10-56 
16-85 
1115 
35-73 
13-43 
22-33 

Feb.  17  

April  22 

April  23,  A.M. 
April  23,  p..«. 
April  29,  A.M. 
April  29,  P.M. 

April  30 

May  28  

By  combining  the  high-  and  low-sun  observations  of  each 
day  separately,  coefficients  of  atmospheric  transmission  are 
obtained  by  using  the  formula 

where  t  is  the  coefficient  of  vertical  transmission  by  air  at  a 
barometric  pressure  of  one  decimetre.  A  tabular  statement  of 
these  coefficients  has  been  prepared;  but  the  average  or  adopted 
value  only  is  here  given. 


Table  III. 

x= 

•375 

•400 

•450    -500      ^600 

•700 

•800 

•900 

1-000 

Adopted  t  . 

.  -884 

•892 

•909    -923     ^942 

•955 

•965 

•970 

•971 

r' 

.   -392 

•420 

•485    ^544      -636 

•705 

■763 

•794 

•799 

It  is  important  to  notice  that  (contrary  to  a  generally 
received  opinion)  the  transmissihility  of  the  atmosphere  is  here 
found  to  he  greatest  for  the  infra-red  rays. 

All  good  noon  observations  have  been  reduced  to  a  uniform 
battery-current  of  0"25  weber,  and  the  results  arranged  in  two 
sets — the  first  for  winter  and  the  second  for  spring  measures. 

These  tables  are  not  here  given  ;  but  the  average  results  are 
as  follows  : — 
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Table  IV. 

X=  -375  '400  -450    -500   -600    -700   -800    -900    TOOO 

Winter^,  (mean  of  7  series)    31     88     190    294    328     259     172     111      91 
Spriug  d,  (mean  of  9  series)    18     57     139    218     281      274     188     121      94 

The  average  noon  deflections  for  winter  and  spring,  given 
in  the  previous  table,  require  further  correction  : — lirst,  for  the 
overlapping  portion  of  the  (weak)  second  spectrum,  which  is 
considered  from  provisional  experiments  to  have  here  an  in- 
tensity one  thirtieth  that  of  the  first ;  secondly,  for  the  selec- 
tive absorption  by  silver  surfaces  ;  thirdly,  for  the  selective 
absorption  by  one  surface  of  speculum-metal;  fourthly,  for  the 
diminution  of  heat  in  the  diffraction-spectrum  with  increase  of 
the  angle  of  diffraction,  Avhich  is  here  provisionally  taken  as 
proportional  to  secant  r.  The  selective  absorption  by  the 
material  of  the  bolometer  is  here  treated  as  negligible. 

These  corrections  are  expressed  as  factors  by  which  the 
uncorrected  deflections  are  to  be  successively  multiplied, 
except  in  the  case  of  the  first  correction,  which  is  to  be  sub- 
tracted. (The  second  and  third  corrections  have  been  deter- 
mined here  by  special  researches  on  metallic  absorption,  which 
will  form  the  subject  of  a  separate  memoir.) 

The  researches  here  on  the  selective  absorption  of  lampblack, 
it  should  be  added,  are  incomplete,  and  the  value  given  may 
be  yet  subject  to  a  further  correction  due  to  this  error. 

Table  V. 

X=  -375    -400    -450    -500     -600     -700        -800        -900       1000 

Correction 

I.  (subtr.)       0         0  0  0  0  0  ^'o  X<^-40  t!VX^-45  A  Xc?-50 

II.  (factor)  3005  2-067  TGOB  1-448  1-301  1-227       1-192      1-166      1-145 

III.       „        2-000  1-923  1-802  1-695  1-550  1-460      1-408      1-389       1-370 

IV.     „        1-034  1-039  1051  1064  1096  1138       1-193      1266       1-366 

We  have  been  measuring  thus  far  "  heat,^^  by  which  we 
mean  the  solar  energy  as  interpreted  by  certain  agents  (that 
is,  silver,  lampblack,  &c.)  in  our  apparatus.  In  the  degree  in 
which  we  have  above  eliminated  the  selective  absorption 
j^eculiar  to  each  of  these  agents  are  we  entitled  to  speak  of 
the  resultant  values  as  proportional  to  the  solar  energy  itself. 
AV^e  do  not  suppose  ourselves  to  have  accomplished  so  untried 
and  difficult  a  task  with  exactness,  but  regard  these  curves  as 
useful  as  a  first  appz'oximation  to  the  absolute-energy  curve. 

These  corrections  being  applied,  the  final  values  of  noon 
deflections  at  Allegheny  become: — 
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Table  VI.* 

\=  -375     -400     -450     -500    -600    -700    -800    -900    l-OOO 

d,  (cor.)  winter,  1881.  192  6  3B3-4  579-3  7(i7-9  724-9  527-9  338-3  215-4  173-6 
d„    „    spring.  1881.  111-9  235-4  423-7  569  6  621-0  552-5  3723  238-0  234-6 

The  mean  air-mass  for  winter  =  13*88 
„         „         „         spring  =    i)-33 

We  now  proceed  to  the  calculation  of  the  energy  outside 
the  atmosphere  for  homogeneous  rays  with  the  data  which 
have  been  given.     For  this  purpose  we  have  used  the  formula 

log  E  =  log  d^  —  M^^j  log  t, 

where  E  is  the  energy  in  any  ray  outside  the  atmosphere 
(/.  e.  before  telluric  absorption),  (/^  the  average  galvanometer- 
deflection  at  noon  for  the  same  ray,  /3,  the  barometer-pressure 
in  units  of  one  decimetre,  or  the  mass  of  air  in  the  vertical 
column,  M//3^  the  corresponding  air-mass  for  the  sun's  zenith- 
distance  at  noon,  and  t  the  adopted  coefficient  of  transmission. 
The  following  table  has  been  prepared  with  the  values 
observed  in  the  spring  of  1881,  using  mean  coefficients  of 
transmission,  to  show  the  relation  between  energy  outside  the 
atmosphere  and  that  for  high  and  low  sun  at  Allegheny,  the 
various  actual  absorbing  aii-masses  at  the  low-sun  observations 
being  reduced  to  a  uniform  value,  double  that  at  high  sun. 

Table  VII. 

\=  -375  -400  -450    -500   -600 

E  =energy  before  absorption  353   683  10311203  1083 

«?,=  energy  after  absorption  I  J 12    235    424     570     621 
(corrected  ingii  sun) J 

d,  =  energy  after  absorption  1    07      63    140     225     311     324     246     167     167 
(corrected  low  sun)   ( 

E  can  be  computed  from  dy  and  d^^  by  the  formula  already 
given  ;  and  with  these  values  the  curves  in  fig.  2  have  been 
plotted. 

*  Tt  will  be  seen  that,  although  the  winter  absorbing  air-mass  was 
nearly  half  as  large  again  as  in  the  spring,  the  heat  received  from  the 
shorter  wave-lengths  was  actually  greater  in  the  winter.  It  appears 
probable,  then,  that  the  transmissibility  of  the  atmosphere  for  the  light- 
producing  radiations  is  relatively  greater  in  winter  than  in  spring.  As 
this  effect  may  be  connected  in  some  way  with  the  unequal  prevalence  of 
atmospheric  moisture  at  the  two  seasons,  it  may  be  well  to  state  that  the 
tension  of  aqueous  vapour  during-  the  winter  observations  was  in  the 
neighbourhood  of  ^  millimetres,  in  the  spring  of  8  millimetres. 


■700 

•800 

•900  1-000 

849 
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316  309 
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372 

238  235 
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The  middle  curve  (I)  is  that  at  high  sun.  Except  for  the 
heat  below  wave-length  (I'^'O),  the  area  of  the  curve  may  be 
considered  to  represent  the  heat  actually  observed  by  the  acti- 
nometers,  at  noon,  as  presently  given. 

The  lower  curve  (II)  is  that  at  low  sun.  Its  area  is  pro- 
portional to  the  heat  received  when  the  sun  shone  through 
double  the  absorbing  air-mass  that  it  did  at  noon. 

The  upper  dotted  curve  is  "  the  curve  outside  the  atmo- 
sphere." Its  area  will  give  the  heat  which  would  be  observed 
if  our  apparatus  were  taken  wholly  above  the  absorbing  air, 
and  the  distribution  of  this  heat  (energy)  before  absorption. 
Knowing  the  values  in  calories  corresponding  to  the  middle 
curve,  we  readily  obtain  the  absolute  heat  before  absorption 
(the  solar  constant). 

It  should  be  noticed  that  if  we  had  attempted  to  deduce  this 
latter  value  by  applying  our  logarithmic  formula  directly  to 
ordinary  actinometric  observations  (i.  e.  to  observations  where 
only  the  indiscriminate  effect  of  all  heat-rays  is  noted  by  the 
thermometer)  made  at  high  and  low  sun,  we  should  have 
obtained  a  quite  different  result.  This  has  been  the  usual 
process,  but  it  can  never  be  a  correct  one;  for  these  expo- 
nential formulge  are  in  theory  only  applicable  to  homogeneous 
rays,  and  the  departure  from  theory  here  involves  an  error 
which  is  demonstrably  large. 

The  above  values  in  Table  YII.  are  relative  only.  To 
obtain  absolute  ones  we  have  now  to  combine  this  result  with 
the  actual  measurements  of  solar  radiation  in  calories,  or  other 
units  furnished  by  actinometers  under  approximately  the  same 
conditions.  We  shall  at  the  same  time  thus  obtain  a  prelimi- 
nary value  for  the  solar  constant.  Taking  the  mean  of  our 
observations  with  the  Violle  and  Crova  actinometers  on  clearest 
days,  we  have  1*81  calory  observed  at  Allegheny  in  March 
1881.  This  is  the  absolute  amount  of  heat  represented  by  the 
area  of  a  completed  "  high-sun  "  curve. 

To  this  result  the  energy  distributed  through  the  whole 
spectrum  has  contributed,  while  our  bolometer-measurements 
in  the  diffraction-spectrum  end  at  wave-length  l''"00.  Never- 
theless, since  we  do  in  fact  know  from  subsequent  measures 
(to  be  given  later)  where  the  effective  spectrum  ends,  we  can 
by  the  aid  of  these  measures  prolong  the  curves  and  obtain 
their  relative  areas  with  close  approximation.  In  this  way 
we  determine,  by  measuring  the  charted  areas,  and  making 
allowance  for  the  (here)  uncharted  area  below  X=l'^-0: — 
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Area  outside  curve  above  =  I'^'OOO     .     .     47'26 
Area  outside  curve  below  =  I'^-OOO     .     .     2G'40 


Total 73-66 

Area  high-sun  curve  above  =  I'^'OOO  .     .     26"96 
Area  hioh-sun  curve  below  =  I'^-OOO  .     .     20-00 


Total 46-96 

^1        ,./.,!  •     area  outside  curve       73-66     ^  rt^n 

ihe  ratio  ot  these  areas  is r^-^ =  ,  .  ,.,.  =  l-oo9. 

area  hign-sun  curve      4b- 9b 

We  have,  then,  adopting  1-81  cab  as  the  solar  radiation  at 
Allegheny  with  clear  sky,  1-81  cal.  x  1-57  =  2-84  calories  as 
an  approximate  value  of  the  solar  constant. 

In  all  these  observations  the  object  has  been  to  avoid  the 
registering  of  small  variations  analogous  to  the  Fraunhofer 
lines,  and  to  give  only  the  general  distribution  of  the  energy. 
The  mapping  of  the  interruptions  of  the  energy  caused  by 
visible  or  invisible  lines  or  bands  forms  a  distinct  research; 
and  the  results  are  given  later  in  the  present  article. 

We  find  from  these  preliminary  obser^'ations  that  the  maxi- 
mum energy  in  the  normal  spectrum  of  a  high  sun  at  tlie 
earth's  surface  is  near  the  yellow,  and  that  the  position  of  the 
maximum  of  heat  does  not  in  fact  difller  Midely  from  that  of 
the  maximum  of  light.  It  has  been  long  known  that  certain 
ultra-violet  and  violet  rays  Avere  much  absorbed  :  but  it  has 
been  supposed  that  the  absorption  increased  also  in  the  infra- 
red, so  that  the  luminous  part  of  the  spectrum  was  on  the 
whole  the  most  transmissible. 

But  we  see  here,  not  only  how  enormous  the  absorption  at 
the  violet  end  really  is,  but  that  the  light-rays  have  suffered 
a  laro-er  absorption  before  they  reach  us  than  the  "  heat  ^'-rays 
ii.  e.  than  the  extreme  red  and  infra-red  rays) — a  conclusion 
opposed  to  the  present  ordinary  opinion,  and,  if  true,  of  far- 
reaching  importance.  For  if  this  "  dark  "  heat  escapes  by 
radiation  through  our  atmosphere  more  easily  than  the  lumi- 
nous heat  enters,  our  view  of  the  heat-storing  action  of  this 
atmosphere  and  of  the  conditions  of  life  on  our  planet  must  be 
changed.  Within  the  limits  of  the  present  charts  the  "dark" 
heat  apparently  does  so  escape. 

We  can,  from  the  data  now  gathered  as  to  the  rate  of  ab- 
sorption for  each  ray,  compute  the  value  of  the  heat  or  energy 
before  absorption  (the  solar  constant)  by  a  new^  process  which 
is  in  strict  accordance  with  theory.     This  preliminary  value 
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indicates  that  the  true  solar  constant  is  larger  than  that  com- 
monly given.  The  ratio  of  the  dark  to  luminous  heat  has 
been  so  wholly  changed  by  selective  absorption  that  we  must 
greatly  modify  our  usual  estimates,  not  only  of  the  sun's  heat- 
radiation,  but  of  his  effective  temperature. 

The  sun  to  an  eye  without  our  atmosphere  would  appear  of 
a  bluish  tint. 

In  spite  of  the  care  with  which  the  experiments  on  which 
the  above  conclusions  rest  have  been  conducted,  owing  to  the 
impoi'tance  of  the  subject,  and  to  their  departure  in  some 
respects  from  received  opinion,  it  seemed  desirable  to  repeat 
them  under  conditions  differing  as  much  as  possible  from  those 
in  which  they  were  made.  If  the  preceding  conclusions  are 
sound,  we  ought  to  tind  like  results  by  actually  ascending  to 
a  great  height  and  directly  measuring  there,  as  well  as  below, 
the  absorptions  which  each  ray  has  actually  undergone. 

Expedition  to  Mount  Whitney. 

In  July  1881  an  expedition,  fitted  out  and  instrumentally 
equipped  at  the  Allegheny  Observatory,  proceeded  in  the 
writer's  charge,  but  with  the  aid  of  transportation  furnished 
by  the  War  Department  and  under  the  oificial  direction  of 
General  ^Y .  B.  Hazen,  U.  S.  A.,  Chief  Signal  Officer  of  the 
Army,  to  Mount  Whitney  in  Southern  California,  where  these 
observations  and  others  were  repeated  at  two  contiguous 
stations  at  very  dift'erent  absolute  altitudes.  The  results  Avill 
shortly  appear  in  an  official  publication  (some  of  the  drawings 
prepared  for  which  have  been  used  for  the  present  memoir  by 
the  kind  permission  of  General  Hazen).  At  present  it  is  suf- 
ficient to  say  of  them,  that  the  conclusions  just  rehearsed  were 
confirmed  aud  extended. 

While  on  the  mountain,  at  an  elevation  of  13,000  feet,  a 
hitherto  unrecognized  extension  was  observed  by  the  bolo- 
meter of  the  infra-red  prismatic  spectrum  in  the  vicinity  of 
the  great  absorption-band  marked  on  our  prismatic  chart  as 
O,  and  beyond  it;  and  on  the  return  to  Allegheny  it  was  found 
that  this  last  observation  could  still  be  continued  in  our  lower 
atmosphere.  The  generosity  of  a  citizen  of  Pittsburg  had 
enabled  the  observatory  to  provide  for  the  expedition  several 
pieces  of  special  apparatus.  Among  these  was  a  Foucault 
siderostat,  of  the  dimensions  of  that  at  the  Paris  Observatory, 
but  of  a  much  improved  design,  and  a  special  apparatus  (the 
spectro-bolometer)  to  enable  the  deviations  of  the  invisible 
rays  to  be  measured  with  an  error  of  less  than  a  minute  of  arc 
&c.  ;  and  this  apparatus  has  been  used  in  the  new  research  we 
now  describe.     (The   siderostat  was   made  by  A.  Hilger,  of 
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London,  the  spectro-boloraeter  bj  W.  Grunow,  of  New  York  ; 
and  both  have  been  very  satisfactory.) 

Sir  William  Herschel,  in  1800*,  showed  that  heat  extended 
below  the  visible  spectrum.  He  found  that  about  one  half  the 
spectrum  consisted  of  obscure,  and  one  half  of  luminous  heat. 
Seebeck  and  Melloni  in  various  memoirs  showed  that  the  dis- 
position of  the  heat  depended  on  the  substance  of  the  prism, 
and  that  this  was  due  in  part  to  its  absorption. 

In  1840  Sir  John  Herschel  f  gave  a  thermograph  of  the 
invisible  spectrum,  indicating  unequal  absorption  below  the  red. 

Dr.  J.  W.  Draper,  in  1842|,  observed  three  wide  bands 
in  this  region,  which  he  called  «,  /3,  <y.  In  1846  MM. 
Foucault  and  Fizeau  appear  to  have  observed  the  same  lines. 
Dr.  Draper  §  states  that  prior  researches  lead  him  to  believe 
that  the  hottest  part  of  the  normal  spectrum  will  be  found  in 
the  yellow. 

Dr.  J.  Miiller  ||  gives  a  construction  showing  how  we  may, 
from  the  distorted  prismatic  spectrum,  obtain  the  true  or 
normal  dispersion.  Dr.  Miiller  conjectures  that  the  wave- 
length of  the  extremest  infra-red  ray  is  about  l'^*8 ;  and  from 
his  diagram  it  appears  that  nearly  two  thirds  of  the  heat  is 
below  the  visible  portion. 

Tyndall  If  gives  the  position  of  the  maximum  of  heat  in  the 
prismatic  spectrum,  and  estimates  the  invisible  radiation  of  the 
sun  to  be  twice  the  visible. 

In  1871  Lamansky^'^  gave  a  drawing  showing  three  gaps 
in  the  continuity  of  the  infra-red  curve  as  observed  by  the 
thermopile.  Lamansky  repeats  the  usual  statement  that  these 
infra-red  rays  are  strongly  absorbed  by  the  atmosphere. 

In  1879  M.  Moutonftj  iu  a  valuable  memoir,  speaks  of 
there  being  four  known  bands  in  the  infra-red  whose  wave- 
lengths are  0''-85,  O'^'DO,  F-23,  r-48,  and  gives  l'^-77  and  2'^-14 
as  wave-lengths  he  supposes  himself  to  have  identified. 

If  our  charts  be  correct,  there  is  no  considerable  band  at 
1'^'48;  and  2'^' 14,  which  he  marks  as  the  termination  of  the 
spectrum,  is  in  fact  the  hottest  point  in  its  neighbourhood. 

It  seems  probable,  however,  that  he  had  perceived  by  his 
ingenious  method  the  existence  of  the  band  whose  wave-length 


•  Phil.  Trans.  1800.  t  Ibid.  1840. 

\  Phil.  Mag.  May  1843.  §  Ibid.  1847. 

II  Pogg-endorlFs  Annalen,  vol.  cv.  II   Phil.  Trans.  1866. 

**  Monatshericht  Konigl.  Akad.  Wissenschaft.  £e?'lm,1871 ;  Phil.  Mag. 
1872,  vol.  xliii. 
ft   Comptes  Rendns,yo\.  Ixxxix.  p.  291,  and  vol.  Ixxxiii.  p.  1190. 
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on  our  charts  is  marked  l'^*37,  and  in  doing  so  had  reached 
the  furthest  band  then  certainly  observed. 

Captain  Abney*,  in  1880,  mapped  by  photography  the 
infra-red  prismatic  spectrum  as  far  as  wave-length  l'^*075 
with  a  precision  and  completeness  till  then  wholly  unknown, 
besides  giving  the  wave-lengths  of  lines  for  which  he  derives 
by  an  exti-apolation  curve  a  position  at  X=l'^*240,  and  indi- 
cating a  band  still  beyond. 

Captain  Abney  had  previously  published  a  map  of  the 
diffraction-spectrum  extending  to  \=0'^'9682.  Dr.  J.  W. 
Draper  t,  by  the  aid  of  Captain  Abney 's  map,  believes  he  has 
identified  the  lines  a,  /S,  7  he  saw  in  1842  with  groups  repre- 
sented by  Abney  at  X,  =  0''-8150  to  0'^-8350,  0'*-8930  to  0'''9300, 
and  0'^-9350  to  0'^-9800. 

On  our  chart  we  have  given  Draper's  a,  /S,  7  according  to 
his  own  locations  of  them.  He  believes  these  to  be  the  same 
lines  seen  by  himself,  Foucault  and  Fizeau,  and  Lamansky. 
According  to  Draper,  then,  the  lowest  limit  of  his  own  or  any 
other  researches  known  to  him  in  1881  did  not  extend  much 
beyond  wave-length  I'^-OOOO.  It  appears  to  us  probable,  how- 
ever, that  Lamansky's  lowest  point  was  below  this;  and  we 
give  a  copy  of  Lamansky's  curve  (fig.  3),  which  the  reader 
can  compare  with  the  positions  on  our  present  charts. 

Fig.  3. 


These  brief  references  concern  only  what  belongs  to  our 
immediate  purpose,  and  are  not  offered  as  a  history  of  the 
subject. 

Recent  Observations  on  the  Invisible  Prismatic  Spectrum. 
After  the  return  from  Mount  "Whitney,  observations  were 
taken  at  Allegheny  with  the  train  of  apparatus  used  on  the 
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mountain  just  referred  to,  and  on  nearly  every  good  day 
during  the  first  six  months  of  1882.  There  were  of  such: — 
4  days  in  January,  8  in  February,  9  in  March,  9  in  April, 
9  in  May,  12  in  June;  in  all,  51  days. 

Very  early  the  observations  with  this  efficient  apparatus 
(the  result  of  improvements  due  to  the  previous  two  years' 
practice)  showed,  by  an  accuracy  not  hitherto  attained  in  such 
measures,  the  possibility  of  mapping  the  regions  of  the  infra- 
red spectrum  believed  to  have  been  first  observed  on  Mount 
Whitney,  and  which  have  remained  hitherto  unknown.  The 
extreme  narrowness  of  the  bolometer-thread  (one  fifth  of  a  mil- 
limetre) and  the  size  of  the  prismatic  spectrum  employed  made 
it  also  possible,  in  spite  of  the  condensation  of  the  latter,  to  dis- 
criminate lines  and  gaps  in  its  continuity  which  had  escaped 
previous  observation"^.  The  spectrum,  as  the  reader  now  sees 
it  in  the  charts,  was  mapped  with  the  intention  of  noting 
these  interruptions  of  energy,  which  had  been  in  the  previous 
research  designedlv  neglected.  The  bolometer  shows  the  cold 
in  the  principal  visible  Fraunhofer  lines  readily;  but  as  their 
effect  individually  is  slight,  it  has  not  been  indicated  in  the 
part  of  the  visible  spectrum  above  C. 

The  map  reached  approximate  completeness  early  in  April 
1882,  after  which  date  observations  have  been  still  continued 
daily,  whenever  possibje  ;  so  that  every  portion  of  the  curves 
here  given,  to  the  smallest  inflection,  has  been  observed  from 
three  to  twenty  times,  and  the  accidental  variations  due  to 
momentary  interruptions  of  solar  heat  by  invisible  clouds  have 
been,  it  is  hoped,  nearly  eliminated. 

The  bolometric  work,  represented  by  the  preceding  51  days' 
observations,  may  be  here  regarded  as  being  divided  into  two 
classes  having  distinct  though  related  objects. 

1st.  To  determine  the  general  selectice  absorption  of  the 
earth's  atmosphere  throughout  the  entire  spectrum  in  con- 
nexion with  the  observations  already  made  here  and  on  Mount 
Whitney.  For  this  purpose  measurements  have  been  made  at 
the  following  deviations :— 44°  30',  45°  30',  45°  53',  46°  12', 
46°  30',  46°  45',  47°  30',  48°  00',  49°  00',  50°  00',  51°  00'. 

All  these  points  have  been  measured  on,  twice  each,  the 
whole  forming  a  "  series ;"  and  these  ''  series  "  are  observed  at 
least  twice  daily — namely  at  meridian,  and  when  the  air-mass 

*  Nevertheless,  as  the  thread,  however  narrow,  is  not  absolutely  linear, 
it  feels  the  cold  before  its  centre  coincides  with  the  centre  of  the  line. 
The  interruptions  of  the  er.ergy-cuiTe  are  thus  in  fact  all  in  a  slight 
decree  too  wide,  especially  at  the  commencement  of  each  depression  ;  and 
it  is  probable  that  the  bands  we  have  marked  are  really  due  to  an  aggre- 
gation of  tiuer  lines. 
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is  approximately  double  that  at  meridian  ;  or  else  three  times 
daily — at  meridian,  when  the  mass  of  air  traversed  is  approxi- 
mately H  time  that  at  meridian,  and  again  when  it  is  ap- 
proximately 1^  X  \^  =  2\  times  that  at  meridian. 

It  will  he  observed  by  a  reference  to  the  map,  that  the 
points  chosen  for  measurement  coincide,  as  a  rule,  M'ith  the 
summits  of  the  energy-curve;  but  separate  investigations  are 
still  in  progress  on  the  nature  of  the  absorption  in  the  inter- 
vals, to  determine  whether  the  newly  observed  bands  are  of 
solar  or  terrestrial  origin.  The  ])art  of  the  spectrum  included 
extends  from  X,=  0''*383  (above  H  in  the  violet)  to  \=2^-'l'^ 
(in  the  newly  observed  infra-red  region,  about  two  octaves 
below  Fraunhofer's  B). 

(As  we  can,  in  fact,  obtain  evidence  of  heat  in  ultra-violet 
waves  whose  length  is  little  more  than  O'^'S,  the  length  of  the 
solar  spectrum  as  now  observable  by  the  bolometer  is  between 
b  and  4  octaves.) 

The  distant  slit  is  separately  exposed  at  each  observation, 
and  the  extremity  of  the  full  swing  of  the  galvanometer-needle 
is  read.  In  all  these  measures  the  galvanometer  is  used  in  the 
same  condition  of  sensitiveness.  The  slit  is  opened  to  a  con- 
stant width  of  2  millim."^  (except  in  measuring  the  very  feeble 
energy  at  the  most-refrangible  end  of  the  spectrum,  where  the 
width  has  been  increased  without  prejudice  to  accuracy,  owing 
to  the  corresponding  prismatic  expansion  of  the  spectrum 
itself).  The  same  bolometer  is  used,  as  a  rule  having  for  this 
purpose  1  millim.  eft'ective  aperture  (except  in  measurements 
at  the  most-refrangible  end  of  the  spectrum,  where  the  full 
aperture  of  the  bolometer  is  used). 

These  observations  on  the  absorption  of  different  air-masses 
for  each  spectral  ray  evidently  furnish  means  for  determining 
the  curve  outside  the  atmosphere,  by  the  method  already  indi- 
cated. They  also,  of  course,  give  us  the  means  of  making  a 
map  of  the  whole  spectrum  ;  but  their  use  for  this  latter  pur- 
pose is  incidental. 

2nd.  The  other  class  of  observations  is  for  the  special 
purpose  of  making  a  spectral  map,  extending  from  the  line  C 
to  the  lower  limit  of  the  infra-red. 

This  is  carried  on  by  means  of  the  linear  bolometer,  con- 
sisting of  a  single  strip  i  millim.  wide.  In  this  second  class 
of  observations,  a  rough  map  of  the  whole  infra-red  spectrum 
having  been  prepared,  a  very  limited  part  of  the  spectrum 

*  It  will  be  remembered  that,  tlie  actual  distance  of  the  slit  bein? 
5  metres,  this  aperture  subtends  an  angle  little  greater  than  one  minute 
of  arc. 

N2 
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(such  as  that  inckided  between  15'  of  deviation)  is  gone  over 
several  times  in  the  course  of  one  day,  the  measurement  being 
repeated  on  every  single  minute  of  arc,  with  a  separate  open- 
ing and  closing  of  the  slit,  and  a  record  made  of  the  full  swing 
of  the  galvanometer-needle  for  each  observation. 

These  observations  are  entered  numerically,  and  corre- 
sponding charts  made  on  large  sheets  of  section-paper.  The 
same  narrow  region  will  thus  be  gone  over  also  on  different 
days,  and  the  different  charts  subjected  to  a  very  rigid  exami- 
nation ;  so  that  every  feature  which  is  not  common  to  them 
all  is  rejected  or  reexamined  ;  and  in  this  manner  the  whole 
spectrum  is  studied.  These  original  charts  are  on  a  scale  four 
times  as  large  linearly  as  that  the  reader  now  sees  (Plate  III.). 

In  addition  to  this,  on  some  clear  days,  tracings  have  been 
made  upon  the  chart  directly  corresponding  to  the  movements 
of  the  galvanometer-needle  :  that  is  to  say,  the  observer  at  the 
spectro-bolometer  has  moved  the  bolometer  through  the  whole 
spectrum  by  means  of  the  tangent-screw;  the  slit  has  been  left 
permanently  open,  so  that  the  bolometer  has  been  constantly 
exposed  ;  and  the  observer  at  the  galvanometer,  seeing  the 
needle  moving,  as  a  hot  or  cold  part  of  the  spectrum  passes 
over,  calls  the  deflection  of  the  galvanometer  corresponding  to 
each  minute  of  arc,  while  a  third  person  plots  the  same  on 
section-paper.  In  this  way  as  many  as  eight  curves,  like 
those  here  given  of  the  prismatic  spectrum,  have  been  obtained 
between  noon  and  sunset  on  one  day,  giving  a  picture  of  the 
action  of  the  selective  absorption  of  the  atmosphere  in  every 
part  of  the  spectrum,  as  the  rays  of  the  sinking  sun  pass 
through  greater  depths  of  air.  This  third  method  (very  useful 
when,  as  in  this  case,  many  observations  have  to  be  taken  in 
a  short  time)  is  nevertheless  less  accurate  than  those  before 
described. 

A  careful  bolometric  and  also  optical  setting  is  made  on 
vsome  Avell-known  line,  usually  C,  at  least  once  daily,  to  make 
sure  that  the  adjustment  of  the  instrument  is  equally  accurate 
for  the  visible  and  invisible  rays. 

Description  of  the  Apparatus. 

The  rays  of  the  sun  are  reflected  horizontally  from  the 
mirror  of  the  large  Foucault  siderostat  through  an  aperture  in 
the  north  wall  of  the  observatory,  and  received  upon  a  plate  with 
a  slit,  whose  jaws,  moving  each  way  from  the  centre  by  a  mi- 
crometer-screw, can  be  regulated  so  as  to  allow  a  beam  of  any 
desired  size  to  pass.  4^  metres  from  this  slit,  at  the  distance 
of  its  principal  focus,  is  a  collimating  lens,  L  (fig.  4,  p.  174),  of  a 
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special  kind  of  flint  glass  which  has  been  found  nearly  trans- 
parent to  all  the  invisible  rays  measured.  This  lens  and  the 
slit  are  fitted  into  opposite  ends  of  a  tube,  T,  4^  metres  long, 
held  by  suitable  y's.  The  beam  of  rays  from  the  slit,  now 
rendered  parallel  by  the  collimator,  next  falls  upon  a  prism*, 
P,  of  the  same  kind  of  glass  as  the  lens,  supported  on  a  cir- 
cular adjustable  table  over  the  vertical  axis  of  the  massive 
instrument  we  have  called  provisionally  the  spectro-bolometer. 

Whatever  the  sensibility  of  the  apparatus  to  heat,  it  is  evi- 
dent that  we  cannot  accurately  map  the  narrow  spectral  limits 
between  contiguous  heat  and  cold,  unless  we  can  fix  their 
position  with  exactness.  Especially  when  we  consider  that 
these  rays  are  invisible,  and  that  the  whole  process  may  be 
compared  to  a  patient  groping  in  the  dark,  does  the  need  of 
an  instrument  which  will  record  the  precise  point  where  a  hot 
or  cold  line  was  felt  become  obvious.  This  is  the  object  of 
the  spectro-bolometer,  which,  as  well  as  other  apparatus  men- 
tioned here,  will  be  described  more  particularly  in  the  account 
of  the  observations  made  on  Mount  Whitney.  (It  was  made 
by  W.  Grunow,  of  New  York,  from  the  writer^s  design.) 

Two  long  arms,  A,  A',  turn  independently  about  the  above- 
mentioned  axis,  the  angle  between  them  being  measured  bv  a 
graduated  circle  with  two  verniers  reading  to  10''.  One  of 
these  arms  is  directed  toward  the  slit,  and  the  other  toward 
the  spectrum  formed  by  the  light  on  leaving  the  prism.  This 
latter  arm  carries  at  its  extremity  a  concave  mirror,  M,  of 
98  centim.  focus,  and  on  either  side  of  the  prism  an  accurately 
planed  track  directed  toward  the  centre  of  the  mirror,  on  either 
of  which  slides  a  carriage  with  y's.  Into  these  y's,  at  B, 
drops  either  of  two  "  ebonite  "  cylinders,  one  containing  the 
bolometer  and  the  other  the  ordinary  reticule  and  eyepiece. 
The  bolometer  used  in  the  measurements  for  these  maps  ex- 
poses to  the  spectrum  a  single  vertical  strip  of  platinum, 
\  millim.  wide,  covered  with  lampblack,  and  placed  accurately 
in  the  axis  of  the  ebonite  cylinder  by  reversal  under  a  com- 
pound microscope.  The  eyepiece  also  has  its  cross  wires 
centred  in  the  second  cylinder,  and  serves  to  examine  opti- 
cally the  place  which  will  be  occupied  by  the  bolometer-strips 
when  the  bolometer-cylinder  is  in  the  y's.     The  optical  axis 

*  This  prism,  whose  optical  properties  are  in  every  way  excellent,  was 
made  by  Mr.  A.  Ililger,  of  London.  Its  principal  constants  are  as  fol- 
lows : — size  of  polished  faces,  58  by  49  millim. ;  specific  gravitj^,  2-895  ; 
refracting  angle,  62°  34'  43";  index  of  refraction  for  D  line,  1*5798; 
index  of  refraction  for  H  line,  1'6070.  (A  rock-salt  prism  ot  nearly  equal 
size  and  great  purity,  as  well  as  prisms  of  quartz  and  spar,  have  been  used 
to  determine  the  absorption  of  the  glass  for  each  ray,  visible  and  invisible.) 
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of  the  mirror  M  exactly  bisects  the  angle  between  the  direc- 
tion of  the  arm  A' and  the  central  line  of  the  track ;  so   that 
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a  ray  falling  on  the  centre  of  the  mirror  from  the  centre  of  the 
instrument  at  P,  after  reflection  falls  upon  the  bolometer-strips. 
C,  C  are  counterpoises  to  offset  the  weight  of  the  arms  A,  A'. 
To  adjust  the  apparatus  for  observation,  the  screws  at  D  are 
loosened,  the  prism  removed,  and  the  arm  A'  brought  around 
in  line  with  the  long  tube.  The  eyepiece  being  placed  in  the 
y's  at  B,  the  image  of  the  distant  slit  is  brought  upon  the 
central  wire,  when  the  reading  of  the  divided  circle  should  be 
0°  00'  00",  indicating  a  deviation  of  zero.  The  arm  is  then 
moved  to  one  side  as  in  the  figure,  until  the  mirror  intercepts 
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the  rays  from  the  prism,  which  has  first  been  replaced  upon 
its  table  and  adjusted  by  the  screws  below.  The  prism  is  now 
carefully  set  to  minimum  deviation  (usually  for  the  Dj  line), 
and  is  then  automatically  kept  in  minimum  deviation  for  all 
other  rays  by  the  tailpiece  and  attachment  at  D.  When  the 
cross  wires  of  the  eyepiece  are  set  upon  the  D  line,  the  circle 
should  indicate  a  deviation  of  47°  41'  lb".  A  bright  and 
pure  image  of  the  spectrum,  about  (3  millim.  wide  and  640  mil- 
lim.  long,  between  the  A  and  H  lines  is  now  formed  in  the 
principal  focus  of  M  near  the  prism  ;  and  the  bolometer-case 
being  substituted  for  the  eyepiece,  the  carriage  is  slid  along 
the  track  until  the  central  strip,  placed  vertically  and  parallel 
to  the  Fraunhofer  lines,  comes  exactly  into  focus.  The  heat 
of  the  solar  rays  in  any  part  of  the  spectrum  may  now  be 
measured  by  the  bolometer  (the  galvanometer  giving  a  marked 
deflection  as  it  passes  over  the  leading  Fraunhofer  lines) ;  and 
the  deviation  for  that  part  is  exactly  indicated  by  the  divided 
circle. 

The  galvanometer  used  in  connexion  with  the  bolometer  is 
a  Thomson  reflecting  astatic  galvanometer  of  about  20  ohms 
resistance,  constructed  especially  for  the  purpose  by  Elliot 
Brothers,  of  London.  It  is  placed  upon  a  pier  entirely  dis- 
connected from  the  building.  The  scale  is  cylindrical,  with 
divisions  1  millim.  apart  on  a  transparent  surface,  and  is 
placed  1  metre  from  the  galvanometer  mirror.  Since  the 
whole  deflection  ordinarily  employed  does  not  exceed  5°,  as  a 
rule  the  reading  of  the  galvanometer  requires  no  reduction  for 
our  present  purpose.  A  resistance-box  forming  the  Wheat- 
stone's  bridge  and  other  electrical  adjuncts  of  the  bolometer 
are  on  the  right  of  the  galvanometer-pier.  The  rheostat  is  in 
a  convenient  position  near  the  scale;  and  the  battery-galvano- 
meter, for  measuring  and  regulating  the  strength  of  the  cur- 
rent used,  is  on  a  pier  in  another  part  of  the  room. 

In  conducting  the  measurements  for  mapping  the  spectrum, 
one  observer  is  usually  at  the  spectro-bolometer  to  set  the 
circle  to  the  deviation  required,  to  see  that  the  light  from  the 
siderostat  falls  properly  upon  the  prism,  and  to  admit  the  sun- 
light at  a  given  signal  by  means  of  cords  attached  to  a  sliding 
cover  in  front  of  the  slit  where  the  sun's  rays  first  enter  the 
room.  Another  observer,  placed  at  the  galvanometer,  reads 
the  corresponding  indications  of  the  instrument;  and  a  third 
enters  them  in  form  in  a  book  prepared  for  the  purpose,  and 
gives  the  signal  for  exposure.  As  all  these  observations  are 
carried  on  in  a  partially  darkened  room,  a  foui-th  person  is 
usually  stationed  without  to  wind  the  siderostat  clock,  and  to 
give  notice  of  any  passing  clouds  to  those  within  the  building. 
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Example  of  the  Mode  of  Observation. 

As  an  example  of  the  first  class  of  measures,  let  us  consider 
the  observations  made  with  the  Hilger  prism  on  June  22, 
1882.  The  high-sun  observation  was  made  at  O**  15™.  The 
sun's  zenith-distance  at  this  time  was  17°  10';  the  air-mass* 
was  1*047  time  the  mass  overhead  ;  the  height  of  the  baro- 
meter corresponding  to  the  air-mass  overhead  was  7*39  de- 
cimetres ;  consequently  the  air-mass  for  a  zenith-distance  of 
17°  10'  was  7-39  x  1-047  =  7-74  decimetres. 

The  sun's  zenith-distance  at  6*^  25™  (the  time  of  the  second 
observation)  was  79°  8't;  the  height  of  the  barometer  was 
the  same  as  at  noon;  and  the  air-mass  by  the  same  formula 
was  5-18  times  that  overhead,  or  7*39  x  5"18  =  38-27  decime- 
tres; so  that  the  mass  of  air  traversed  in  the  second  observation 
exceeded  that  in  the  first  by  an  amount  capable  of  supporting 
30-53  decimetres  of  mercury. 

The  galvanometer-deflection  obtained  in  the  part  of  the 
spectrum  whose  deviation  is  44°  30'  (a  part  which  is  near  the 
extreme  lower  limit  of  the  present  observations,  far  below  the 
visible  red)  was  at  noon  17,  and  in  the  afternoon  11.  In  the 
violet,  Avhere  the  deviation  is  50°  00',  the  corresponding  de- 
flections were  4-5  and  0-39.  Let  us  take  these  two  feeble 
extreme  rays  as  types  with  which  to  illustrate  our  process. 
Considering  first  the  infra-red  ray,  we  have  deflection  at  noon 
=  (:Zj=  17, deflection  in  afternoon  =(^2=11,  difierence  in  mass 
of  air  traversed  =M2/S2  —  Mi/3i  =  30-53  decimetres,  which  by 
its  absorption  has  produced  the  difference  in  the  deflections. 
t  representing  the  amount  of  energy  transmitted  by  a  layer 
of  air  equivalent  to  1  decimetre  of  mercury,  we  find  from  the 
formula 


=  (M2/32-MA)\A(^ 

V     di 


i=-986  ;  that  is,  a  mass  of  air  capable  of  supporting  1  deci- 
metre of  mercury  in  the  barometer  transmits  98-6  per  cent,  of 
the  energy  of  this  particular  kind  of  ray.  This  quantity  t  we 
call  the  coefficient  of  transmission  of  the  ray. 

Knowing  now  the  amount  of  energy  transmitted  by  one 
such  layer  of  air,  we  can  find  the  amount  transmitted  by  the 
7*74  layers  which  intervened  between  the  observer  and  the 
sun  at  noon,  namely  •986'^''*  =  '895.     Only  89-5  per  cent., 

•  Computed  from  the  formula  M=  tabular  refraction^ 

cosapp.  altitude, 
t  In  general  it  is  not  advisable  to  make  observations  at  so  great  a 
zenith-distance  as  this. 
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therefore,  of  the  original  unknown  heat  of  the  ray,  which  we 
will  represent  by  E,  reached  the  observer  at  noon,  producing 
a  deflection  of  17,  or  '895  E  =  17,  giving 


E  = 


17 

•895 


=  19-0; 


that  is,  had  our  instrument  been  placed  outside  the  atmosphere 
at  that  time,  it  would  have  indicated  a  deflection  of  19  instead 
of  17. 

By  a  similar  process  we  find  that  the  coefficient  of  trans- 
mission for  the  violet  ray  is  '923;  from  which  we  see  that  the 
ultra-red  ray  is  transmitted  with  greater  facility  than  the 
violet.  The  amount  of  this  violet  radiation  transmitted  by  the 
whole  depth  of  atmosphere  at  noon  was  '538,  from  which  its 

4-5 
energy  outside  the  atmosphere  was  -^^  =  8  •4. 

The  table  below  gives  the  coefficients  of  transmission  <fec. 
for  these  and  other  points  in  the  spectrum  where  measure- 
ments were  taken  on  this  day.  The  first  column  gives  the 
deviation  of  the  observed  ray  in  the  spectrum  of  the  prism 
used;  the  second  and  third  columns  the  deflections  obtained 
with  the  galvanometer  at  noon  and  in  the  afternoon  respec- 
tively; the  fourth  column  the  coefficient  of  transmission  (for 
an  atmosphere  supporting  one  decimetre  of  mercury);  the  fifth 
the  transmission  of  the  whole  depth  of  atmosphere  at  noon, 
obtained  by  raising  the  coefficient  of  transmission  to  the  7*74 
power  ;  and  the  last  the  computed  energy  outside  the  atmo- 
sphere expressed  in  galvanometer-deflections. 


Deviation. 

58  00  . 

62  00  . 

61  00  . 

60  00  . 

49  30  . 

49  00  . 

48  00  . 


0-02 

0-21 

0-96 

4-5 

7-3 

13 

43 


Table  VIII. 

<•    t. 

000 

000 

009    -925 

0-39    -923 


47  30  72 

46  45  158 

46  12  209 

45  53  175 

45  28  122 

44  30  17 


30 
12-5 

38 
109 
134 
107 

79 

11 


.M,i3/ 


•549 

•538 


1-8 
8-4 


953 
960 
979 

988 
986 
984 
986 
986 


689 

18-9 

731 

68-8 

850 

84^7 

910 

173^7 

894 

233-8 

•883 

198-3 

•895 

136-2 

■895 

190 

Similar  reductions  have  been  made  for  each  day's  observa- 
tion, the  result  from  each  being  confirmatory  of  the  statement 
here  (see  column  t^^'^i)  that  the  atmospheric  absorption  diinl- 
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nishes  continuously  as  the  wave-length  increases  (save  for  the 
interruptions  already  cited)  to  the  extremity  of  our  charts. 

The  graphic  representation  of  this  and  other  extratelluric 
curves  of  energy  will  be  given  in  a  later  memoir,  in  such  a 
form  as  to  show  from  the  mean  of  a  year's  observations  the 
percentage  of  absorption  suffered  by  each  ray  in  the  entire 
spectrum,  visible  and  invisible. 

The  reader  who  may  desire  still  fuller  details  as  to  the  appa- 
ratus, the  original  observations,  and  their  treatment,  is  referred 
to  the  forthcoming  official  publication  already  mentioned.  In 
the  later  memoir  will  be  found  a  description  of  the  method 
used  for  determining  the  wave-lengths  corresponding  to  mea- 
sured deviations,  and  the  formulse  for  deducincr  from  the 
prismatic  spectrum  the  distribution  of  the  energy  and  the 
extent  of  the  spectrum  on  the  normal  scale. 

Summary. 

As  one  result  of  this  present  research,  the  chart  of  the  pris- 
matic spectrum  as  observed  at  Allegheny  with  the  bolometer 
is  now  presented  (Plate  III.).  The  abscissa  are  proportional 
to  deviations,  and  the  ordinates  to  measured  energies.  The 
second  chart  now  given  (Plate  III.)  represents  the  normal 
spectrum  as  deduced  from  the  prismatic;  as  it  has  been  thought 
advisable  to  present  it  here  for  the  reader's  convenience,  in 
advance  of  a  description  of  the  means  used  for  making  it. 
The  abscissae  on  this  are  proportional  to  actually  measured 
wave-lengths,  and  the  ordinates  to  measured  energies.  In 
both  charts  the  area  between  ordinates  corresponding  to  like 
wave-lengths  is  the  same;  and  hence  the  total  areas  are  the 
same.  Their  very  dissimilar  contour  is  due  to  the  prismatic 
distortion. 

Faint  indications  of  solar  energy  below  the  lowest  point 
here  shown  have  been  found;  and  these,  with  some  considera- 
tions as  to  the  nature  of  the  new  absorption-bands,  may  be 
given  hereafter,  together  with  tables  (already  prepared)  of  the 
absorptive  action  of  the  solar  atmosj^here  for  each  spectral  ray. 
These  will,  it  is  hoped,  give  with  a  satisfactory  approximation 
the  distribution  of  the  energy  before  any  absorption  whatever 
at  the  source — that  is,  of  the  energy  in  the  photosphere  itself. 

The  extent  of  the  newly  observed  region  may  be  most 
clearly  seen  by  reference  to  the  map  of  the  normal  or  diffrac- 
tion-spectrum (Plate  III.).  Previous  maps  end  at  or  near 
wave-length  1'^'2.  Beyond  this  point  (with  the  exception  of 
the  single  band  near  wave-length  l'^"4)  every  line,  and 
every  ordinate  representing  heat,  is  believed  to  be  new.  The 
extent  of  the  region  here  newly  mapped  is  then  considerably 
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larger,  on  the  normal  scale,  than  the  whole  of  that  (both  visible 
and  invisible)  previously  known. 

We  observe  that  the  prismatic  spectrum  is  enormously  ex- 
panded at  the  violet  end.  To  carry  this  on  the  prismatic  scale 
to  wave-length  0'^*3  would  extend  it  far  beyond  the  limits  of 
our  chart.  All  the  actual  energy  in  the  entire  ultra-violet  part, 
however,  is  insignificant — how  insignificant  can  best  be  seen 
by  reference  to  the  normal  chart,  where  the  minute  area  beyond 
wave-length  C**-!  represents  the  whole  ultra-violet  energy. 

We  are  accustomed  to  speak  of  the  ultra-violet  and  infra-red 
regions  without  reflecting  on  the  enormous  difference  between 
their  actual  importance.  The  reader  will  be  able  to  see  by  a 
simple  inspection  of  the  normal  chart  and  a  comparison  of  the 
little  area  above  wave-length  0'^"3,  and  the  great  area  below 
wave-length  0'^'7,  that  the  latter  is  nearly  a  hundred  times  as 
great  as  the  former.  Yet  the  former,  owing  to  the  prismatic 
expansion,  and  to  the  selective  absorption  of  the  feeble  rays 
of  this  region  by  certain  salts  of  silver,  with  which  it  can  be 
photographed  (while  the  far  greater  energy  below  makes  little 
impression  on  these  salts),  has  occupied  more  attention  than 
the  latter.  When  we  observe  here  how  the  infra-red  region 
is  compressed  by  the  prism,  we  can  understand  how  its  extent 
has  been  underestimated.  Its  real  extent  is  so  vast  that  we 
should  accustom,  ourselves  to  consider  "  in  the  infra-red 
region  "  a  wholly  vague  term,  needing  to  be  supplemented 
with  a  description  of  the  particular  part  of  the  infra-red 
referred  to. 

It  may  be  w^ell  to  epitomize  the  principal  results  of  all  these 
researches  as  far  as  they  have  been  here  given.  In  general 
they  emphasize  and  extend  our  first  conclusions. 

1st.  In  measures  now  made  for  the  first  time  on  approxi- 
mately homogeneous  rays  in  the  diffraction-spectrum,  we  find 
that  the  maximum  energy  is  above  the  red,  and  is  placed  in 
fact  near  the  yellow.  The  place  of  this  maximum  point  varies 
with  the  sun's  altitude,  ranging  from  a  wave-length  of  nearly 
0*^-5 5  on  a  clear  day  and  with  a  high  sun,  to  a  wave-length  of 
0^*65,  or  even  more,  before  sunset.  On  the  normal  scale,  then, 
the  position  of  the  maximum  of  heat  in  the  spectrum  does  not 
vary  widely  from  that  of  the  maximum  of  light.  It  is  shown 
later  how  similar  results  are  deducible  from  the  prismatic 
spectrum. 

2nd.  By  comparing  the  ordinates  for  high  and  low  sun 
in  different  parts  of  the  spectrum  we  see  that  they  grow 
unequally,  indicating  an  enormous  systematic  absorption,  in- 
creasing toward  the  ultra-violet  and  diminishing  toward  the 
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infra-red;  and  these  ordinates  not  only  indicate  its  character, 
but  give  its  amount.  In  contradiction  to  the  statement  of 
many  investigators  and  of  present  opinion  on  the  point,  we 
find  that  (according  to  these  measures)  the  absorption  grows 
on  the  whole  less  and  less  as  we  go  down  below  the  red  to  a 
point  near  wave-length  2'^" 8.  By  this  it  is  not  meant  to  deny 
the  existence  of  regions  of  very  great  local  absorption  in  the 
lower  spectrum.  These  same  observations  do  in  fact  point  out 
new  regions  of  such  local  absorption.  But,  excepting  these, 
they  warrant  us  in  saying  that,  broadly  speaking,  the  absorp- 
tion through  the  whole  spectrum,  visible  and  invisible,  appears 
to  follow  one  simple  law,  and  to  decrease  where  the  wave- 
length increases;  so  that  not  only  is  the  ultra-violet  more 
absorbed  than  blue,  blue  than  yellow,  and  yellow  than  red, 
but  that  red  is  more  absorbed  than  the  infra-red,  and  each 
degree  of  infra-red  is  more  so  than  the  next  one  below  it. 

3rd.  By  the  use  of  the  ordinary  logarithmic  formula,  here 
employed  in  its  legitimate  application  to  homogeneous  waves, 
we  can  pass  from  the  curve  inside  to  that  outside  the  atmo- 
sphere ;  in  other  words,  we  can  virtually  transport  our  obser- 
ving-station  to  a  point  wholly  above  the  air,  and  determine 
the  distribution  of  the  sun's  heat  before  this  unequal  absorbent 
action  of  our  atmosphere  has  affected  it.  We  need  only 
embody  the  results  for  selective  absorption  given  by  our 
tables  in  a  simple  graphic  construction  (like  that  here  shown 
in  connexion  with  the  preliminary  investigation)  to  see  that 
the  point  of  maximum  heat  outside  our  atmosphere  lies  near 
wave-lengths  0*50  to  0*55 — or,  as  we  are  entitled  to  say,  that 
the  hottest  ])ortion  of  the  spectrum  outside  the  atmosphere 
will  be  found  rather  in  the  green  than,  as  here,  near  the 
yellow. 

It  is  probable,  from  our  measurements,  that  the  sun  loould 
appear  of  a  decidedly  bluish  tint  to  the  naked  eye  placed  without 
our  air. 

This  atmosphere,  which  we  are  so  accustomed  to  regard  as 
colourless,  has  then,  in  fact,  played  a  pax't  analogous  to  that 
of  a  yellowish  or  reddish  glass,  whose  impure  colour  is  not  a 
monochromatic  yellow  or  red,  but  a  compound  of  all  spectral 
tints  in  unaccustomed  proportions.  Had  we  in  all  our  lives 
had  no  light  but  from  an  electric  light,  seen  through  such  a 
reddish  glass  shade,  we  should  probably  have  believed  this 
reddishness  to  be  the  "  natural  "  or  proper  colour  of  the  naked 
carbons,  and  moreover  that  it  represented  "  the  sum  of  all 
radiations."  It  would  apparently  answer,  in  an  individual 
brought  up  in  ignorance  of  any  other  light,  to  our  common 
notion  of  whittness  ;  so  that  even  though  it  really  possessed 
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colour,  the  medium  would  (previous  to  investigation)  be 
deemed  colourless.  In  the  same  way  common  opinion  regards 
our  air  as  colourless;  yet  it  cannot  be  so,  but  must  necessarily 
(according  to  these  observations)  be  considerably  coloured. 

As  we  have  been  accustomed  to  regard  it  as  colourless, 
however,  it  is  clear  that  were  it  removed  we  should,  in  seeing 
the  sun's  true  appearance  for  the  first  time,  regard  the  sun 
itself  as  coloured. 

Our  white  light,  then,  is  not  the  sum  of  all  radiations,  but 
only  of  a  part,  even  of  the  visible  ones. 

4th.  We  can,  by  measuring  the  area  of  the  curve  outside 
our  atmosphere  and  comparing  it  with  the  area  of  the  curve 
within,  obtain  by  a  method  never  before  pursued,  which  is  in 
close  accord  with  theory,  a  value  for  the  solar  constant. 

Previous  observations  have  found  from  1'7  cal.,  in  the 
time  of  Pouillet,  to  2*5  cal.  in  that  of  Yiolle,  Avith  a  ten- 
dency to  increase.  The  value  here  given  from  our  preliminary 
investigation  is  2*84  cal.  The  last  figure  is  of  little  weight ; 
and  the  exactness  of  that  in  the  first  decimal  place  is  probably 
open  to  doubt.  The  conclusion  which  we  are  entitled  to  draw 
from  these  investigations  in  the  stage  here  presented  is  that 
the  solar  constant  is  in  reality  greater  than  has  been  heretofore 
supposed,  and  that  it  is  probable  that  it  is  not  very  greatly 
inferior  to  3  calories.  This  important  point  will  be  discussed 
fully  in  connexion  with  the  Mount-Whitney  observations, 
with  which  the  complete  graphical  constructions  elucidatory 
of  our  present  tables  will  be  given. 

5tli.  These  observations  show  heat  in  extreme  ultra-violet 
rays,  and  the  change  of  temperature  (hitherto  unobserved)  in 
the  Fraunhofer  lines.  They  lend  increased  probability  to  the 
belief  that  all  the  energy  in  any  ray  can  be  exhibited  as  heat, 
if  there  be  a  proper  medium  to  receive  this  energy.  Their 
evidence,  so  far  as  it  goes,  then,  favours  the  conception  of  one 
solar  energy,  which  is  interpreted  in  terms  of  heat,  or  of  light, 
or  of  chemical  action,  according  to  the  medium  by  means  of 
which  we  choose  to  observe  it. 

6th.  The  ratio  of  luminous  to  dark  heat  has  evidently  been 
wholly  changed  by  the  selective  absorption.  The  ratio  at  the 
sea-level  may  be  found  with  close  approximation  by  measuring 
the  two  areas — (1)  above  the  point  where  we  assume  the  lumi- 
nous spectrum  to  end,  and  (2)  below  it.  This  point  each  one 
may  define  differently;  for  the  extent  of  the  luminous  spectrum 
depends  much  upon  our  precautions  for  observing  it.  If  we 
assume  it  to  end  near  B,  then  three  quarters  of  the  energy 
must  be  termed  invisible  ;  if  at  the  actual  visual  extremity 
(far  below  A),  then  less  than  half.     To  fix  our  ideas,  let  us 
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suppose  it  to  terminate  at  Fraunhofer's  A.     We  then  find : — 

Luminous  and  ultra-violet  energy  (within ")  ^.opo 

the  smooth  curve) j 

Infra-red  energy 0*632 

1-000 

The  ratio  of  the  invisible  (infra-red)  to  the  whole,  then,  is 
0'n32;  and  there  is  reason  to  Ijelieve  this  value  rather  too  small 
than  too  large.  If,  however,  we  deduct  the  space  occupied  by 
the  gaps  in  the  lower  spectrum,  the  ratio  becomes  0*562.  The 
infra-red  energy  at  sea-level  may  be  roughly  taken,  as  thus 
defined,  at  three  fifths  of  the  whole.  At  the  same  time  the  ratio 
of  luminous  to  obscure  energy  without  our  atmosphere  is,  we 
repeat,  far  greater  than  within  it. 

We  conclude  (among  other  consequences  of  our  observations) 
that  since  the  heat  in  the  shorter  wave-lengths  (corresponding 
in  a  general  sense  to  high  solar  temperature)  was  thus 
relatively  greater  before  absorption,  that  we  are  obliged  to 
increase  our  usual  estimates,  not  only  of  the  amount  of  heat 
the  sun  sends  us,  but  (and  very  greatly)  of  the  effective  tem- 
perature of  the  solar  surface. 

The  relatively  small  amount  of  energy  corresponding  to 
great  wave-lengths  in  the  infra-red  is  due  not  so  much  to 
absorption  as  to  the  fact  that  there  is  no  considerable  solar 
energy  existing  there  at  all.  The  relatively  great  amount  of 
energy  in  the  luminous  part  of  the  spectrum  exists  there,  not 
on  account  of  a  feeble  absorption,  but  in  spite  of  a  strong 
absorption  ;  and  the  original  solar  energy  here  was  even  much 
more  considerable  than  what  we  see. 

It  is  probable,  however,  that  the  solar  spectrum  before 
absorption,  though  originally  weak  below  the  red,?/ei  extended 
very  much  further  into  the  infra-red  than  our  charts  indicate. 
We  may  even  regard  it  as  probable  that  some  agent  of  the 
atmosphere  acts  as  an  almost  complete  barrier  to  the  entrance 
or  departure  of  rays  below  the  point  charted. 

It  should  be  understood  that  these  researches  have  here  a 
practical  bearing  of  great  consequence.  The  temperature  of 
this  planet  and  with  it  the  existence,  not  only  of  the  human 
race  but  of  all  organized  life  on  the  globe,  appears,  in  the  light 
of  the  conclusions  reached  by  the  Mount  Whitney  expedition, 
to  depend  far  less  on  the  direct  solar  heat  than  on  the  hitherto 
too  little  regarded  <|uality  of  selective  aljsoption  in  our  atmo- 
sphere which  we  are  now  studying. 

The  discussion  of  these  and  other  points  is  reserved  for  a 
subsequent  memoir.  Among  these  will  bo  the  fuller  con- 
sideration of  the  place  of  the  principal   absorption  of  water 
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vapour,  a  consideration  which  it  will  be  advantageous  to  present 
in  another  connexion.  It  is  to  be  remembered  that  all  the 
values  here  given  are  presented  as  approximate,  and  not  as 
final  ones. 

In  presenting  these  researches,  on  the  part  of  the  Allegheny 
Observatory,  I  should  state  that  the  considerable  especial 
expenditures  they  have  involved  have  been  met  by  the  gene- 
rosity of  a  friend  of  that  institution,  whose  aid,  which  alone 
made  them  possible,  I  would  gratefully  acknowledge. 

In  conclusion  I  desire  to  say  that  I  have  been  aided  through- 
out them  by  Messrs.  F.  W.  Very  and  J.  W.  Keeler  of  this 
Observatory,  with  an  efficiency  and  interest  in  their  prosecution 
without  which  they  could  hardly  have  taken  their  present  form. 

Alleglieuy  Observatory,  Alleprheny, 

Pennsylvania,  December  30,  1882. 


XXIII.  On  the  Spectra  formed  hy  Curved  Diffraction-gratings. 
By  Walter  Baily*. 

[Plate  II.] 

IN  the  curved  diffraction-gratings  invented  by  Professor 
Rowland,  he  has  pointed  out  that  if  a  source  of  light  be 
placed  at  the  centre  of  curvature,  all  the  rays  diffracted  back 
from  the  grating  will  have  their  foci  on  the  circle  which  lies 
in  a  plane  per})endicular  to  the  lines  of  the  grating,  and  is 
described  on  the  radius  of  curvature  as  diameter.  In  this 
paper  I  investigate  the  locus  of  these  foci,  and  of  those  of  rays 
transmitted  through  a  transparent  grating  for  any  position  of 
the  source  of  light  in  the  same  plane. 

Let  a  plane  grating  be  placed  at  D  (fig.  1)  with  its  lines 
perpendicvilar  to  the  paper  and  one  of  them  passing  through 
D,  and  its  plane  perpendicular  to  C  D,  and  let  a  D  be  an  inci- 
dent ray,  of  which  a  portion  with  wave-length  Xj  is  diffracted 
along  Dai,  «'i"d  a  portion  with  wave-length  Xg  is  diffracted 
along  Da2,  aiDag  being  a  straight  line.  Let  QDa=d',  and 
CDai  =  ^;  and  let  a  be  the  distance  between  the  lines  of  the 
grating.  Let  D'  be  the  next  line  of  the  grating  to  D  ;  and 
draw  I)V  and  a\T)'a'2  parallel  to  Da  and  a^Da^  respectively; 
and  draw  aa' ,  a-^a'i,  a^o! ^  perpendicular  to  Da  and  a-^a^. 
Then  we  must  have 

a  D  +  Dai  =  «'D'  +  D'a/  +  n^^ 
and 

aD  +  Da2  =  a'D'  +  D'a'g  +  "2^2? 
where  n^  and  n^  '^^^  integers. 

*  Eead  before  the  Physical  Society  of  London,  January  27,  1883. 
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These  equations  give  us 

o-  (sin  6^  +  sin  6)  =  n{X,]^j 

a  (sin  B' —  sin  6^=-n^^. 

Now  (fig.  2)  let  D  be  the  centre  of  a  cylindrical  grating 
whose  lines  are  perpendicular  to  the  plane  of  the  paper,  C  the 
centre  of  curvature^  and  CD  =  c.  Let  P  be  the  source  of 
light,  Q  the  focus  of  a  diffracted  ray,  E  a  point  on  the  grating 
near  to  D.  Join  PD,  PE,  QD,  QE,  CE.  Let  CP  =  a, 
CQ  =  &,  ZPCD  =  a,  QCD  =  /3;  DP=r,  DQ  =  /,  ZCDP=6', 
/CDQ  =  ^',  ZDCE  =  7.  Then  we  have  for  light  diffracted 
back  from  the  grating,  which  we  may  call  "reflected  light," 

sinCEP+sinCEQ  =  n-, 

O" 

a  sin  {oL—fy)  h  sin  (18—7)  _  n\ 

{a?->rc'-2acco&{a-ry))i  '^  {?>2  +  c2-26ccos(/S-7)}2~  o- ' 

Expanding  in  terms  of  7,  we  get 

a  sin  a  h  sin  ^  n\ 

{a2  +  c2-2accosa}*       {^'■^  +  c'-^-26c  cos/3}*  ~  V 
r(a^  +  c^  — 2a(7COS«)acos«  — a'^sin^a 


(a^  +  c^  —  2ac  cos  a)^ 

(62  +  c2  -  2^>c  cos  /S)cos  /3  -  52  sin^^  ^ 


+ 


(6'  +  c2-26ccos/3)?- 
+  terms  involving  higher  powers  of  7=0. 

Putting 

acosa  =  c— rcos  ^3         b  cos  ^=c—r'  cos  6^, 

asm 01  =  0 sin  0,  bsm^  =  cs'm6', 

we  get 
.    ^       .    -,       X      fcos  ^     cos^  ^     cos  6^      cos^  ^'  1  , 

sm^+sm^^  — w-  + 1 7 —    c'7  +  &c.  =  o. 

cr      L    c  T  c  r      J 

This  .  equation  must  be  satisfied  for  all  very  small  values  of  7. 

Hence  nX 

sm  c^  +  sm  £7'  =  —  ; 

^wd  cos'-^^      COS0      1 

= h  j) 

r  c         a 

cos^'_cos^_l 
where  d  is  any  quantity. 
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In  the  last  equation  put  180  +  ^'  for  6',  and  — /  for  /. 
The  equation  then  becomes  identical  with  the  corresponding 
equation.     Hence  curves  whose  equation  is 

cos'-^  ^  _  cos  ^      1 
r  c         d 

have  the  property  that,  if  the  source  of  light  is  at  any  point 
on  one  of  these  curves,  the  whole  Ox"  the  reflected  spectra  pro- 
duced by  the  grating  lie  on  the  same  curve. 

If  we  start  with  the  equation  for  transmitted  light, 

sin^'—  sin^=w-j 

we  shall  arrive  at  the  same  result.  Hence  we  see  that  each 
of  the  curves  whose  equation  has  just  been  found  is  the  locus 
of  the  foci  of  all  the  diffracted  rays,  when  the  source  of  light 
is  at  any  point  on  the  curve. 

These  curves  I  will  call  "  diffraction-curves."  It  is  obvious 
from  the  equation  that  they  are  independent  of  the  distance 
between  the  lines  of  the  grating. 

A  table  is  given  at  the  end  of  the  paper  showing  the  values 

of  r  for  every  five  degrees  in  the  value  of  d,  d  having  the 

c 
values  y,  c,  3c,  c  being  taken  as  1000  ;  and  the  forms  of  the 
o 

curves  are  shown  in  fig.  3. 

When  d  is  infinite,  the  diffraction-curve  is  a  circle  having 
the  radius  of  curvature  of  the  grating  as  diameter,  and  a 
straight  line  through  D  tangential  to  the  grating.  In  every 
other  case  the  curve  is  formed  of  two  loops,  one  lying  inside 
the  circle  and  the  other  outside,  touching  one  another  at  D. 
The  inner  loop  is  always  an  oval,  which  is  infinitely  small 
when  d  is  zero,  and  increases  as  d  increases,  until  d  becomes 
infinite,  when  the  inner  loop  coincides  with  the  diffraction- 
circle.  The  outer  loop  is  finite  when  d  is  less  than  c ;  and 
increases  as  d  increases,  until  d  equals  c,  when  the  outer  loop 
becomes  infinite,  and  resembles  a  parabola.  When  d  is  greater 
than  c  the  outer  loop  takes  somewhat  the  form  of  an  hyperbola, 
with  the  asymptotes  inclined  to  the  axis  at  an  angle  whose 

cosine  is  -^,  and  intersecting  one  another  at  a  distance  from  the 


grating  =  -^^ 2  *     ^^®  ^^  ^^®  ^^^  branches  into  which  the 

outer  loop  is  now  divided  passes  through  D,  always  retaining 
the  resemblance  to  a  branch  of  an  hyperbola,  and  ultimately, 
when  d  is  infinite,  becomes  a  straight  line  tangential  to  the  gra- 
PhiL  Mag.  S.  5.  Vol.  15.  No.  93.  March  1883.  0 
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ting.     The  other  branch  has  pomts  of  inflection,  \id  is  greater 

Q  

than  ^c,  in  the  positions  for  which  3c  cos  ^=cZ—\/l8c^ +cZ^ ; 

and  when  d  is  greater  than  2c,  this  branch  has  points  which 
are  at  a  minimum  distance  from  D.  At  these  points  the  dis- 
tance from  D  is  -V,  and  cos  ^= -y  Consequently  the  locus 

of  these  points  is  the  circle  of  curvature  of  the  grating.  When 
d  becomes  infinite,  this  branch  coincides  Avith  the  tangent  to 
the  grating  at  D,  and  with  the  diffraction-circle. 

The  difli'action-curve  has  been  shown  to  consist  of  two  loops, 
one  of  which  passes  through  the  source  of  light.  This  loop  is 
the  locus  of  the  spectra  of  transmitted  light;  and  the  wave- 
length at  any  point  is  given  by  the  equation 

wX=cr  (sin  Q'  —  sin  &). 

The  other  loop  is  the  locus  of  the  spectra  of  reflected  light ; 
and  the  wave-length  at  any  point  is  given  by  the  equation 

riX=o-  (sin  6'  +  sin  ^). 

As  both  loops  coincide  in  the  diffraction-circle,  this  circle  is 
the  locus  both  of  the  spectra  of  transmitted  and  of  reflected 
light  when  the  source  of  light  is  on  the  circle. 

As  an  example  of  the  determination  of  the  wave-length, 
suppose  the  grating  to  have  25,000  lines  to  the  inch  ;  then 
each  division  of  the  grating  is  40  millionths  of  an  inch. 
Divide  the  diameter  of  the  diffraction-circle  into  40  parts, 
and  with  the  centre  of  curvature  as  centre  describe  circles 
through  these  divisions,  and  number  the  points  in  which  they 
cut  the  diffraction-circle,  beginning  with  the  centre  of  curva- 
ture as  zero,  and  counting  the  readings  as  positive  on  one  side 
of  the  zero  and  negative  on  the  other  (see  fig.  4,  in  which  only 
every  tenth  reading  is  given).  If  the  source  of  light  be  at 
the  centre  of  curvature,  the  readings  of  the  diffraction-circle 
will  give  the  wave-lengths,  or  multiples  of  them,  in  millionths 
of  an  inch.  Now  with  the  centre  of  the  grating  as  centre  of 
projection,  project  the  readings  of  the  diffraction-circle  on 
both  branches  of  any  diffraction-curve,  and  place  the  source 
of  light  at  the  point  in  which  one  of  the  loops  cuts  the  perpen- 
dicular from  the  centre  of  the  grating.  The  readings  give  the 
wave-lengths,  or  multiples  of  them,  as  liefore. 

Let  the  source  of  light  be  now  placed  at  any  point  of  a  gra- 
duated diffraction-curve.  Take  the  reading  of  the  point,  and 
subtract  it  from  the  readings  of  all  other  points  on  the  same 
loop  ;  the  new  readings  will  give  the  wave-lengths,  or  mul- 
tiples of  them,  for  transmitted  light.     Add  the  reading  of  the 
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position  of  the  source  of  light  to  the  readings  of  all  points  on 
the  other  loop,  and  the  new  readings  will  give  the  wave-lengths, 
or  multiples  of  them,  for  reflected  light.  The  diffraction- 
circle  must  be  treated  as  two  distinct  loops,  and  the  reading 
of  the  source  be  subtracted  from  the  readings  on  the  circle  for 
transmitted,  and  added  for  reflected  light.  One  of  the  zero- 
readings  occurs  at  the  source  of  light,  and  the  other  at  the 
focus  of  ordinary  reflected  light. 

In  the  case  of  a  plane  grating,  since  c  is  infinite,  the  equa- 
tion to  the  dift'raction-curves  becomes 

r  =  clcos^6. 
Table  showing  the  values  of  r  for  every  five  degrees  of  6  in 
the  equation 
cos^^      cos^  .  1 


r 

c         d 

±e. 

H 

d=c. 

d=3c. 

7         C 

d=c. 

d^3c. 

±e. 

90 

0 

0 

0 

0 

0 

0 

90 

85 

2 

7 

18 

3 

8 

31 

95 

80 

9 

20 

77 

11 

37 

190 

100 

75 

21 

53 

113 

25 

90 

899 
13691 

105 
109 

70 

35 

87 

173 

44 

178 

-13451 

110 

65 

52 

126 

231 

73 

309 

-  2000 

115 

GO 

71 

167 

300 

100 

500 

-  1500 

120 

55 

92 

209 

363 

140 

772 

-  1372 

125 

50 

113 

252 

423 

175 

1156 

-  1335 

130 

45 

135 

293 

481 

224 

1707 

-  1338 

135 

40 

156 

332 

535 

263 

2508 

-  1356 

140 

35 

176 

369 

582 

314 

3710 

-  1382 

145 

30 

194 

402 

625 

351 

5(>03 

-  1408 

150 

25 

210 

431 

663 

392 

8768 

-  1434 

155 

20 

224 

455 

694 

429 

14610 

-  1456 

160 

15 

235 

475 

718 

459 

27394 

-  1475 

165 

10 

243 

489 

736 

481 

63890 

-  1489 

170 

5 

248 

497 

746 

495 

261165 

-  1497 

175 

0 

i  250 

500 

750 

500 

QO 

-  1500 

180 

c=1000. 


XXIV.   The  Basis  of  Statics.     By  Hokace  Lamb,  M.A., 
Professor  of  Mathematics  in  the  University  of  Adelaide*. 

THE  object  of  this  paper  is  to  suggest  a  new  basis  for  the 
science  of  Statics.  The  suggestion  is  put  forward  with 
all  diffidence  ;  but  it  will,  I  think,  be  readily  granted  that  the 
present  form  of  the  subject  is  hardly  satisfactory. 

*  Read  at  the  Annual  Meeting  of  tlie  Association  for  the  ImproTement 
of  Geometrical  Teaching,  Jauuaiy  17th,  1883.  Communicated  by  the 
Association  at  the  request  of  the  Author. 
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Tlie  manner  in  which  the  fundamental  propositions  are 
presented  bj  all  but  the  most  recent  writers  is  too  familiar  to 
need  any  long  recital.  Certain  principles  are  assumed  as  the 
result  of  experience  ;  and  the  parallelogram  of  forces  and  the 
other  leading  propositions  of  Statics  are  then  deduced  from 
these  by  purely  mathematical  reasoning.  Conspicuous  among 
these  principles  is  that  of  the  "  transmissibility  of  force," 
which  asserts  that  a  force  acting  at  any  point  A  of  a  body 
may  be  supposed  applied  indifferentlj'  at  any  other  point  B  in 
its  line  of  action.  This  principle  is  usually  stated  with  a 
certain  amount  of  hesitation  and  qualification.  We  are  told 
that  it  is  not  generally  true,  unless  B  be  "  rigidly  "  connected 
with  A ;  and  when,  as  sometimes  happens,  we  wish  for 
mathematical  purposes  to  transfer  the  force  to  points  not  so 
connected,  we  are  (in  effect)  told  to  conjure  up  before  our 
minds  the  vision  of  an  imao-inary  "  rigid  "  framework  attached 
to  the  body  with  which  we  are  dealing.  When  the  desired 
conclusion  has  been  reached,  this  framework  is  conveniently 
dismissed  to  the  void  whence  it  came.  Of  a  piece  with  this 
artifice  is  that  which,  in  the  application  to  Elasticity,  Hydro- 
statics, &c.,  consists  in  imagining  certain  portions  of  matter 
to  become  "  solidified."  Now  all  this  seems  very  unnatural. 
In  the  first  place  there  are  no  "  rigid  "  bodies,  in  the  sense  in 
which  the  word  is  defined  by  the  writers  here  criticised.  The 
fundamental  propositions  of  Statics  ought  surely  to  admit  of 
being  stated  in  such  a  way  that  they  shall  be  true,  accurately 
and  without  any  manner  of  qualification,  of  matter  such  as  we 
find  it.  Again,  it  ought  to  be  possible  to  establish  the  laws  of 
equilibrium  &c.  of  one  body  A  without  introducing,  even  in 
imagination,  another  body  (framework)  B,  even  if  the  proper- 
ties attributed  to  B  were  real  and  not  fictitious. 

Since  the  publication  of  Thomson  and  Tait's  '  Natural 
Philosophy '  the  methods  here  recalled  have  fallen  into  some 
discredit.  These  writers  first  pointed  out  that  a  sufficient 
appeal  to  experience  having  been  made  once  for  all  in  the 
Laws  of  Motion,  it  was  unnecessary  and  unphilosophicjil  to 
introduce  a  fresh  set  of  experimental  data  as  a  basis  for  Statics, 
which  is  after  all  but  a  branch  of  Kinetics.  Although  the 
propriety  of  this  view  has  been  universally  acknowledged,  no 
subsequent  writer  has,  so  far  as  I  know,  ventured  to  follow 
resolutely  the  path  thus  indicated,  and  to  develop  a  thoroughly 
consistent  doctrine  of  Statics  based  solely  on  the  Laws  of 
Motion  and  their  consequences.  Thus  in  a  text-book  otherwise 
admirable  we  find  that  although  the  truth  of  the  parallelogram 
of  forces    is    asserted"^  to  be  an  immediate  consequence  of 

•  Attentiou  seems  hardly  to  have  been  sufficiently  directed  to  the  fact 
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Newton's  Second  Law,  yet  the  principle  of  the  transmissibility 
of  force  is  retained,  and  employed  in  deducing  the  rules  for 
the  composition  of  parallel  forces,  &c.  Li  the  method  followed 
by  Thomson  and  Tait  the  particular  dynamical  principle 
adopted  as  a  basis  is  that  of  Work,  in  the  form  of  Lagrange's 
principle  of  virtual  velocities.  This  is  of  course  the  method 
most  consistent  with  the  plan  of  their  book,  which  is  to  exhibit 
the  connexion  between  the  various  branches  of  mathematical 
i)hysics  in  the  lisht  of  the  doctrine  of  the  Conservation  of 
Energy.  But  an  alternative  presentment  ot  the  subject  seems 
desirable,  and,  at  all  events  for  the  purposes  of  elementiiry 
teaching,  even  necessary.  It  should  be  remarked,  too,  that 
Thomson  and  Tait  follow  the  ancient  practice  of  regarding 
Statics  as  a  subject  which  deals  primarily  with  ideal  ^'  rigid" 
bodies,  and  that  accordingly,  in  their  treatment  of  Hydrostatics 
&c.,  they  retain  (as  I  cannot  but  think  most  unfortunately) 
the  artifice  of  an  imaginary  "  soMdification  "  of  the  portions 
of  matter  to  which  the  fundamental  propositions  are  to  be 
applied. 

It  is  with  all  due  deference  that  I  venture  to  suggest  a  new 
point  of  departure  in  a  subject  which  has  been  handled  by  so 
many  distinguished  writers.  I  am  of  opinion  that  the  true 
and  proper  basis  of  Statics  is  to  be  sought  for  in  the  principles 
of  linear  and  angular  momentum.  Regarding  Statics  as  the 
doctrine  of  the  equivalence  of  forces,  I  would  define  the  word 
"equivalent,"  and  say  that  two  sets  of  forces  are  "equivalent" 
when,  and  only  when,  they  produce  the  same  effect  on  the 
linear  and  on  the  angular  momentum  of  any  material  system 
to  which  they  may  be  applied — i.  e.  when  they  produce  the 
same  rate  of  change  of  momentum  in  any  assigned  direction, 
and  the  same  rate  of  change  of  moment  of  momentum  about 
any  assigned  axis.  In  the  same  way  two  sets  of  forces  would 
be  said  to  be  "in  equilibrium"  when  they  produce  no  effect 
on  either  the  linear  or  the  angular  momentum  of  any  system. 
On  this  basis  the  fundamental  theorems  of  Statics  can  be 
developed  with  great  ease  ;  and  there  is  of  course  no  qualifica- 
tion as  to  the  physical  nature  of  the  system  on  which  the 
forces  are  supposed  to  act.     The  particular  status  of  rigid 

that  this  assertion  is  ouly  correct  so  long  as  we  are  dealing  with  forces 
acting  on  a  particle.  When  we  have  to  do  with  a  bxly  of  finite  size,  aU 
that  the  most  liberal  interpretation  of  the  second  law  can  tell  us  is  that 
two  forces  represented  by  two  lines  AB,  AC  are  equivalent  to  a  force 
represented  by  some  line  equal  and  parallel  to  the  diagonal  AD  of  the 
parallelogram  constructed  on  those  lines.  To  prove  that  the  resultant 
must  act  in  the  line  AD  we  require  the  third  law  as  well.  A  good  deal 
of  ctinfusion  seems  to  have  arisen  here  (and  elsewhere  in  om-  subject) 
fi'om  the  vague  way  in  which  the  word  "  equivalent "  has  been  used. 
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bodies  in  this  method  is  as  follows.  As  a  matter  of  fact  we 
find  that  in  many  cases  the  bodies  with  which  we  deal 
undergo  deformations  so  slight  that  they  may  for  many 
purposes  be  ignored.  When  this  is  the  case  the  fundamental 
principles  of  Statics,  obtained  in  the  above  way,  are  sxificient, 
and  enable  us,  in  virtue  of  known  kinematical  theorems,  to 
obtain  all  the  information  we  care  about.  In  other  cases 
(fluids  and  flexible  solids)  these  principles  are  equally  valid, 
but  they  are  no  longer  sufficient,  and  additional  experimental 
knowledge  has  then  to  be  sought  for. 

A  possible  objection  to  the  above  method  may  be  here 
anticipated.  It  may  be  urged  that,  even  granting  its  soundness, 
it  is  altogether  too  difficult  and  abstruse  for  the  purposes  of 
elementary  teaching.  I  believe  that,  on  examination,  much 
of  this  supposed  difficulty  will  disappear,  and  that,  on  the  tvhole, 
the  method  will  be  found  to  be  really  much  simpler  than  that 
at  present  in  vogue.  The  main  difficulty  is  at  the  outset. 
When  the  foundation  of  the  method  has  once  been  laid,  a 
whole  series  of  propositions,  now  usually  obtained  each  by  a 
separate  and  often  a  complicated  proof,  follow  as  immediate 
corollaries.  It  is,  I  think,  now  coming  to  be  generally 
admitted  that  some  knowledge  of  Kinetics  ought  to  precede 
the  study  of  Statics.  Now  the  principles  of  linear  and 
angular  momentum  can  be  deduced  (as  in  '  Thomson  and 
Tait,'  §  267)  with  great  ease  from  the  second  and  third  laws 
of  motion,  and  constitute  of  themselves  a  valuable  intellectual 
acquisition.  The  first  of  these  principles  leads  directly  to  the 
parallelogram  of  forces  as  far  as  the  magnitude  and  direction 
of  the  resultant  is  concerned  ;  and  the  second  principle,  with 
the  help  of  Yarignon's  geometrical  theorem  of  moments,  fixes 
its  line  of  action.  The  rules  for  the  composition  of  parallel 
forces,  the  equivalence  of  couples  of  the  same  moment  in 
parallel  planes,  the  reduction  of  a  system  of  forces  in  one 
plane,  the  various  forms  of  the  conditions  of  equilibrium,  &c. 
need  no  longer  to  be  deduced  by  laborious  processes  from  the 
parall(^logram  of  forces,  but  are  simple  and  almost  self-evident 
corollaries  from  the  fundamental  principles  of  momentum. 
It  may  be  noticed,  too,  that  the  '^  transmissibility  of  force  " 
now  receives  an  exact  and  perfectly  general  meaning,  although 
as  a  separate  principle  it  has  no  proper  place  in  our  method. 

It  seems  unlikely  that  the  views  here  advocated  should  be 
altogether  novel ;  but  the  only  approximation  to  them  (a 
remarkable  one,  however)  which  I  have  been  able  to  discover 
is  in  Professor  Minchin's  *  Statics,'  §  94  (second  edition). 
If  Professor  Minchin  had  followed  out  to  its  legitimate  con- 
clusion the  line  of  thought  there  indicated,  and  made  it  the 
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foundation  of  his  exposition  of  the  subject,  he  would  have 
removed  what  I  take  to  be  the  only  serious  blemish  in  his 
excellent  book. 

In  conclusion,  I  would  point  out  that  the  wider  scope  here 
sought  to  be  given  to  the  fundamental  theorems  of  Statics 
can  be  justified  on  other  grounds.  It  is  now  generally  held 
that  the  ultimate  particles  of  bodies  apparently  at  rest  are 
really  in  a  state  of  more  or  less  violent  agitation.  If  we 
regard  Statics  as  the  theory  of  equilibrium,  and  if  by  equili- 
brium we  mean  relative  rest,  there  is  a  manifest  awkwardness 
in  applying  the  principles  established  on  this  basis  to  bodies 
so  constituted.  On  the  other  hand,  in  the  form  advocated  in 
this  paper,  the  fundamental  theorems  are  directly  applicable 
to  such  cases,  without  any  modification  whatever. 

Adelaide,  November  25, 1882. 


XXV.   On  Capillary  Phenomena.     By  John  T.  Riley,  B.Sc. 
(London),    A.E.C.Sc.L,    Demonstrator    in     the    Physical 
Laboratories  of  the  Mason  College*. 
[Plate  IV.] 

ALTHOUGH  the  mathematical  theories  of  capillary  action 
which  have  been  advanced  by  Laplace,  Gauss,  Poisson, 
and  others  agree  in  one  point,  which  may  be  tested  by 
experiment,  they  differ  in  the  fundamental  hypotheses.  In 
all  the  theories  the  equation  of  the  capillary  surface  is  of  the 
same  form,  involving  a  certain  constant  which  can  be  deter- 
mined by  experiment  only.  They,  however,  differ  in  the 
manner  in  which  this  constant  is  made  to  depend  on  the 
molecular  forces  and  the  law  of  density  of  the  fluid  near  the 
surface. 

Laplace  t  supposes  the  density  of  the  fluid  to  be  uniform: 
he  commences  by  considering  an  infinitely  slender  canal  of 
the  fluid  perpendicular  externally  to  the  surface  of  a  sphere, 
and  calculates  the  total  action  of  the  sphere  on  the  canal. 
The  law  of  attraction  is  such  a  function  of  the  distance 
that  this  function  becomes  insensible  when  the  distance  be- 
comes sensible.     He  finds  that  the  resultant  attraction  may 

TT 

be  represented  in   the   form    K — ^,  where   K  and    H  are 
both   independent   of   b,   the   radius   of   the   sphere.        He 

TT 

observes  that  K  is  much  larger  than  -^,  and  that  K  repre- 

*  Communicated  by  the  Author. 

t  Mecanique  Celeste,  Supplement  au  Livre  x. 
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XT 

sents   the   attraction   of  a   plane  surface,   since   -j-  vanishes 

TT 

when  h  becomes  infinite.  The  expression  K — j-  also  repre- 
sents the  attraction  exerted  on  the  canal  by  a  segment  cut 
from  the  sphere  by  a  plane  to  which  the  canal  is  perpen- 
dicular, since  all  the  sphere  behind  the  plane  is  at  too  great  a 

TT 

distance  to  have  any  effect.  In  a  similar  way,  K  +  -?-  repre- 
sents the  action  of  a  sphere  upon  an  infinitely  slender  canal 
internally  perpendicular  to  its  surface. 

He  then  applies  this  result  to  determine  the  action  of  any 
curved  surface  upon  an  internal  column  of  fluid  enclosed  in 
an  infinitely  slender  canal  perpendicular  to  any  point  of  this 
surface.  If  R  and  H'  be  the  principal  radii  of  curvature  at 
this  point,  he  obtains  for  the  attraction  the  expression 


K  +  iH(|.+^,). 


Gauss  *  uses  the  principle  of  virtual  velocities.  He  forms 
an  expression  for  the  sum  of  the  potentials  arising  from  the 
mutual  action  between  pairs  of  particles.  This  expression 
consists  of  three  parts,  corresponding  to  the  action  of  gravity, 
the  nmtual  action  between  the  particles  of  the  fluid,  and  the 
action  between  the  particles  of  the  fluid  and  the  particles  of 
the  solid  or  fluid  in  contact  with  it.  The  condition  that  the 
system  may  be  in  equilibrium  is  that  this  expression  shall 
have  a  minimum  value. 

Poisson  f  maintains  that  the  density  of  the  fluid  is  not 
uniform,  but  that  there  is  a  rapid  variation  of  density  near 
the  surface.  He  obtains  an  equation  of  the  capillary  surface 
similar  to  that  of  Laplace,  but  asserts  that  K  is  very  small 
instead  of  very  great. 

Many  physicists,  unwilling  to  grant  the  possibility  of  a 
negative  pressure  in  a  liquid,  and  confronted  with  the  fact 
that  capillary  elevations  and  depressions  occur  in  vacuo  just 
as  in  the  atmosphere,  adopt  the  result  of  Laplace,  and  consider 
that  a  plane  surface  exerts  a  considerable  pressure  on  the 
interior  liquid.  Thus  in  Everett^s  edition  of  Deschanel 
(6th  ed.  p.  133)  we  find  the  following  statement: — "  We 
cannot  conceive  of  negative  pressure  existing  in  the  interior 
of  a  liquid,  and  we  are  driven  to  conclude  that  the  elevation 
is    owing    to   the   excess  of  pressure    caused    by   the  plane 

*  Prindpia  Genei-alia  TheoricB  Figuree  Fluidm-um  in  Statu  JEquilibni. 
t  Nouvelle  Theorie  de  P Action  cajnllaire  :  Paris,  1831. 
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surface  in  the  containing  vessel  above  the  pressure  caused  by 
the  concave  surface  in  the  capillary  tube." 

This  molecular  pressure,  due  to  the  plane  surface,  is  a 
result  only  of  the  mathematical  methods  that  have  been 
employed  to  give  an  explanation  of  capillary  phenomena. 
We  cannot  demonstrate  experimentally  the  existence  of  this 
pressure,  since,  if  introduced  into  the  calculations  at  the 
beginning,  it  is  afterwards  eliminated  and  does  not  appear  in 
the  results. 

In  order  to  determine  whether  this  molecular  pressure,  due 
to  a  plane  surface,  has  any  physical  existence,  I  have  made 
the  following  experiment,  which  I  think  conclusively  proves 
that  it  has  not,  or,  if  it  has,  that  it  must  be  very  small.  I 
took  a  small  funnel  and  drew  out  the  stem  so  as  to  form  a 
fine  capillary  tube  which  I  bent  twice  at  right  angles,  so  as 
to  bring  the  capillary  limb  parallel  with  the  stem  (fig.  6). 
The  funnel  was  clamped  to  a  stand,  and  water  poured  in  to 
the  level  A;  in  the  capillary  limb  it  rose  to  B,  the  height  of 
which  I  read  with  a  cathetometer.  Adopting  Laplace^s  formula, 
and  neglecting  the  atmospheric  pressure,  as  its  efi'ect  cancels 
out,  the  })ressure  in  the  liquid  immediately  under  the  plane 
surface  at  the  level  A  is  K,  and  that  immediately  under  the 

curved  surface  at  B  is  K — ctiw'^ W'n  since  R  and  R'  are 
both  negative.  ^^^      ^^ 

In  this  case  K  cancels  out;  but  if,  without  altering  the 
level  at  A,  we  modify  the  surface  tension,  then  K,  which  is, 
according  to  Laplace,  a  function  of  H,  is  altered,  and  takes  a 
value  K'.     The  excess  of  the  pressure  immediately  below  A 

over  that  immediately  below  B  is  now  K'  — K  +  -jr-  (tt+tt?)? 

H  /  1       1\  2  VR      RV' 

instead  of  9~(  =r"+-d7)  ^s  before,  and  the  capillary  surface  at 

B  ought  to  move  up  or  down  according  as  K'  — K  has  a 
positive  or  negative  value. 

To  test  this,  I  held  a  glass  rod,  with  a  drop  of  ether 
adhering,  close  to  the  surface  of  water  in  the  funnel:  the 
surface  tension  M^as  immediately  diminished;  but  an  obser- 
vation with  the  cathetometer  showed  that  no  fall  had  occurred 
at  B.  Even  when  I  dropped  the  ether  on  the  surface  I 
could  detect  no  movement;  but  immediately  I  held  the  drop 
over  the  capillary  tube,  the  surface  at  B  began  to  sink,  and 
finally  fell  several  millimetres. 

It  is  evident  that,  although  H  is  very  much  diminished  by 
the  solution  of  the  ether  vapour  in  the  capillary  surface,  the 
difference  between  K  and  K'  is  not  appreciable,  so  that  both 
must  be  exceedingly  small  or  zero. 


p=  ^^+^), 
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We  may  suppose  that,  while  the  drop  of  ether  is  held  over 
the  plane  surface,  the  constitution  of  the  liquid  near  the 
surface  is  continually  changing,  from  the  passage  of  the  ether 
molecules  into  the  upper  layers. 

The  term  K'  is  meant  to  include  the  whole  of  whatever 
plane-surface  actions  may  exist,  tending  to  produce  an  internal 
pressure.  It  is  evident  that  K'  ought  to  be  considerably  less 
than  K,  since  H'  is  very  much  less  than  H  under  the  same 
conditions  of  surface. 

The  equation  of  the  capillary  surface  is  then  practically 
reduced  to 

.R 

where  ^j  is  the  hydrostatic  pressure  immediately  below  the 
capillary  surface. 

All  that  we  know  experimentally  concerning  the  forces 
which  produce  capillary  phenomena  may  be  expressed  in  two 
fundamental  propositions,  from  which  all  explanations  of 
particular  phenomena  may  be  deduced.  It  has  been  abun- 
dantly shown,  by  the  experiments  of  Plateau,  Dupre,  Van 
der  Mensbrugghe,  Terquem,  and  many  others,  that  every 
liquid  behaves  as  if  its  external  layer  were  in  a  state  of 
tension.  This  tension  is  uniform  in  all  directions  in  the  free 
surface;  but  its  magnitude  is  modified  by  contact  with  the 
surface  of  a  solid  or  another  liquid.  The  existence  of  this 
surface-tension  is  the  basis  of  the  physical  explanation  of 
capillary  phenomena.  The  only  assumption  it  seems  necessary 
to  make — namely,  that  the  variations  of  pressure  in  the  parts 
of  the  liquid  elevated  above  the  level  of  the  free  surface  obey 
the  ordinary  laws  of  hydrostatics — seems  so  evidently  natural 
that  it  cannot  be  doubted. 

Commencing  with  these  data,  it  is  easily  proved,  as  if  for 
a  stretched  membrane,  that  the  intensity  of  the  pressure 
supported  by  a  meniscus  is  given  at  any  point  in  the  meniscus 

by  the  expression  />=  ±^(^^  +  =57)?  where  R  and  R'  are  the 

principal  radii  of  curvature  at  that  point,  and  H  is  the 
uniform  tension  across  a  linear  centimetre  in  the  surface. 

The  constancy  of  the  angle  of  contact  of  a  liquid  with  a 
given  solid  also  follows  easily  from  the  assumption  of  a 
surface-tension ;  and  thus  armed  we  are  able  to  explain  any 
capillar}'  phenomena. 

In  the  January  number  of  this  Magazine,  Prof.  John  Le 
Conte  attempts  to  refer  to  two  fundamental  principles  the 
explanation  of  several  cases  of  the  appai-ent  attractions  and 
repulsions  of  small    floating  bodies.     He    refers  these    phe- 
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nomena  exclusively  to  the  elastic  reactions  of  the  tense 
surface-film,  whose  form  is  modified  by  the  proximity  of  the 
partly  immersed  solid  bodies,  and  purposely  leaves  out  of 
consideration  the  modifications  of  hydrostatic  pressure.  Of 
course  it  is  evident  that  these  phenomena  are  primarily 
produced  by  the  elastic  reactions  of  the  capillary  surfaces  in 
the  neighbourhood  of  the  solid  bodies;  but  to  consider  the 
motions  as  produced  by  a  "  superior  tension  ^'  in  one  or  more  of 
the  films,  owing  to  a  smaller  radius  of  curvature  of  the  film, 
is  evidently  an  error  of  expression. 

The  tension  is  constant  in  every  direction  throughout 
the  capillary  surfaces;  and  it  is  clear  that,  since  for  each 
plate  the  angle  of  contact  is  the  same  on  both  sides,  the 
horizontal  components  of  the  tensions  will  balance  each  other. 
The  movements  of  the  bodies  are  secondary  results  of  the 
surface-tension,  being  produced  by  the  modified  hydrostatic 
pressures  on  their  surfaces. 

In  the  case  of  the  compound  plate  of  steel  and  glass, 
Prof.  Le  Conte's  treatment  has  evidently  led  him  into  an 
error  ;  for  he  says  "  It  is  obvious  that  the  tensile  reaction  can 
only  tend  to  press  the  plates  together:  it  cannot  produce  a 
motion  of  translation.^^  On  the  contrary,  as  I  shall  show,  the 
effect  of  the  tensile  forces  is  to  tend  to  pull  the  ])Iates 
asunder  ;  but  these  opposite  forces  being  equal  in  amount,  no 
movement  of  the  plate  ensues.  In  order  to  gain  a  clear 
physical  conception  of  the  reasons  for  these  apparent  attrac- 
tions and  repulsions,  it  is  necessary  to  consider  all  the -forces 
at  work  ;  and  that  I  propose  to  do  in  the  following  expla- 
nations : — 

Case  I.  (fig.  1).  Let  A  and  B  be  two  flat  plates  partially 
immersed  in  a  liquid  which  wets  both.  If  the  plates  be 
brought  sufficiently  near  each  other,  the  capillary  surface  QQ' 
will  rise  above  the  ordinary  level  of  the  liquid  outside  the 
plates.  Let  MN  be  drawn  in  the  horizontal  surface:  if  we 
neglect  the  atmospheric  pressure,  the  hydrostatic  pressure  at 
this  level  will  be  zero.  Passing  upwards  the  pressure  becomes 
negative,  decreasing  according  to  the  ordinary  law.  There 
is  thus  a  reaction  of  the  nature  of  a  tension  between  the 
liquid  al)ove  MN  and  the  solid  surfaces  in  contact  with  it. 
From  P  to  S  the  hydrostatic  tension  between  the  surfaces  on 
the  left  of  A  will  be  balanced  by  the  tension  between  the 
surfaces  on  the  right;  but  from  S  to  Q  the  tension  to- 
wards the  right  is  unbalanced  by  any  tension  towards  the 
left.  Since  the  angle  of  contact  of  the  liquid  with  the 
solid  is  the  same  on  both  sides  of  A,  the  horizontal  com- 
ponents of  the  surface-tensions  are   equal   and    in  opposite 
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directions,  so  that  they  can  produce  no  horizontal  motion. 
The  resultant  force  on  A  is  thus  the  tension  between  the 
liquid  surface  SQ  and  the  solid  ;  and  this  force  tends  to  move 
A  towards  B.  Similarly,  the  resultant  force  on  B  is  the 
tension  between  the  liquid  surface  S'  Q'  and  the  solid  :  and 
this  force  moves  B  towards  A.  The  two  bodies  are  thus  drawn 
together. 

Case  II.  (fig.  2).  In  this  case  the  liquid  surface  is  de- 
pressed in  the  neighbourhood  of  both  bodies,  and,  as  before,  the 
horizontal  components  of  the  surface-tension  where  the  me- 
niscuses  touch  the  solids  cancel  out.  It  is  at  once  evident 
that  the  hydrostatic  pressures  from  S  to  Q  and  from  S'  to  Q' 
on  the  external  faces  of  A  and  B  arc  unbalanced  ;  and  they 
therefore  pY^ss  the  bodies  together. 

Case  III.  (fig.  3).  Here  we  find  a  depression  of  the 
surface  near  one  plate,  and  an  elevation  near  the  other.  The 
horizontal  components  of  the  tensions  on  both  sides  of  A  and 
B  will  respectively  destroy  each  other:  the  resultant  hydro- 
static pressure  from  P  to  S  forces  A  towards  the  left,  and  the 
resultant  tension  from  M'  to  W  pulls  B  to  the  right,  and  the 
plates  tend  to  separate. 

Case  IV.  (fig.  4).  We  have  now  to  consider  the  equi- 
librium of  a  single  floating  plate,  with  its  surfaces  so  prepared 
that  they  produce  different  degrees  of  capillary  elevation.  It 
is  very  easy  to  see  that,  in  an  indefinite  surface  of  the  liquid, 
no  movement  can  take  place.  For  the  potential  energy  of 
the  surface  cannot  be  diminished  by  any  movement  of  the 
plate;  and  therefore  we  conclude  that  the  plate  must  be  in 
equilibrium,  for  otherwise  its  kinetic  energy  when  moving 
would  have  been  produced  without  any  diminution  of  potential 
energy.  But  it  is  important  to  show  that  we  arrive  at  the 
same  conclusion  from  an  examination  of  the  effects  of  the 
capillary  forces  brought  into  play.  The  case  does  not  offer 
any  ground  for  objection  to  Laplace^s  theory,  as  Dr.  Thomas 
Young  insisted  it  did,  nor  to  any  mathematical  theory  from 
which  the  fundamental  equation  given  previously  can  be 
deduced. 

Let  the  surfaces  of  the  compound  plate  (fig.  6)  be  such 
that  we  have  on  one  side  a  capillary  depression  and  on  the 
other  a  capillary  elevation.  For  the  equilibrium  of  the  plate 
we  must  have  the  horizontal  component  of  tension  H  at  Q  + 
hydrostatic  tension  from  S  to  Q  =  horizontal  component  of 
tension  H  at  P  +  hydrostatic  pressure  from  S  to  P.  In 
order  to  determine  the  hydrostatic  tension  and  pressure,  we 
first  find  the  pressure  at  any  point  in  the  curved  surface.  As 
R'  is  infinitely  great,  the  general  equation  reduces  to  p=gpz 
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TT 

=  -p  ,  where  z  is  the  height  of  the  point  considered  (mf,  fig.  5) 

from   the   axis  of  x  taken  in  the  level   surface.     From  the 
differential  equation  of  the  curvature  at  the  point  m'  we  get 

dx^  _   1  _  gP^, 


and,  integrating, 


=  '^  +  const. 


("^    2 


\dxl 

dz 
When  2  =  0,  -^  =0,  and  const.   =  —  H,  so  that  the  equation 

becomes  '^ 

h(i ^  l-ggll 

Introducing  the  angle  /3  made  by  the  tangent  to  the  surface 
with  the  ordinate  ~,  we  get  finallv 


-~=±\/^(l-«"^^)-        •     .     .     (1) 

Now  lot  the  surface  at  P  make  an  angle  a  with  the  surface  of 
the  plate,  at  Q  an  angle  «'.  The  horizontal  components  of 
the  tensions  will  be  H  sin  a  and  H  sin  a!  respectively.  The 
hydrostatic  tension  on  the  plate  from  S  to  Q  will  be 


J. 


zdz^-^^^       '   =H(1— sma') 


iip-^ 


2 


from  formula  (1). 

Similarly  the  liydrosttitic  pressure  from  S  to  P  is 
H(l— sina);  supplying  these  values  in  the  equation  for  equi- 
librium we  have  the  identity 

H  =  H. 
We  thus  see  that  the  resultant  forces  acting  on  the  plate  are 
two  equal  and  opposite  tensions  which  will  tend  to  pull  the 
plates  asunder.  In  every  case  the  identity  shows  that  the 
magnitude  of  these  tensions  is  just  the  same  as  if  the  surfaces 
came  up  perpendicular  to  the  plates  without  elevation  or 
depression. 

In   conclusion   I  would  point   out   that   the  mathematical 
theories  of  Laplace,   Gauss,  and  Poisson  do   no  more  than 
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account  for  a  surface-tension.  The  investigations  which 
Laplace  gave  of  the  rise  of  Kquids  in  capillary  tubes  and 
between  plates,  and  of  the  apparent  attractions  and  repulsions 
of  small  floating  bodies,  cannot  be  considered  as  giving 
definite  support  to  his  theory,  since  the  existence  of  the 
phenomena  may  be  deduced  from  any  mathematical  theory 
which  explains  surface-tension. 

All  that  Laplace  did  was  to  show  that,  with  certain 
assumptions  respecting  the  density  of  the  liquid  near  the 
surface  and  the  law  of  molecular  attractions,  he  could  prove 
that  capillary  phenomena  would  occur. 

With  other  assumptions,  Poisson  also  showed  they  would 
occur;  but  whether  his  assumptions  or  those  of  Laplace  have 
a  physical  reality  is  an  altogether  different  matter. 

The  Mason  College,  February  5tli. 


XXVI.  On  the  Horizontal  Motion  of  Floating  Bodies  under  tJie. 
Action  of  Capillary  Forces.     By  A.  M.  Worthington. 

[Plate  v.] 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

Gentlemen, 

WITH  respect  to  the  phenomena  of  capillary  attraction 
and  repulsion  of  floating  bodies,  which  are  the  subject 
of  Mr.  J.  LeConte^'s  paper  in  the  Phil.  Mag.  of  January  last, 
I  would  remark  that  in  most  writings  on  capillarity  in  which 
the  elevation  or  depression  of  liquids  in  contact  with  solid 
plates  is  discussed,  attention  is  confined  to  the  vertical  com- 
ponent of  the  surface-tension  at  its  contact  with  the  solid,  and 
to  its  relation  with  the  weight  of  liquid  elevated  or  depressed. 
The  horizontal  component  is  generally  neglected  as  not  af- 
fecting the  results;  and  the  very  interesting  relation  which 
exists  between  its  variation  and  the  resulting  hydrostatic 
pressure  or  tension  is  overlooked.  The  consequence  of  this  is 
that  the  explanations  which  are  afterwards  given  of  the 
horizontal  motions  of  floating  bodies  are  expressed  in  terms 
which  apply  only  to  each  special  case  as  it  is  dealt  with,  and 
do  not  reveal  the  important  underlying  relationship  to  which 
I  refer. 

This  relationship  is  indeed  made  use  of  by  Quincke  in 
treating  of  flat  drops  and  bubbles;  and  he  deduces  it  from  the 
differential  equation  to  the  surface  by  a  rather  long  process. 
It  does  not  seem  to  have  occurred  to  any  one  that  the  same 
relationship  underlies  the  attraction  and  repulsion  of  plates, 
or  that  it  can  be  very  easily  deduced  from  the  w'ell-established 
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principles  of  (1)  a  definite  surface-tension,  (2)  a  definite 
contact-angle,  (3)  a  hydrostatic  pressure  within  the  liquid 
increasing  continuously  with  the  depth  and  having  the  value 
zero  at  the  level  of  the  free  horizontal  surface,  so  that  any 
liquid  raised  above  this  level  is  in  a  state  of  tension. 

We  will  consider  the  forces  acting  on  one  surface  of  a 
vertical  floating  plate  so  broad  that  it  is  not  necessary  to  take 
into  account  the  action  at  the  edges.  We  will  take  first  the 
case  in  which  the  liquid  is  depressed  at  its  contact. 

Fig.  1  represents  this  case.  The  level  surface  F  G  is 
depressed  to  E. 

Produce  the  horizontal  surface  F  G  to  meet  the  plate 
in  K. 

It  is  easy  to  show  that  the  sum  of  the  horizontal  forces 
acting  on  the  plate  is  precisely  the  same  as  if  the  angle  of 
contact  were  a  right  angle  and  the  surface  were  not  de- 
pressed, but  left  the  solid  at  K. 

We  need  only  consider  points  above  the  level  of  E ;  and  our 
remarks  will  have  regard  to  a  strip  of  the  surfaces  whose 
width  in  the  direction  perpendicular  to  the  plane  of  the  paper 
is  one  unit.  Let  T  be  the  surface-tension  per  unit  of  length. 
If  the  liquid  were  not  depressed,  the  plate  would  be  pulled 
to  the  left  by  a  tension  T,  applied  at  K,  and  would  be  pushed 
to  the  right  by  the  hydrostatic  pressure  due  to  the  depth  of 
liquid  KE. 

The  surface-layer  between  G  and  E  may  be  regarded  as 
a  smooth,  weightless,  perfectly  flexible  coherent  sheet.  The 
hydrostatic  pressures  due  to  the  depth  of  liquid  between  K  and 
E  are  applied  everywhere  at  right  angles  to  this  surface,  and 
may  be  resolved  into  vertical  and  horizontal  components. 
The  vertical  components  may  be  regarded  as  applied  to  the 
solid  at  E  where  the  surface-sheet  on  which  they  act  is 
attached  to  the  solid. 

The  sum  of  these  vertical  forces  is  obviously  equal  to  the 
weight  of  the  liquid  which  would  fill  the  space  GKE;  and 
the  solid  is  accordingly  buoyed  up  precisely  as  if  it  were  so 
shaped  as  to  displace  this  liquid,  and  the  hydrostatic  pressure 
were  exerted  on  the  solid  itself. 

In  the  same  way  the  sum  of  the  horizontal  components 
may  be  regarded  as  applied  to  the  coherent  plane  surface  F  G 
at  G,  w^hereby  the  eftective  pull  of  the  free  horizontal  surface 
on  the  solid  is  diminished  by  the  precise  amount  of  the  hydro- 
static pressure  in  question;  so  that  the  result  of  the  depression 
of  the  surface  is  to  diminish  the  hydrostatic  pj'essure  on  the 
plate  to  the  right  by  precisely  the  same  amount  as  the  suvf ace- 
pull  to  the  left  is  diminished. 
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Consider  next  the  case  of  a  plate  of  such  a  nature  that  the 
liquid  is  elevated.  This  case  is  represented  by  figure  2;  and 
we  can  deal  with  it  in  exactly  the  same  way. 

The  surface-layer  between  G  and  E  may  again  be  regarded 
as  a  smooth  flexible  coherent  sheet;  and  it  sustains  a  hydro- 
static tension  due  to  the  liquid  elevated  above  the  surface  and 
equal  in  amount  to  the  weight  of  the  liquid  that  fills  the 
space  G  K  E.  The  surface-sheet  is  attached  to  the  solid  at  E, 
which  is  therefore  weighed  down  by  a  force  equal  to  this 
weight,  and  which  is  the  vertical  component  of  the  surface- 
tension  at  E.  The  effect  of  the  horizontal  components  of  the 
hydrostatic  tension  exerted  on  the  surface-sheet  E  G  is  ob- 
viously equal  to  that  exerted  on  the  solid  in  the  opposite 
direction  ;  so  that  while  the  effective  pull  of  the  free  hori- 
zontal surface  beyond  G  is  diminished  by  this  amount,  an 
equivalent  hydrostatic  tension  is  substituted.  Hence,  in  either 
case,  whatever  the  value  of  the  contact-angle,  the  total  horizontal 
force  is  the  same  as  if  there  icere  no  capillary  elevation  or  de- 
pression of  the  surface. 

It  is  to  be  observed  also  that  the  reasoning  we  have  just 
made  use  of  is  applicable  to  any  portion  of  the  liquid  surface 
of  unit  width  enclosed  between  horizontal  lines  parallel  to  the 
plate,  and  that  the  difference  of  the  horizontal  components  of 
the  surface-tensions  at  the  two  lines  is  equal  to  the  horizontal 
hydrostatic  pressure  or  tension  on  the  surface  between  them. 

If  the  distance  from  the  free  horizontal  surface  of  the  nearer 
bounding  line  be  H,  and  of  the  further  11  +  ?/  (perpendicular 
distances  being  reckoned  positive  when  measured  away  from 
the  free  horizontal  surface),  and  if  D  be  the  weight  of  unit 
volume  of  the  liquid,  then  the  horizontal  hydrostatic  force  in 
question,  being  equal  to  that  on  a  vertical  rectangle  of  unit 
width  and  height  y  and  whose  centre  of  gravity  is  at  a  dis- 
tance H  +  ^  from  the  free  surface,  is 


(H  +  |)yD 


and  if  we  designate  by  ^^  the  acute  angle  between  the  surface 
and  the  horizontal  at  the  level  H,  and  by  Q  the  corresponding 
angle  at  the  level  H+y,  we  may  Avrite  the  equation  to  the 
surface 

tcos6'o-tcos^=(H+'^WD*, 

the  origin  being  taken  in  the  surface  at  the  level  H,  where 

*  It  is  a  special  case  of  this  result  that  Prof.  Quincke  makes  use  of  iu 
his  treatment  of  large  flat  drops  and  bubbles.     It  may  be  deduced  from 
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6=6^.     With  the  origin  at  the  level  of  the  free  horizontal 
surface  the  equation  becomes 

T  cos  C7o  —  T  cos  6/ = '2— - . 

We  will  now  apply  the  principle  to  all  possible  cases.  Of 
the  case  of  a  single  floating  plate,  whose  sides  are  of  different 
materials  so  that  the  liquid  is  raised  at  one  side  and  depressed 
or  less  raised  at  the  other,  the  explanation  is  obvious.  There 
can  be  no  horizontal  displacement,  since  the  total  horizontal 
force  on  either  side  is  the  same  as  if  there  were  no  capillary 
elevation  or  depression  at  all. 

Considerat^'on,  however,  of  the  position  of  the  points  of  ap- 
plication of  the  surface-tension,  and  of  the  centres  of  hydro- 
static pressures  or  tensions,  shows  that  the  plate  will  tend  to 
topple  towards  the  side  on  which  the  liquid  is  elevated  or 
more  elevated. 

When  two  parallel  plates  are  concerned,  we  see  then  that  the 
nature  of  their  exterior  surfaces  is  immaterial,  since  we  may 
always  imagine  the  exterior  meniscus  replaced  by  a  plane 
horizontal  surface. 

If  the  interior  surfaces  are  such  that  the  liquid  would  be 
(a)  raised  or  {h)  depressed  by  either  alone,  then,  whatever  the 
value  of  the  interior  contact-angles,  the  lowest  portion  of  the 
meniscus  (as  in  fig,  3),  or  the  highest  portion  (as  in  fig.  4), 

the  usual  foxin  of  the  differential  equation  to  the  sui-face  very  shortly  as 
follows. 

This  equation  referred  to  an  origin  at  au  elt-vation  H  above  the  free 
siu'face  is 


and  becomes 


(i  +  l~,)=-D(H-h2/), 


I  =  -D(H+2/) 


when  one  curvature  vanishes,  as  iu  the  case  under  consideration.  Writing 
for  p  its  value 

ds  _      dy 

de~  8mddd' 

we  get  TsiD.6d6=  —  D(H(/y-f  y  dy), 

""''  rcos^     =0-(H+|)yD; 

and  when  y=0, 

TCosd=TCos^„  =  C; 

.-.  TCOS^o-rcos5  =  (H+|)?/D. 
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will  be  horizontal,  and  we  may  replace  the  horizontal  effects 
of  the  interior  meniscus  by  that  of  the  horizontal  tangent 
plane.  Tliere  then  remains  to  be  considered  only  the  hydro- 
static tension  (fig.  3)  or  pressure  (fig.  4)  due  to  the  liquid 
between  the  free  horizontal  surface  and  the  tangent  plane,  by 
which,  in  either  case,  the  plates  will  be  urged  together.  The 
amount  of  the  action  is  known  when  the  elevation  of  the 
tangent  plane  is  known. 

In  the  remaining  case,  in  which  the  nature  of  one  plate  (A) 
on  the  interior  side  is  such  that  if  it  alone  were  present  the 
liquid  would  be  depressed,  while  at  the  other  plate  (B)  it  is 
raised,  the  difficulty  lies,  not  in  applying  the  principle  we 
have  obtained,  but  in  previously  ascertaining  the  configura- 
tion of  the  liquid  between  the  plates  to  which  we  have  to  apply 
it.  It  wall  be  observed  that  in  the  cases  just  dealt  with  a 
knowledge  of  this  configuration  has  been  taken  for  granted. 

It  is  easy,  however,  by  following  in  the  steps  of  Laplace, 
and  more  particularly  of  Poisson,  to  obtain  this  preliminary 
information. 

If  the  acute  angle  of  contact  co  at  the  plate  A  is  equal  to 
the  corresponding  angle  «'  at  the  plate  B,  then  there  must 
always  be  a  line  F  of  contrary  flexiu'e  in  the  surface  midway 
betw^een  the  two  plates  whatever  their  distance  apart ;  and 
this  line  must  be  at  the  level  of  the  exterior  free  surface, 
since  at  this  level  there  is  no  hydrostatic  pressure,  and  there- 
fore no  curvature  of  the  surface.  When  the  plates  are  far 
apart  the  surfiice  at  F  is  horizontal,  and  there  will  be  neither 
attraction  nor  repulsion  of  the  plates.  When  the  plates  are 
near  together  the  surface  will  be  inclined  at  F  (as  in  fig.  5); 
and  from  what  has  been  said  we  know  that  the  hj'drostiitic 
effect  of  the  depression  and  elevation  on  either  side  of  F  is 
exactly  such  as  to  counterbalance  the  diminution  of  the  hori- 
zontal component  of  the  surface-tension  at  F,  so  that  the 
plates  may  be  regarded  as  drawn  together  bt/  that  component, 
whereas  they  are  drawn  apart  by  the  full  amount  of  the  sur- 
face-tension. Consequently  they  recede  from  each  other. 
There  is  no  residual  hydrostatic  force  involved. 

(The  apparent  repulsion  of  a  wetted  floating  object  from 
the  edge  of  a  glass  of  w^ater  filled  above  the  brim  is  a  com- 
mon instance  in  which  the  obliquity  of  the  surface  at  one  side 
of  the  object  is  very  ol)vious  and  the  effect  very  striking.) 

If  one  of  the  acute  angles  of  contact,  say  co,  at  the  plate  A 
(fig.  6)  be  greater  than  the  other,  &>',  at  the  plate  B,  then,  if 
we  begin  with  the  plates  far  apart,  we  see  that,  as  in  the  last 
case,  there  will  at  first  be  neither  attraction  nor  repulsion, 
but  that  the  line  of  contrarv  flexure  F  must  be  nearer  to  the 
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plate  A  than  to  the  plate  B  (for  the  surface  must  be  sym- 
metrical on  opposite  sides  of  this  line).  It  is  also  evident,  on 
account  of  this  symmetry,  that  if,  keeping  B  fixed,  we  could 
transfer  the  plate  A  to  the  position  A^  at  an  equal  distance  at 
the  other  side  of  the  point  F,  the  surface  of  equilibrium  GE' 
would  be  the  same,  and  that  there  would  again  be  no  ten- 
dency to  horizontal  motion ;  for,  K'E'  being  eaual  to  K  E, 
the  hydrostatic  tension  on  the  plate  A'  would  courterbalance 
the  diminution  of  the  horizontal  component  of  the  surface- 
tension.  If  the  plate  A'  were  now  pushed  nearer  to  B,  the 
horizontal  component  of  the  surface-tension  between  them 
would  remain  the  same,  owing  to  the  constancy  of  the  contact- 
angles,  while  the  hydrostatic  tension  would  increase  as  the 
liqu'd  rose  between  the  plates  and  the  curvature  of  its  surface 
increased.  Consequently,  at  all  distances  less  than  that  re- 
ferred to  there  will  be  attraction.  (The  case  is  indeed  the 
same  as  that  of  fig.  3,  with  the  difference  that  the  lowest 
element  of  the  meniscus  is  inclined  to  the  horizontal.) 

If,  on  the  other  hand,  the  plate  A  be  withdrawn  from  the  po- 
sition A',  the  liquid  between  the  plates  will  fall  and  the  hydro- 
static tension  diminish,  while  the  horizontal  component  of  the 
surface-tension  will  remain  the  same  till  the  line  of  contact 
with  the  plate  A  reaches  the  level  of  the  free  exterior  surface, 
when  it  must  become  the  line  of  contrary  flexure,  to  which 
in  all  its  positions  we  give  the  name  F.  Up  to  this  position 
the  repulsion  will  accordingly  increase ;  after  this  it  will 
diminish,  since  the  inclination  to  the  horizontal  at  F  will 
diminish  as  A  recedes  further. 

I  am.  Gentlemen, 

Your  obedient  servant, 

Clifton  College,  Bristol,  A.  M.  WoRTHmGTON. 

Feb.  10,  1883. 


XXVII.  A  High-Pressure  Electi'ic  Accumulator  or  Secondary 
Battery.    By  Frederick  John  Smith  *. 

THE  modification  of  the  gas-battery  of  Sir  W.  Grove 
which  the  author  has  devised  is  as  follows: — The  gas- 
battery  of  Sir  W.  Grove,  as  usually  made,  when  used  as  an 
accumulator,  owing  to  the  small  quantity  of  gases  that  it 
holds,  soon  runs  down  when  in  use.  In  order  to  make  its  life 
longer,  the  author  puts  the  gases  under  a  high  pressure;  by 
this  means  a  large  quantity  of  gas  can  be  stored  in  a  suitably 
constructed  instrument.     The   earliest  form  of  battery,  and 

*  Communicated  by  the  Author. 
P2 
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this  has  been  at  work  {i.  e.  has  been  charged  and  discharged 
as  an  accumulator)  for  eighteen  months, 
is  shown  in  the  cut.  A  is  a  strong  lead 
vessel,  well  lined  with  rubber  varnish, 
to  prevent  any  solution  of  the  lead  being 
formed.  0,  H,  are  platinized  platinum 
cylinders,  in  inverted  tubes  held  in 
their  proper  position  by  pieces  of  rub- 
ber. M  is  a  manometer.  The  terminals 
B,  C  are  brought  through  insulating 
stoppers.  A  10-per-cent.  mixture  of  sul- 
phuric acid  and  water  is  used  as  the 
liquid.    With  this  arrangment  a  pressure 

of  seven  atmospheres  can  be  easily  used;  and  thus  the  tubes, 
one  of  which  has  twice  the  capacity  of  the  other,  can  contain 
64  times  the  gas  that  they  would  do  at  the  usual  pressure.  A 
second  form  has  been  made  by  Messrs.  Becker  Co.,  for  the 
author.  In  this  a  U-shaped  glass  tube  is  used,  the  manometer 
being  attached  to  the  bend,  and  the  sheets  of  platinum  being 
fused  into  each  leg.  This  form,  although  well  suited  for  lecture- 
purposes,  will  bear  but  a  small  pressure.  A  curious  point 
observed,  and  one  that  is  now  being  carefully  worked  out,  is 
that  the  E.M.F.  appears  to  vary  much  with  the  pressure. 

The  author  has,  in  addition  to  the  experiment  described, 
charged  small  Faure  or  lead  secondary  batteries  under  pres- 
sure, the  result  being  that  the  life  of  the  battery  is  length- 
ened by  being  charged  under  pressure.  Sufficient  data 
have  not  as  yet  been  collected  concerning  the  variation 
of  the  E.M.F.  under  pressure,  and  the  behaviour  of  the  lead 
battery  under  pressure,  to  put  into  print.  Should  others 
experimentalize  in  the  direction  of  high-pressure  accumu- 
lators, a  caution  must  be  added  with  regard  to  the  air-space 
left  in  the  lead  chamber:  that  quantity  of  air  must  be  left 
which  may  be  compressed,  say,  to  seven  atmospheres  of  pres- 
sure before  the  gas  in  0  rises  outside. 

Oxygen  produced  by  electrolytic  action  almost  instantly 
acts  on  the  best  India-rubber  tubing  or  varnish,  causing  splits 
and  cracks  to  be  formed  in  it.  The  chambers  are  now  made 
of  lead  to  which  a  harder  metal  has  been  added. 


Taunton,  Feb.  15,  1883. 
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XXVIII.    On  Magnetomotive  Force. 
By  R.  H.  M.  BosANQUET,  St.  John's  College,  Oxford. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

Gentlemen, 

THE  following  paper  is  an  attempt  to  develop  the  analogy 
between  magnetism  and  the  voltaic  circuit,  which  was 
enunciated  by  Faraday.  The  assumptions  of  this  theory  are 
generally  admitted  to  be  true;  but  they  have  not,  so  far  as  I 
know,  been  consistently  pushed  to  their  consequences. 

It  appears  to  me,  further,  that  this  point  of  view  is  the  only 
one  for  which  there  exists  any  experimental  evidence.  The 
fundamental  assumptions  of  Poisson's  theory  are  admittedly 
false ;  and  it  is  only  by  the  introduction  of  fictitious  quantities 
that  the  existing  mathematical  theory  has  been  rendered  in  any 
degree  capable  of  representing  the  facts. 

Faraday  compared  a  magnet  to  a  voltaic  battery  immersed 
in  water*;  and  he  established  by  experiment  the  principal 
analogies  on  which  this  comparison  is  founded. 

The  first  principle  of  the  voltaic  circuit  is,  that  the  current 
produced  by  a  given  electromotive  force  in  a  circuit  depends 
on  the  resistance  of  the  circuit  as  a  whole. 

I  shall  use  the  expression  "  magnetomotive  force  "  to  indi- 
cate the  analogue  of  electromotive  force.  It  is  a  difference 
of  magnetic  potential,  just  as  electromotive  force  is  a  differ- 
ence of  electric  potential. 

Now  the  fundamental  hypothesis  at  the  base  of  the  ordinary 
mathematical  theory  of  magnetism  is,  that  there  are  magneti- 
zing forces  ^  which  are  of  the  dimensions  of  the  magnetic 
induction  33  which  they  produce,  and  that  the  magnetizing 
force  permeates  every  medium,  and  produces  in  magnetic 
media  magnetic  induction  proportional  to  the  force  and  to  a 
coefficient  of  permeability  /*,  quite  independently  of  the  exist- 
ence of  any  magnetic  circuit. 

This  is  the  simplest  way  of  putting  it.  I  will  state  the  case 
presently  in  terms  of  the  quantity  known  as  "  magnetization," 
which  is  the  quotient  of  moment  by  volume. 

There  are  two  objections  to  this.  First,  in  relation  to  com- 
plete circuits. 

Consider  a  sphere  of  iron,  or  a  disk  magnetized  normally  to 
its  plane.  Then  (Maxwell,  ii.  p.  6(3)  the  magnetic  induction 
through  it  is  small.  Now  let  it  form  part  of  a  bar,  and  let  the 
bar  be  bent  round  into  a  ring,  so  as  to  establish  a  magnetic 
circuit.  We  know  that  the  mao-netic  induction  through  the 
same  piece  under  the  same  force  will  become  enormous.  Can 
*  Experimental  Eesearches,  iii.  p.  424,  par.  3276. 
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it  be  said  that  it  is  a  natural  expression  of  such  facts  to  assume 
that  the  magnetism  depends  on  the  force  and  on  the  conduc- 
tivity of  the  material  of  disk  or  sphere,  leaving  the  existence 
of  the  circuit  out  of  the  question  ?  It  would  be  equally  sen- 
sible to  take  a  piece  of  copper  out  of  a  voltaic  circuit,  and 
found  our  theory  of  current  electricity  on  the  hypothesis  that 
an  electromotive  force  acting  on  the  copper  produced  a  current 
through  it  proportional  to  its  conductivity  and  to  the  force, 
irrespective  of  the  completion  of  any  circuit. 

There  is  in  magnetism  this  circumstance,  which  gives  some- 
what more  colour  to  the  hypothesis  than  there  would  be  in  the 
above  case — namely,  that  space  conducts  magnetism  much 
better  than  it  does  electricity;  and  in  consequence  some  mag- 
netic induction  can  always  be  set  up  in  iron  by  a  magneto- 
motive force — just  as,  if  we  lived  in  the  sea,  and  had  voltaic 
batteries  and  dynamo  machines  there,  the  action  of  an  electro- 
motive force  would  always  produce  so7ne  current,  the  circuit 
being  completed  by  the  conducting-power  of  the  sea-water. 

The  secord  objection  is  to  the  substitution  of  the  so-called 
"  magnetizing  force  "  for  a  magnetomotive  force.  This  is  just 
as  if,  living  in  the  sea,  we  associated  electromotive  forces  with 
the  currents  in  the  sea-water  which  would  inseparably  accom- 
pany them,  took  these  currents  for  the  measures  of  the  forces, 
and  called  them  the  electrizing  forces. 

In  carrying  out  the  ordinary  theory  on  this  basis,  we  have 
to  suppose  that  the  magnetizing  force  ^  within  a  magnetic 
body  has  the  power  of  remaining  separate  and  distinct  from 
the  magnetic  induction  as  a  whole,  though  the  two  are  quan- 
tities of  the  same  nature.  This  has  always  seemed  to  me  to 
present  insuperable  difficulties  as  a  physical  conception. 

So  soon  as  we  replace  the  "  magnetizing  force  "  bj^  a  differ- 
ence of  potential  or  magnetomotive  force,  we  can  assimilate 
the  whole  conception  to  that  of  the  origin  of  an  electric  cur- 
rent under  an  eleciromotive  force.  The  quantity  ^  becomes 
merely  the  magnetic  induction  in  vacant  space,  and  33  that 
in  magnetic  matter.  S  replaces  ^,  and  is  not  supposed  to 
include  it  as  before.     According  to  the  ordinary  theory, 

33  =  ^-f-47r3  or  fi=l+4:7rK; 
where 

_  33         _  3       J^,  _  moment 
'""?'     ""?'     ^~  volume" 
The  change  of  conception  and  the  real  meaning  of  the  formula 
can  be  shown  as  follows: — 

Let  fi=i+\.     Suppose  an  infinite*  bar  acted  on  by  a  mag- 

*  The  bar  must  be  uitinite,  not  merely  long'.  Rowland  found  the  influ- 
ence of  the  ends  still  sensible  in  the  longest  bars  he  tried. 
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netizing  force  ^.     The  old  theory  says  there  are  all  together 
/iA^  lines  of  force  (A  =  section  of  bar),  and 

/.A^=A^(1+X),  .....  (1) 
where  Ai^  are  the  lines  of  force  of  the  magnetizing  force 
itself,  A.^A,  those  added  by  the  induction. 

These  last  form  the  poles.    And,  since  there  are  47r  lines  of 

force  round  a  unit  pole,  strength  of  pole  =  — j— 2-« 

Again, 

Moment  =  pole  x  distance  of  foci, 

(ultimately)  =  pole  x  length  of  bar, 

=  -r-^  X  volume; 

47r 

and  cv  _  moment  _  \^ 

volume       47r 
Substituting  for  \^  in  (1), 

/i^  =  ^  +  47r3; 
whence  come  the  equations  of  the  ordinary  theory  first  above 
written. 

From  our  point  of  view  //,  =  X  in  the  above,  the  action  of 
the  magnetic  matter  replacing  that  of  space  instead  of  being 
added  to  it ;  and  our  fundamental  equation  becomes 

fjb  —  4:'7rK,  or  ^  =  477^. 
I  believe  that  there  is  no  evidence  whatever  for  the  view  that 
represents  ^  as  subsisting  independently  throughout  the  mag- 
netic body. 

If  we  are  really  to  carry  out  Faraday's  theoiy  of  magnetism, 
we  must  take  into  account  the  entire  resistances  of  the  circuits 
formed  by  iron  and  air,  and  then  deteriuine  the  magnetic 
induction  through  the  circuit  as  the  quotient  of  the  "  magne- 
tomotive force  "  by  the  total  resistance. 

We  may  define  the  unit  of  "  magnetomotive  force  "  as  that 
which,  acting  through  a  unit  of  magnetic  resistance,  produces 
a  unit  of  field-intensity  or  magnetic  induction. 

Consider  a  solenoid  having  its  ends  joined.  Then,  if  the 
resistance  unit  be  that  of  1  centim.  of  the  length  in  air,  a;  is 
the  resistance  of  length  x  of  the  solenoid.  Similarly,  if  the 
solenoid  be  filled  with  an  iron  ring  of  permeability  fi,  ,v//j,  is 
the  resistance  of  length  .«  of  the  ring.  And  if  .j-q  be  the  whole 
length  of  the  ring,  M  the  whole  magnetomotive  force. 
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where  M  is  the  whole  difference  of  magnetic  potential  which 
acts  on  the  induction  as  it  traverses  the  circuit  once. 
If  C  be  the  current  in  the  coils,  n  the  number  of  coils, 

M  =  47rC7i, 

since  the  point  considered  has  gone  once  round  each  spire  of 
the  coil. 

Put  M  =  1  =  47rCn.     Then,  if  we  put  n  =  l, 

and  the  C.G.S.  unit  of  current  is  10  amperes; 

.'.  C=  J—  amperes,  ='8  ampere  nearly. 

Hence  the  unit  of  magnetomotive  force  is  that  which  acts  on 
a  circuit  singly  linked  with  one  spire  of  a  current  of  10/(47r) 
amperes.  Thus  a  soft-iron  horseshoe  with  ends  nearly  meeting, 
round  which  a  wire  carrying  such  a  current  is  wound  once, 
would  exhibit  nearly  the  unit  of  magnetomotive  force  between 
its  poles.    (See  post,  on  broken  circuits.) 

Example  of  a  ring  solenoid. — Let  the  length  of  the  solenoid 
round  the  axis  be  100  centim.. 

Current  =  10/(47r)  amperes,  number  of  coils  =  1000; 

.-.  M  =  1000; 

—  =  10  =  .^=  intensity  within  the  ring  in  air. 

The  area  of  the  section  of  the  resistance  comes  in  as  a  factor 
on  both  sides.  Strictly  the  unit  resistance  would  be  that  of 
1  centim.  length  of  an  air-cylinder  whose  cross  section  has  an 
area  of  1  square  centim.  If  we  suppose  the  area  of  the  sec- 
tion of  the  air-space  enclosed  in  the  solenoid  to  have  this  value, 
its  radius  would  be  l/s/ir  centim. 

In  general  all  the  lines  of  force  pass  through  some  one  sec- 
tion, generally  the  equatorial  section  of  a  bar,  so  that  the  total 
magnetic  induction  is  the  product  of  the  magnetic  induction 
through  unit  area  and  the  area  of  this  section.  It  is  usually 
convenient  to  express  the  resistance  in  terms  of  the  length  of 
a  cylinder  having  the  same  sectional  area.  This  area  appears 
ou  both  sides,  and  may  be  struck  out. 

Suppose  the  above  ring-shaped  solenoid  to  be  wound  about 
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an  iron  ring  whose  permeability  =  ^i.     Then 
M 

gives  the  magnetic  induction  in  the  iron.  It  was  by  mea- 
suring this  quantity  in  rings  that  Rowland  determined  the 
values  of  ft  under  different  magnetic  inductions  (Phil.  Mag. 
xlvi.  p.  140). 

Now  it  is  possible  from  the  above  equation,  supposing  one 
of  Rowland's  tables  to  be  correct,  to  tell  what  the  magnetic 
induction  and  permeability  for  soft  iron  would  be  in  the  above 
case.  The  induction  is  ten  times  the  permeability  ;  we  have 
therefore  only  to  find  the  corresponding  point  in  Rowland's 
table  for  soft  iron,  reduced  to  C.G.S.  measure.  I  take  the 
liberty  of  transcribing  the  two  columns  required  from  Phil. 
Mag.^xlvi.  p.  151.     §B  is   Rowland's  Q  reduced  to  C.Gr.S. 


by  dividing 

by  10. 

«. 

z^- 

71-5 

390-7 

600-5 

868-7 

966-7 

1129 

2460 

1936 

2923 

2078 

3082 

2124 

4959 

2433 

5482 

2470 

5782 

2472 

6651 

2448 

iB. 

/*• 

7473  ... 

...  2367 

8943  ... 

...  2208 

10080  ... 

...  1899 

12270  ... 

...  1448 

12970  ... 

...  1269 

13630  ... 

...  1137 

14540  ... 

...   824-1 

15770  ... 

...   461-8 

16270  ... 

...   353-8 

16600  ... 

...   258-0 

17500  ... 

0 

The  pair  of  values  most  nearly  corresponding  to  ^  =  lOyu.  is 
93  =  12970,  /i=1269. 

The  observation  that  [ju  as  a  property  of  the  iron  must  be  a 
function  of  its  condition,  and  probably  of  S3,  was  made  by 
Rowland.  We  see  that  it  cannot  possibly  depend  on  J^  as  is 
usually  supposed,  as  this  is  simply  the  field-intensity  produced 
in  air  by  the  given  magnetomotive  force,  and  has  nothing  to 
do  with  the  iron. 

In  the  present  case  (iron  ring)  ^  is  the  numerical  ratio  of 
93  and  //,,  and  so  a  function  of  the  iron  ;  but,  in  broken  cir- 
cuits into  which  air-resistances  enter,  //,,  the  permeability  of 
the  circuit,  depends  in  general  chiefly  on  the  air-resistances. 
So  that,  for  given  values  of  ^,  the  functions  of  the  iron  may 
have  widely  differing  values,  according  to  the  value  of  the 
external  resistance  of  the  circuit. 

As  another  example  we  may  suppose  the  current  in  the  last 
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case  reduced  to  ^  of  its  amount — i.  e.  to  "08  ampere  say. 
Then  M  =  100,  and  /a=^.  This  points  to  a  value  between 
the  third  and  fourth  steps  of  the  table,  where  each  of  these 
functions  would  be  about  1250. 

Let  us  now  suppose  the  ends  of  the  solenoid  separated,  and 
apply  the  analogue  of  the  law  which  regulates  the  E.M.F. 
between  the  terminals  of  a  battery. 

If  E,  be  the  internal  resistance  of  the  battery, 
r  the  external  resistance, 
E  total  E.M.F., 
e  E.M.F.  between  terminals ; 
then  „, 

e=:^E. 

R  +  9' 

Similarly  let  X  be  the  internal  resistance  of  a  magnetic 
solenoid, 
X  the  external  resistance, 

M  the  total  magnetomotive  force  of  the  circuit, 
m  the  magnetomotive  force  between  the  ends  of  the  solenoid ; 
then  X      ,, 

Here  we  assume  that  the  whole  magnetomotive  force  acts 
within  the  soleroid.  This  is  not  strictly  true;  for  every  part 
of  the  circuit  is  subject  to  some  portion  of  it ;  but  it  is  nearly 
enough  true  for  approximate  purposes. 

This  is  generally  in  accordance  with  fact  (see  Faraday, 
Exp.  Res.  iii.  p.  428,  par.  3283).  The  case  of  the  soft-iron 
horseshoe  surrounded  by  one  or  more  coils  of  ware  may  now 
be  considered.  X  will  be  small,  and  x,  the  air-resistance, 
o-reat;  .*.  m  nearly  =  M,  as  was  observed  in  speaking  of  the 
unit  magnetomotive  force.  If,  on  the  other  hand,  an  arma- 
ture be  applied  having  a  resistance  x  much  less  than  X,  the 
free  magnetomotive  force  at  the  terminals  is  reduced,  or  m 
becomes  a  small  fraction  of  M.  Other  cases  can  be  discussed 
in  the  light  of  the  analogy  of  the  voltaic  circuit.  The  solenoid 
without  iron  corresponds  to  a  battery  of  high  internal  resist- 
ance ;  it  may  be  regarded  as  joined  up  through  the  compara- 
tively small  resistances  at  the  end,  and  presents  but  little  free 
magnetomotive  force. 

Let  us  now  consider  the  case  of  a  body  of  great  conductivity 
exposed  to  a  uniform  magnetic  field,  such  as  that  of  the  earth's 
horizontal  magnetism.  It  is  clear  that,  in  consequence  of  the 
conductivity,  the  potential  at  the  ends  of  the  conductor  tends 
to  1)6  equalized;  and  if  the  concUictivity  were  infinite  it  would 
be  equalized  throughout  the  body.  The  whole  of  the  body 
must  therefore  be  regarded  as  being  at  the  potential  which  in 
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its  absence  its  centre  of  symmetry  would  have  had.  The  fall 
of  potential  on  approaching  the  body  is  greater  than  in  the 
undisturbed  state.  This  gives  rise  to  stream-line  problems, 
which  are  the  same  as  those  ordinarily  dealt  with. 

We  see  that,  in  such  a  field,  no  new  lines  of  force  can  be 
developed  in  any  circuit ;  for  the  action  of  the  uniform  mag- 
netomotive force  on  the  opposite  portions  of  the  circuit  is  the 
same  in  amount  and  opposite  in  direction. 

We  may  use  the  known  solutions  to  obtain  the  permeability 
of  a  sphere,  by  which  we  mean  the  ratio  of  the  number  of 
lines  of  force  through  its  equatorial  section  to  the  number 
through  the  same  section  in  air.  This  is  3  for  a  sphere  of 
infinite  conductivity.  This  is  deduced  by  Stefan  in  a  recent 
number  of  Wiedemann's  Annalen,  xvii.  p.  956.  It  can  also 
be  obtained  from  fig.  4,  p.  489,  of  the  Reprint  of  Sir  William 
Thomson's  Papers,  by  comparing  the  square  of  the  ordinate  of 
the  outside  line  inflected  so  as  just  to  meet  the  sphere  with 
the  square  of  the  radius  of  the  sphere.    This  gives 

(1-375x^2)2  =  3-001. 
In  both  these  cases  the  solution  only  refers  to  the  case  of  a 
uniform  field  of  infinite  extent,  which  excludes  circuits  (as 
remarked  above).   I  shall  presently  examine  this  excluded  case. 

In  the  meantime  an  important  point  may  here  be  noticed.  If 
we  calculate  the  magnetization  of  a  sphere  of  infinite  conducti- 
vity by  the  usual  formula  (Maxwell,  vol.  ii.  p.  65),  we  obtain  the 
number  3/(47r).  Now  if  we  seek  to  deduce  the  permeability 
from  this  by  the  usual  formula  /u.=  (1  +  47r^),  we  find  the  num- 
ber 4  instead  of  3  as  given  by  the  above  investigations.  This 
obviously  arises  from  the  formula  being  based  on  the  hypo- 
thesis that  the  "  magnetizing  force "  penetrates  unchanged 
through  the  body,  and  is  to  be  added  to  the  distribution  of 
stream-lines  which  has  been  determined.  It  is  very  difficult 
to  admit  this.  Our  point  of  view,  according  to  which  the 
magnetizing  agent  is  a  magnetomotive  force  and  not  a  field 
intensity,  removes  this  difficulty;  and  the  formula  for  fju  re- 
duces io  fi  =  Airh,  which  gives  3,  as  before,  in  the  present  case. 

We  can  obtain  a  more  general  approximate  solution  for  the 
case  of  a  sphere  subjected  to  a  magnetomotive  force  such  that 
the  sphere  forms  part  of  circuits  through  which  the  force  acts, 
in  a  form  suitable  for  experimental  verification. 

Let  a  coil  be  wound  on  a  reel  having  a  cylindrical  opening 
within.  Length  of  reel  =  diameter  of  sphere  =  diameter  of 
cylindrical  opening.  Then  magnetic  circuits  will  be  formed 
passing  through  the  sphere  and  linked  once  with  each  turn  of 
the  coil.  It  will  be  near  enough  for  the  present  purpose  to 
assume  that  the  lines  of  force  radiate  at  right  angles  from  the 
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surface  of  the  sphere  in  all  directions.  This  is  the  case  close 
to  the  surface;  and  by  far  the  greater  portion  of  the  resistance 
of  the  divergence  arises  close  to  the  surface.  It  is,  then,  easy 
to  show  that  the  resistance  of  the  divergence  from  each  hemi- 
sphere is  equal  to  that  of  a  cylindrical  air-space  having  the 
equatorial  section  of  the  sphere  for  base,  and  height  =  half  the 
radius.     In  fact,  if  s  =  27rr'^, 

resistance  of  hemispherical  shell  =  —  > 

.  1       •  .  '    ^^         1  r     1-1-      'l 

total  resistance     =      t: — h  =  ■^r'l =  ^^ — ' 

27rr"=       ZTTL     rja       'lira 


If  the  sphere  be  of  infinite  conductivity,  the  total  resis- 
tance is  twice  this,  i.  e.  a  cylinder  of  altitude  a. 

Remove  the  sphere.  Then  the  resistance  is  that  of  the 
cylinder,  with  divergence  from  the  flat  ends.  If  we  take 
these  divergences  each  to  have  resistance  "6  a  of  the  cylinder, 
as  we  know  to  be  the  case  approximately  in  the  analogous 
case  of  the  divergence  of  sound  from  the  end  of  a  pipe  *,  we 
have  for  the  Avhole  resistance  in  this  case  that  due  to  cylinder 
+  2  ends,  measured  by  a(2  +  2  x  •6)  =  3'2a.  Comparing 
this  with  the  resistance  of  the  sphere,  which  was  measured 
by  a,  we  have  3"2  for  the  permeability  of  the  sphere,  which 
agrees  very  fairly  with  what  went  before. 

There  remains  the  important  case  of  a  disk.  According  to 
our  view  the  disk  will  have  finite  air-resistances  around  it, 
and  when  its  thickness  becomes  small  the  air-resistances  will 
not  be  sensibly  altered  by  its  removal.  The  conductivity  of 
the  circuit  through  a  thin  disk  is  therefore  unity.  Accord- 
ing to  the  ordinary  theory  (Maxwell,  vol.  ii.  p.  65),  the  mag- 
netization of  a  disk  for  which  ic=cf:)  is  l/(47r).  Here  we  meet 
again  the  same  difficulty  as  in  the  case  of  the  sphere  :  if  we 
use  the  ordinary  formula  /a=1 -|-47rA-,  and  assume  that  the 
iiiagnetiziny  force  flows  through  the  disk  as  well  as  the  lines 
of  force  that  result  from  the  magnetization,  then  yu,=2.  But 
from  our  ])oint  of  view  the  force  is  a  magnetomotive  force ; 
the  induction  in  the  substance  takes  the  place  of  that  in 
space,  and  is  not  additional  to  it,  and  At=l,  or  the  state  of 
things  is  unaffected  by  the  disk. 

Permanent  Magnets. 
The  following  quotations  appear  to  embody    the  facts  as 
they  are  supposed  to  be  : — 

*  See  Lord  Rayleigh  on  Sound,  ii.  p.  169. 
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(1)  Maxwell,  vol.  ii.  p.  45  : — "  If  a  magnet  could  be  con- 
structed so  that  the  distribution  of  its  magnetization  is  not 
altered  by  any  magnetic  force  brought  to  act  on  it,  it  might 
be  called  a  rigidly  magnetized  body.'" 

(2)  Gordon,  '  Electricity  and  Magnetism,^  i.  p.  148  : — 
''  Into  however  many  pieces  we  cut  a  magnet,  each  will 
have  two  opposite  poles,  whose  strength  is  equal  to  that  of  the 
poles  of  the  original  magnet.^'  P.  151 — "  The  moment  of 
a  magnet  is  not  altered  by  cutting  it  in  pieces."  P.  155 — "  If 
from  any  magnetized  substance  we  cut  any  piece  whatever, 
its  magnetic  moment  is  simply  proportional  to  its  volume." 

Now  these  two  hypotheses  may  apply  to  a  theoretical  mag- 
netism which  can  be  imagined;  but  they  are  both  far  from 
representing  the  actual  behaviour  of  permanent  magnets. 

With  respect  to  (1),  I  shall  develop  a  hypothesis  which 
leads  to  an  account  of  the  properties  of  permanent  magnets 
at  all  events  nearer  the  truth  than  (1).  (2)  is  very  far  from 
being  true. 

(1)  After  this  passage  Maxwell  proceeds: — '■  The  only 
known  body  which  fulfils  this  condition  "  (rigid  magnetiza- 
tion) "  is  a  conducting  circuit  round  which  a  constant  cur- 
rent is  made  to  flow.  Such  a  circuit  exhibits  magnetic  pro- 
perties, and  may  therefore  be  called  an  electro-magnet;  but 
these  magnetic  properties  are  not  affected  by  the  other  mag- 
netic forces  in  the  field.'' 

Now  from  the  point  of  view  of  the  preceding  investigation,  we 
should  not  call  the  current-circuit  a  rigid  electromagnet.  We 
should  speak  of  it  as  possessing  a  definite  magnetomotive  force, 
and  say  that  it  magnetizes  the  space  or  other  objects  in  its  neigh- 
bourhood. And  this  magnetism  is  by  no  means  rigid,  but 
depends  on  the  resistance  (or  on  the  permeability)  of  the 
magnetic  circuits  through  which  it  flows;  /.  e.  it  is  modified 
by  the  introduction  of  iron  into  the  field,  which  rigid  mag- 
netism would  not  be. 

If,  then,  the  hypothesis  of  frictionless  Ampcrian  currents 
in  magnets  be  at  all  correct,  even  as  an  analogy,  the  first 
supposition  as  to  the  nature  of  permanent  magnets  will  be 
that  they  possess  a  constant  magnetomotive  force  in  their 
substance  in  virtue  of  the  Amperian  currents;  or  this  may  be 
simply  assumed  without  further  hypothesis.  And  this  mag- 
netomotive force  maintains  a  magnetic  induction  in  the 
magnet  which  depends  on  the  total  resistance  of  the  magnetic 
circuit. 

Now,  if  this  be  true,  suppose  a  long  steel  bar-magnet  to  be 
cut  up  into  short  pieces.  The  resistance  of  the  whole  con- 
sists of  two  parts — that  of  the  steel,  and  the  air-resistances  at 
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the  two  ends  ;  there  are  also  parallel  air-circuits  which  start 
off  all  along  the  sides  of  the  rod.  These  latter  are  under 
smaller  differences  of  potential  than  the  divergences  at  the 
end,  and  may,  in  the  first  instance,  with  rods  not  very  long, 
be  neglected  in  comparison  with  the  resistances  at  the  ends. 

Now  suppose  the  rod  cut  up  into  n  pieces  :  we  have  the 
same  total  magnetomotive  forces,  the  same  total  steel  resist- 
ance, and  the  resistance  of  2n  ends.  The  magnetic  induc- 
tion in  each  piece  is  therefore  altered  in  a  ratio  which  depends 
on  the  ratio  of  the  steel-resistance  of  one  of  the  little  pieces 
to  the  air-resistance  of  its  two  ends. 

It  is  not  possible  to  cut  up  a  hard  steel  bar  without  dis- 
turbing the  magnetism  ;  in  fact  it  is  hardly  possible  to  cut 
it  up  at  all.  I  have  therefore  preferred  to  cut  a  soft  steel 
bar  into  short  lengths,  finish  these  as  accurately  as  possible 
so  that  they  may  be  put  together  to  form  one  long  bar  ;  then 
harden,  glass-hard  ;  then  grind  the  ends  with  emery  and  oil 
till  the  pieces  will  pick  each  other  up  when  firmly  pressed 
together  with  a  trace  of  oil  on  the  faces;  then  magnetize. 

The  compound  bar  is  then  suspended  in  a  cradle  by  means 
of  a  bifilar  suspension  arranged  with  its  equilibrium-plane  at 
rioht  angles  to  the  magnetic  meridian.  If  it  were  true  that 
the  moments  of  the  separate  portions  were  the  same  whether 
joined  up  or  not,  the  deflection  should  be  the  same  in  both 
cases.  But  it  is  not  so.  The  deflection  when  the  bar  is 
joined  up  and  pressed  together  is  many  times  as  great  as  that 
obtained  when  the  pieces  are  so  dispersed  about  the  tray 
which  carries  them  as  to  be  fairly  removed  from  each  other's 
influence. 

A  rough  preliminary  arrangement  showed  the  existence 
of  a  difference,  but  did  not  lead  to  the  detection  of  the  small- 
ness  of  the  effect  produced  by  the  separated  pieces. 

A  bifilar  suspension  was  then  constructed.  It  has  a  pulley 
for  the  wire  to  pass  over ;  adjustable  slides  with  metre- 
and  inch-scales  carrying  the  holes  for  the  wire  to  pass 
through  ;  and  a  circular  seat,  with  a  circle  divided  to  de- 
grees; this  is  fixed  on  a  firm  crossbeam  at  a  good  height. 
The  wires  enter,  through  a  hole  in  the  cover,  a  cylin- 
drical case,  whose  sides  are  made  of  narrow  pieces  of  flat 
glass.  Within  this  case  swings  the  cradle  which  carries  the 
maonet.  It  has  three  V-shaped  troughs.  The  pieces  can 
either  be  wedged  together  in  the  middle  trough,  or  be  placed 
at  considerable  distances  in  all  three.  The  cradle  is  16  inches 
long.  It  is  suspended  over  a  circle  divided  to  degrees  and  having 
uearlv  16  inches  diameter.  Pointers  are  attached  to  the  ends 
of  the  cradle,  which  play  in  front  of  thtf  circle.  There  is  not 
more  than  ^^g  of  an  inch  to  spare  between  points  and  circle  on 
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each  side,  so  that  the  centering  has  to  be  very  true  for  the 
cradle  to  SAving  free.  The  circle  is  read  through  the  glass 
sides  of  the  case. 

The  magnet  employed  is  made  from  a  cylindrical  bar  of 
cast  tool-steel.  It  consists  of  eighteen  pieces,  fitted  and 
hardened  as  above  described.  They  were  then  fastened 
together  in  two  lengths  of  9  pieces  each  with  wooden  splints, 
and  placed  between  the  terminals  of  an  electro-magnetic 
maguetizer  constructed  for  the  purpose.  When  screwed  up 
firmly  between  the  poles  of  the  magnetizer  a  current  was 
transmitted  through  the  coils.  In  this  condition  it  was  tapped 
with  a  hammer  for  some  time.  When  removed,  each  com- 
pound bar  retained  a  considerable  permanent  magnetism. 

The  chief  difficulty  was  to  observe  with  sufficient  accuracv 
the  small  deflection  produced  by  the  separated  pieces.  Small 
differences  in  this  small  quantity  produce  large  differences  in 
the  calculated  resistance  (or  permeability)  of  the  steel.  The 
measures  now  given  probably  reach  to  an  accuracy  of  about 
a  tenth  of  a  degree.  Up  to  this  point  I  have  endeavoured 
to  take  count  of  all  the  errors  of  the  apparatus.  The  final 
measures  are  : — 

Deflection  due  to  18  pieces  joined  up  =  13°*0 
„  „  separated  =   l°-05*. 

Dimensions  of  magnet: —  centim. 

Whole  length  =28-50 

Length  of  each  pieces    1'58 
Diameter  =    1*97  =  2R 

Let  '/•  be  the  resistance  of  one  of  the  steel  pieces  expressed 
in  centimetres  of  a  similar  air-cylinder, 

«R  the  resistance  of  one  end  ; 

then  18>'+2aR         1-05      ^^ 

TT^ — TTo — T~B~T^^—  =  '08  nearlv 
18/'+18x2aR     16 

(assuming  the  forces  proportional  to  the  deflections). 

Then  >•=    "050  x  a  centim. 

and  length  of  piece  =  J  "58  centim. 

length  of  air  -053  x  a 


ratio  of 


steel  of  same  resistance        1*58 

=  -034x«. 


*  After  the  pieces  had  remained  separated  for  some  days  in  the  bifihir, 
I  noticed  that  the  reading  had  changed  in  tlie  direction  of  increased 
moment.  A  set  of  readings  gave  13°-0  and  l°-y.  After  standing  for 
some  days  joined  up  again,  13°-2  and  l°-8.  These  latter  vahies  corre- 
spond to  /i  =  lo  nearly  if  a  =  -C,  to  /i=:29  nearly  if  a =-3.  There  appears 
to  have  been  a  sort  of  spontaneous  rearrangement  of  the  maonetism  of 
the  little  pieces  in  the  direction  of  less  resistance,  probably  with  diminu- 
tion of  a.  The  spontaneous  change  was  an  increase  of  inoment,  not  a 
diminution.     The  point  requires  fnrther  examination. 


216  On  Magnetomotive  Force. 

If  we  assume  a  =  '6  from  analogy  to  sound  and  electricity, 
ratio  =  -020. 
a  is  not  likely  to  be  greater  than  this  ;  it  may  be  less,  as  the 
case  is  like  that  of  a  tube  with  side  resistances  remoyed  to  a 
certain  extent. 

The  conclusion  is  :  The  magnetic  induction  of  a  permanent 
magnet  may  be  supposed  to  be  produced  by  a  magnetomotive 
force  derived  from  permanent  Amperian  currents,  acting 
through  the  resistance  of  the  steel. 

In  the  case  of  the  steel  examined,  this  resistance  was  ^q  of 
that  of  space,  if  u  =  'Q.  If  a  be  less  the  resistance  will  be 
less  in  proportion. 

Meyer  (Wiedemann,  Ann.  xviii.  p.  233)  has  determined 
the  magnetization-function  k  of  hard  steel  (p.  245).  He  finds 
generally  values  varying  from  2  to  3  for  small  magnetizing 
forces,  but  in  some  cases  as  much  as  9  or  even  12.  These 
correspond,  according  to  our  formula  ix^=A:irk,  to  the  follow- 
ing values  of  yw, : — 

k  . .  .  2  3  8  12 

/i.'."25-l  37-7  100-6  150-8. 

Accoi-ding  to  our  result  /i  would  be  50  for  the  above  steel. 
The  number  is  quite  uncei'tain,  as  the  application  of  the  co- 
efficient a  is  as  yet  hypothetical.  But  it  shows  that  the 
hypothesis  is  not  in  contradiction  with  known  values.  De- 
terminations of  all  the  quantities  involved  require  instruments 
of  a  more  accurate  kind  than  those  I  have  hitherto  employed. 
These  are  being  constructed  for  other  purposes  ;  and  I  hope  to 
examine  the  matter  further. 

The  assumption  of  the  existence  of  magnetomotive  force 
and  resistance  in  permanent  magnets  appears  to  be  the  neces- 
sary consequence  of  Faraday's  comparison  of  the  permanent 
magnet  with  the  voltaic  battery  immersed  in  water.  It  is 
the  simplest  assumption  by  means  of  which  the  facts  can  be 
represented. 

On  the  old  theory  the  assumption  of  rigid  magnetism  might 
be  modified  to  suit  the  facts  by  assuming  the  magnetism  to 
be  elastic  instead  of  rigid.  Suppose,  then,  that  when  the 
magnet  is  cut  up  into  spheres,  or  disks  say,  the  demagnetizing 
forces  of  Maxwell  (ii.  57)  act  on  the  elastic  magnetization. 
There  will  be  a  temporary  diminution. 

It  will  be  understood  that  I  regard  these  demagnetizing 
forces  as  arising  out  of  the  fictitious  quantities  created  by 
analysis  for  the  purpose  of  compensating  the  errors  of  the 
original  hypotheses  of  Poisson's  theory.  I  therefore  prefer 
the  method  here  indicated.  This  has  the  advantage  of  re- 
taining permanent  elements  in  the  permanent  magnet ;  and  it 
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appears  that,  so  far  as  the  numerical  value  of  the  resistance 
can  be  obtained,  it  is  at  all  events  not  glaringly  incompatible 
with  the  values  of  the  resistance  to  external  magnetomotive 
force  which  have  been  obtained  in  an  entirely  different 
manner. 


XXIX.  On  an  Arrangement  for  dividing  Inch- and  Metre-Scales. 
By  E.  H.  M.  BosANQUET,  St.  John's  College,  Oxford. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 
Gentlemen, 

THE  screw  of  the  slide-rest  of  the  Royal  Society's  lathe  in 
my  laboratory  has  a  pitch  of  ^  inch.     It  was  therefore 
an  obvious  arrangement  for  dividing  decimal-inch  scales,  to 
fit  this  screw  with  a  micrometer- wheel  of  25  holes. 
20  holes  then  correspond  to  ^  inch. 
4  „  „  J,5  inch. 

2  „  „  yi^-  inch. 

The  holes  are  worked  with  pins,  and  a  V  falling  over  the  pins 
in  the  same  way  as  in  the  micrometer  of  the  same  lathe  de- 
scribed in  Phil.  Mag.  x.  p.  220. 

Before  this  was  completed  it  occurred  to  me  that  a  metre- 
scale  could  be  divided  by  the  same  arrangement,  if  there  was 
any  moderate  number  which  would  serve  as  a  factor. 

The  common  equivalent  is  1  inch  =  2*5400  centim.  Ac- 
cording to  Everett's  book  of  units  the  error  of  this  is  about 
2  units  in  the  fifth  place  of  decimals;  and  therefore  it  is 
negligible  for  practical  purposes. 

Q 

Hence  1  centim.  =  -r-^-r  eighths  of  an  inch. 
2-o4     ® 

_  400 

-  127  "  .  " 
It  was  only  necessary  therefore  to  set  a  division  of  127  holes 
round  the  micrometer-wheel,  and  40  of  these  holes  give  a 
millimetre.  If  it  were  desired  to  divide  to  tenths  of  millim., 
of  course  4  of  the  holes  would  be  used.  This  division  of  127 
holes  and  the  one  of  25  for  the  inch-scale  are  executed  on  the 
same  wheel,  by  means  of  which  therefore  both  metre-  and 
inch-scales  can  be  divided  without  any  shifting  whatever. 

In  dividing  millimetres  a  little  piece  of  brass  is  used, 
which  reaches  from  the  pin  in  use  to  the  hole  at  distance  40, 
so  as  to  avoid  having  to  count  every  time. 

The  division  of  127  was  executed  with  the  micrometer  by 
means  of  the  following  approximation  depending  on  the  67 
wheel. 

Phil  Mag.  S.  5.  Vol.  15.  No.  93.  March  1883.  Q 
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Tangent  wheel  =  180  turns, 
Each  turn  =  67, 

180x67  _  J_, 

127      -  "^^  ^^''  127 

Therefore  95  holes  of  the  67  wheel  are  set  on  at  each  step, 
and  four  times  durmg  the  process  one  hole  is  set  back.  The 
resulting  error  in  the  division  of  127  is  quite  trifling  ;  and 
even  a  considerable  error  in  this  respect  has  but  a  small  influ- 
ence on  the  scale. 

There  is  a  similar  approximation  depending  on  a  micro- 
meter-wheel of  60,  which  any  one  can  make  for  himself  from 
the  ordinary  divisions  of  the  lathe-head. 

The  immediate  object  was  the  division  of  two  scales  of  mil- 
limetres and  fiftieths  of  an  inch  for  a  bifilar  suspension  in 
course  of  construction. 

XXX.  Notices  respecting  Neio  Boohs. 

The  Elementary  Part  of  a  Treatise  on  the  Dynamics  of  a  System  of 
Rigid  Bodies,  being  Part  I.  of  a  Treatise  on  the  whole  subject ;  with 
numerous  examples.  By  Edwaed  John  Eouth,  F.R.S.  Fourth 
Edition,  revised  and  enlarged.  (London :  Macmillan,  1882. 
Pp.  xii  +  385.) 
'T^HE  task  imposed  upon  the  reviewer  of  such  a  work  as  the  one  be- 
-*•  fore  us  is  easy.  It  has  reached  a  fourth  edition,  and  is  written  by 
a  mathematician  than  whom  no  one  more  competent  for  this  special 
branch  could  be  found.  The  success  of  the  work  and  the  careful 
examination  which  each  successive  edition  has  un  ergo^e  reheve 
the  reader  from  the  search  for  errors  in  statement  of  principles  or 
in  solution  of  exercises.  The  outward  aspect  and  the  inward 
arrangement  are  little  different  from  those  of  the  third  edition  of 
1877.  "  In  order  to  render  the  book  less  bulky  for  the  student, 
it  has  been  divided  into  two  parts.  In  the  first  vohime  there  will 
be  found  all  the  elements  of  the  subject  together  with  some  methods 
which  are  intended  for  the  more  advanced  student.  In  the  second 
part  the  higher  apphcations  will  be  given."  "We  need  say  httle 
under  the  head  of  arrangement  of  subjects,  which  has  been  carried 
out  on  the  lines  of  the  last  edition  ;  but  we  notice  the  use  of  heavy 
type  at  the  head  of  very  many  of  the  articles,  thus  bringing  the  sub- 
ject to  be  treated  of  more  prominently  before  the  student :  we  notice 
also  in  some  cases  an  improved  form  of  arrangement  of  the  matter 
of  the  articles.  A  very  cursory  comparison  of  this  edition  with 
the  last  will  show  that  "  many  additions  have  been  made  to  every 
part  of  the  subject." 

Chapters  I.  to  VII.  treat  of  the  same  subjects  in  the  two  editions 
(third  and  fourth)  now  before  us.  In  Chapter  III.  there  are  four 
additional  articles  devoted  to  the  Anemometer  called  a  "  Robinson,'' 
which  consists  of  four  hemispherical  cups  attached  to  four  horizontal 
arms  which  turu  round  a  vertical  axis  ;  the  articles  are  founded 
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upon  papers  by  Dr.  Eobinson  in  the  '  Irish  Transactions '  (1850) 
and  by  Prof.  Stokes  in  the  '  Proceedings  of  the  Eoyal  Society ' 
(1881).  In  Chapter  IV.  "  Eigidity  of  Cords "  is  considered  in 
connexion  with  Friction.  In  Chapter  V.  some  articles  are  intro- 
duced upon  "  Screws  "  in  connexion  with  the  articles  upon 
"  Composition  of  Eotations  ;"  and  articles  on  "  Finite  Eotations  " 
replace  the  former  articles  on  "  Moving  Axes  and  Eelative  Motion  " 
and  "  Motion  relative  to  the  Earth  : "  these  new  sections  contain 
Eodrigues'  Theorem,  Sylvesters  Theorem,  Conjugate  Eotations,  and 
Composition  of  Screivs.  In  Chapter  VI.  there  are  some  additional 
articles,  and  a  few  of  the  old  ones  have  been  removed,  but  the 
chief  divisions  remain  unaltered.  Chapter  VII.  has  undergone 
more  change  than  has  fallen  to  the  lot  of  the  previous  chapters  : 
the  articles  on  "  Principles  of  Least  Action  and  Varying  Action  "are 
relegated  to  the  second  part,  as  are  those  on  the  "  Theory  of  moving 
axes  and  of  Motion  i-elative  to  the  Earth  "  (of  old  Chapter  V.), 
and  Chapters  IX.  to  XII.  of  the  third  edition.  The  Theory  of 
small  oscillations  ivith  several  degrees  of  freedom  both  about  a  position 
of  equilibrium  and  a  state  of  steady  motion,  and  the  TJieory  of  forced 
oscillations  are  also  to  form  part  of  the  advanced  course. 

Lagrange's  Equations,  the  Theory  of  reciproaition  and  Sir  W., 
Hamilton  s  Equations,  the  modified  Lag rangian function,  non-conserva- 
tive forces,  and  indeterminate  multipliers  iovva  the  contents  of  Chapter 
VIII.  Chapter  IX.  contains  elementary  portions  of  old  chapter  VIII. 
on  "Small  Oscillations;"  and  Chapter  X.  is  devoted  to  some  special 
problems  on  Oscillations  of  a  roching  bodyinthree  di7nensions,  of  Cones 
in  three  dimensions.  Large  Tautochronous  motions,  and  Oscillations  of 
Ci/linders  and  Cones  to  the  Second  Order. 

The  whole  book  bears  evidence  that  the  author  has  worked  upon 
this  new  edition  con  amore,  and  has  done  his  utmost  to  bring  the 
treatment  as  near  to  perfection  as  possible.  Such  a  work  reflects 
the  highest  credit  upon  the  University  that  has  assisted  at  its  birth  ; 
and  the  principle  of  "  thorough  "  which  prevades  every  part  ex- 
plains how  it  is  that  the  writer  is  so  successful  a  teacher. 
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GEOLOGICAL  SOCIETY. 
[Continued  from  p.  65.] 

January-  10,  1883.— J.  W.  Hulke,  Esq.,  F.E.S., 
President,  in  the  Chair. 

THE  following  communications  were  read : — 
1.  "  On  the  Lower-Eocene   Section  between  Eeculvers  and 
Heme  Bay,   and  some    Modifications  in  the  Classification    of   the 
Lower  London  Tertiaries."     By  J.  S.  Gardner,  Esq.,  E.G.S. 

The  author  noticed  Prof.  Prestwich's  classification  of  the  Lower 
London  Tertiaries,  and  the  introduction  by  the  Survey  of  the  term 
"  Oldhaven  Beds  "  for  some  of  his  basement  beds  of  the  London 
Clay.  He  next  discussed  the  conditions  under  which  the  Lower 
Tertiaries  were  produced,  and  showed  that  throughout  the  Eocenes 
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there  are  indications  of  the  close  proximity  of  land  and  of  the 
access  of  fresh  water.  IVo  types  of  faunas  are  to  be  recognized, 
namely  those  of  the  Calcaire  Grossier  and  the  London  Clay,  the 
latter  indicating  more  temperate  climatal  conditions.  The  former 
is  represented  in  England  by  the  Bracklesham  series.  The  areas  of 
these  two  faunas  were  separated  by  land  forming  an  isthmus,  as 
each  formation  is  bounded  by  a  shore-line  and  separated  from  its 
neighbours  by  freshwater  formations ;  but  this  isthmus  probably 
shifted  its  position  to  the  north  and  south  without  ever  being  broken 
through.  A  vast  Eocene  river  existed,  draining  a  great  continent 
stretching  westward  ;  the  indications  of  this  river  in  Hampshire  and 
Dorsetshire  would  show  it  to  have  been  there  17  or  18  miles  wide. 

The  Lower  Tertiaries  have  been  divided  by  Prof.  Prestwich  and 
the  Sui-vey  into  the  marine  Thanet  Beds,  the  fluviatile,  estuarine, 
and  marine  Woolwich  and  Reading  Beds,  and  the  marine  Oldhaven 
Beds.  The  mode  of  occurrence  of  these  was  described  by  the 
author,  with  especial  reference  to  the  section  between  Heme  Bay 
and  the  Reculvers,  from  his  investigation  of  which  he  was  led  to 
the  following  conclusions : — The  Thanet  Sands  were  probably  depo- 
sited by  a  rough  sea  outside  the  estuary  of  the  great  Eocene  river, 
but  within  its  influence.  This  area  became  silted  up,  rose  above 
the  surface,  and  became  covered  with  shingle  and  sand.  The  Thanet 
Beds  closed  with  a  period  of  elevation,  during  which  the  Reading 
Beds  were  formed ;  and  this  was  followed  by  a  subsidence  during 
the  Woolwich  period,  which  finally  ushered  in  the  Oldhaven  and 
London-Clay  deposits.  The  formation  of  the  Oldhaven  Beds  may 
be  compared  with  that  of  the  modern  beach  at  SheUness  ;  and  during 
the  period  of  depression  the  beaches  would  advance  steadily  over 
the  flat  area  of  Sheppey,  and  the  earlier  formed  ones  would  sink 
and  become  covered  up  by  the  silt  of  the  great  Eocene  river.  These 
beaches,  forming  vast  aggregations  of  sand  and  shingle  between 
the  Thanet  Beds  and  the  London  Clay,  form  integral  portions  of  one 
or  other  formation,  and  cannot  be  recognized  as  forming  a  separate 
formation  at  all  equivalent  to  the  other  divisions  of  the  Eocene. 

2.  "  On  Mr.  Dunn's  Xotes  on  the  Diamond-fields  of  South  Africa, 
1880."     By  Francis  Oats,  Esq.,  F.G.S. 

The  author  referred  to  the  hypothesis  put  forward  in  1880  by 
Mr.  Dunn  (Quart.  Journ.  Geol.  Soc.  vol.  xxxvii.  p.  609),  that  the  carbon 
for  the  production  of  the  South-African  diamonds  was  furnished  by 
the  black  carbonaceous  shales  found  throughout  the  district,  and  the 
conclusion  drawn  by  him  therefrom  that  therefore  diamonds  would 
not  be  found  below  the  level  of  these  shales.  The  author  stated 
that  the  shales,  so  far  as  he  knows,  do  not  occur  below  270  feet, 
whilst  the  ground  is  successfully  worked  for  diamonds  at  a  depth  of 
350  feet.  He  maintained  that  the  carbonaceous  shales  have  nothing 
to  do  with  the  origin  of  the  diamonds,  and  stated  that  the  "  craters  " 
containing  the  diamantiferous  rock,  at  an  earlier  date  erupted  quite 
diff'ereut  material ;  and  he  instanced  the  occurrence  in  the  Kimberley 
mine  of  a  mass  of  "  dolerite  "  between  the  diamantiferous  ground 
and  the  surrounding  shales. 
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January  24. — Dr.  J.  Gwyn  Jeffreys,  F.K.S.,  Vice-President, 
in  the  Chair, 
The  following  communications  were  read  : — 

1.  "On  Strtptelasma  Rcemeri,  sp.  nov.,  from  the  Wenlock  Shale." 
By  Prof.  P.  Martin  Duncan,  F.R.S.,  Y.P.G.S. 

2.  "  On  Cyathophyllum  Flekhtrl,  Edw.  k,  H.,  sp.''  By  Prof.  P. 
Martin  Duncan,  P.E.S.,  Y.P.G.S. 

3.  "  On  the  Fossil  Madreporaria  of  the  Great  Oolite  of  the 
Counties  of  Gloucester  and  Oxford.''  By  Kobert  P.  Tomes,  Esq., 
F.G.S. 

February  7.— J.  W.  Hulke,  Esq.,  F.E.S.,  President, 
in  the  Chair. 

The  following  communications  were  read  : — 

1.  "  On  the  Metamorphic  and  Overlying  Rocks  in  parts  of  Eoss 
and  Inverness  shires."  By  Henry  Hicks,  M.D.,  F.G.S.  With  Petro- 
logical  Xotes  by  Prof.  T.  G.  Bonuey,  M.A.,  F.E.S.,  Sec.  G.S. 

In  this  paper  the  author  described  numerous  sections  which  have 
been  examined  by  him  in  three  separate  visits  made  to  the  north-west 
Highlands.  In  some  previous  papers,  sections  in  the  neighbourhood 
of  Loch  Maree  had  been  chiefly  referred  to.  Those  now  described 
are  to  the  south  and  south-east  of  that  area,  and  occur  in  the  neigh- 
bourhoods of  Achmashellach,  Strathcarron,  Loch  Carron,Loch  Trishm, 
Attadale,  Stronoe  Ferry,  Loch  Alsh,  and  in  the  more  central  areas 
about  Loch  Shiel  and  Loch  Eil  to  the  Caledonian  Canal. 

In  these  examinations  the  author  paid  special  attention  to  the 
stratigraphical  evidence,  to  see  whether  there  were  any  indications 
which  could  in  any  way  be  relied  upon  to  prove  the  theory  pro- 
pounded by  Sir  E.  Murchison  that  in  these  areas  fossiliferous  Lower 
Silurian  rocks  dip  under  thousands  of  feet  of  the  highlj'  crystalline 
schists  which  form  the  mountains  in  the  more  central  areas.  On 
careful  examination  he  found  that,  in  consequence  of  frequent  dis- 
locations in  the  strata,  the  newer  rocks  were  frequently  made  to 
appear  to  dip  under  the  highly  crystalline  series  to  the  east,  though 
in  reality  the  appearance  in  each  case  was  easily  seen  to  be  due  to 
accidental  causes.  Evidences  of  dislocation  along  this  line  were 
most  marked ;  and  the  same  rocks,  in  consequence,  were  seldom 
found  brought  together.  He  recognized  in  these  eastern  areas 
at  least  two  great  groups  of  crystalline  schists  metamorphosed 
throughout  in  all  the  districts  examined,  even  when  regularly 
bedded  and  not  disturbed  or  contorted ;  and  they  have  represen- 
tatives in  the  western  areas  among  the  Hebridean  series,  which 
cannot  in  any  way  be  differentiated  from  them.  These  he  called 
locally  by  the  names,  in  descending  order,  of  Ben-Fyn  and  Loch- 
Shiel  series.  The  former  consist,  in  their  upper  part,  of  silvery  mica- 
schists  and  gneisses,  with  white  felspar  and  quartz ;  in  their  lower 
part,  of  hornblendic  rocks,  with  bands  of  junk  felspar  and  quartz, 
and  of  chloritic  and  epidotic  rocks  and  schists.  The  Loch-Shiel 
series  consists  chiefly  of  massive  granitoid  gneisses  and  hornblendic 
and  black  mica-schists.     Thirty-three  microscopical  sections  of  the 
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crystalline  schists  and  the  overlying  rocks  are  described  by  Prof. 
Eouney  ;  and  he  recognizes  amongst  them  three  well-marked  types. 
In  Xo.  1  he  includes  the  Torridon  sandstone,  the  qiiartzites  and 
the  supposed  overlying  flaggy  beds  on  the  east  side  of  Glen  Laggan. 
These  are  partially  metamorphosed  ;  only  distinct  fragments  are 
always  easily  recognizable  in  them  in  abundance.  In  jS^o.  2,  the 
Ben-Fyn  type,  the  rocks  are  crystalline  throughout,  being  typical 
gneisses  and  mica-schists.  In  Xo.  3,  the  Loch-Shiel  series,  he  re- 
cognizes highly  typical  granitic  gneisses  of  the  Lower  Hebridean 
type.  Dr.  Hicks  failed  to  find  in  these  areas  at  any  point  the 
actual  passage  from  group  1  to  group  2 ;  neither  did  the  same  rocks 
belonging  to  group  1  meet  usually  the  same  rocks  belonging  to 
group  2.  The  evidence  everywhere  showed  clearly  that  the  con- 
tacts between  these  two  groups  were  either  produced  by  faults  or 
by  overlapping.  Group  3,  placed  by  Murchison  as  the  highest  beds 
in  a  synclinal  trough,  supported  by  the  fbssiliferous  rocks,  the 
author  regarded  as  composed  of  the  oldest  rocks  in  a  broken  anti- 
clinal. They  are  the  most  highly  crystalline  rocks  in  these  areas  ; 
and  the  beds  of  group  2  are  thrown  off  on  either  side  in  broken 
folds.  These,  again,  support  the  rocks  belonging  to  group  1.  The 
author  therefore  feels  perfectly  satisfied  that  the  crystalline  schists 
belonging  to  groups  2  and  3,  which  compose  the  mountains  in  the 
central  areas,  do  not  repose  conformably  upon  the  Lower  Silurian 
rocks  of  the  north-west  areas  with  fossils,  and  that  these  highly 
crystalline  rocks  cannot,  therefore,  be  the  metamoriihosed  equivalents 
of  the  comparatively  unaltered,  yet  highly  disturbed  and  crumpled, 
richly  fossiliferous  Silurian  strata  of  the  southern  Highlands,  but 
are,  like  other  truly  crystaUiue  schists  examined  by  him  in  the 
British  Isles,  evidently  of  pre-Cambrian  age. 

In  an  Appendix  by  Prof.  T.  G.  Bonney,  F.R.S.,  Sec.G.S.,  on  the 
Lithological  Characters  of  a  Series  of  Scotch  Piocks  collected  by  Dr. 
Hicks,  the  author  stated  that  he  observed  in  the  above  series,  as  he 
had  done  in  other  Scotch  rocks  lately  examined  by  him,  three  rather 
well-marked  types : — one  where,  though  there  is  a  certain  amount  of 
metamorphism  among  the  finer  constituents  forming  the  matrix,  all 
the  larger  grains,  quartz,  felspar,  aud  perhaps  mica,  are  of  clastic 
origin  ;  a  second,  while  preserving  a  bedded  structure  and  never  likely 
to  be  mistaken  for  an  igneous  rock,  being  indubitably  of  clastic  origin, 
retains  no  certain  trace  of  original  fragments  ;  while  the  third,  the 
typical  "  old  gneiss  "  of  the  Hebridean  region,  seldom  exhibits  weU- 
marked  foliation.  It  is  sometimes  difficult  to  distinguish  between 
the  first  and  second  of  these  ;  but  this  the  author  believed  to  be 
generally  due  to  the  extraordinary  amount  of  pressure  which  some 
of  these  Scotch  rocks  have  undergone,  which  makes  it  very  hard  to 
determine  precisely  what  structures  are  original.  Even  the  coarse 
gneiss  is  sometimes  locally  crushed  into  a  schistose  rock  of  compa- 
ratively modern  aspect.  The  least  altered  of  the  above  series  the 
author  considered  to  be  the  true  "  newer-gneiss  "'  series  of  the  High- 
lands, but  both  of  the  others  to  be  much  older  than  the  Torridon 
Sandstone. 
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2.  "  On  the  Lower  Carboniferous  Eocks  in  the  Forest  of  Dean,  as 
represented  in  typical  sections  at  Drybrook."  By  E.  Wethered, 
Esq.,  E.G.S.,  E.G. 8.  With  an  Appendix  by  Dr.  Thomas  Wright, 
E.R.S.,  E.G.S. 

The  author  described  a  series  of  beds  overlying  the  normal  Old 
Red  Sandstone  and  underlying  the  normal  Lower  Limestone  Shales 
in  the  above  district.  They  differ  from  the  ordinary  Old  Red  Sand- 
stone in  two  particulars: — (1)  No  fossils  characteristic  of  this  series 
have  as  yet  been  discovered  in  them.  (2)  The  materials  of  which 
the  Old  Red  of  the  neighbourhood  is  formed  are  well  waterworn, 
while  those  composing  the  beds  refei'red  to  are  not  so  ;  they  also 
contain  calcareous  material ;  and  the  author  considered  them  to  corre- 
spond, in  time,  with  the  Calciferous  series  of  Scotland,  for  the  follow- 
ing reasons  in  addition  to  their  stratigraphical  jjosition  : — (1)  with 
those  of  Berwickshire  in  the  rapid  succession  and  variation  in  the 
colour  of  the  beds ;  (2)  the  presence  of  certain  Polyzoa  and  of 
KhijnclioneUa  plcurodoa  in  a  limestone  which  succeeds  them.  The 
author  also  described  a  section  in  the  Millstone  Grit  at  the  Morse 
railway-cutting.  Here  the  Millstone  Grit  dips  at  about  40° ;  rest- 
ing on  it  is  a  rose-coloured  sandstone  passing  up  into  a  pebble-bed 
dipping  at  19°.  The  pebbles  are  vein-quartz  and  a  quartzite  like 
that  of  the  Lickey.  The  Old  Red  Sandstone,  Calciferous  Sandstone, 
and  Millstone  Grit  appeared  to  him  to  have  derived  their  materials 
from  a  common  source,  viz.  ancient  granitic  rocks. 

An  Appendix  by  Dr.  T.  Wright  described  the  organisms  in  speci- 
mens of  the  above-named  limestone  of  Drybrook.  Polyzoa  are 
abundant,  individuals  being  numerous,  but  species  few.  Ehahdo- 
meson gracile  and  Fcnestella  tuherculata  are  abundant  in  one  specimen, 
the  other  containing  in  addition  Ceriopora  similis.  Eragments  of 
a  Crinoid,  referred  to  Potcriocrinus  crassiis  also  abound.  There  are 
a  few  crushed  shells  of  BhifnchonelJa  pUurodou,  and  spines,  possibly 
of  a  Productus.  The  organisms  of  a  slab  from  the  Bristol  district 
were  also  described.  This  contains  R.  fjraciU  with  one  or  two  other 
Polyzoa,  and  numerous  Crinoidal  fragments. 

XXXII.  Intelligence  and  Miscellaneous  Articles. 

PHOSPHOROGRAPHY   OF    THE  IXFRA-RED    REGION  OF  THE    SOLAR 
SPECTRUM:    WAVE-LENGTH    OF    THE    PRINCIPAL     LINES.      BY 
HENRI  BECQUEREL. 
"\TrHEN,  in  a  dark  room,  the  solar  spectrum  is  projected  daring 
'  '     a  few  seconds  upon  a  screen  coated  with  a  phosphorescent 
subtance  which  has  previously  been  exposed  to  the  light,  and  then 
the  luminous  rays  are  suddenly  intercepted,  the  phosphorescence 
is  observed  to  have  been  rendered  brighter  in  the  region  struck  by 
the  violet  and  ultra-violet  radiations,  while  in  the  red  and  infra- 
red region  it  has  been  destroyed ;  the  image  of  this  portion  of  the 
spectrum  then  appears  dark  on  the  bright  ground  of  the  screen. 
These   phenomena  were  discovered   long  ago    by  my  father,  and 
permitted  him  to  determine  in  the  infra-red  spectrum  the  position 
of  several  lines  and  bands  analogous  to  the  dark  lines  of  the  visible 
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spectrum  *.  In  repeating  and  varying  these  experiments  several 
years  since,  I  was  led  to  various  interesting  observations,  and,  in 
particular,  to  indicate  the  position  and  wave-length  of  fine  lines  of 
which  some  appear  to  me  to  have  hitherto  escaped  the  various 
processes  of  investigation  which  have  been  applied  to  the  study  of 
this  region  of  the  spectrum. 

It  is  known  that  thermoscopic  methods  reveal  the  existence  in 
the  infra-red  spectrum  of  sundry  maxima  and  minima.  In  par- 
ticular MM.  Fizeau  and  Desaius  in  1 847  discovered  the  existence 
of  a  cold  band  of  which  the  wave-length  is  0-001445  millim. ;  and 
M.  Desains  has  quite  recently  f  given  a  description  of  the  calorific 
spectrum  of  the  sun  which  extends  far  beyond  the  limit  observable 
by  means  of  the  phenomena  of  phosphorescence,  and  shows,  among 
others,  ten  bands  which  appear  to  answer  to  those  which  will  be 
pointed  out  further  on,  Mr.  Langley  J,  with  the  aid  of  his 
bolometer,  has  likewise  given  an  extensive  drawing  of  the  heat- 
spectrum,  which,  however,  comprises  only  seven  or  eight  bauds  in 
the  region  tliat  forms  the  subject  of  the  present  memoir. 

The  red  and  infra-red  rays  act  upon  phosphorescent  substances 
after  the  manner  of  heat,  by  at  first  accelerating  the  1  .minous 
emissions  and  causing  the  substance  to  give  out  in  a  shorter  time 
the  same  sum  of  light  which  it  would  emit  in  a  longer  time  and 
with  less  intensity  if  it  were  sheltered  from  the  radiation  or  the 
calorific  influence.  The  experiment  above  indicated  presents  two 
phases :  if  the  spectral  influence  has  been  of  very  short  duration, 
the  impressed  region  appears  at  first  brighter  than  the  ground,  and 
gives  a  positive  image  of  the  spectrum  with  lines  relatively  dark  ; 
if  the  impression  is  prolonged,  it  exhausts  the  phosphorescence  of 
the  corresponding  region,  which  is  extinguished,  and  the  image 
of  the  spectrum  appears  dark  with  bright  lines. 

Generally  only  the  second  phase  of  the  phenomenon  is  visible, 
especially  with  hexagonal  blende,  w-hicli  can  give  continuously  a 
negative  image  of  the  spectrum.  Substances  of  which  the  phos- 
phorescence lasts  a  long  time,  on  the  contrary,  present  very 
clearly  the  first  phase ;  and  the  positive  image  thus  obtained 
exhibits  a  remarkable  fineness  of  details.  I  shall  not  here  indicate 
the  simple  experimental  arrangements  which  permit  these  phe- 
nomena to  be  studied  with  precision  ;  they  will  be  explained  in  a 
memoir  to  be  published  shortly. 

It  was  very  important  to  vary  the  nature  of  the  phosphorescent 
screens.  Besides  hexagonal  blende  I  used  sulphides  of  strontium 
and  calcium,  giving  various  shades  by  phosphorescence;  and  I  was 
led  to  observe  that  the  phosphorographic  images  were  the  super- 
position of  the  image  of  the  solar  spectrum  and  maxima  and 
minima  of  extinction  peculiar  to  each  substance,  occupying  regions 
in  the  spectrum  variable  with  each  substance.  It  is  moreover  easy 
to  distinguish  the  fine  lines  of  the  spectrum  from  those  maxima 
which  represent  wide  bands  where  the  extinclion  is  more  rai)id 
than  in  the  adjacent  regions  and  which  are  reproduced  with 
various  sources  of  light. 

*  Comiites  Jlcndns,  t.  Ixxvii.  p.  302  (1873),  &  t.  Ixxxiii.  p.  219  (1876). 

t   Comptes  Bendus,  t.  xcv.  p.  4.i4  (1882).  |  Ibid.  p.  482  (1882). 
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I  proposed  to  determine  the  wave-lengths  of  the  lines  revealed 
bv  the  phenomena  of  phosphorescence  by  projecting,  on  the  sub- 
stances above  referred  to,  the  spectra  furnished  by  a  reticulation. 
1  am  indebted  to  the  kindness  of  M.  Mascart  for  the  use  of  a  fine 
reticulation  on  metal  by  Mr.  Rutherfurd,  as  well  as  for  another 
traced  on  glass.  The  first  inconvenience  met  with  is  that  the 
infra-red  region  of  the  first  spectrum  is  entirely  superposed  to  the 
ultra-violet  and  luminous  region  of  the  second  spectrum.  These 
ravs  are  eliminated  by  the  interposition  of  red  glass,  which  does 
not  arrest  the  infra-red  radiations  studied. 

When  it  was  possible  to  bring  to  the  point  the  lines  of  both 
spectra  at  the  same  time,  1  took  advantage  of  their  coincidence  to 
deduce  the  infra-red  wave-lengths  by  doubling  the  known  wave-  . 
lengths  of  the  Fraunhofer  lines.  Thus  were  determined,  with  the 
small  reticulation,  by  transmission,  the  wave-lengths  of  two  lines  : — 
one  0-000976  millim.,  near  2F  ;  the  other  0-001098,  between  'Ih 
and  2D. 

With  the  reflecting  reticulation  the  simultaneous  bringing  to 
the  point  the  two  spectra  was  not  possible  ;  and  the  position  of 
the  int.a-red  lines  was  simply  taken  from  the  phosphorescent 
screen  by  intercepting  the  more  refrangible  part  of  the  second 
spectrum.  The  corresponding  deviations,  and  consequently  the 
wave-lengths,  were  determined  by  a  trigonometrical  calculation, 
the  elements  of  which  could  be  directly  measured,  and  were  more- 
over deduced  very  exactly  from  the  data  coresponding  to  three 
lines  of  known  wave-length — for  example,  A,  B,  and  C.  By 
reason  of  the  weakening  of  the  luminous  intensity,  the  measure- 
ments with  the  reflecting  reticulation  could  not  be  extended  be- 
yond the  wave-length  0-000918.  In  short  the  following  numbers 
were  obtained  : — 


Linss. 

Wave-lengths. 

Remarks. 

Group 
A.     " 

Group 

A'.     ■ 

Group 

A". 

Group 

A'". 

-A      

Ai*  

A.     

As*  

.A,»  

rfio 

A  j» 

A',    

A'a* 

A'4     

A',* 

A  0  

lA",*.. 

[i:v 

li'v  ::: 

Ai^" 

millim. 
0-0007604 
00007819 
0-0007957 
0-0008110  1 
0-0008360  j 
0-0008630  1 
00008850  ( 
00008980 1 
0-0009180  / 
00009490 
00009760 
0-0010060 
00010.500 
0-0010980 
0-0011760 
0-001 2200t 
000131201 
0-0014440/ 

(Fraunhofer.) 

Strong  extinctiun-  "^ 
band. 

Strong  extinction-    j 
band.                    ) 
(Interpolation.) 

(Interpolation.) 
(Interpolation.) 

(Interpolation.) 
(Extrapolation.) 

[t  A  strong  extinction-band  for  blende ;  edge  very  distinct  on  the  less- 
refrangible  side. — Ed.  Becquerel.] 
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The  lines  marked  with  an  asterisk  were  observed  in  1876  by  my 
father,  who  determined  the  wave-length  0*001220  by  observation 
of  the  interference-bands  which  are  produced  in  the  spectrum  by 
previous  reflection  of  the  luminous  rays  upon  a  thin  film  of  air. 

The  last  two  numbers  of  the  preceding  Table  are  obtained  by 
carefully  tracing  a  curve  giving  the  wave-lengths  for  the  various 
positions  in  the  spectrum  and  prolonging  it  beyond  the  line  A/", 
which  answers  to  the  last  number  found  by  experiment ;  and  of 
those  two  numbers  the  last  presents  the  curious  coincidence  that  it 
is  very  nearly  the  wave-length  of  the  cold  band  determined  by  M. 
Eizeau. 

The  new  points  resulting  from  the  present  researches  are,  besides 
the  determination  of  new  lines  of  the  solar  spectrum  and  their 
wave-lengths,  the  observation  in  the  infra-red  portion  of  maxima 
and  minima  of  extinction  proper  to  various  phosphorescent  sub- 
stances, manifested  by  various  luminous  sources  and  analogous  to 
the  phosphorogeuic  maxima  and  mimrna  of  the  other  end  of  the 
spectrum. —  Comptes  Rendus  de  VAcademie  des  Sciences,  Jan.  8,  1883, 
t.  xcvi.  pp.  121-124.  

ON  THE  MEASUREMENT  OF  THE  PHOTOMETRIC  INTENSITY  OF  THE 
SPECTRAL  LINES  OF  HYDROGEN.      BY  H.  LAGARDE. 

The  spectrum  of  a  gas,  under  determined  conditions  of  tempera- 
ture and  pressure,  is  not  completely  defined  by  the  « ave-lengths 
of  the  various  lines  which  compose  it.  When  the  pressure  and 
the  calorific  energy  of  the  discharge  are  varied,  the  intensity  of 
those  lines  is  modified  according  to  an  unknown  law ;  it  may  even 
become  nil  for  one  or  more  particular  lines,  under  certain  condi- 
tions ;  while  other  lines  may  become  visible  for  particular  values  of 
the  temperature  and  pressure.  These  variations  of  intensity  there- 
fore, in  each  circumstance  of  the  experiment,  change  the  phy- 
siognomy of  the  spectrum,  which  will  not  be  defined  unless  the 
intensities  of  the  lines  composing  it  be  given.  It  is  to  the  study 
of  the  measurement  of  these  intensities  that  I  have  applied  myself. 

In  absolute  value,  the  radiant  energy  of  a  vibration  of  a  deter- 
mined wave-length  ought  to  be  expressed  in  thermal  or  mechanical 
units ;  but  the  feebleness  of  gas-spectra  forbids  any  direct  attempt 
in  that  way,  and  necessitates  the  use  of  a  photometric  comparison. 

The  employment  of  a  spectrophotometer  disposed  so  as  to  give 
precise  and  comparable  valuations  is  of  course  imposed,  as  M.  Crova 
has  shown*,  in  determinations  of  this  sort.  The  capillary  portion 
of  the  spectrum-tube  being  placed  opposite  half  the  slit  of  the 
instrument  and  at  a  constant  distance,  the  light  from  a  lamp, 
having  traversed  a  system  of  t\\o  nicols,  one  movable  upon  a  gra- 
duated circle,  is  received  laterally  upon  a  prism  with  double  total 
reflection,  which  covers  the  otlier  half  of  the  slit.  If  the  slit  be 
opened  a  little,  the  lines  of  the  spectrum  take  sufflcient  breadth  to 
fill  the  ocular  slit  and  are  in  immediate  contact  with  the  portion  of 
the  spectrum  of  the  lamp  possessing  the  same  wave-length ;  the 
rotation  of  the  nicol  is  measured  which  gives  equality  of  intensity. 

*  Comptes  Re7id2is,l681,  t.  xciii.  p.  512;  Ann.  de  Chim.  et  de  Phys.  [5] 
xxii.  p.  613. 
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With  a  little  practice  this  measurement  is  susceptible  of  great 
precision  if  a  good  spectrophotometer  is  employed.  The  new  in- 
strument which  I  use,  constructed  by  M.  Duboscq  according  to 
the  directions  of  M.  Crova,  leaves  nothing  to  be  desired  in  this 
respect. 

The  lamp  employed  is  the  Carcel  standard,  placed  on  the  auto- 
matic balance  of  M.  Deleuil,  the  course  and  regulation  of  which 
have  been  previously  investigated*.  The  intensities  obtained  are 
reduced  to  a  normal  consumption  of  42  grammes  of  oil  per  hour. 

My  researches  have  been  directed  to  the  spectrum  of  hydrogen, 
which  has  the  advantage  of  giving  very  pure  lines  situated  in  dif- 
ferent regions  of  the  spectrum.  The  spectrum -tube,  with  alumi- 
nium electrodes,  was  illuminated  at  the  commencement  of  the 
researches  by  the  spark  of  an  ordinary  Ruhmkorff  coil  actuated  by 
three  Bunsen  elements,  and  later  by  a  Holtz  machine.  To  eileet 
the  variation  of  the  calorific  energy  of  the  spark,  I  confined  myself 
at  first  to  interposing  in  the  inducing  circuit  variable  lengths 
(R=14,  10,  6,  2  centim.)  of  fine  German-silver  wire.  This  first 
disposition  permits  the  direction  of  the  phenomenon  to  be  distinctlv 
seen ;  it  has  been  replaced  (for  some  definitive  measurements  in 
course  of  esecution)  by  another,  more  precise. 

The  gas-tube  can  be  put  into  communication,  by  a  three-way 
cock,  either  with  a  system  of  tubes  containing  phosphoric  anhydride 
communicating  with  a  pure-hydrogen  generator  or  with  the  appa- 
ratus for  producing  the  vacuum.  The  initial  step  is  the  production 
of  the  vacuum  by  means  of  Alvergniat's  mercury  pump ;  it  is  com- 
pleted by  means  of  a  mercury  trorape  with  six  falls,  constructed  by 
MM.  Alvergniat  freres.  With  the  aid  of  this  fine  apparatus  all  the 
pressures  comprised  between  7  millim.  (at  which  the  spark  begins 
to  pass)  and  0-000001  of  an  atmosphere  are  obtained.  MacLeod's 
gauge,  attached  to  the  instrument,  accurately  measures  those 
pressures. 

Here  are  some  of  the  series  obtained  for  the  lines  Ha,  Hj8,  Hy, 
on  varying  the  pressure  and  the  energy  of  the  discharge  (the  inten- 
sity of  the  corresponding  regions  of  the  lamp-spectrum,  with  the 
nicols  parallel,  being  arbitrarily  put  =  1000)  : — 

Lines. 

Pressure         , '^ ^ 

6-5  millim.      Red.  Blue.  Violet. 

R     14  3-6  5-5  17-2 

R     10  6-2  7-5  18-1 

E     6  7-5  12-4  19-6 

E     2  9-5  22-6  36-7 

Lines. 

Pressure  . ^> ^ 

0-542  millim.      Red.  Blue.  Violet. 

E     14  8-8  25-8  65-8 

E     10  12-9  34-2  86-8 

E     6  28-3  72-5  140-2 

E     2  49-4  1521  240-9 

•  "Determination  du  pouvoir  eclairant  des  radiations  simples,"  par 
MM.  Crova  et  Lagarde,  Journal  de  Physique,  [2]  i.  1882. 
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Lines. 

0-010  miUim.  Red.  Blue.  Violet. 

E 14  12-6  39-3  110-9 

K     10  17-8  55-0  133-8 

E     6  38-5  94-9  176-4 

E     2  76-1  183-2  289-6 

The  curves  traced  by  means  of  these  values  show  the  inequality 
of  iutensity  of  the  three  Hues,  an  inequality  Aariable  with  the 
induced  discharge.  In  proportion  as  the  pressure  diminishes,  the 
ordinates  are  augmented  considerably,  and  the  curve  rises  through- 
out. Por  the  pressure  of  6"5  millim.  the  curve  of  the  red  line 
becomes  a  straight  line. 

In  the  various  conditions  in  which  I  have  operated,  I  have  been 
able  to  make  a  pretty  large  number  of  observations  on  theintiuence 
of  impurities,  the  nature  of  the  stratifications,  and  the  production 
of  the  sensitive  state*  in  rarefied  tubes.  I  am  continuing  these 
experiments,  measuring  the  difference  of  potentials  a!  the  two  ex- 
tremities of  the  tube  and  illuminating  the  tube  by  the  discharge  of 
the  Holtz  machine. 

It  would  be  premature  to  draw  any  definitive  conclusions  from 
the  present  results  ;  I  wished,  in  this  first  note,  to  confine  myself 
to  indicatiug  the  first  results  of  the  investigation  and  showing  the 
general  course  of  the  phenomenon. — Comptes  Rendus  de  VAcademie 
dts  Sciences,  Dec.  26,  1882,  t.  xcv.  pp.  1350-1352. 


CENTRAL  FORCES  AND  THE  CONSERVATION  OF  ENERGY. 
To  the  Editors  of  the  Philosophical  Magazine  and  Journal . 
Gentlemen, 

If  your  correspondent,  Mr.  von  Tunzelmann,  will  refer  again  to 
my  paper,  he  will  see  that  his  criticism  in  your  February  number 
is  not  justified.  I  had  at  the  outset  (p.  35)  assumed  F  to  be  the 
component  of  the  moving  force  in  the  line  joining  the  two  particles 
considered:  audit  was  subsequently  shown  (p.  38)  that  if  there 
were  any  component  at  right  angles  to  that  Hue,  the  conservation 
of  energy  would  not  hold.  The  argument  on  p.  37  is  therefore 
perfectly  legitimate.  Waltee  E.  Browne. 


Erratum. 

In  the  footnote  to  Prof.  Silvanus  Thompson's  paper  in  our  last 
Number,  p.  124,  it  was  stated  by  inadvertence  that  it  was  commu- 
nicated by  the  Physical  Society.  It  should  have  read  communicated 
hj  the  Author ;  the  paper,  however,  was  subsequently  communi- 
cated to  the  Physical  Society. 

*  W.  Spottiswoode  and  Moultun,  Philosophical  Transactions,  1879, 
p.  105. 


THE 
LONDON,  EDINBURaH,  and  DUBLIN 

PHILOSOPHICAL    MAGAZINE 

AND 

JOURNAL    OF    SCIENCE. 


[FIFTH   SERIES.] 


APRIL   1883. 


XXXIII.  On  Maintained  Vibrations.  By  Lord  Rayleigh, 
F.R.S.,  Professor  of  Experimental  Physics  in  the  University 
of  Cambridge* . 

W"HEN  ci  vibrating  system  is  subject  to  dissipative  forces, 
the  vibrations  cannot  be  permanent,  since  they  are 
dependent  upon  an  initial  store  of  energy  which  suffers  gra 
dual  exhaustion.     In  the  usual  equation 

d~d  dd  nn  r^  /-,\ 

-^+.-+„-e=o     (1) 

K  is  positive,  and  the  solution  indicates  the  progressive  decay 
of  the  vibrations  in  accordance  with  the  exponential  law.  lu 
order  that  the  vibrations  may  be  maintained,  the  vibrating 
body  must  be  in  connexion  witli  a  source  of  energy.  This 
condition  being  satisfied,  two  principal  classes  of  maintained 
vibrations  may  be  distinguished.  In  the  first  class  the  mag- 
nitude of  the  force  acting  upon  the  body  in  virtue  of  its 
connexion  with  the  source  of  energy  is  proportional  to  the 
amplitude,  and  its  phase  depends  in  an  approximately  con- 
stant manner  upon  the  phase  of  the  vibration  itself ;  in  the 
second  class  the  body  is  subject  to  influences  whose  phase  is 
independently  determined. 

The  first  class  is  by  far  the  more  extensive,  and  includes 

*  Communicated  by  the  Author. 
Phil.  Mag.  S.  5.  Vol.  15.  No.  94.  April  1883.  S 
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vibrations  maintained  by  wind  (organ-pipes,  harmonium-reeds, 
seolian  harps,  &e.),  by  heat  (singing  flames,  Rijke's  tubes, 
&c.),  by  friction  (violin-strings,  finger-glasses,  &c.),  as  well  as 
the  slower  vibrations  of  clock-pendulums  and  of  electromag- 
netic tuning-forks.  When  the  amplitude  is  small,  the  force 
acting  upon  the  body  may  be  divided  into  two  parts,  one  pro- 
portional to  the  displacement  6  (or  to  the  acceleration),  the 
second  proportional  to  the  velocity  cW  /  dt.  The  inclusion  of 
these  forces  does  not  alter  the  /brm  of  (1).  By  the  first  part 
(proportional  to  6)  the  pitch  is  modified,  and  by  the  second 
the  coefficient  of  decay*.  If  the  altered  k  be  still  positive, 
vibrations  gradually  die  down;  but  if  the  effect  of  the  included 
forces  be  to  render  the  complete  value  of  k  negative,  vibra- 
tions tend  on  the  contrary  to  increase.  The  only  case  in 
which  according  to  (1)  a  steady  vibration  is  possible,  is  when 
the  complete  value  of  k  is  zero.  If  this  condition  be  satisfied, 
a  vibration  of  any  amplitude  is  permanently  maintained. 

When  K  is  negative,  so  that  small  vibrations  tend  to  increase, 
a  point  is  of  course  soon  reached  after  which  the  approximate 
equations  cease  to  be  applicable.  We  may  form  an  idea  of 
the  state  of  things  which  then  arises  by  adding  to  equation  (I) 
a  term  proportional  to  a  higher  power  of  the  velocity.  Let 
us  take 

.7F+''^+n^j+''^-^'      ....      (2) 

in  which  k  and  k'  are  supposed  to  be  small.  The  approximate 
solution  of  (2)  is 

^  =  A  sin  n^H ^^  cos  Snt,     ....     (3) 

in  which  A  is  given  by 

«  +  |/c'n2A2  =  0 (4) 

From  (4)  we  see  that  no  steady  vibration  is  possible  unless  « 
and  k'  have  different  signs.  If  k  and  /c'  be  both  positive,  the 
vibration  in  all  cases  dies  down  ;  while  if  k  and  k'  be  both 
negative,  the  vibration  (according  to  (2))  increases  without 
limit.  If  K  be  negative  and  /c'  positive,  the  vibration  becomes 
steady  and  assumes  the  amplitude  determined  by  (4).  A 
smaller  vibration  increases  up  to  this  point,  and  a  larger  vibra- 
tion falls  down  to  it.  If,  on  the  other  hand,  k  be  positive,  while 
k'  is  negative,   the  steady  vibration  abstractedly  possible  is 

•  For  more  detailed  application  of  this  principle  to  certain  cases  of 
maintained  vibrations,  see  Proceedings  of  the  Roval  Institution,  March  15, 
1878. 
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unstable,  a  departure  in  either  direction  from  the  amplitude 
given  by  (4)  tending  always  to  increase. 

Of  the  second  class  the  vibrations  commonly  known  as 
forced  have  the  first  claim  upon  our  attention.  The  theory  of 
these  vibrations  has  long  been  Avell  understood,  and  depends 
upon  the  solution  of  the  differential  equation  formed  by 
writing  as  the  right-hand  member  of  (1)  Pcos^i  in  place  of 
zero.  The  period  of  steady  vibration  is  coincident  with  that  of 
the  force,  and  independent  of  the  natural  period  of  vibration  ; 
but  the  amplitude  of  vibration  is  greatly  increased  by  a  near 
agreement  between  the  two  periods.  In  all  cases  the  ampli- 
tude is  definite  and  is  proportional  to  the  magnitude  of  the 
impressed  force.  When  the  force,  though  strictly  periodic,  is 
not  of  the  simple  harmonic  type,  vibrations  may  be  maintained 
by  its  operation  whose  period  is  a  submultiple  of  the  principal 
period. 

There  is  also  another  kind  of  maintained  vibration  which 
from  one  point  of  view  may  be  considered  to  be  forced,  inas- 
much as  the  period  is  imposed  from  without,  but  which  differs 
from  the  kind  just  referred  to  in  that  the  imposed  periodic 
variatious  do  not  tend  directly  to  displace  the  body  from  its 
configuration  of  equilibrium.  Probably  the  best-known  ex- 
ample of  this  kind  of  action  is  that  form  of  Melde's  experiment 
in  which  a  fine  string  is  maintained  in  trans\erse  vibration  by 
connecting  one  of  its  extremities  with  the  vibrating  prong  of 
a  massive  tuning-fork,  tlie  direction  of  motion  of  the  point  of 
attachment  being  parcdlel  to  the  length  of  the  string*.  The 
effect  of  the  motion  is  to  render  the  tension  of  the  string 
periodically  variable  ;  and  at  first  sight  there  is  nothing  to 
cause  the  string  to  depart  from  its  equilibrium  condition  of 
straightness.  It  is  known,  however,  that  under  these  circum- 
stances the  equilibrium  position  may  become  unstable,  and 
that  the  string  may  settle  down  into  a  state  of  permanent  and 
vigorous  vibration,  ichose  period  is  the  double  of  that  of  the 
point  of  attachmenff . 

The  theory  of  vibrations  of  this  kind  presents  some  points 
of  difficulty,  and  does  not  appear  to  have  been  treated  hitherto. 
In  the  present  investigation  w'e  shall  start  from  the  assumption 
that  a  steady  vibration  is  in  progress,  and  inquire  under  what 
circumstances  the  assumed  state  of  things  is  possible. 

If  the  force  of  restitution,  or  "  spring,"  of  a  body  suscep- 
tible of  vibration  be  subject  to  an  imposed  periodic  variation, 

*  When  the  direction  of  motion  is  transverse,  the  case  falls  under  the 
head  of  ordinary  forced  vibrations. 

t  See  Tyndail's  '  Sound,'  3rd  ed.  ch.  iii.  §  7,  where  will  also  he  found 
a  general  explanation  of  the  mode  of  action. 

82 
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the  differential  equation  becomes 

|f+^^+(n^-2«sin2^.0^  =  0,   ...     (5) 

in  which  k  and  «  are  supposed  to  be  small.  A  similar  equa- 
tion would  apply  approximately  in  the  case  of  a  periodic 
variation  in  the  effective  mass  of  the  body.  The  motion  ex- 
pressed by  the  solution  of  (5)  can  only  be  regular  when  it 
keeps  perfect  time  with  the  imposed  variations.  It  will 
appear  that  the  necessary  conditions  cannot  be  satisfied  rigo- 
rously by  any  simple  harmonic  vibration;  but  we  may  assume 

^  =  Ax  sinp^  +  Bi  cosp^  +  A3  sin  ojA  +  B3  cos  ?>pt 

+  A5sin5p^  +  ...,     ...     (6) 

in  which  it  is  not  necessary  to  provide  for  sines  and  cosines  of 
even  multiples  of  pt.  If  the  assumption  is  justifiable,  the 
series  in  (6)  must  be  convergent.  Substituting  in  the  diffe- 
rential equation,  and  equating  to  zero  the  coefficients  of  sin  j;?^, 
cospt,  &c.,  we  find 

Ai(w2  -p-")  -  KpB^  -  aBi  -  aBs  =  0, 

Bi(?i^  — p^)  -1-  /cpAi — « Ai — a  A3  =  0, 

As{n^  -  V)  _  s^pBg  -  aBi  +  uB,  =  0, 
B,{n'-dp')  +  3«/>A3  +  «Ai-A5  =  0, 

A5(w2_25/)-5/9^B5-aB3  +  «B7=0. 
B^(n^ — 25/)  +  5/c/iA5  +  uA^ — uA^ = 0, 

These  equations  show  that  relatiA'ely  to  A^,  Bj,  A3,  B3  are  of 
the  order  a;  that  relatively  to  A3,  B3,  A5,  B5  are  of  the  order  u, 
and  so  on.  If  we  omit  A3,  B3  in  the  first  pair  of  equations, 
we  find  as  a  first  approximation, 

Ai(/9J-«)  +  (n'-p')Bi  =  0; 
whence 

Bi       Ti'—j/      ot  —  Kp  _  a/ (a  —  Kp) 

Ai~  Kp  +  u  ~  n^  — /  ~  V  (a  +  «/>)' 
and 

(n2_^2y  =  «2_^2^^2 ^g^ 

Thus,  if  a  be  given,  the  value  of  p  necessary  for  a  regular 
motion  is  definite ;  and  p  having  this  value,  the  regular  mo- 
tion is 

^-.Psin(^^^  +  e), 


{-<) 
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in  which  e,  being  equal  to  tan~'  (B,/Ai),  is  also  definite.  On 
the  other  hand,  as  is  evident  at  once  from  the  linearity  of  the 
original  equation,  there  is  nothing  to  limit  the  amplitude  of 
vibration. 

These  characteristics  are  preserved  however  far  it  may  be 
necessary  to  pursue  the  approximation.  If  Agm+i,  ^2^+1, 
may  be  neglected,  the  first  m  pairs  of  equations  determine  the 
ratios  of  all  the  coefficients,  leaving  the  absolute  magnitude 
open  ;  and  they  provide  further  an  equation  connecting  p 
and  a,  by  which  the  pitch  is  determined. 

For  the  second  approximation  the  second  pair  of  equations 
gives 


A    _        *^1  TJ  —  "^1 

-ti-s  —  — o r. — s»  JJQ  — 


whence 


n2_i)p2J          -i  n'-9p 


0=Fsm(pt  +  e)  +  -^^cos{Spt  +  e)i       .     (9) 
and  from  the  first  pair 

tane=[n'^-f'  +  -^^^,j-^{u  +  Kpl       .     (10) 
while  p  is  determined  by 

('*'-i'')'-o?^=«'-«y-   •  •  •  (11) 

Returning  to  the  first  approximation,  we  see  from  (8)  that 
the  solution  is  only  possible  under  the  condition  that  a  >  Kp. 
Ifa—Kp,  thenp  =  n;  i.e.  the  imposed  variation  in  the  "spring" 
must  be  exactly  twice  as  quick  as  the  natural  vibration  of  the 
body  would  be  in  the  absence  of  friction.  From  (7)  it  appears 
that  in  this  case  e=0,  which  indicates  that  the  spring  is  a 
minimum  one  eighth  of  a  period  afte)'  the  body  has  passed  its 
position  of  equilibrium,  and  a  maximum  one  eighth  of  a  period 
before  such  passage.  Under  these  circumstances  the  greatest 
possible  amount  of  energy  is  communicated  to  the  system  ; 
and  in  the  case  contemplated  it  is  just  sufficient  to  balance  the 
loss  by  dissipation,  the  adjustment  being  evidently  indepen- 
dent of  the  amplitude. 

If  a  <  Kp,  sufficient  energy  cannot  pass  to  maintain  the 
motion,  whatever  may  be  the  phase-relation;  but  if  a  >  Kp, 
the  equality  between  energy  supplied  and  energy  dissipated 
may  be  attained  by  such  an  alteration  of  phase  as  shall  dimi- 
nish the  former  quantity  to  the  required  amount.  The  altera- 
tion of  phase  may  for  this  purpose  be  indifferently  in  either 
direction;  but  if  e  be  positive,  we  must  have 


234  Lord  Rayleigh  on  Maintained  Vibrations. 

while  if  e  be  negative, 

If  a  be  very  much  greater  than  Kp,  e=  ±l7r,  which  indicates 
that  when  the  system  passes  through  its  position  of  equili- 
brium the  spring  is  at  its  maximum  or  at  its  minimum. 

The  inference  from  the  equations  that  the  adjustment  of 
pitch  must  be  absolutely  rigorous  for  steady  vibration  will  be 
subject  to  some  modification  in  practice  ;  otherwise  the  expe- 
riment could  not  succeed.  In  most  cases  n^  is  to  a  certain 
extent  a  function  of  amplitude;  so  that  if  «^  have  very  nearly 
the  required  value,  complete  coincidence  is  attainable,  without 
other  alteration  in  the  conditions  of  the  system,  by  the  assump- 
tion of  an  amplitude  of  large  and  determinate  amount. 

When  a  particular  solution  of  (5)  has  been  found,  it  may  be 
generalized  by  a  known  method.  Thus,  if  d  =  A6i,  we  have  as 
the  complete  solution 

e  =  Ae^  +  Bdiy9Y^e-'''dt' 

«.   0 

which  may  be  put  into  the  form 

e=Te,-BeS  er'e-^'dt.    .  .   .   (12) 

When  t  is  great,  the  second  term  diminishes  rapidly,  and  the 
solution  tends  to  assume  the  original  form  6=F6i. 

The  number  of  cases  falling  under  the  present  head  which 
have  been  discovered  and  examined  hitherto  is  not  great. 
The  mysterious  son  ranque  of  Savart,  which  sometimes  accom- 
panies the  longitudinal  vibrations  of  bars,  and  is  attributed  by 
Terquem  to  an  associated  transverse  vibration,  is  doubtless  of 
this  character.  Just  as  in  Melde's  experiment  already  spoken 
of,  the  periodic  variations  of  tension  accompanying  the  longi- 
tudinal vibrations  will  throw  the  bar  into  lateral  vibration,  if 
there  happen  to  be  a  mode  of  such  vibration  whose  pitch  is 
nearly  enough  coincident  with  the  suhoctave  of  the  principal 
note. 

For  a  lecture  illustration  we  may  take  a  pendulum  formed 
of  a  bar  of  soft  iron  and  vibrating  on  knife-edges.  Under- 
neath the  pendulum  is  placed  symmetrically  a  vertical  bar 
electromagnet,  through  which  is  caused  to  pass  an  electric 
current  rendered  intermittent  by  an  interrupter  whose  fre- 
quency is  twice  that  of  the  pendulum.  The  magnetic  force 
does  not  tend  to  displace  the  pendulum  from  its  equilibrium 
position,  but  produces  the  same  sort  of  eftect  as  if  gravity 
were  subject  to  a  periodic  variation. 
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A  similar  result  is  obtained  by  causing  the  point  of  support 
of  the  pendulum  to  vibrate  in  a  vertical  path.  If  we  denote 
this  motion  by  77  = /3  sin  2/>f ,  the  effect  is  as  if  gravity  were 
variable  by  the  term  4:p^/3  sin  2pt.  Of  the  same  nature  are 
the  crispations  observed  by  Faraday  and  others  on  the  surface 
of  water  which  oscillates  vertically.  Faraday  arrived  experi- 
mentally at  the  conclusion  that  there  were  two  complete  vibra- 
tions of  the  support  for  each  complete  vibration  of  the  liquid. 
This  view  has  been  contested  by  Matthiessen*,  who  main- 
tains that  the  vibrations  are  isoperiodic.  By  observations, 
which  I  hope  to  find  another  opportunity  of  detailing,  I  have 
convinced  myself  that  in  this  matter  Faraday  was  perfectly 
correct.  The  vibrations  of  water  standing  upon  a  horizontal 
glass  plate,  which  was  attached  to  the  centre  of  a  vibrating 
iron  bar,  were  at  the  rate  of  15  per  second  when  the  vibra- 
tions of  the  bar  were  at  the  rate  of  30  per  second.  The  only 
diflterence  of  importance  between  this  case  and  that  of  the 
pendulum  is  that,  whatever  may  be  the  rate  of  vibration  of 
the  plate,  there  is  always  possible  a  free  water-vibration  of 
nearly  the  same  frequency,  and  that  consequently  no  special 
tuninof  is  called  for. 


XXXIV.    On  a  Measurement  of  Wave-lengths  in  the  Ultra-red 
Region  of  the  Spectrum  of  the  Sun.  By  Eknst  PRiNGSHEBif. 

IN  order  to  investigate  the  solar  spectrum  it  is  of  special 
importance  to  know  the  wave-length  of  the  extreme  rays 
emitted  by  the  sun,  and  thus  to  determine  the  extent  of  the 
entire  spectrum.  In  order  to  determine  the  wave-length  of 
the  least-refrangible  rays,  MiillerJ,  and  subsequently  La- 
mansky§,  observed  with  the  aid  of  a  thermopile  the  index  of 
refraction  of  the  extreme  rays  of  a  spectrum  projected  by  a 
crown-glass  or  rock-salt  prism,  and  from  that  index  calculated 
the  wave-length  by  means  of  an  empirical  formula,  the  cor- 
rectness of  which  was  controllable  only  within  the  limits  of 
the  visible  rays.  The  untrustworthiness  of  this  method  is 
obvious;  thus,  from  the  same  observation  Miiller  calculated, 
by  two  different  formulae,  for  the  extreme  wave-length  the 
values  0-00177  and  0*0048  millim. 

A  trustworthy  determination  of  the  wave-length  is  possible 
only  with  the  aid  of  the  interference  of  the  rays  ;  and  this 
course  was  taken  by  Abney||,  who  succeeded  in  photographing 

*  Pogg.  Ann.  cxli.  1870. 

t  Translated  fromWiedemann's^/i??^/^;?,  1883,  No.  1,  pp.  32-45. 
;  Pogg.  Ann.  CT.  p.  3o2  (1858).  §  Ibid,  cxlvi.  1872. 

II  Phil.  Trans.  1880,  pp.  653-607. 
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the  ultra-red  portion  of  a  diffraction-spectrum.  As  therein 
the  extreme  ra)'S  of  the  spectrum  of  the  first  order  coincided 
with  the  light-rays  of  the  spectrum  of  the  second  order,  he 
could  easily  infer  from  the  known  waye-length  of  these  light- 
rays  that  of  the  extreme  heat-rays.  He  found  for  it  the 
number  0"001075  millim. 

Yet  we  have  no  right  to  regard  the  rays  thus  defined  as 
really  the  extreme  heat-rays  coming  from  the  sun  to  the  earth  ; 
the  number  thus  found  has  only  an  indiyidual  significance 
relatiye  to  the  particular  experiment  made,  and  teaches  us 
nothing  further  about  the  sun's  radiation  than  that  rays  haying 
a  waye-length  of  0"001075  millim.  are  found  therein.  Hence 
the  investigation  is  by  no  means  concluded,  and  it  is  desirable 
to  identify  rays  of  still  greater  wave-length  in  the  solar  spec- 
trum by  fresh  observations.  Such  an  investigation  I  carried 
out  in  the  course  of  the  summer  of  1882,  in  the  Physical 
Institute  of  the  Berlin  University. 

I.  Apparatus. 

As  the  thing  required  is  to  verify  the  presence  of  rays 
whose  intensity  appears  to  be  yery  slight,  the  success  of  the 
investigation  depends  essentially  on  two  main  conditions. 
Namely,  first,  care  must  be  taken  that  the  intensity  of  the 
spectrum  observed  is  as  considerable  as  possible;  and,  secondly, 
an  instrument  must  be  employed  for  the  demonstration  of  the 
extreme  ravs  sought  which  possesses  the  greatest  possible  sen- 
sitiveness for  the  class  of  rays  in  question. 

To  produce  a  spectrum  of  the  utmost  intensity,  I  employed  an 
excellent  plane  metallic  reflecting  diffraction-grating,  prepared 
by  Chapman  with  Rutherfurd's  machine,  possessing  a  square 
aperture  of  43'3  millim.  side,  and  having,  according  to  the 
maker's  statement,  17,296  lines  to  the  inch.  This  gives  for  the 
distance  d  between  each  two  lines  of  the  grating  0"00146852 
millim. 

In  order  to  control  this  datum,  observations  of  the  lines  D 
and  F  were  undertaken  with  the  grating;  and  from  the  known 
wave-lengths  of  these  lines  the  mean  value  of  d  was  found 
=  0*0014849  millim.;  so  that  we  can  pretty  safely  put 

f7  =  0-00148o  millim. 

In  order  to  utilize  the  greatest  possible  number  of  rays  for 
the  production  of  the  spectrum,  all  the  sun's  rays  reflected 
from  the  metallic  mirror  of  a  Duboscq  heliostat  were  concen- 
trated, by  means  of  a  circular  silver  mirror  of  90  millim.  dia- 
meter and  about  200  millim.  local  distance,  upon  tlie  square 
aperture  of  a  slit,  of  1*3  millim.  side,  placed   in  the  focus  of 


in  the  Ultra-red  Region  of  the  Spectrum  of  the  Sun.      237 

the  mirror.  This  slit  served  as  the  himinous  object ;  and  an 
image  of  it  was  projected  by  a  second  silver  mirror  of  the 
same  dimensions,  at  the  distance  of  about  1700  millim.  lu 
the  path  of  the  rays  proceeding  from  this  second  mirror  the 
diffraction-grating  was  inserted  so  that  the  cone  of  light 
exactly  covered  its  entire  aperture.  Hence  the  concave  mir- 
ror did  not  project  a  mere  image  of  the  slit,  but  the  grating 
produced  on  both  sides  of  the  image  a  series  of  diffraction- 
spectra.  One  of  these  spectra,  of  the  first  order,  was  used  for 
the  measurement  of  the  wave-lengths. 

The  silver  mirrors  above  mentioned  were  made  by  silvering 
and  polishing  the  concave  side  of  plano-concave  glasses  ;  the 
slit  was  formed  by  two  strips  of  sheet  metal  2  millim.  broad 
connected  by  cross  strips. 

In  order  to  render  the  extreme  ultra- red  rays  perceptible  I 
did  not,  like  Abney,  employ  their  chemical  effect,  but  their 
thermal  action  was  made  visible  by  a  radiometric  torsion- 
apparatus  constructed  by  me.  The  arrangement  of  this  appa- 
ratus I  have  described  in  a  previous  paper*;  here  let  the 
statement  suffice,  that  the  rays  falling  on  the  lampblacked 
side  of  a  thin  mica  plate  suspended  in  a  vacuum  produced  a 
motion  of  this  disk.  A  small  mirror  joined  to  the  disk  rotated 
simultaneonsly  with  it,  by  which  a  reflection  of  light  was 
thrown  upon  a  scale.  The  motion  of  this  reflection  served  as 
an  indication  and  a  measure  of  the  deflection  of  the  vane. 
The  apparatus  was  connected  with  a  mercury  air-pump ;  yet 
it  would  have  sufficed  for  the  present  experiment  if  it  had 
been  made  in  a  somewhat  simplified  form  so  that  it  could 
have  been  hermetically  closed  after  one  exhaustion. 

The  course  of  the  rays  in  the  experiment  is  clearly  shown 
by  the  diagram,  fig.  1. 

The  rays  emanating  from  the  heliostat  H,  set  up  outside 
the  window,  pass  first  through  an  aperture  A  in  the  closed 
shutter  into  the  almost  completely  darkened  room,  then 
through  a  pasteboard  tube  Pi  about  500  millim.  long,  directly 
attached  to  the  shutter,  and  fall  upon  the  first  silver  mirror  S, 
at  a  distance  of  2510  millim.  from  the  heliostat.  By  this 
mirror  they  are  concentrated  upon  the  slit  s,  then  ai'rive  at 
the  second  mirror  Sg,  pass  from  this  to  the  gi'ating  Gr,  and  are 
here  in  part  directly  reflected  so  as  to  give  rise  to  an  image  in 
B  of  the  slit  s,  in  part  dispersed.  The  extreme  ultra-red  rays 
of  the  spectrum  of  the  first  order  can  be  collected  in  T,  where 
they  are  incident  upon  the  mica  plate. 

For  the  sake  of  clearness,  the  angles  of  incidence  of  the 
rays  upon  the  mirrors  Si  and  Sg  are  drawn  much  too  large  in 
•  Phi].  Mag.  February  1883,  p.  101. 
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the  figure ;  in  reality  the  rays  were  caused  to  pass  as  near 

Fig.  1. 


one  another  as  the  breadth  of  the  strips  forming  the  sHt  5 
permitted. 

The  torsion-apparatus,  in  order  to  protect  it  from  aU  lateral 
radiations  and  from  air-currents,  was  covered  with  a  tin  case 
filled  with  wadding,  in  which  was  an  aperture  opposite  the 
mica  plate  to  admit  the  rays.  In  front  of  this  aperture  a 
pasteboard  tube  Po,  passing  through  a  vertical  pasteboard 
disk,  was  fixed.  Opposite  to  the  mirror  of  the  torsion- 
apparatus,  at  a  distance  of  about  1040  millim.,  was  the  milli- 
metre-scale M,  upon  which  the  lamp  L,  with  the  aid  of  the 
lens  I  and  a  second  aperture  in  the  case  K,  produced  the 
light-reflection  L'. 

As  the  action  of  the  rays  upon  our  apparatus  extended  far 
beyond  the  dark  interval  between  the  spectra  of  the  first  and 
second  orders,  and  consequently  the  action  of  the  luminous 
rays  of  the  second  spectrum  combined  with  that  of  the  heat- 
rays  of  the  first,  these  two  locally  coincident  spectra  had  to  be 
separated.  For  this  purpose,  at  first  a  solution  of  iodine  in 
sulphide  of  carbon  was  used,  which  was  inserted  at  J  in  the 
path  of  the  rays,  and  absorbed  all  the  visible  ones,  while  it 
transmitted  the  greatest  part  of  the  heat-rays.  The  solution 
was  contained  in   a  glass    tube  having   its   two  extremities 
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ground  smooth  and  closed  with  plates  of  rock-salt  of  2  millim. 
thickness.  It  being  very  inconvenient  and  difhcult  to  keep 
the  faces  of  the  rock-salt  clean  and  clear  for  any  length  of 
time,  this  way  of  filtering  the  rays  is  troublesorne  and  expen- 
sive. Subsequently,  therefore,  instead  of  the  iodine  solution, 
I  used  a  perfectly  black  plate  of  ebonite  of  O'o  millim.  thick- 
ness, this  substance  being,  according  to  Abney  and  Festing*, 
very  diathermanous  for  rays  of  great  wave-length.  This  plate 
showed  itself  in  fact  very  transmissive  also  for  the  extreme 
ultra-red  rays;  and  its  employment  is  very  convenient. 

In  our  arrangement  all  the  reflections  took  place  at  metallic 
surfaces;  and  any  passing  of  the  rays  through  glass  was  com- 
pletely avoided  till  they  reached  the  very  thin  glass  bulb  of 
the  torsion-apparatus,  through  which  the  rays  had  to  pass 
before  meetino-  the  radiometer-vane.  As,  however,  any  ab- 
sorption  of  rays  by  this  glass  acts  upon  the  vane  by  producing 
motion  in  the  same  direction  as  the  absorption  by  the  lamp- 
blackf,  even  the  rays  which  may  have  been  absorbed  by  the 
glass  bulb  were  also  effective. 

Although  the  superposition  of  the  luminous  rays  of  the 
second  and  the  obscure  rays  of  the  first  spectrum  affords  a 
convenient  means  for  approximately  estimating  the  wave- 
length of  the  obscure  rays  occurring  in  each  place,  I  arranged 
the  setting-up  of  the  apparatus  so  that  an  exact  measurement 
of  the  wave-length  was  possible.  For  this  purpose  I  placed 
the  diffraction-grating  G  on  a  spectrometer-stand,  movable 
round  a  vertical  axis,  from  which  the  telescopes  were  removed. 
The  position  of  the  stand  could  be  read  on  the  orientation- 
circle,  which  was  divided  into  intervals  of  five  minutes  of  arc, 
by  means  of  a  microscope  fixed  by  an  arm  to  the  stand,  and 
the  thread  cross  of  which  could  be  displaced  laterally  with  the 
aid  of  a  micrometer-screw,  so  as  to  permit  whole  minutes  to 
be  read  off  directly.  The  spectrometer  had  three  adjusting- 
screws  in  its  base  ;  further,  the  stand  stood  separately  upon 
three  screws  ;  and,  lastly,  the  mirror  G  was  placed  in  a  box 
which,  again,  rested  on  three  adjusting-screws  ;  so  that  the 
stand  could  be  shifted  at  discretion  with  respect  to  the  micro- 
meter, and  the  level  of  the  mirror  with  respect  to  that  of  the 
stand. 

II.  Method. 

As  in  our  arrangement  the  grating  only  can  be  rotated, 
while  all  the  other  parts  of  the  apparatus  are  fixed,  it  was 
necessary  to  employ  a  somewhat  different  way  of  measuring 

*  Abney  and  Festing,  Chemical  Xews,  xliii.  pp.  176,  177  (1881). 
t  CV/jf/Priugsheim,  Phil.  Mag.  February  1883,  pp.  105-110. 
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from  that  employed  in  determining  wave-lengths  in  the  visible 
spectrum,  in  which  the  grating  is  generally  fixed,  and  the 
observing  telescope  can  be  rotated. 

Let  E  and  E'  (fig.  2)  be  two  rays, 
supposed  parallel,  incident  at  0  and 
0'  upon  two  neighbouring  lines  of  the 
grating,  and  A  and  A'  the  two  rays, 
likewise  supposed  parallel,  which  re- 
main at  the  common  interference  in 
T  (fig.  1),  and  whose  wave-length  is 
to  be  measured.  Let  N  and  N'  be 
the  normals  erected  at  0  and  0'  upon 
the  plane   of  the   grating  ;    then   we 

had,  with  our  arrangement,  the  case  (likewise  taken  into 
account  in  the  drawing)  that  the  incident  and  the  observed 
ray  are  on  tlie  same  side  of  the  normal  to  the  grating.  If  we 
draw  O'P  perpendicular  to  E,  O'Q  perpendicular  to  A,  and 
put  00'  =  r/,  the  angles  N0E  =  N'0'E'=:8,  and  the  angles 
A0E  =  A'0'E'  =  8i,  then  the  difference  of  path  of  the  rays  A 
and  A'  when  they  arrive  at  the  interference,  and  consequetiy 
the  wave-length  X  of  the  rays  there  remaining  of  the  spectrum 
of  the  first  order,  is 

?^=PO  +  OQ 

=  d  [sin  (P0'0)+  sin  (QO'O)] 
=  d[sm8+sm{8  +  8)]. 

The  complete  theory  of  interference  teaches  that  this  for- 
mula still  holds  good  when,  instead  of  the  two  rays  E  and  E', 
a  great  number  of  rays  are  ])resent  which  are  incident  upon 
several  apertures  of  the  width  d.  Since  the  magnitude  of  d 
is  known,  the  measuring  of  the  angles  B  and  Si  suffices  for  the 
determination  of  X. 

Li  order  to  find  the  incidence-angle  8,  first  the  stand  with 
the  grating  was  placed  so  that  the  normal  to  the  grating 
coincided  with  the  incident  ray;  and  then  the  number  on  the 
scale  at  which  the  thread  cross  of  the  microscope  stood,  in 
this  position,  was  noted.  This  number  we  will  call  a.  The 
grating  was  then  placed  so  that  the  direct  image  of  the  slit 
just  reached  our  torsion-apparatus ;  let  the  corresponding 
position  of  the  thread  cross  of  the  microscope  be  called  b. 
Lastly,  by  further  turning  the  stand,  that  orientation  was 
given  to  the  mirror  in  which  the  torsion-apparatus  was  just 
hit  by  the  extreme  rays  operative  upon  it.  With  this  position 
the  thread  cross  is  at  the  number  r;  and  since  it  forms  a  con- 
stant angle  with  the  normal  to  the  grating,  we  can  also  refer 
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the  numbers  a,  h,  and  c  directly  to  the  position  of  that  normal 
in  the  three  different  orientations.  The  delineation  (fig.  2) 
refers  to  the  third  position,  in  which  the  normal  to  the  grating 
is  defined  by  the  number  c,  while  to  the  incident  ray  E,  which 
in  the  first  position  coincided  with  the  normal,  the  number  a 
still  belongs.     Hence  the  angle  of  incidence  is 

h=.a  —  c, 

if,  as  was  the  case  with  our  arrangement,  the  mirror  has  to 
be  rotated  from  the  first  position  to  the  third  in  the  direction 
of  diminishing  numbers. 

Since  in  the  second  position  the  direct  reflection  has  the 
same  orientation  as  the  ray  A  in  the  figure,  the  angle  Si  be- 
tween A  and  E  is  equal  to  the  angle  between  the  direct  reflec- 
tion in  the  second  position  and  the  incident  ray  E.  Now  the 
angle  between  the  mirror-normal  in  the  second  position  and 
the  ray  E  is  equal  to  h  —  a,  since  the  mirror  must  be  turned 
from  the  first  to  the  second  orientation  in  the  direction  in 
which  the  numbers  increase  ;  therefore  the  angle  S^  between 
the  direct  reflection  and  E  is 

Si  =  2(/>-a). 

From  the  observation  of  the  quantities  a,  b,  and  c  we  can 
therefore  calculate  h  and  Sj,  and  consequently  X,  also. 

III.  Measuring. 

In  order  that  the  numbers  a,  h,  c,  read  off  from  the  orien- 
tation-circle may  actually  be  connected  with  the  angles  8  and 
Zx  in  the  way  above  supposed,  it  is  necessary  that  the  plane  of 
incidence  of  the  rays  remain  the  same  at  all  positions  of  the 
grating,  and  parallel  to  the  plane  of  the  orientation-circle. 
To  effect  this,  first  the  spectrometer  was  set  up,  with  the  aid 
of  the  adjusting-screws  attached  to  its  feet,  so  that  the  plane 
of  the  orientation-circle  was  horizontal,  which  was  rendered 
visible  by  a  spirit-level  placed  on  it.  Then  the  stand  was 
placed,  by  means  of  its  special  screws,  so  that  its  orientation 
was  horizontal,  and  kept  that  position  while  being  rotated 
360°.  Thereupon  the  grating  was  mounted  on  the  stand,  and 
at  first  in  the  position  in  which  the  incident  rays  were  per- 
pendicular to  the  plane  of  the  grating. 

In  order  to  be  able  to  effect  this  arrangement  with  greater 
exactness,  instead  of  the  pasteboard  tube  Pj  (fig.  1)  a  paste- 
board disk  with  a  rectangular  aperture  of  16  millim.  heio-ht 
and  3  millim.  breadth  was  put  before  the  aperture  A  in  the 
window-shutter.  By  this  the  incident  pencil  was  made  much 
narrower,  and  hence  a  moi'e  accurate  adjustment  was  rendered 
possible.     Moreover,  in  the  slit   s  a  cross  of  fine  wire  was 
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fixed,  and  the  grating  placed  so  that  the  image  of  the  cross 
reflected  from  the  mirror  G  to  the  mirror  Sg,  passing  through 
the  sht  s  fell  upon  the  mirror  Sj,  and,  reflected  by  this^ 
appeared  on  the  screen  in  A  somewhat  enlarged.  The  ap- 
paratus was  then  so  arranged  that  the  deviation  in  the  hori- 
zontal plane  was  corrected  by  rotating  the  stand  on  which 
the  grating  stood,  while  half  of  the  deviation  in  the  vertical 
was  obviated  by  one  of  the  adjusting-screws  attached  to 
the  base  of  the  grating,  the  other  half  by  varying  the 
altitude  of  the  mirror  Sg.  In  this  manner  the  setting-up  was 
regulated  so  that  the  centre  of  the  wire  cross  came  to  lie 
exactly  in  the  centre  of  the  rectangular  aperture.  In  order 
to  maintain  the  plane  of  incidence  invariable  with  any  other 
position  of  the  grating,  the  position  of  the  horizontal  line 
proceeding  from  the  horizontal  wire  of  the  cross,  which  ran 
through  all  the  spectra,  was  fixed  by  a  lead-pencil  line  on  the 
pasteboard  disk  in  front  of  the  torsion-apparatus;  and  then 
the  two  other  screws  in  the  stand  of  the  grating-mirror  were 
adjusted  so  that  the  horizontal  line  always  kept  the  same 
position  with  any  rotation  of  the  micrometer-stand.  After 
this  the  mirror  was  turned  back  again  into  its  previous 
orientation  ;  and  the  same  manipulation  continued  till  the 
grating  had  the  correct  adjustment  in  all  orientations. 

In  the  second  position  also,  in  which  the  directly  reflected 
ray  fell  on  the  torsion-apparatus,  the  entire  aperture  A  was 
not  employed,  but  only  the  small  cut-out  aperture,  in  order 
to  make  a  more  accurate  adjustment  possible.  In  doing  this 
it  was  of  course  requisite  to  take  care  that  the  image  of  the 
aperture  fell  exactly  on  the  centre  of  each  of  the  mirrors. 

In  order  that  in  this  position  also  the  directly  reflected 
ravs  should  actually  take  the  same  position  as  the  extreme 
operative  ravs  with  the  third  position  of  the  grating,  it  was 
necessarv  to  determine  the  place  in  the  radiometer-vane 
which  with  the  third  position  is  hit  by  the  extreme  ultra-red 
rays.  As  the  intensit}^  of  the  dark  heat-rays  diminishes  as 
their  distance  from  the  red  end  of  the  spectrum  decreases, 
and  as  the  eflfectiveness  of  the  rays  falling  upon  the  ra- 
diometer-vane increases  with  the  distance  from  the  torsion- 
axis  of  the  vane,  the  torsion-apparatus  was  placed  so  that  the 
extreme  most  sensitive  edge  of  the  vane  was  turned  towards  the 
red  end  of  the  investigated  spectrum.  If  then  the  rays  falling 
upon  the  vane  called  forth  any  motion  at  all,  it  was  certain  that 
effective  rays  fell  also  upon  the  extreme  edge  of  the  vane.  On 
this  account,  with  the  second  position  of  the  grating  the  directly 
reflected  image  of  the  slit  was  adjusted  so  that  the  vertical 
thread  of  the  cross  coincided  with  the  edge  of  the  vane.     The 
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irradiation  of  the  part  of  the  glass  bulb  of  the  torsion- 
apparatus  nearer  to  the  visible  spectrum,  which  might  pos- 
sibly have  produced  a  motion,  was  cut  off  by  the  sheet-metal 
case  surrounding  the  a])paratus. 

To  give  the  grating  its  third  position,  it  was  first  placed  so 
that  the  motion  of  the  torsion-apparatus  was  very  slight; 
then  the  finer  adjustment  was  made  by  means  of  the  micro- 
meter-screw attached  to  the  turning-arm  of  the  stand.  Very 
slight  deflections  of  the  radiometer-vane  could  be  easily  and 
rapidly  multiplied  by  measured  interruption  and  restoration 
of  the  irradiation.  In  the  first  position  of  the  grating,  in 
which  no  action  was  shown,  it  could  with  certainty  be  as- 
serted that  the  extreme  effective  rays  fell  upon  the  boundary 
edge  of  the  vane.     In  this  position  the  reading  c  was  made. 

TV.  Results. 

Unfortunately,  on  account  of  unfavourable  weather,  but 
very  few  measurements  could  be  effected.  These  gave  the 
folloAvingf  results  on  starting  from  the  red  end  of  the  first 
spectrum  and  advancing  steadily  to  the  place  where  the  action 
of  the  apparatus  ceased: — 


a. 

b. 

c.                   X. 

Julj-  25,  with  iodine  solution. 
Aug.  7, 

139  40    0-U  Ijy     (J    UO 
167  30    00  183  57  47-0 
165  46  39-9  184  27  45-8 

o      ,     ,,       niillim. 
130  21  55-5  0-0013281 

154  57  19-4  00013658 

154  38  56-6  0-0013834 

The  situation  of  the  extreme  ultra-red  rays  fell  here  through- 
out in  the  red  of  the  second  spectrum,  as  one  could  easily  be 
convinced  by  inserting  a  red  glass  plate,  since  this  absorbed 
the  blue  end  of  the  third  spectrum,  which  coincided  Avith  the 
red  end  of  the  second. 

When  the  grating  was  rotated  still  further,  there  came  first 
a  narrow  strip  of  insensitivity;  very  soon,  however,  action  of 
the  dark  rays  upon  the  torsion-apparatus  made  its  appearance. 
It  commenced  within  the  luminous  spectrum  of  the  second 
order,  and  extended  to  the  extreme  end  of  this  spectrum, 
where  the  transition  to  the  dark  part  of  the  spectrum  of  the 
second  order  rendered  separation  of  the  two  spectra  no  longer 
possible. 

It  is  therefore  proved  that  rays  occur  in  the  sun's  spectrum 
of  which  the  wave-leno;th  is  double  that  of  the  extreme  visible 
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red  rays;  consequeutlj  its  approximate  yalue  is 

X.= 0-00152  millim. 

In  order  to  determine  the  breadth  of  the  ineffective  strip, 
the  wave-length  of  the  first  rajs  again  effective  was  measured, 
with  the  followinof  result: — 


a.                    b.                    c. 

X. 

Aug.  7,  with  iodine  solution. 
J,         J       ebonite  

165  3  32-0  183  31  21-4  153  34  21-5 

166  25  14-3  182  41     93  153  13  51-5 

millim. 
0-0013908 
I 
00013864 

The  insensitive  band  extended  therefore,  on  the  employ- 
ment of  the  iodine  solution,  from  X,=  0-0013658  to  X=  0-0013908 
millim.,  and,  with  the  ebonite  plate,  from  X=s0-0013834  to 
X=i 0-0013864  millim.  On  the  reason  of  this  insensitiveness 
nothing  exact  can  at  present  be  stated.  There  are,  how- 
ever, three  possibilities  :  either  a  group  of  Fraunhofer^s  lines 
exist  at  this  place;  or  both  the  plate  of  ebonite  and  the 
iodine  solution  are  adiathermanous  for  rays  of  this  particular 
refrangibility;  or  the  lampblack  does  not  absorb  them.  The 
reason  that  the  band  is  much  broader  when  iodine  solution 
is  employed  than  with  ebonite  would,  with  all  three  ex- 
planations, be  found  in  the  circumstance  that  the  iodine 
solution  is,  on  the  whole,  less  transparent  at  this  part  of 
the  spectrum  than  the  ebonite. 

V.  Practical  and  Theoretical  Limits. 

In  our  investigation  we  met  with  the  practical  difficulty 
that  the  dark  rays  of  the  spectrum  of  the  first  order  coincided 
with  those  of  the  second.  Although  we  have  not  at  present 
the  means  of  separating  these  two  kinds  of  rays,  it  is  very 
probable  that,  by  careful  investigation  of  the  diathermancy  of 
various  materials,  a  substance  will  be  discovered  impervious 
to  the  first  ultra-red  rays  and  transmitting  only  the  rays  from 
a  certain  great  wave-length  onwards. 

Now  our  arrangement  above  described  is  very  convenient 
for  the  investigation  of  the  diathermancy  of  any  substance,  since 
one  has  only  to  place  the  substance  in  question  before  the 
torsion-apparatus  to  ascertain  with  facility,  on  rotating  the 
grating,  all  the  parts  of  the  spectrum  at  which  the  substance 
transmits  the  rays.  Nay,  even  a  quantitative  determination  of 
the  diathermancy  could  be  deduced,  at  least  approximately, 
from  the  strength  of  the  deflection  produced. 
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If  in  this  way  we  should  find  a  substance  possessing  the 
desired  property,  and  were  to  insert  it  in  the  path  of  the  rays 
in  our  arrangement,  it  would  separate  for  us  the  thermal 
spectra  of  the  first  and  second  orders  just  as  the  ebonite  plate 
divided  the  luminous  from  the  dark  spectrum. 

A  second  circumstance  that  might  set  a  limit  to  the  further 
investigation  of  the  extreme  ultra-red  rays  after  the  method 
we  have  chosen  would  be  that  of  the  lampblack  on  the 
radiometer-vane  not  possessing  the  requisite  absorptive  power 
for  rays  of  so  great  a  wave-length.  If  this  should  turn  out 
to  be  the  case,  another  substance  will  have  to  be  selected, 
instead  of  lampblack,  for  the  radiometric  substance,  possessing 
greater  sensitiveness  for  the  rays  in  question.  Thus  it  is, 
perhaps,  not  impossible  to  advance  beyond  these  practical 
limits  of  the  investigation. 

The  case  stands  otherwise,  however,  with  a  limitation  re- 
sulting from  the  theory,  which  follows  directly  from  the 
formula  (p.  240).     Since,  namely, 

X=d  [sin  S  +  sin  (S  +  S^], 

and  sin  S  +  sin  (S  +  Sj)  can  only  become  equal  to  2  at  the 
most  (a  limit,  moreover,  never  to  be  reached  in  practice),  X, 
can  never  become  greater  than  2d.  If  still  greater  wave- 
lengths occurred  in  the  sun's  radiation,  these  rays  would  not 
appear  in  the  interference  spectrum,  and  to  verify  their  exist- 
ence by  our  method  would  be  impossible.  Now,  as  the 
greater  d  is  made  the  smaller  does  the  breadth  of  the 
spectrum  become,  this  limitation  of  the  method  is  a  very 
serious  one,  because  the  accuracy  of  the  determination  essen- 
tially depends  on  the  breadth  of  the  spectrum.  With  the 
grating-mirror  employed  by  us,  this  maximum  value  of  X 
would  amount  to 

X,„  =  0-002970, 

and  therefore  would  be  a  quantity  of  absolutely  the  same 
order  as  the  value  of  X  found  from  observation. 

If,  then,  rays  of  so  great  a  wave-length  really  do  occur  in 
the  sun,  this  method,  like  every  other  that  rests  on  the  ex- 
amination of  a  diffraction-spectrum,  would  not  be  capable  of 
demonstrating  them.  Provisionally,  however,  it  ^\ill  be 
possible,  by  perfecting  the  means  in  the  way  above  indicated, 
to  demonstrate  by  our  method  the  existence  in  the  spectrum 
of  the  sun  of  i-ays  of  still  greater  wave-length  than  those  found 
bv  us. 
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XXXY.    On  Effects  of  Retentiveness  in  the  Magneiization  of 
Iron  and  Steel. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

Gentlemen, 

1BEG  leave  to  forward  to  you  for  insertion  in  j'our  valu- 
able Journal  the  followino;  note. 

In  the  Proceedings  of  the  Royal  Society,  vol.  xxxiv.  no.  220, 
p.  39,  there  may  be  found  a  preliminary  notice  by  Mr.  J.  A. 
Ewing,  communicated  by  Sir  W.  Thomson,  received  May  (i, 
1882  entitled,  "  On  Effects  of  Retentiveness  in  the  Masuetiza- 
tion  of  Iron  and  Steel,"  the  first  part  of  which  is  very  closely 
related  to  a  paper  pubhshed  by  myself,  Dec.  6,  1880,  in  the 
Freihurger  Berichte,  vol.  viii.,  and  reprinted  in  Wiedemann's 
Annalen,  vol.  xiii.  pp.  141-164  (1881).  In  this  paper  the 
fundamental  fact  redescribed  by  Mr.  Ewing  was  described  by 
me  a  year  before  as  follows  : — 

"A  permanent  moment  mo  may  have  been  produced  in  an 
iron  wire  by  the  action  of  a  longitudinal  magnetizing  force  Kj. 
Xext  let  the  wire  be  subjected  to  magnetizing  forces  which 
first  increase  continuously  from  0  to  K,  and  then  decrease  con- 
tinuously from  Ki  to  0  ;  then,  for  the  same  magnetizing  force 
K,  the  magnetic  moment  of  the  wire  will  be  found  greater 
when  K  is  increasing  than  when  it  is  decreasing.  After  some 
repetitions  of  the  operation  the  wire  will  be  found  in  a  sta- 
tionary state,  in  which  for  K  =  0  it  always  has  the  same 
moment  m^  and  for  K^Kj  the  same  moment  inQ  +  nii.  If, 
therefore,  the  wire  being  in 
this  condition,  its  moment  is 
represented  graphically  as  a 
function  of  the  magnetizing 
force  K,  a  closed  curve  C  will 
be  got  as  represented  in  the 
figure,  in  which  the  ascending 
and  the  descending  branch  are 
marked  by  arrows;  except 
the  minimum  (0)  and  maxi- 
mum (Ki)  value  of  K,  two 
values  of  m  corespond  to  every 
value  of  K"*. 


*  Observations  included  in  the  above  statement  are  to  be  loiuid  in  a 
paper  by  Fromme  (Wied.^?i«.  iv.  pp.  102-105, 1878)  ;  but  the  statement 
IS  not  derived  from  the  observations,  and  their  bearing  on  other  pheno- 
mena is  not  recognized. 

In  a  footnote  of  my  paper  the  following  remark  may  be  found  : — ''  With 
this  fact  certain  phenomena  concerning  the  eftect  of  torsion  on  the  mag- 
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In  §  1  of  my  paper  it  is  shown  that  the  integral  —  \mdK. 
extended  over  the  curve  C  represents  in  absolute  measure  the 
work  done  on  the  magnet  during  a  cycle.  In  §  §  2,  6,  7  it  is 
explained  how  the  above  phenomenon  and  this  theorem  are 
connected  with  the  heat  produced  in  a  mass  of  iron  by  changes 
of  magnetization,  with  the  damping  action  exerted  by  a  plate 
of  ii'on  on  a  magnet  swinging  over  the  plate  *,  and  with  the 
experiments  of  Christie  f  and  Barlow  %.  §§3  and  4  contain 
measurements  concerning  the  described  phenomenon  for  wires 
of  different  dimensions,  and  discussions  of  the  results  obtained. 
Lastly,  in  §  8  the  analogy  of  the  described  phenomenon  with 
the  friction  of  solids  is  pointed  out. 

Poisson||  has  given  another  theory  of  the  damping  action 
exerted  by  an  iron  plate  on  a  magnet  swinging  over  it.  In 
Poisson's  theory  this  action  is  made  to  depend  upon  a  function 
of  time;  while  in  my  theory  the  damping  action  depends  on  a 
merely  statical  phenomenon.  In  the  experiments  which  F. 
Himstedt^l  has  made  to  test  my  theory,  the  greatest  part  of 
the  damping  effect  is  shown  to  depend  certainly  on  the  action 
explained  in  my  theory.  Indeed,  in  these  experiments,  (1)  the 
logarithmic  decrement  of  the  swinging  magnet  was  found  to 
be  independent  of  the  vibration-time,  if  this  was  altered  by 
altering  the  moment  of  inertia  of  the  swinging  system; 
(2)  about  0'84  of  the  observed  damping  action  was  calculated 
from  merely  static  experiments;  and  reasons  are  given  in  F. 
Himstedt's  paper  that  the  remainder  did  not  depend  upon  the 
Poisson  effect. 

In  the  physical  laboratory  of  the  Freiburg  University  an 
experimental  inquiry  has  been  executed  by  L.  Honig,  con- 
cerning the  connexion  of  the  described  phenomenon  with  the 
heat  actually  evolved  in  iron  wires  by  changes  of  magnetiza- 
tion. The  results  of  this  investigation  will  soon  be  published 
in  Wiedemann's  Annalen. 

I  remain,  Gentlemen, 

Yours  respectfully, 
Freiburg  i  B.,  February  24, 188.3.  J],  WakbuKG. 

netic  moment  of  an  iron  wire  observed  by  Sir  W.  Thomson  (Phil.  Trans. 
clxx.  pp.  68-72,  1879)  and  independently  by  myself  are  connected ;  pro- 
bably also  observations  of  E.  Cohn  ( Wied.  Ann.  vi.  pp.  .888-392)  on  the 
thermoelectric  properties  of  stretched  iron  wires." 

Results  similar  to  those  obtained  by  me  for  iron  wires  have  since  been 
found  (but  not  yet  published)  in  cobalt  and  nickel  by  A.  Ehret. 

*  Seebeck,  Pogo-.  Ann.  vii.  p.  203.  and  xii.  p.  352. 

+  Phil.  Trans.  182-5,  part  1,  pp.  347-417. 

X  Ibid.  pp.  347-417.  The  last  two  points  have  not  been  considered  by 
Mr.  Ewing. 

II  Memoires  de  l/Academie,  1823,  p.  467. 

^    Wied.  Ann.  vol,  xiv.  p.  483. 

T2 
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XXXVI.    On  the.  Meaning  of  "  Force:' 
By  the  Rev.  Maxwell  H.  Close,  M.A. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

University  Club,  Dublin, 

Gentlemen,  March  9, 1883. 

PROFESSOR  Lamb's  communication,  on  the  Basis  of 
Statics,  in  the  cm-rent  number  of  the  Philosophical 
Magazine,  is  intended  to  promote  the  interests  of  the  learner 
in  dynamics.  Will  you  permit  me  to  point  out,  with  the  same 
object  in  view,  that  the  word  "  Force  "  has  not  yet  acquired  a 
definite  invariable  meaning  in  the  science  of  dynamics  ?  Until 
lately  the  learner  was  very  seriously  incommoded  by  the  fact 
that  the  name  "  Force  "  was  applied,  not  only  to  force  proper, 
or  F,  but  also  to  energy,  or  \F  ds,  these  two  being,  as  is  uni- 
versally recognized,  totally  disparate.  This  practice  has  been 
happily  discontinued,  or  almost  entirely  so  ;  but  it  is  not,  as 
far  as  I  know,  acknowledged,  though  it  must  have  been  per- 
ceived by  some,  that  a  similar  one  still  very  generally  obtains. 
In  accordance  with  Newton's  rather  free  usage  of  "  n".s,"  the 
name  "  Force"  is  still  applied  not  only  to  force  proper,  or  F, 
but  also  to  what  we  shall  call  on  the  present  occasion  Impul- 
sion, or  \F  dt,  these  two  being  as  completely  disparate  as 
force  proper  and  energy. 

Clerk  Maxwell  designates  \F  dt  by  Impulse  ;  which  name, 
however,  usually  implies  suddenness,  intensity,  and  shortness 
of  action,  like  that  of  impact.  To  avoid  this  association  we 
shall  now  vary  this  name  to  Impulsion.  It  will  conduce  to 
brevity  and  convenience,  and  will  answer  the  present  purpose 
perfectly  well,  to  suppose  F  constant  and  write  Ft  for  i  F  dt. 

Of  course  in  the  first  place  "  force "  is  applied  to  force 
proper.  This  is  simple  pressure  or  tension,  which  can  be 
measured  in  pounds  weight.  It  is  represented  by  F  in 
Yt  =  mv  ;  kinetically,  therefore,  it  is  the  time-rate  of  change  of 
momentum  (energetically  it  is  F  in  Fs  =  ^mv-,  and  the  space- 
rate  of  change  of  energy).  But  it  will  be  seen  from  the  fol- 
lowing that  "  force  "  is  often  used  for  impulsion,  or  F^,  the 
correlate  and  numerical  equivalent  of  momentum. 

(a)  Whoever  translates  Newton's  Second  Law  of  Motion 
into  English,  rendering  "  vis  motrlx  "  by  ''  force,"  and  adopt- 
ing the  statement  as  from  Newton  for  himself,  is  using  "force" 
for  impulsion.  From  the  exposition  appended  to  Law  11.  it 
will  be  seen  that  "  vis  motrix  "  means,  not  F,  but  F^  ;  for  it  is 
something  which  may  be  "  site  simul  et  seviel,  sive  gradatim  et 
successive  imi^ressa.''^    These  words  would  be  without  meaning 
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if  applied  to  force  proper,  but  are  quite  appropriate  to  impul- 
sion. And,  agreeably  to  this,  "  mutatio  motus  "  means  amount, 
not  rate,  of  change  of  momentum  ;  for  in  the  exposition  it 
appears  as  "  motus  j"  which  may  be  added  to  (&c.)  that  which 
may  have  been  originally  possessed  by  the  body.  It  is  im- 
plied by  some  writers  and  expressly  stated  by  others,  who 
have  not  considered  the  exposition,  that  the  change  of  mo- 
mentum of  Law  II.  is  rate  of  change  ;  they  have  been  led  to 
say  this  through  the  still  existing  ambiguity  of  "  force."  It 
is  actually  the  case  that^  in  consequence  of  this  ambiguity, 
competent  dynamicists  unconsciously  differ  as  to  what  is  the 
subject  matter  of  one  of  the  fundamental  Laws  of  Motion  ! 

(h)  When  force  is  defined  as  that  which  produces  momen- 
tum, or  change  of  momentum,  either  "  force  "  means  impulsion, 
or  else  a  very  incongruous  statement  is  made  respecting  force 
proper.  Force  proper,  being  the  rate  of  change  of  momentum, 
cannot  be  the  cause  of  momentum — just  as  the  death-rate  in 
some  city  for  a  certain  week  was  not  the  cause  of  the  aggre- 
gate of  deaths  in  that  week,  and  as  velocity,  the  rate  of  dis- 
placemen-t,  is  not  that  which  produces  the  displacement,  and 
as  density,  the  volume-rate  of  mass,  is  not  the  cause  of  mass. 
Some  other  considerations  show  that  force  proper  must  not  be 
called  the  cause  of  momentum:  e.  g.  if  we  call  it  so  we  must,  for 
a  similar  reason,  also  say  that  it  is  the  cause  of  kinetic  energy; 
so  that  the  same  cause  may  have  two  totally  disparate  effects, 
which  is  absurd.  In  accordance  with  Newton's  lanoruao;e  in 
the  exposition  of  Law  IL,  we  may  style  impulsion  the  gene- 
rator or  cause  of  momentum  ;  though  it  might  be  perhaps 
more  correct  to  say  that  it  is  the  power  of  producing  momen- 
tum, just  as  energy  is  the  power  of  performing  work. 

(c)  When,  as  frequently  occurs,  force  is  said  to  be  expended, 
either  "  force  "  means  impulsion,  or  else  a  very  incongruous 
statement  is  made  respecting  force  proper.  Under  statical 
circumstances  there  is  clearly  no  expenditure  of  force  ;  and 
this  is  equally  so  in  a  kinetical  operation.  A  force  of  one 
pomid  is  applied  to  an  immovable  obstacle  ;  an  equal  force  is 
simultaneously  applied  to  a  free  mass;  at  the  end  of  some 
period  of  time  both  forces  are  all  there,  as  at  the  beginning  ; 
there  has  been  no  expenditure  of  either  in  any  ordinary  non- 
transcendental  sense  of  the  word.  That  the  point  of  appli- 
cation of  the  latter  is  not  where  it  was  at  first  is  quite  irrele- 
vant to  the  present  question.  Force  proper,  or  the  rate  of 
production  of  momentum,  is  not  expended  in  producing  the 
momentum,  any  more  than  the  death-rate  in  some  city  is 
expended  in  producing  the  mortality  therein.  It  is  the  im- 
pulsion, or  F/,  which  is  expended  par^\pa56^^<  with  the  produc- 
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tion  of  momentum,  just  as  potential  energy,  or  Ys,  is  ex- 
pended in  the  performance  of  work. 

(d)  It  is  sometimes  said  that  Newton  has  proved  the  com- 
position of  the  effects  of  conjoint  forces  in  Corollary  1  to  the 
Laws  of  Motion.  "  Forces  "  here  means  impulsions;  for  it  is 
only  with  these  that  that  corollary  deals.  This  appears  not 
only  a  priori,  because  force  proper  does  not  produce  motion, 
but  also  from  the  reference  in  that  corollary  to  Law  II.,  which 
must  be  read  in  the  light  of  Newton's  own  exposition  of  it 
quoted  above.  If  the  times  of  the  two  impulsions  be  equal, 
then  (but  not  otherwise)  are  the  sides  of  the  parallelogram 
proportional  to  the  forces  proper  concerned;  and  the  com- 
position of  these  /b//oifs/'ro»i  Cor.  1.  Though  this  additional 
step  was  so  easy  to  Newton  that  he  has  unconsciously  taken  it 
for  granted  in  Cor.  2,  which,  in  the  discussion,  though  not 
in  the  enunciation,  deals  with  forces  proper,  yet  it  is  an 
additional  step,  and  should  not  be  ignored;  for  it  has,  not  un- 
reasonably though  perhaps  unnecessarily,  presented  difficulty 
to  distinguished  dynamicists.  The  composition  of  forces 
proper  does  not  follow  immediately  from  that  of  velocities. 
Newton's  argument,  as  clearly  drawn  out,  consists  of  three 
stages,  viz.: — 1,  the  composition  of  velocities  (kinematical) ; 
2,  the  composition  of  impulsions  (kinetical)  ;  3,  the  composi- 
tion of  forces  proper  (statical).  The  second  is  involved  in  the 
first;  but  the  third  has  to  be  deduced  from  the  second. 

(6-)  Sometimes  F,  as  in  ¥t  =  niv,  is  spoken  of  as  though  it 
were  impulsion  of  unit  of  time,  and  not  merely  numerically 
equivalent  thereto  and  measurable  thereby.  Similarly  v,  or 
velocity,  is  sometimes  spoken  of  as  the  space  described  in  unit 
of  time.  In  this  and  other  cases  there  is  no  danger  of  any 
misapprehension  on  the  part  of  the  learner;  but  it  is  otherwise 
in  the  case  of  force.  From  frequent  repetition  the  above  form 
of  speech  has  sometimes  solidified,  as  it  were,  into  a  quasi- 
ontological  principle,  by  which  force  and  impulsion  of  unit  of 
time  are  identified — these  two  being  totally  disparate,  as  much 
so  as  force  proper  and  energy  of  unit  of  space.  It  is  not  easy 
to  criticise  satisfactorily  the  phrase  "  time-integral  of  force," 
which  may  have  originated  only  as  a  brief  and  convenient, 
though  acknowledgedly  loose,  expression.  But,  considering 
the  insufficient  recognition  of  the  complete  disparateness  of 
force  and  impulsion,  we  may  be  allowed  to  suspect  that  in  this 
expression  it  is  not  that  dt  is  understood,  but  that  "  force  " 
originally  meant,  and  still  means,  the  differential  of  impulse, 
or  Y  dt  ;  which  would  quite  fall  in  with  what  we  have  just 
been  complaining  of.  At  any  rate  this  expression  tends  to 
keep  up  the  obscurity  of  distinction  between  force  and  im])ul- 
sion  or  its  element  or  its  differential. 
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We  may  here  observe  (though  this  is  a  different  point)  that 
the  expressions  "  time-integral  of  force,"  for  impulsion,  and 
"space-integral  of  force,"  for  potential  energy,  have  in  some 
cases,  from  frequent  use,  reacted  upon  the  users  of  them  ;  so 
that  we  find  impulsion  called  the  "  total  force  in  a  finite  time," 
and  potential  energy  the  "  sum  of  the  tensions,"  "  force  "  and 
"  tensions  "  being  force  and  forces  proper.  The  competent 
writers  now  alluded  to  have  inadvertently  allowed  themselves 
to  use  expressions  precisely  analogous  to  the  statement  that 
the  area  of  a  plane  curve  is  the  sum  of  the  ordinates.  It  can 
be  only  in  some  transcendental  sense  that  a  force  or  pressure, 
supposed  constant  for  simplicity,  which  has  existed  statically 
for  a  given  time,  may  be  said  to  be  the  sum  of  the  applications 
of  force  in  each  second  of  that  time  ;  and  this  is  equally  true 
if  the  force  have  been  existing  kinetically. 

What  we  may  call  the  mathematical  analogy  between 
energy,  or  F.-^,  and  impulsion,  or  F^,  is  complete,  notwith- 
standing the  metaphysical  considerations  involved  in  the  dif- 
ference between  their  factors  5  and  t.  Each  is  of  two  dimen- 
sions ;  while  force,  or  F,  is  of  one.  F  being  measurable  in 
pounds,  Ys  is  measurable  in  foot-pounds,  and  F^  in  second- 
pounds.  Each  is  equally  disparate  from  F  ;  though  very 
dissimilarly  so,  since  they  are  disparate  from  each  other. 
As  Ys  is  the  power  of  performing  work,  so  F^  is  the  power  of 
producing  momentum.  Neither  had  a  name  until  the  present 
century.  It  was  this  that  gave  room  to  the  remarkable  contro- 
versy concerning  the  true  measure  of  the  "moving  force"  of 
a  body  in  motion  which  went  on  for  over  forty  years  in  the  last 
century, "  to  the  great  scandal  of  science"  as  Montucla  says. 
Each  needs  a  distinctive  appropriated  name,  as  much  as  the 
other.  One,  viz.  Ff,  has  not  yet  acquired  a  universally  recog- 
nized proper  name  ;  but  the  sooner  it  does  so  the  better  for 
the  learner,  and  also  for  the  science  of  dynamics,  which  then 
need  not  be  guilty  of  the  rather  unscientific  proceeding  of 
occasionally  giving  more  than  one  meaning  to  "  Force." 

Your  obedient  servant, 

M.  H.' Close. 

XXXVII.  On  the  Number  of  Fractions  contained  in  any  ^^Farey 
Series"  of  wJiich  the  Limiting  Number  is  given.  By  J.  J. 
Sylvester*. 

A  FARE Y  series  ("suite  de  Farey")  is  a  system  of  all 
the  unequal  vulgar  fractions  arranged  in  order  of  mag- 
nitude, the  numerator  and  denominator  of  which  do  not  exceed 
a  given  number. 

The  first  scientific  notice  of  these  series  appeared  in  the 
*  Communicated  bv  the  Author. 
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Philosophical  Magazine,  vol.  xlvii.  (1816)  pp.  385,  386.  In 
1879  Mr.  Glaisher  published  in  the  Philosophical  Magazine 
(pp.  321-336)  a  paper  on  the  same  subject  containing  a  proof 
of  their  known  properties,  an  important  extension  of  the  sub- 
ject to  series  in  which  the  numerators  and  denominators  are 
subject  to  distinct  limits,  and  a  bibliography  of  Mr.  Goodwyn's 
tables  of  such  series.  Finally,  in  1881  Sir  George  Airy  con- 
tributed a  paper  also  to  the  Philosophical  Magazine  of  that 
year,  in  which  he  refers  to  a  table  calculated  by  him  "  some 
years  ago,"  and  printed  in  the  Selected  Papers  of  the  Transac- 
tions of  the  Institution  of  Civil  Engineers,  which  is  in  fact  a 
Farey  table  with  the  logarithms  of  the  fractions  appended  to 
each  of  them.  Previous  tables  had  only  given  the  decimal 
values  of  such  fractions.  The  drift  of  this  paper  is  to  point 
out  a  caution  which  is  necessary  to  observe  in  the  use  of  such 
tables,  and  which  limits  their  practical  utility  :  this  arises 
from  the  fact  of  the  differences  receiving  a  very  large  aug- 
mentation in  the  immediate  neighbourhood  of  the  fractions 
which  are  a  small  aliquot  part  of  unity — a  fact  which  may  be 
inferred  a  priori  from  the  well-known  law  discovered  by  Farey 
applicable  to  those  differences,  but  to  which  the  author  of  the 
paper  makes  no  allusion. 

In  addition  to  the  tables  of  Farey  series  by  Goodwyn, 
Wucherer,  an  anonymous  author  mentioned  in  the  Babbage 
Catalogue,  and  Gauss,  referred  to  by  Mr.  Glaisher  in  his 
Report  to  the  Bradford  Meeting  of  the  British  Association 
(1873),  may  be  mentioned  one  contained  in  Herzer's  Tabellen 
(Basle,  1864)  with  the  limit  57,  and  another  in  Hrabak^'s 
I'abeUen-  IF*??'/:  (Leipsic,  1876), in  Avhich  the  limit  is  taken  at  50. 

The  writers  on  the  theory  are: — Cauchy  (as  mentioned  by 
Mr.  Glaisher),  who  inserted  a  communication  relating  to  it  in 
the  Bulletin  des  Sciences  par  la  Socie'te  Philomatliique  de  Pans, 
republished  in  his  Exercices  de  Mathematiques  ;  Mr.  Glaisher 
himself  (Joe.  cit.);  M.  Halphen,in  a  recent  volume  of  the  Pro- 
ceedings of  the  Mathematical  Society  of  France;  and  M.  Lucas, 
in  the  next  following  volume  of  the  same  collection.  I  am 
indebted  to  my  friend  and  associate  Dr.  Story  for  these  later 
references. 

For  theoretical  purposes  it  is  desirable  to  count  }-  as  one 
of  the  fractions  in  a  Farey  series.  The  number  of  such  frac- 
tions for  the  limit  7  then  becomes  identical  with  the  sum  of 
the  totients  of  all  the  natural  numbers  up  to^  inclusive — a 
totient  to  a;  (which  I  always  denote  by  tx)  meaning  the  num- 
ber of  numbers  less  than  :c  and  prime  to  it.     Such  sum,  i.  e. 

2  Tx,  I  denote  by  T^.     My  attention  was  called  to  tlie  sub- 
ject  by  this  number  TJ  expressing  the  number  of  terms  in  a 
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function  whose  residue  (in  Caucliy^s  sense)  is  the  generating 
function  to  any  given  simple  denumerant  (see  footnote  to 
American  Journal  of  Mathematics,  vol.  v.  p.  123)  ;  and  I 
hecame  curious  to  know  something  about  the  value  of  T/.  I 
had  no  difficulty  in  finding  a  functional  equation  which  serves 
to  determine  its  limits  (see  Johns  Hopkins  University  Circular, 
Jan.  and  Feb.  1883).  The  most  simple  form  of  that  equation 
(omitted  to  be  given  in  the  Circular)  is 

•^        2        o        4:        D  2    ' 

(where,  when  x  is  u  fraction,  T.v  is  to  be  understood  to  mean 
Tj.j  being  the  integer  next  below  .r);  and  from  this  it  is  not 
difficult  to  deduce  by  strict  demonstration  that  Tj/j-,  when^' 
increases  indefinitely,  approximates  indefinitely  near  to  S/tt^. 
I  have  subsequently  found  that  if  ux  be  used  to  denote  the 

sum  of  all  the  numbers  inferior  and  prime  to  .r,  and  U/=  2  ?/J-', 

Ui  +  2UU3u|+4ui+...  =  i^^'  +  ^Xi  +  2) 
•^  z  3  4  3 

(\\  here  U.r,when  x  is  a  fraction,  means  the  U  of  the  integer  next 
inferior  to  x).  From  this  equation  it  is  also  possible  to  prove  that 
^jl'f,  when  j  becomes  indefinitely  great,  approximates  to  llir. 
U;',  it  may  be  well  to  notice,  is  the  sum  of  all  the  numerators 
of  the  fractions  in  a  Farey  series  whose  limit  is  _;',  just  as  T;  is 
the  number  of  these  fractions. 

In  the  annexed  Table  the  value  of  tx  (the  totient),  of  Tx 
(the  sum-totient),  and  of  3  /  tt'"' .  cC^  is  calculated  for  all  the 
values  of  x  from  1  to  500;  and  the  remarkable  fact  is  brought 
to  light  that  T^  is  always  greater  than  3  /  it'  .  x'  (the  number 
opposite  to  it),  and  less  than  3/7r^.  (a?  +  l)^,  the  number  which 
comes  after  the  former  one  in  the  same  table. 

I  have  calculated  in  my  head  the  first  few  values  of  JJx, 
and  find  (if  I  have  made  no  mistake)  that  it  obeys  an  analo- 
gous law,  viz.  is  always  intermediate  between  I/tt'^.x^  and 
l/ir\{x  +  lf. 

It  may  also  be  noticed  that  when  n  is  a  prime  number, 
Tn  is  always  nearer,  and  usually  very  much  nearer,  to  the 
superior  than  to  the  inferior  limit — as  might  have  been  anti- 
cipated from  the  circumstance  that,  when  this  is  the  case,  in 
passing  from  n  —  1  to  n  the  T  receives  an  augmentation  of 

3 

n  —  1,  whereas  its  average  augmentation  is  only  —  (2n  — 1). 

In  like  manner  and  for  a  similar  reason,  when  n  contains 
seA-eral  small  factors  Tn  is  nearer  to  the  inferior  than  to  the 
superior  limit.  For  instance,  when  /i  =  210,  Tn  =  13-11-4  and 
3/77-.  ?r=  1340179. 
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of  all  the  Xunibers  from  1  to  500  inclusive. 
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136 

64 

5634 

562211 

41 

40 

530 

510-96 

89 

88 

2456 

2407-70 

137 

13(i 

5770 

5705-09 

42 

12 

542 

536-19 

90 

24 

2480 

2462-10 

138 

44 

5S14 

5788-68 

43 

42 

584 

56202 

91 

72 

2552 

2517-12 

139 

138 

5962 

6872-88 

44 

20 

604 

588-47 

92 

44 

2596 

2572-75 

140 

48 

6000 

5957-69 

45 

24 

628 

615-52 

93 

60 

2656 

2628-98 

141 

92 

6092 

6043-10 

46 

22 

650 

64319 

94 

46 

2702 

26S5-82 

142 

70 

6162 

6129- 12 

47 

46 

696 

671-45 

95 

72 

2774 

2743-27 

143 

120 

6282 

6215-75 

48 

16 

712 

700-33 

96 

32 

2806 

2801-33 

144 

48 

6330 

6302-99 

any  '^Farey  Series''''  oficluch  the  Lhnit'mg  Numher  is  given.    255 


Table  (continued). 


n 

Tin) 
112 

T(«) 

1«^ 
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T(n) 

3   2 
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60 
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46 

72 
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198 
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72  19346119302-90 

47 

84 
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80 
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12158-54  :  253 

220 : 19566! 19456-40 

48 

72 
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12364 
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126 

19692  i  19610-61 

L49 

148 

6818 
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202 

100  12464 

12402-931255 

128 

19820  !  19765-23 

150 

40 

6858 

6839-18 

203 

168 

12632 

12526-03 

256  128 

19948  19920-56 

151 

150 

7008 

6930-67 

204 

64 

12696 

12649-75 

257 

256 

2O204  20076-49 

152 

72 

7080 

702277 

205 

160 

12856 

12774-07 

258 

84 

20288  ;  20233-03 

153  1 

9ii 

7176 

7115-48 

206 

102 

12958 

12899-00 

259 

216 

20504  1  20390-18 

154  1 

60 

7236 

7208-80 

207 

132 

13090 

13024-54 

260 

96 

20600  ;  20547-94 
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120 

7356 
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96 

13186 

13150-68 
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168 

20768  20706-30 

156 

48 

7404 
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13366 

13277-43 
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130 

20898  20865-28 

157 
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7560 
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210!  48 

13414 

13404-79 

263 
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21160  21024-86 

158 

78 

7638 

7588-15 

211 

210 

13624 

13532-76 

264 

80 

21240  21185-05 
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104 

7742 
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13661-34 

265 
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21448  121345-84 
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64 
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213 
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13790-52 
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16 1 
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7938 
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13974 

13920-32 
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176 
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54 

7992 
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132 
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216 

72 
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80 
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8175-41 
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180 
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72 
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80 
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8275-41 
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14502 

14445-57] 

271 
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82 
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219 

144 
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220 

80 
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14711-84 
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48 
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221 
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72 
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223 
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171 
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84 
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9097-33 
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112 
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56 
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96 
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72 
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281 
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80 
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9415-57 
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282 

92 
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9566 

9522-87 

1230 

88 
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■^83 
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88 
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120 
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178 
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112 

16386 
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48 

9880 

9848-42 

233 

232 

16618 

16501-87  286 

120 

24918  24863-00 

181 
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10060 

9958-15 

1234 

72 

16690 

16643-82  287 

240 

25158  '  25037-18 

182 

72 

10132 

10068-49 

i235 

184 

16874 

16786-38  288 

96 

25254  ••  25211-96 
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10252 

10179-44 

1236 

116 

16990 

16929-55  1  289 

272 

25526  25387-34 
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88 

10340 

10290-99 

237 

156 

17146 

17073-32 

:2y0  112 

25638  25563-34 
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,144 

10484 

10403-15 

238 

96 

17242 

17217-70 

'  291  1  192 

25830  !  25739-94 

186 

60 

10544 

10515-92 

239 

238 

17480 

17362-70 

292  1  144 

25974  25917-15 
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160 

10704 

10(>29-30 

240 

64 

17544 

17508-30 

293  292 
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188 

92 

10796 

10743-29 

1241 

240 

17784 

17654-51 

294  84 

26350  1  26273-40 

189 

108 

10904 

10857-88 

!242 

110 

17894 

17801-32 

295  232 
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26452-43 
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72 

10976 
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18056 
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296  144 
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11166 

11088-90 
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120 

18176 
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26900  26812-32 

192 

64  11230 

11205  31 

245 

168 

18344 

18245-41 

298  !  148 

27054  20993-18 

193 

192  11422 

11322-34 
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80 

18424 

18394-66 

299 

264 

27318  ,  27174  65 

194 

1  96  11518 

11439-97 

1247 

216 

18640 

18544-51 

300 

80 

27398 

27356-72 

195 

96  11614 

11558-21 

1248 

120 

18760 

18694-97 

301 

252 

27650 

27539-40 

196 

84  ] 1698 

11677-06 

249 

164 

18924 

18846  04 

302 

150 

27800 

27722-69 

197 

196  11894 

11796-52 

250 

100 

19024 

18997-72 

303  200 

28000 

28906-59 
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XXXVIII.    On  Permanent  Magnetism. 
By  R.  H.  M.  BosAXQUET,  St.  Joint's  College,  O.vford. 

To  the  Editors  of  the  Pliilosophical  Magazine  and  Journal. 

Gentlemen, 

I  HAVE  succeeded  in  completely  determining,  to  a  mode- 
rate approximation,  all  the  quantities  involved  in  the 
experiment  mentioned  in  my  paper  in  the  March  number  of 
the  Philosophical  Magazine.  I  propose  to  give  a  short  sum- 
mary of  the  results,  reserving  a  more  complete  account  for  a 
future  occasion. 

The  external  or  air  resistances  were  determined  by  magne- 
tizing, in  the  bitilar,  arrangements  of  soft  iron  similar  to  the 
steel.  The  resistance  of  the  soft  iron  is  small,  and  is  allowed 
for  by  Rowland's  table.  The  total  resistance  is  the  quotient 
of  the  magnetomotive  force,  (47rC/i),  by  the  magnetic  induc- 
tion 33.  

A  set  of  18  pieces  of  soft  iron  similar  to  the  pieces  of  the 
compound  magnet  gave  for  the  total  resistance  of  each  piece 
•454  centim. 

33  =  116  gives  from  Rowland's  table  //,  =  about  400,  whence 

— — -  =-004  is  to  be  subtracted,  and  we  have  for  the  air  resist- 

400 

ance  '450  centimetre,  or  *47  R.     (R  is  not  quite  the  same  in 

the  iron  and  steel.) 

A  long  piece  of  soft  iron,  similar  to  the  whole  magnet  joined 
up,  gave 

Total  resistance  ='339  centim. 
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33  =  553  gives  from  Rowland's  table  /i,=  800  nearly,  whence 

28*5  . 

-^jTT-  is  to  be  subtracted,  ="0o6  ; 

Air  resistance  =*303  centim. 
=  -32Rsay. 


In  the  steel  R  is  very  nearly  1  centim. 

With  the  above  values  for  the  air  resistances  we  can  deter- 
mine the  resistance  of  the  steel  from  the  ratio  of  deflections 
when  joined  and  separate.  Let  r  be  the  resistance  of  each 
piece.     Then 

18/-+ -32    _tan  13°  _ 
18(r  +  -47)~tanl°-8~         ' 
whence 

r=:-0555  ; 
and  resistance  of  unit  length 

_     r     _     1 

1-58  ~  28-5' 
whence 

/i=28-5. 


Direct  Deiermination  of  Permeahiliti/  (jjC)  of  Steel  Compound 

Magnet. 
The  magnet  was  enclosed  in  a  paper  case,  joined  up,  and 
wound  with  180  coils.     The  currents   employed  did  not  dis- 
turb the  permanent  magnetism. 

Current.  Mean  displacement. 

•48  ampere.  2°-0,  from  12°  to  14°. 

(The  deflection  was  really  observed  from  zero  13°  in  opposite 
directions  ;  and  it  amounted  to  4°'0.) 

Change  of  moment  =  497. 

(The  moment  of  the  bar  joined  up  is  3120.) 

Total  resistance  =  1"4  centim. 

Subtracting  air  resistance  =     "3  centim. 
Resistance  of  steel  =  1"1  centim. 

Resistance  of  unit  lenoth    =  ,  ,  .  =  vri* 
®  28-0      2b 

*  Since  the  above  was  written  I  have  subjected  the  numl  ere  to  a 
careful  .scrutiny,  and  made  another  determination  of  fi  directly,  having 
discovered  a  possible  source  t  f  error  in  the  above.  The  resulting  num- 
bers all  lie  between  30  and  3i\ 
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The  discrepancy  between  2G  and  'I'd  is  not  greater  than  may 
be  expected  from  the  smalhiess  of  some  of  the  observed  quan- 
tities. These  numbers  agree  very  well  with  those  given  by 
Meyer  for  his  first  two  sorts  of  hard  steel,  which,  1  gather, 
were  in  better  condition  than  the  others  (Wiedemann's  An- 
nalen,  xviii.  p.  245).  The  values  that  agree  best  with  each 
other  are  about 

/;  =  2-l,  fji  =  -i7rk  =  2(j-4: 

to 

k  =  2'D,  fJL-^  31-4. 

I  })ropose  to  give  some  details  in  a  future  pa})er. 

The  result  is,  that  if  the  magnetic  induction  in  a  permanent 
magnet  be  supposed  to  arise  from  a  permanent  magnetomotive 
force  acting  on  a  magnetic  resistance,  the  resistance  can  be 
determined  by  the  behaviour  of  the  magnet  on  separation  ; 
and  this  resistance  is  numerically  identical  with  that  offered 
to  external  magnetomotive  force. 


XXXIX.  On  the  Er7'07'S  of  our  Sensations:  a  Contrihution  to 
the  Study  of  Illnsion  and  Hallucination* .  By  Emile  Yung, 
D.ScA 

WHILE  investigating,  during  the  last  few  years,  the 
question  of  animal  magnetism,  I  have  been  led  to  pay 
some  attention  to  the  phenomena  of  illusion  and  hallucination. 
We  know  in  a  general  way  to  how  many  errors  our  sense- 
organs  are  exposed  ;  it  is  useful  to  ascertain  these  in  one's 
self,  to  produce  them  in  other  ])eople,  and  to  try  to  correct 
them  in  ever}-  body ;  and  it  is  necessary  to  determine  them  for 
each  sense  and  for  each  individual;  The  same  phenomenon  is 
often  appreciated  in  very  different  manners  by  different  ob- 
servers, or  by  the  same  observer  at  different  periods.  We 
should  always  adopt  it  as  an  absolute  rule  to  observe  the  same 
fact  several  times  under  different  subjective  conditions  before 
asserting  its  objective  existence.  And  if  it  is  desirable  that 
this  rule  should  be  applied  by  well  qualified  observers,  it  ouo-ht, 

*  The  present  memoir  o;ives  only  the  commencement  of  a  series  of  ex- 
periments midertaken  upon  the  normal  human  subject  with  the  purpose  of 
checking  and  measuririfi  the  value  of  the  testimony  of  our  organs  of  sense. 
Dr.  Yung  begs  that  physicists  and  naturalists  will  have  the  goodness  to 
communicate  to  him  any  isolated  but  positive  observations  that  they  may 
possess  upon  this  subject. 

t  Translated  from  the  Bihliotheque  Universelle,  Archives  des  Sciences 
Fhi/siques  et  Nuturelles,  ser.  3,  tome  ix.  p.  15G. 
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a  fortiori,  always  to  be  so  by  persons  who  have  not  learned  to 
see  and  feel — that  is  to  say,  who  do  not  know  how  to  check 
by  one  another  the  data  furnished  by  their  sense-organs. 

In  fact  we  cannot  scrutinize  scientifically  the  mysteries  of 
the  external  world  except  by  the  intermediation  of  the  organs 
of  the  senses,  and  we  only  know  of  them  what  the  latter  con- 
vey to  us.  It  is  consequently  of  the  first  importance  to  us 
that  these  organs  should  not  deceive  us.  Nevertheless  two 
kinds  of  error  are  frequent,  namely  illusion  and  hallucination. 

To  make  clear  what  is  to  follow,  we  may  briefly  recapitulate 
in  what  that  complex  phenomenon  that  we  call  a  sensation 
actually  consists.  In  every  sensation  we  may  distinguish 
three  phases: — 

1.  The  impresdon,  which  consists  in  the  direct  or  indirect 
contact  of  the  object  with  the  receptive  apparatus,  or  the  peri- 
pheric extremity  of  our  sensitive  nerves.  In  order  to  fix  our 
ideas  let  us  assume  (and  this  is  in  accordance  with  the  recent 
data  of  physiology)  that  from  the  contact  in  question  there 
results  a  movement,  a  shock,  a  vibration,  which  modifies  the 
receptive  apparatus. 

2.  The  f^'an.smiWon  of  the  impression  (that  is  to  say,  of  this 
movement,  or  vibration)  through  special  organic  conductors, 
the  nervous  tubes. 

3.  Perception,  which  is  produced  for  the  observer  by  a 
movement  of  reaction  effected  in  the  cellular  nervous  mass. 
Perception  is  conscious  or  unconscious,  according  as  the  move- 
ment has  been  transmitted  to  the  cerebral  cells,  or  only  to 
those  of  the  spinal  mari'ow. 

The  nerves  of  special  sense  are  unfitted  to  convey  other 
impressions  than  those  for  which  they  have  been  specialized. 
Any  mechanical,  physical,  or  chemical  disturbance  of  the 
optic  nerve,  for  example,  will  show  itself  not  by  a  perception 
of  pain,  but  by  a  luminous  perception.  Under  similar  circum- 
stances the  auditory  nerve  will  transmit  a  sonorous  sensation 
&c.  A  special  nerve  may  therefore  transmit  a  sensation  inde- 
pendently of  the  agent  which  normally  excites  it.  In  the 
most  complete  darkness  we  may  experience  luminous  sensa- 
tions; for  this,  as  every  one  knows,  it  is  sufficient  to  compress 
rather  strongly  the  globe  of  the  eye,  and  thus  to  agitate  the 
retina. 

We  do  not  know  the  localities  in  the  brain  in  which  the  move- 
ments communicated  by  luminous  or  sonorous  vibrations  be- 
come transformed  into  conscious  sensations  of  light  or  sound; 
but  it  is  probable  that  all  the  cells  of  the  brain  are  not  in- 
differenily  fitted  for  this  purpose.  It  is  very  probable  that 
there  is  in  this  case  a  division   of  physiological  labour,  in 
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accordance  with  which  certain  cell-groups  are  specially  set 
apart  for  luminous  transformations,  other  groups  for  sonorous 
transformations,  &c. 

If  we  assume  for  a  moment  that  some  disturbance  or  other 
(for  example,  a  more  considerable  afflux  of  blood  into  the  cor- 
responding region  of  the  brain)  excites  one  of  these  cell-groups, 
there  will  result  from  it  a  conscious  sensation,  or  the  revival 
of  an  anterior  sensation.  And  it  is  thus,  under  certain  cir- 
cumstances, by  defect  of  judgment,  or  by  defect  of  control, 
that  we  may  be  led  to  interpret  as  real  luminous  or  sonorous 
sensations  internal  agitations,  independent  of  any  light  or 
sound,  of  the  optic  or  auditory  perceptive  centres. 

In  an  analogous  manner,  in  certain  conditions  of  alteration 
of  the  nervous  conductors,  real  objective  impressions  may  be 
modified  during  their  transmission  to  the  brain.  Hence  come 
false  perceptions  of  images,  or  of  sounds,  arising  from  a  patho- 
logical condition  of  the  optic  or  auditory  nerves. 

To  sum  up: — A  sensation  excited  by  an  external  object  may 
be  altered  during  its  transmission  to  the  brain  ;  and  a  sensa- 
tion not  corresponding  to  any  external  object  may  originate 
in  consequence  of  an  internal  disturbance  of  the  sensitive 
nerves  or  of  the  perceptive  centres  themselves.  In  the  former 
case  the  result  has  received  the  naine  of  illusion;  in  the  second 
we  have  to  do  with  hallucination.  Hallucination,  says  Prof. 
Ball,  is  a  perception  without  an  object. 

The  individual  who  thinks  he  sees  a  brigand  armed  to  the 
teeth  when  he  has  before  him  only  the  trunk  of  a  tree,  or  who 
sees  a  body  in  motion  when  the  body  which  meets  his  eyes  is 
really  in  repose,  is  under  the  influence  of  an  illusion.  Those 
who  see  phantoms  pass  in  the  dark,  who  hear  celestial  voices 
in  the  most  absolute  silence,  or  who  believe  that  they  touch 
angels  or  demons  when  no  object  strikes  their  tactile  extre- 
mities, are  under  hallucination. 

These,  of  course,  are  extreme  examples;  but  within  more 
restricted  limits  we  are  all  exposed  to  similar  errors  which 
become  the  source  of  false  interpretations  in  the  observation 
of  natural  phenomena.  We  all  know  trustworthy  persons 
who  assert  that  they  have  experienced  some  sensation  or  other, 
upon  which  they  furnish  all  the  details  one  can  ask  of  them, 
and  who  in  reality  have  been  the  subjects  of  a  hallucination. 
Facts  of  this  kind  are  exceedingly  frequent  among  the  "  good 
subjects  "  of  the  mesmerists — that  is  to  say,  among  persons 
suffering  from  a  hysterical,  hypnotic,  somnambulic,  or  other 
neurosis,  and  who,  by  the  mere  fact  of  their  peculiar  nervous  > 
condition,  are  much  more  exposed  to  the  production  of  illusions 
or  hallucinations. 
Fhil.  Mag.  S.  5.  Vol.  15.  No.  91.  April  1883.  U 
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I  discard  here  the  cases  of  neurosis,  and  shall  only  speak  of 
the  hallucinations  which  one  may  succeed  in  exciting  in  every 
individual.  I  must  hope  to  be  pardoned  for  the  somewhat 
charlatanic  proceedings  adopted  in  the  following  experiments, 
in  consideration  of  the  interest  of  the  results  obtained. 

FiKST  Series. 

Exjyeriments  made  with  the  so-called  Magnetized  Card*. 

Arrangement. — I  take  any  eight  cards  from  a  pack  and 
arrange  them  on  a  table  in  a  certain  figure  to  which  I  attri- 
bute very  great  importance.  This  figure,  as  shown  in  the 
following  diagram,  corresponds  to  the  human  face  (1  card  for 
the  forehead,  2  for  the  eyes,  1  for  the  nose,  2  for  the  ears, 
1  for  the  mouth,  and  1  for  the  chin).  Then,  after  having 
affected  scepticism  upon  the  question  of  the  existence  of  "  a 
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magnetic  fluid,"  I  admit  that  the  experiment  which  I  am 
about  to  show  to  the  persons  present  seems  to  me  to  prove 
that  there  are  certain  j^henomena  difficult  to  explain  without 
a  "fluid."  I  then  touch  all  the  cards  in  order  to  impregnate 
them  with  "  my  fluid,"  and  declare  myself  ready  to  try  the 

*  This  card  triclv  is  very  old  and  very  well  known.  1  do  not  Iniow, 
however,  that  it  has  ever  been  made  use  of  for  methodical  experiments. 
The  trifli  itself  was  shown  to  me  by  my  learned  friend  Dr.  L(5on  Fre- 
dericq,  Professor  of  riiysiology  in  the  University  of  Liege.  He  witnessed 
some  of  the  results  described  further  on. 
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experiment  with  the  first  person  who  may  desire  to  do  so.  It 
is  indeed  very  rare,  as  will  be  seen  immediately,  for  the  expe- 
riment not  to  succeed,  and  this  equally  with  incredulous 
persons  and  with  those  who  believe  in  the  fluid  and  in  the 
fantastic  tales  of  some  mesmerists.  I  then  pretend  to  place 
myself  in  magnetic  relation  with  some  person  in  the  company, 
I  apply  my  hand  to  his  forehead,  press  his  hand  strongly, 
or  perform  some  other  absurdity  of  the  same  kind,  and  then 
request  him  to  touch  one  of  the  cards  of  the  figure  without 
my  knowledge.  In  order  still  more  to  convince  the  party 
that  I  do  not  see,  I  quit  the  room  while  he  "  magnetizes  "  the 
card. 

At  ray  return,  an  accomplice  (for  one  is  necessary)  imme- 
diately indicates  the  card  touched,  without  attracting  any- 
body's attention,  by  scratching  the  corresponding  part  (nose, 
chin,  eye,  &c.)  of  his  own  face.  Being  thus  instructed  I 
perform  an  innocent  comedy,  which  consists  in  pretending 
that  I  am  going  to  recognize  the  card  touched  by  means  of  a 
sensation  (attraction,  draught  of  air,  quivering,  odour,  &c.)  due 
no  doubt  to  the  fluid  deposited  by  the  person.  In  fact  I  make 
believe  to  experience  this  sensation  from  the  card  which  has 
been  indicated  to  me  by  my  accomplice,  as  I  have  described. 
As  I  am  never  mistaken,  every  one  is  much  astonished  at  the 
success  obtained.  How  is  it  possible  that  the  fact  of  the 
fingers  having  been  placed  for  a  moment  upon  this  card  has 
sufficed  to  communicate  to  it  such  a  property  ? 

Up  to  this  point  the  experiment  has  nothing  very  remark- 
able about  it.  But  if  I  beg  the  astonished  person,  who  is  still 
perhaps  rather  incredulous,  to  leave  the  room  in  his  turn,  and 
himself  to  seek  for  the  card  that  I  will  magnetize  in  his  absence, 
on  his  return  he  imitates  the  examination  that  he  saw  me 
make,  he  watches  for  the  sensation  that  I  have  announced  to 
him,  and  always,  or  nearly  always,  picks  out  a  card.  He 
thus  becomes  the  subject  of  a  true  hallucination,  seeing  that, 
during  his  absence,  I  do  not  touch  any  card,  and  yet  he  sup- 
poses that  he  has  undergone  the  shock,  the  vibration,  the 
uncomfortableness,  &c.  which  I  have  suggested  to  him. 

If  all  the  people  present  agree  to  testify  that  the  card  at 
which  he  fancies  he  has  experienced  a  sensation  is  really  that 
which  I  am  supposed  to  have  magnetized,  he  becomes  con- 
firmed in  his  notion,  and  I  can  make  him  repeat  the  same 
experiment  several  times  over  loitli  a  constantly  increasing 
success. 

Results. — To  this  experiment  as  just  described  I  have  sub- 
jected more  than  100  people  of  different  sexes  and  ages,  most 
of  them  in  good  health,  well  educated,  and  attached  to  scien- 
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tific  work,  consequently  not  much  inclined  to  excessive  cre- 
dulity. Of  this  number  only  11  have  refused  to  indicate  a 
card,  saving  that,  notwithstanding  all  the  attention  they  could 
give  to  it,  iimj  felt  absolutely  nothing  at  any  of  the  cards  of 
the  figure,  neither  the  sensation  indicated  nor  any  other  sen- 
sation. These  11  persons  were  men.  All  the  rest  experi- 
enced a  sensation.     They  may  be  divided  into  three  groups. 

First  Group. — 32  persons  forewarned  that  the  card  sup- 
posed to  be  magnetized  would  be  recognized  by  the  fact  that, 
in  passing  the  hand  over  it,  it  would  produce  a  sliock  of  vari- 
able intensity  (sensible  sometimes  only  in  the  tips  of  the 
fingers,  sometimes  in  the  whole  hand,  the  arm,  &c.),  actually 
felt  the  shock.  To  the  question,  "  Are  you  quite  certain  that 
you  have  not  been  the  subject  of  a  hallucination?"  they 
answered  that  they  were  quite  sure  that  they  had  felt  some- 
thing. Usually,  however,  the  sensation  is  not  very  intense 
the  first  time;  but  if,  as  already  described,  the  person  is  re- 
quested to  repeat  the  experiment  when  a  first  trial  has  con- 
vinced him  of  the  possibility  of  recognizing  the  magnetized 
card,  it  is  invariably  the  case  that  on  the  second  occasion  the 
shock  appears  to  him  to  be  stronger,  and  its  intensity  only 
increases  at  each  repetition  of  the  experiment. 

I  have  succeeded  in  exciting  the  belief  in  a  shock  gene- 
ralized in  the  whole  body  in  a  young  woman  of  twenty.  I 
had  myself,  in  performing  the  experiment,  indicated  the  card 
that  she  had  touched  in  my  absence,  by  pretending  to  receive 
a  general  shock  in  the  arms  and  legs  and  simulating  the  ges- 
tures which  one  makes  in  such  a  case.  ^7heu  her  turn  came 
she  started  in  passing  her  hand  over  a  certain  card  which  I 
had  not  touched  any  more  than  the  others,  and  asserted  that 
she  had  received  the  shock  announced  not  only  in  the  limbs, 
but  also  in  the  chest.  \\'^hen  I  told  her  that  the  shock  could 
never  aftect  the  chest,  she  replied  ''  that  she  was  quite  sure 
she  was  not  deceiving  herself,  for  that  her  chest  still  pained 
her  a  little." 

Nine  other  persons  in  this  group,  two  of  them  men,  declared 
that  besides  the  shock  they  had  experienced  "  a  slight  oppres- 
sion," or  various  sensations,  such,  for  example,  as  a  certain 
difficulty  in  moving  the  fingers.  One  of  them  (a  lady)  whom 
I  had  induced  to  make  the  experiment  at  an  evening  party, 
told  me  the  next  day  that,  after  my  departure,  she  had  tried  in 
vain  to  play  the  piano,  "  because  her  right  hand,"  the  one  that 
had  felt  the  imaginary  shock,  "  was  as  if  paralyzed,  and  was 
not  even  yet  completely  unstiffened."  It  is  to  be  remarked 
that  these  nine  persons,  although  they  had  never  been  mag- 
netized, had  all  been  present  at  representations  given  by 
mesmerizers. 
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Except  in  the  extreme  cases  just  noticed,  tlie  shock  was 
experienced  only  in  the  fingers  or  the  wrist. 

Some  men  of  science  who  witnessed  these  experiments 
thought  that  there  was  no  reason  to  regard  the  sensations 
experienced  as  true  haHucinations,  but  only  as  due.  to  com- 
plaisant simulation.  In  connexion  with  this  I  may  remark 
that  I  mention  hej-e  only  the  results  obtained  in  the  case  of 
persons  upon  whose  good  faith  1  have  the  best  reason  to  de- 
pend. My  notes  relate  to  a  much  larger  number  of  subjects  ; 
but  I  eliminate  all  those  upon  whom  I  have  only  made  a  single 
experiment  and  those  whom  I  do  not  know  sufiiciently  well. 
Moreover  the  results  which  will  be  mentioned  under  the 
fourth  group  dispose  of  the  hypothesis  of  simulation  by  their 
spontaneity. 

Second  Groiip. — I  have  succeeded  in  exciting  hallucinations 
of  sight  by  announcing  that  the  magnetized  card  was  revealed 
to  me  by  a  slight  vacillation,  or  displacement,  and  inducing 
the  person  upon  whom  I  was  operating  to  look  attentively  at 
each  of  the  cards  until  he  saw  one  of  them  move.  12  per- 
sons out  of  27  indicated  a  card  from  having  seen  it  move. 
It  is  certain,  as  all  the  other  witnesses  of  the  experiment 
will  testify,  that  none  of  the  cards  had  changed  its  place. 
One  person  declared  that  "the  card  had  raised  itself;^'  another 
said  that  "  the  card  had  inclined  itself  with  a  wavering  mo- 
tion;" while  a  third,  who  had  frequented  the  laesmerists  and 
been  put  to  sleep  by  them,  asserted  that  at  the  moment  when 
she  looked  at  the  card  "  she  had  felt  that  her  eyes  were  in\an- 
cibly  attracted  to  it."  This  phenomenon  of  the  attraction  of 
the  looks  inducing  the  movement  of  the  whole  body  of  the 
individual  is  very  well  known  to  mesmerists. 

I  would  compare  with  these  cases  the  numerous  data  that 
we  possess  with  regard  to  observers  who  see  certain  move- 
ments of  the  stars,  or  other  celestial  phenomena,  which  have 
no  real  existence.  Last  year,  when  the  famous  comet,  which 
every  one  remembers,  was  no  longer  visible,  I  happened  to 
assert  before  six  people  that  I  still  saw  it,  and  at  the  same 
time  I  indicated  to  them  the  point  in  the  heavens  where  I 
pretended  to  see  it.  Three  of  these  persons  saw  it  as  [  de- 
scribed it  to  them,  but  indistinctly ;  one  of  them  even  drew  it, 
not  such  as  he  had  actually  seen  it  a  few  weeks  before,  but  as 
his  imagination,  excited  and  guided  by  my  assertions,  showed 
it  to  him. 

Here  is  another  observation,  which  I  made  a  few  mouths 
ago.  Near  Roscoff,  in  Finistere,  there  is  a  large  granite 
rock,  firmly  planted  upon  a  small  grass-plot  on  the  shore, 
and    known   by   the   Celtic  name    of  Eoch-roum.     Finding 
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myself  at  nightfall  in  the  company  of  three  people,  and  the 
conversation  having  turned  upon  the  rocking-stones,  some 
examples  of  which  are  known  really  to  occur  upon  the  coasts 
of  Brittany,  I  asserted  that  Roch-roum  itself  rocked  when  it 
was  gently  pushed  with  the  finger.  Two  of  these  persons 
immediately  made  the  experiment  and  admitted  with  astonish- 
ment that  they  saw  and  felt  it  rock  ;  and  it  gave  the  third  some 
trouble  to  persuade  them  to  the  contrary.  I  have  since  several 
times  repeated  the  experiment  with  rocks  just  as  immovable 
as  Roch-roum,  and  succeeded  so  well  with  certain  people  that 
they,  repeating  the  experiment  from  time  to  time,  have  given 
the  reputation  of  rocking-stones  to  blocks  of  stone  which  are 
in  reality  absolutely  fixed.     But  we  must  return  to  our  cards. 

TJiird  Group. — I  repeated  the  experiment  with  the  cards 
upon  20  persons,  pretending  that  the  touched  card  diffused  a 
certain  odour,  which  I  sometimes  specified  exactly  and  some- 
times indicated  only  in  a  vague  manner.  Thirteen  persons 
(8  women  and  5  men)  responded  by  indicating  a  card,  de- 
claring in  the  first  case  that  they  had  perceived  the  specified 
odour,  and  in  the  second  case  giving  very  various  qualifica- 
tions to  the  odour  which  they  believed  they  had  experienced — 
a  sharp  odour,  a  penetrating  odour,  a  sweet  smell  like  a  per- 
fume, &c.  One  person  asserted  that  "  the  odour  had  stuck  to 
her  for  some  hours."  (See  further  on,  the  second  series  of  ex- 
periments.) 

FoiLrth  Group. — Lastly,  18  persons  out  of  21  to  whom 
I  had  mentioned  a  sensation  of  some  kind  without  specially 
defining  it  indicated  a  card,  and  proved  very  fertile  in  dif- 
ferent appreciations  of  the  sensation  which  they  believed  they 
had  experienced.  It  was  indeed  in  this  group  that  I  obtained 
the  most  singular  results. 

A  young  girl  (Louisa  C,  19  years  of  age)  indicated  a 
card,  and  said  that  in  jiassing  her  hand  over  it  she  had  expe- 
rienced "  a  great  cold  creeping  in  the  back."  Another  young 
girl  (Ellen  W.,  18  years  old)  suddenly  fell  down  ])ackwards, 
as  if  yielding  to  a  violent  repulsion,  on  passing  her  hand  over 
a  card,  also  believing  that  this  card  had  been  magnetized. 

Here  each  case  is  interesting;  but  it  would  take  too  long  to 
report  them  in  detail.  I  will  only  say  that  the  imagination, 
while  showing  in  some  subjects  an  unheard  of  fecundity,  often 
gives  place  to  imitation ;  and  although  warned  that  they  might 
expect  all  sorts  of  sensations,  the  subjects  sometimes  notify 
the  sensation  that  I  pretended  myself  to  have  experienced, 
but  amplified  and  generalized.  But  what  proves  that  imita- 
tion is  not  the  general  rule  is  that,  of  the  18  cases  which 
T  mention  in  this  group,  11  relate  to  persons  who  experienced 
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sensations  quite  difterent  from  those  which  I  had  simulated. 
Thus  I  usually  pretend  that  I  find  out  the  card  by  feeling  a 
trembling  in  my  fingers,  but  I  request  each  pei-son  to  look 
out  for  any  sensation  that  may  come.  Now  there  have  been 
subjects  who  asserted  that  they  felt  nothing  at  all  in  the 
fingers,  but  had  experienced  a  dazzling  sensation.  It  is  of 
course  essential  at  starting  to  surround  the  performance  of  the 
experiment  with  a  certain  stage  effect,  a  certain  mystery, 
which  ensures  its  success. 

A  young  man,  who  was  evidently  ill,  and  who  got  up  in  the 
night  in  a  state  of  somnambulism,  spontaneously  declared  this 
trick  to  be  "dangerous,"  saying  that  when  he  had  been  made 
to  repeat  it  several  times  he  felt  himself  stro}igly  affected  and 
was  made  unwell  \)y  it. 

Second  Seeies. 
Experiments  made  loith  pieces  of  Metal. 

The  experiment  with  the  cards  may  be  varied  in  the  follow- 
ing manner.  Under  this  new  form  it  particularly  enables  us 
to  excite  olfactive  hallucinations.  At  least  I  have  hitherto 
employed  it  only  for  this  purpose. 

Take  a  certain  number  of  small  metal  plates  of  various 
forms,  or  pieces  of  money  with  different  effigies,  so  as  to  be 
able  to  recognize  them  afterwards.  Then,  performing  a  little 
comedy  which  may  be  infinitely  varied  according  to  the  inge- 
nuity of  the  performer,  but  the  foundation  of  which  is  always 
to  appear  to  magnetize  these  pieces  or  the  person  to  be  expe- 
rimented upon,  one  undertakes  to  recognize  the  piece  touched 
in  one^s  absence  by  this  person  "  by  virtue  of  the  exquisite 
delicacy  of  smell  produced  by  the  fluid."  On  reentering  the 
room,  while  talking  of  something  else  in  order  to  distract 
the  attention  of  the  spectators,  one  hastens  to  take  up  all  the 
pieces  one  after  the  other  so  as  to  judge  which  piece  has  been 
touched  by  the  difference  of  temperature,  which  alone  renders 
it  recognizable.  This  has  the  advantage  over  the  preceding 
experiment  that  an  accomplice  can  be  dispensed  Avith.  As 
soon  as  one  has  thus  naturally  fixed  upon  the  touched  piece, 
they  are  all  applied  to  the  nose  with  a  pretence  of  smelling 
them  to  recognize  the  accusing  odour. 

The  person  touching  the  piece  must  hold  it  for  a  moment 
between  the  fingers;  by  doing  this  he  warms  it  sufficiently  to 
ensurethesuccessof  the  experiment.  Odour  there  is  none;  but 
if  one  asserts  its  existence,  and  indicates  it  by  any  descriptive 
qualification,  one  is  nearly  certain  to  make  the  "deceived" 
persons  perceive  it  when  the  experiment  is  repeated  upon  them. 
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On  the  other  hand,  if  it  is  not  specified,  they  aKvays  do  it 
themselves  Avith  a  remarkable  abundance  of  details,  as  we  have 
already  seen.  I  have  tested  this  upon  28  persons  of  both 
sexes,  nineteen  of  whom,  women  especially,  declared  that  they 
perceived  a  certain  odour  upon  the  piece  of  money  which  they 
pointed  out,  and  which  had  not  been  specially  touched,  just 
as  in  the  experiment  of  the  card. 

One  young  man  said  that  "it  seemed"  to  him  that  the 
piece  which  he  had  just  picked  out  diffused  a  "  sharp,  dry  " 
odour  ;  the  second  time  he  recognized  this  odour  more  deci- 
dedly and  became  very  positive.  A  lady  refused  to  repeat 
the  experiment  because  the  odour  affected  her  heart,  &c. 

On  one  single  occasion  I  excited  at  the  same  time  the  hal- 
lucination of  a  shock  and  of  an  odour,  by  having  the  piece 
simultaneously  touched  and  smelt. 

Here  then  we  have  a  certain  number  of  facts  which  demon- 
strate how  easy  it  is  to  induce  hallucinations,  of  vision,  of 
touch,  and  of  smell  in  persons  who  are  not  subject  to  any 
thing  of  the  kind,  who  are  in  good  health,  perfectly  awake, 
and  appear  to  be  very  far  from  those  neurotic  conditions  to 
which  we  shall  recur,  and  which  predispose  to  all  the  falsifica- 
tions of  sensibility. 

As  regards  hallucinations  of  hearing  I  have  obtained  only  a 
very  small  number  of  results,  because  the  arrangements  which 
have  just  been  described  are  not  favourable  to  their  excite- 
ment. Nevertheless  four  persons,  prepared  in  an  analogous 
manner  to  that  described,  distinctly  heard  one  of  the  cards  of 
the  figure  close  to  which  they  placed  an  ear  "  diffuse  a  sort  of 
buzzing  sound."  Hallucinations  of  hearing,  indeed,  are  not 
difficult  to  excite  in  a  silent  medium.  In  the  evening  I  have 
often  caused  people  to  hear  the  horn  announcing  a  fire  by 
asserting  that  I  heard  it  myself;  and  in  a  party,  if  one  affirms 
that  one  hears  the  bells  ring,  one  always  meets  with  some 
persons  who  assert  that  they  hear  them  ring  also. 

It  is  to  be  remarked  that  in  all  the  cases  which  have  just 
been  under  consideration,  the  persuasion  of  the  reality  of  the 
sensation  is  such  that  it  is  very  difficult  to  demonstrate  to  the 
person  that  this  reality  does  not  exist.  It  is  of  no  use  to  tell 
him  that  you  have  deceived  him;  he  is  too  certain  of  having  ex- 
perienced the  sensation  to  be  willing  to  agree  to  it.  A  lady 
told  me  "  that  she  would  put  her  hand  in  the  fire  "  rather  than 
believe  that  there  was  any  mistake.  The  history  of  the  sciences 
takes  cognizance  of  examples  of  philoso})hers  who,  after  having 
thought  that  they  observed  such  or  such  a  phenomenon  of  nature 
to  support  a  favourite  theory,  have  never  been  willing  to  recog- 
nize that  they  have  deceived  themselves.     This  is  an  imperfec- 
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tion  against  which  we  ought  to  act  from  the  commencement  of 
our  studies,  and  which  the  professors  called  upon  to  direct  the 
first  steps  of  a  beginner  in  the  sciences  of  observation  should 
use  every  endeavour  to  correct.  Among  the  persons  whom  I 
have  succeeded  in  causing  to  see  and  feel  what  I  wished  and 
not  the  external  reality,  there  were  naturalists,  physicists,  &c., 
some  of  them  having  a  name  in  science.  It  is  certain  that  we 
must  always  severely  criticise  our  own  observations,  because 
however  able  we  may  be,  we  do  not  perfectly  know  how  to 
make  use  of  our  organs,  and  we  are  too  much  inclined  to  give 
them  our  confidence. 

The  education  received  in  laboratories  diminishes  the  im- 
perfections in  question.  If  beginners  in  microscopic  investi- 
gations, for  example,  have  to  draw  an  object  previously 
described  and  which  they  have  actually  before  their  eyes, 
they  often  represent  it  in  accordance  with  the  more  or  less 
detailed  description  of  it  which  has  been  given  to  them,  and 
not  as  it  really  exists.  It  is  not  at  all  uncommon,  in  the 
case  of  a  microscopic  preparation,  that  the  beginiier  declares 
that  he  sees  such  or  such  a  detail  of  structure  of  which  he  has 
been  told,  and  which  the  preparation  does  not  show  at  all.  1 
have  ascertained  this  very  frequently.  And  in  this  case  there 
is  not  always  deception  or  falsehood  on  the  part  of  the  pupil, 
who  really  sees  what  the  master  indicates  to  him;  but  he  sees 
it  by  a  sort  of  hallucination  of  the  psychical  centres,  and  not 
by  a  real  impression  striking  his  retina.  Afterwards  in  the 
course  of  study  it  is  more  rare  to  meet  with  any  such  pheno- 
menon in  those  who  devote  themselves  to  observation  ;  but 
nevertheless  it  is  always  necessary  to  be  upon  one's  guard. 

It  is  also  well  known  that  our  sensations  are  not  always  in 
relation  to  the  degree  of  intensity  of  the  external  excitation 
(Werndt,  Fechner,  &c.).  The  expectation  of  a  phenomenon 
reduces  to  a  minimum  the  degree  of  intensity  of  excitation 
necessary  to  produce  the  phenomenon  in  order  that  it  may  be 
followed  by  a  sensation.  "When  the  expectation  is  extra- 
ordinarily vivid,"  says  Mr.  James  Sully,  "it  may  suffice  to- 
produce  as  it  were  the  simulacrum  of  a  real  sensation.  This 
is  what  occurs  when  the  existing  circumstances  suggest  to  us 
the  idea  of  some  immediate  event.  The  effect  is  particularly 
powerful  in  case  the  object  or  event  expected  is  of  a  nature  to 
interest  or  excite,  because  then  the  mental  image  gains  in 
intensity  by  virtue  of  the  emotional  excitement  which  accom- 
panies it"*.  These  conditions  are  met  with  in  the  facts  which 
we  have  just  related. 

*  James  Sully,  Les  illusions  des  sens  et  de  V esprit.      A  volume  of  tlie 
International  Scientific  Library,  Paris,  1882,  p.  78. 
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Two  words  more. 

In  the  state  of  somnambulism,  of  hysteric  or  hypnotic 
neurosis,  &c.  the  human  subject  may,  in  consequence  of 
certain  practices,  be  plunged  into  a  peculiar  sleep  most  fre- 
quently accompanied  by  catalepsy.  Now  during  one  phase 
of  this  sleep  (the  so-called  lethargic  phase)  the  special 
senses  continue  in  part  to  act,  and  by  speaking  to  them 
the  most  various  hallucinations  may  be  set  up  in  the 
subjects.  If  we  tell  them  that  music  is  being  played, 
they  hear  it  immediately;  they  see  the  various  objects  of 
which  we  speak  to  them,  they  feel  them  and  taste  them. 
These  are  well-known  phenomena  of  suggestion  which  have 
been  much  studied  of  late  years.  In  certain  invalids  the  field 
of  suggestion  has,  so  to  speak,  no  limits.  It  is  interesting  to 
find  that  here  the  pathological  state  is  only  an  exaggeration 
of  the  normal  state,  since  (as  we  have  just  seen)  we  may  by 
suitable  discourses,  by  persuasion,  &c.  appeal  to  the  attention 
of  the  normal  man,  not  put  to  sleep,  in  such  a  manner  as  to 
make  him  have  consciousness  of  sensations  which  do  not  cor- 
respond to  any  objective  reality.  In  both  cases  the  repetition 
of  the  hallucination  leads  to  an  augmentation  of  its  intensity. 
All  neuropaths  know  that  it  is  much  easier  to  produce  sug- 
gestion in  old  subjects  who  have  been  long  under  the  hands 
of  the  mesmerists  than  in  those  who  are  put  to  sleep  for  the 
first  time.  In  our  experiments  we  have  always  found  that, 
after  two  or  three  repetitions,  the  subjective  sensation  increased 
in  intensity,  and  that  the  persons  whom  one  has  sustained  in 
the  belief  in  the  "  fluid  "  of  the  so-called  magnetized  card  or 
piece  of  money  are  much  better  fitted  to  serve  for  a  demon- 
stration than  a  person  upon  whom  one  has  tried  the  experi- 
ment for  the  first  time,  and  who  is  not  always  veiy  positive  at 
the  commencement. 

To  sum  up,  we  demonstrate,  under  what  may  be  termed  an 
embryonic  form,  in  the  healthy  human  subject,  phenomena  of 
suggestion  which  may  acquire  great  intensity  in  the  diseased 
subject. 

XL.  Note  on  the  Alleged  Luminosity  of  the  Magnetic  Field. 
By  W.  F.  Barrett,  Professor  of  FJxjyerimental  Physics  in 
the  Royal  College  of  Science,  Dublin*. 

iT   is   ^\eii   known  that   the  late  Baron   ^on   Reichenbach 
claimed  to  have  discovered  a  peculiar  luminous  emana- 
tion arising  from  the  poles  of  a  magnet,  resembling  a  faint 

*  Communicated  by  the  Author. 
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electric  discharge  in  rarefied  air.  Tliis  peculiar  luminosity  was 
only  to  be  seen  in  a  perfectly  darkened  room,  and  even  then 
was  only  visible  to  certain  persons.  Since  the  publication  of 
Reichenbach's  elaborate  investigations  on  this  subject  nume- 
rous attempts  have  been  made  by  competent  observers  to  see  this 
luminous  smoke ;  but  these  attempts  have  generally  resulted  in 
failure*;  and  amid  the  fen'  cases  of  success  that  are  recorded 
(such  as  by  the  late  Professor  Gregory  and  by  Dr.  Ashburner) 
I  can  find  no  evidence  that  proper  precautions  were  taken  to 
avoid  the  effects  of  imagination,  of  deception,  or  of  chance. 
It  is  not  sur|3rising  therefore  that  the  discovery  claimed  by 
Reichenbach  has  been  very  generally  discredited  among  scien- 
tific men  in  all  countries.  It  has,  however,  always  seemed  to 
me  very  difficult  to  explain  away  the  abundant,  and  in  some 
cases  weighty,  testimony  which  Reichenbach  adduces — such  as 
the  evidence  of  Professor  Endlicher,  and  others  in  high  social 
position,  who  in  their  normal  healthy  condition  describe  these 
appearances  in  minute  detail,  the  luminosity  they  assert 
springing  into  existence  whenever  the  magnet  was  excited,  as 
if  a  phosphorescent  cloud  had  suddenly  been  created  over  the 
magnetic  poles. 

Affirmative  statements  of  this  kind,  however  foreign  to  our 
present  knowledge,  are  surely  Avorthy  of  respectful  inquiry  ; 
and  though  my  own  attempts  to  see  the  glare  have  been  en- 
tirely unsuccessful,  I  prefer  to  think  some  of  the  necessary 
conditions  of  the  experiment — such  as  extreme  sensitiveness 
of  the  retina — have  been  absent  in  my  case,  rather  than  con- 
clude from  my  want  of  success  that  the  phenomenon  has  no 
existence. 

Considerations  such  as  these  led  the  recently  formed  Society 
for  Psychical  Research  to  appoint  a  Committee  to  repeat 
Reichenbach's  experiments  with  the  object  of  testing  their 
accuracy,  when  a  wide  range  of  individuals  were  examined. 
As  a  member  of  that  Committee  I  have  lately  been  present  at 
a  course  of  experiments,  where  a  remarkable  verification  was 
afforded  of  the  fact  that,  to  certain  eyes,  a  faint  luminosity 
accompanies  the  creation  of  a  powerful  magnetic  field.  The 
evidence,  so  far  as  it  goes,  seems  to  me  so  absolutely  unex- 
ceptionable that  1  venture  to  ask  you  to  place  on  record  a 
brief  statement  of  the  facts  so  far  obtained.  The  positive 
evidence  afforded  by  the  experiments  now  to  be  described 
cannot  be  annulled  by  the  fact  that  on  subsequent  occasions 
the  trials  were,  as  I  am  informed,  less  successful.     It  is,  I 

*  See,  for  example,  Dr.  W.  H.  Stone's  very  careful  and  excellent  ex- 
periments described  in  the  St.  Thomas's  Hospital  Reports  (1880),  vol,  x. 
p.  100. 
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think,  not  unreasonable  to  conclude  that  conditions,  not  yet 
understood,  were  sometimes  favourable,  sometimes  the  reverse. 

The  experiments  were  made  in  the  rooms  of  the  Society, 
No.  14  Deans  Yard,  AVestminster ;  one  of  these  rooms  was  so 
arranged  that  it  could  at  pleasure  be  made  into  a  perfectly 
dark  chamber,  no  glimmer  of  light  being  perceived  even  after 
an  hour's  immersion  in  the  darkness.  A  powerful  electro- 
magnet was  mounted  on  a  heavy  wooden  stand,  and  stood  by 
itself  in  the  centre  of  the  room  ;  wires  led  from  the  magnet 
to  a  commutator  in  another  room,  and  thence  to  a  large  Smee's 
battery  outside.  Three  observers  (Mr.  Walter  H.  Coffin,  the 
Honorary  Secretary  of  this  Committee,  Mr.  Edmund  Grurney, 
and  Mr.  E.  R.  Pease)  were  in  charge  of  the  commutator, 
making  and  breaking  the  current  at  their  own  pleasure  and 
notino-  down  the  exclamations  made  bv  the  observers  in  the 
adjoining  darkened  room,  the  voice  being  easily  heard  through 
the  intervening  curtains.  In  the  dark  chamber  were  Mr.  F. 
W.  H.  Myers,  Dr.  A.  T.  Myers,  Mr.  H.  N.  Ridley,  and  myself, 
and  in  addition,  on  a  subsequent  occasion,  Mr.  W.  R.  Browne, 
together  with  two  persons  who,  on  a  preliminary  trial  a  day 
or  two  before,  had  declared  they  saw  a  luminous  glare  over 
the  poles  of  a  permanent  steel  magnet.  These  were  Mr.  G. 
A.  Smith  and  a  boy,  Fred.  Wells,  who  is  an  assistant  in  a 
baker's  shop  ;  both  of  them  were  entire  strangers  to  these  ex- 
periments up  to  the  time  of  our  preliminary  trials,  and  dis- 
claimed any  knowledge  of  Reichenbach^s  work.  In  the  first 
instance  they  were  not  told  what  to  look  for,  but  merely  to 
note  if  they  perceived  anything  amid  the  darkness,  and  if  so, 
what  and  where. 

For  some  time  after  entering  the  dark  chamber  nothing 
was  seen,  though  during  this  time  the  electromagnet  was  fre- 
quently excited.  After  about  half  an  hour  had  elapsed.  Wells 
and  subsequently  Mr.  Smith  declared  they  saw  a  faintly 
visible  smoke  in  the  room  ;  being  asked  where,  each  in  turn 
led  me  directly  up  to  the  magnetic  poles  as  the  seat  of  the 
luminosity.  One  pole  (the  north-seeking  pole)  they  said  was 
brighter  than  the  other.  The  luminosity  was  described  as 
like  two  waving  cones  of  light,  with  the  apex  of  each  cone  on 
the  magnetic  poles  ;  the  breath  was  able  to  deflect  but  not  to 
extinguish  the  glow*.  It  was  not  intercepted  they  said,  by 
a  black  velvet  cloth  nor  by  a  deal  board  laid  flat  over  the  poles, 

*  So  far  as  I  covild  judge,  the  appearance  must  have  resembled  the  long 
ascending  stream  of  faintly  lambent  aqueous  vapour  which  is  to  be  seen 
far  above  the  flame  of  pure  h}  drogen,  when  viewed  in  a  well-darkened 
room.  I  have  referred  to  this  luminosity  in  my  paper  on  "  Some  Physical 
Effects  produced  by  a  Ilydrogen-tiame,''  Phil.  Mag.  November  1865. 
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but  they  declared  it  loas  at  once  obscnred  when  these  bodies 
were  held  between  the  eyes  of  the  obseryers  and  the  magnet, 
the  absolute  darkness  being  of  course  preseryed  continuously. 
When  the  current  was  cut  off,  both  the  observers  simulta- 
neously exclaimed  that  the  light  had  disappeared. 

The  current  was  now  at  irregular  intervals  made  and  broken, 
by  means  of  the  commutator  in  the  ne;ct  room,  and  the  excla- 
mations of  the  observers  in  the  dark  chamber  noted  down  by 
those  who  had  charge  of  the  connnutator.  The  connnutator 
worked  noiselessly;  and  no  indication  whatever  was  given  of 
the  moment  when  the  current  was  to  be  put  on  or  taken  oiF. 
During  the  experiments  Mr.  Smith  stood  near  the  magnet, 
touching  one  of  us,  and  remote  from  the  curtains  which  sepa- 
rated the  dark  from  the  lighter  room  beyond. 

After  a  few  preliminary  trials  to  test  the  arrangements,  a 
consecutive  series  of  observations  extending  over  an  hour 
was  then  made  by  Mr.  Smith.  From  time  to  time  during  this 
period  the  observers  in  the  next  room  silently  and  unexpec- 
tedly closed  or  interrupted  the  current,  the  intervals  being 
purposely  varied  from  a  few  seconds  to  several  minutes.  In 
this  way  fourteen  consecutive  trials  were  made;  and  in  every 
case  except  one  the  exclamations  made  by  Mr.  Smith,  such  as 
"  Now  I  see  it,"  "  Now  its  gone,"  were  absolutely  simultaneous 
with  the  movement  of  the  commutator — according  to  the 
unanimous  report  of  the  witnesses  in  the  adjoining  room.  In 
the  one  exception  referred  to,  a  delay  of  five  seconds  occurred 
between  the  breaking  of  the  current  and  the  exclamation : 
this,  however,  may  easily  have  been  due  to  a  momentary 
relaxation  of  attention  on  the  part  of  Mr.  Smith.  The  strain 
on  the  attention  was  indeed  so  severe,  that  after  the  fourteenth 
observation  Mr.  Smith  complained  of  considerable  pain  in  his 
eyes  and  head  and  was  obviously  much  exhausted.  During  a 
succeeding  half  hour  two  or  three  further  experiments  were 
made  ;  but  the  results  were  uncertain,  and  may,  I  think,  be 
fairly  excluded.  It  may  be  noted  that  Mr.  Smith  and  Wells 
did  not  at  any  time  appear  to  have  unusual  powers  of  vision 
for  the  objects  in  the  darkened  room. 

It  is  obvious  that  a  series  of  accidental  coincidences  be- 
tween the  act  of  closing  or  opening  of  the  circuit  and  the 
exclamation  of  the  observer  cannot  explain  the  facts  here 
noted.  As  there  are  3600  seconds  in  an  hour,  to  hit  off"  any 
one  right  moment  by  pure  chance  would  be  very  improbable; 
but  the  chances  against  success  increase  in  geometric  pro- 
gression when  14  right  moments  are  sxiccessively  hit  off.  The 
probabilities  against  mere  coincidence  as  an  explanation  are 
therefore  many  millions  to  one. 
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More  important  was  the  possibility  of  indications  being 
afforded  by  the  act  of  magnetization  and  demagnetization, 
which  might  give  notice  to  the  observer  and  suggest  to  the 
imagination  the  conversion  of  an  illusion  into  a  fancied  reality. 

Of  these  indications  the  so-called  "  magnetic  tick  "  at  once 
suggested  itself.  Knowing  precisely  what  to  listen  for,  and 
therefore  more  keenly  alive  to  the  sound  than  Mr.  Smith, 
who  presumably  knew  nothing  of  this  molecular  crepitation, 
I  failed  to  detect  the  faintest  sound  on  the  "making  "  of  the 
circuit;  and  a  barely  audible  tick  on  "breaking"  contact 
was  heard  only  when  my  ear  was  in  close  contact  with  the 
magnet  or  its  support.  This  was  due  to  the  massive  cha- 
racter of  the  magnet  and  stand,  which  also  prevented  any 
other  discernible  movement  when  the  magnet  was  excited. 
Further,  I  satisfied  myself  that,  at  the  distance  at  which 
Mr.  Smith  stood  from  the  magnet,  it  was  impossible  to 
discover  when  the  circuit  was  completed  or  interrupted  by 
the  attraction  of  any  magnetic  substance  about  one's  body ; 
as  a  precaution,  however,  Mr.  Smith  emptied  his  pockets 
beforehand.  At  the  same  time  it  is  quite  possible  a  skilful 
operator,  bent  upon  decei^^ng  us,  might  be  able  to  detect  the 
moment  of  magnetization  and  demagnetization  by  feeling  the 
movement  of  a  concealed  compass-needle.  Against  this  hy- 
pothesis must  be  placed  the  fact  that  no  information  was  given 
to  Mr.  Smith  beforehand  of  the  nature  of  the  experiment;  and 
he  had  no  object  to  serve  by  professing  to  see  what  he  really 
did  not  see.  Ultimately  all  scientific  observation  rests  upon 
the  good  faith  of  the  observers;  and  there  was  nothing  to 
arouse  the  smallest  suspicion  of  the  good  faith  of  the  observer 
in  the  present  instance. 

Similar  experiments  were  made  on  another  evening  with 
the  boy  Wells,  with  fairly  satisfactory  results.  In  the  case 
of  Wells  the  luminosity,  from  his  description,  must  have 
appeared  to  be  brighter  and  larger  ;  and  on  the  interruption 
of  the  circuit  it  was  not  instantly  extinguished,  but  rapidly 
died  away*;  his  frequent  exclamation  on  breaking  the  cur- 
rent was  "  Oh,  you  are  spoiling  it." 

Wells  was  also  tried  in  the  dark  chamber  with  two  permanent 
horseshoe  magnets,  and  saw  the  luminosity  clearly  on  both. 
Unknown  to  Wells,  I  silently  changed  the  position  of  the  two 
magnets;  he  at  once  detected  where  they  were  placed.  Holding 
one  of  the  magnets  in  my  hand,  Wells  told  me  correctly 
whether  I  moved  the  magnet  up  or  down  or  held  it  stationary; 
this  was  repeatedly  tried  with  success.     In  this  case  the  poles 

*  There  was  a  considerable  amouut  of  residual  magnetism  in  the  eloc- 
tromasnet. 
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of  the  horseshoe  were  very  close  together,  so  that  there  \vas  a 
small  intense  magnetic  field  ;  from  the  juxtaposition  of  the 
poles  no  effect  could  be  produced  on  a  small  compass-needle 
at  one  tenth  of  the  distance  at  which  I  ascertained  Wells 
actually  stood — supposing,  which  is  highly  improbable,  that 
the  lad  had  the  intention  to  deceive  and  knew  how  to  attempt  it. 
Numerous  questions  of  interest  suggest  themselves,  such  as 
the  photographic  and  prismatic  examination  of  the  luminosity 
and  whether  the  light  is  polarized  or  capable  of  being  pola- 
rized, or  whether  the  rarefaction  and  removal  of  the  air  around 
the  poles  affects  the  luminosity.  The  answer  to  these  and 
cognate  questions,  together  with  the  examination  of  some 
remarkable  collateral  phenomena  that  presented  themselves 
— such  as  the  ^'ariation  of  the  intensity  of  the  light  when 
viewed  in  difterent  azimuths,  or  along  or  across  the  magnetic 
axis,  and  the  effect  of  certain  bodies  on  the  light — will  become 
the  subject  of  investigation  by  the  Committee  whenever  the 
testimony  to  the  simple  fact  itself  has  been  sufficiently  well 
established  by  various  observers.  The  object  of  the  pre- 
sent note  is  merely  to  demonstrate  that  there  is  a  strong 
prima  facie  case  in  favour  of  the  existence  of  some  peculiar 
and  unexplained  luminosity,  resembling  phosphorescence,  ex 
cited  in  the  region  of  the  atmosphere  immediately  around  th 
magnetic  poles,  and  which  can  only  be  seen  by  certain  indi- 
viduals. 


XLI.   On  Self-Regukdinc/  Dynamo-electric  Machines. 
'  By  R.  H.  M.  BosANQUET*. 

DYNAMO-ELECTRIC  machines  consist  mainly  of  two 
parts — the  armature  and  the  electromagnets ;  and  the 
principle  associated  with  the  use  of  the  term  dynamo  is,  that 
the  current  produced  by  the  armature  is,  wholly  or  in  part, 
used  to  excite  the  electromagnets.  Thus  dynamo-electric 
machines  are  to  be  distinguished  from  magneto-electric 
machines,  in  which  permanent  magnets  are  used. 

Simple  dynamo-electric  machines  are  of  two  kinds — main- 
circuit  machines  and  shunt-circuit  machines.  In  main-circuit 
machines  the  whole  of  the  main  current  is  sent  round  the 
electromagnets ;  in  shunt-circuit  machines  a  branch  current 
is  diverted  from  the  main  current,  and  used  to  excite  the 
electromagnets. 

Both   of  these  types   fail  under  certain  conditions  of  the 

*  Communicated  by  tLe  Autlior,  being  a  Paper  read  before  the  Asb- 
molean  Society,  March  6,  1883. 
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external  resistance ;  and  the  conditions  of  failure  are  opposite 
in  the  two  cases. 

Main-circuit  machines  fail  when  the  external  resistance  is 
high  ;  for  then  the  current  produced  is  small,  the  excitation 
of  the  magnets  fails,  and  the  action  ceases. 

Shunt-circuit  machines  fail  when  the  external  resistance  is 
low,  as  when  the  carhons  of  an  arc  lamp  accidentally  touch, 
and  the  resistance  becomes  very  small ;  for  then  the  whole 
current  is  diverted  from  the  shunt  to  flow  through  the  short 
circuit,  the  excitation  of  the  shunt  magnets  fails,  and  the 
action  ceases. 

It  has  been  proposed  by  several  persons,  independently,  to 
get  rid  of  these  failures  by  combining  the  two  modes  of  ex- 
citation. For  this  purpose  the  magnets  are  wound  both  with 
main  and  shunt  coils — the  main  coils  carrying  the  main  circuit, 
and  the  shunt  coils  carrying  a  derived  circuit.  The  main 
coils  are  most  strongly  excited  when  the  shunt  coils  fail ;  and 
the  shunt  coils  are  most  strongly  excited  when  the  main  coils 
fail.  Machines  wound  with  both  main  and  shunt  coils  have 
been  called  compound  machines,  as  opposed  to  the  original 
simple  types  with  main  coils  only  or  shunt  coils  only. 

Compound  machines  are  capable  of  being  arranged  so  as 
to  fulfil  certain  conditions — for  example,  to  give  a  constant 
E.M.F.  for  varying  values  of  the  external  resistance.  When 
arranged  to  satisfy  any  such  requirement,  they  have  been 
called  self-regulating  machines. 

Several  types  of  self-regulating  machines  are  in  the  market ; 
but  their  principles  have  not  been  made  public. 

The  first  publication  on  the  theory  of  this  matter  appears 
to  have  been  by  Marcel  Desprez,  in  '  La  Lumiere  electrique  ;' 
this  publication  is  not  accessible  here.  From  the  accounts 
that  have  been  given  of  it,  it  does  not  appear  to  treat  the 
matter  from  my  point  of  view. 

The  first  publication  on  the  theory  in  England,  so  far  as  I 
know,  was  in  a  letter  I  wrote  to  the  '  Electrician  '  in  December 
1882,  in  which  I  gave  the  deduction  of  the  form  of  compound 
machines  to  produce  constant  E.M.F.  at  constant  velocity, 
based  on  the  simplest  theoretical  assumptions. 

This  letter  produced  numerous  communications  from  in- 
ventors claiming  the  priority  in  such  machines — more  especially 
a  general  description  by  Mr.  Paget  Higgs,  and  a  series  of 
papers  by  Mr.  Gisbert  Kapp,  in  one  of  which  a  graphical 
method  was  described  for  the  examination  by  trial  of  different 
forms  of  winding,  no  doubt  a  satisfactory  means  of  arriving 
at  practical  results.  Attention  has  also  been  called  to  the 
matter  in  various  public  lectures.     These  have   been  partly 
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descriptive,  and  partly  devoted  to  the  inti-oduction  of  new 
and  ingenious  arrangements.  But,  so  far  as  can  be  judged 
from  the  reports  available,  nothing  has  been  added  to  the 
theory,  regarded  from  my  point  of  view. 

I  have  not  been  able  to  experiment  largely  on  the  subject, 
as  it  would  necessitate  the  abandonment  of  other  work ;  and 
there  are  other  laboratories  specially  instituted  for  electrical 
work,  where  this  may  more  properly  be  done.  But  I  have 
made  one  successful  experiment  which  is  worth  mentioning. 

My  Gramme  machine  fails,  as  all  main-circuit  machines 
fail,  when  it  is  attempted  to  drive  a  current  through  a  high 
external  resistance.  With  any  thing  over  10  ohms  the 
machine  fails.  Now  it  was  obvious  that  a  comparatively 
small  shunt  coil  wound  over  the  main  coils  -would  be  well 
excited  in  the  case  of  high  external  resistance,  and  would 
assist  to  start  the  action  of  the  machine  in  these  cases. 

The  space  available  round  the  main  coils  was  small  ;  but  I 
succeeded  in  winding  nearly  2000  coils  of  a  small  wire  on 
pasteboard  cylinders  which  tit  over  the  main  coils.  The  re- 
sistance of  the  new  coils  is  about  27  ohms.  They  are  attached 
to  the  armature-brushes,  and  form  a  shunt.  They  make  a 
great  difference  in  the  performance  of  the  machine. 

Without  joining  up  the  main  circuit  at  all,  it  is  possible  to 
obtain  an  E.M.F.  of  70  or  80  volts  with  the  shunt  circuit 
alone. 

This  is  sufficient  for  all  ordinary  purposes,  and  is  particu- 
larly useful  in  charging  accumulators  ;  for  it  obviates  the 
necessity  of  all  the  troublesome  arrangements  for  starting 
the  charging  which  I  have  previously  described  to  the 
Society*,  besides  obviating  the  chance  of  reversal  so  long  as 
a  reasonable  amount  of  power  is  kept  in  action. 

It  is  no  small  experimental  result  that  any  Gramme  machine 
can  have  its  capacity  for  work  so  greatly  increased  at  the 
small  cost  of  time  and  material  necessary  to  add  to  it  shunt 
coils  of  this  description. 

The  velocity  and  conditions  of  motion  of  a  dynamo  driven 
by  a  prime  mover  depend  on  the  equality  of  the  power  supplied 
by  the  prime  mover  and  the  power  absorbed  by  the  machine. 
We  have  therefore,  first,  to  examine  the  nature  of  the  re- 
lation between  the  power  supplied  and  the  velocity,  and, 
secondly,  the  relation  between  the  power  absorbed  and  the 
velocity. 

The  relation  between  the  power  supplied  by  a  prime  mover 
and   the    velocity  is  determined   generally  by    a  governor. 
Whether  this  be  the  case  or  not,  we  can  suppose  the  powers 
*  Phil.  Mag.  xiv.  p.  250. 

Phil.  Mag.  S.  5.  Vol.  15.  No.  94.  AprU  1883.  X 


278  Mr.  R.  H.  M.  Bosanquet  on  Self-regulating 

set  off  as  ordinates  p,  and  the  velocities  as  abscisssB  v.  We 
shall  then  obtain  a  curve  corresponding  to  a  relation  between 
p  and  V,  which  we  may  call  the  governing  function  of  the 
prime  jnover  or  engine. 

When  the  load  is  very  great  it  will  bring  the  engine  to 
rest ;  then  the  velocity  and  power  supplied  are  both  zero. 
Again,  when  the  engine  is  running  free  from  load  it  is  supply- 
ing no  work,  and  the  velocity  has  its  greatest  value. 

The  most  general  expression  satisfying  these  conditions  is 
based  upon  the  form 

;j  =  PsMi^.7r, 

where  P  isthe maximum  power 
absorbed,  V  velocity  of  free 
running. 

This  law  is  illustrated  in 
fig.  1. 

By  Fourier's  theorem  any 
law  whatever  of  this  kind 
may  be  represented  by  an  equation  of  the  form 

jj  =  Pi  sin 

+    ....     ad  infinitum  ; 
Pi,  P2,   &c.   are  coefficients,  positive  or  negative,  to 
be  determined  in  accordance  with  the  law  to  be  represented. 
The  sharper  the  point  of  the  curve,  the  more  considerable  the 
higher  terms  of  the  series  will  be. 

These  forms,  however,  are  useless  for  simple  purposes  ;  and 
we  have  to  consider  the  representation  of  governing  relations 
by  simple  approximate  formulcB. 

The  simplest  assumption  for  many  purposes  is  that  the 
curve  consists  of  two  straight  lines,  forming  a  triangle  whose 
base  is  V,  the  velocity  of  free  running.  The  altitude  of  the 
vertex  is  P,  the  maximum  power  expended.  If  we  suppose 
the  vertex  a  little  rounded,  this  may  be  adjusted  to  represent 
many  cases. 

Along  OP  the  law  may 
be  written  y>  =  ai'. 

Along  PV  it  may  be 
written  p=  — /3(u— Y). 

The  latter  assumption 
is  not  convenient  for  our 
present  purpose  ;  and  we 
shall  prefer  to  represent 
the  falling  part  of  the  curve,  which  shows  the  cutting-off  of  the 


V  V  V 

=r^7r  +  P2  sin  2=^7r  +  P3  sin  S^ir 


where   Pi,  Pg,   &c 


Fi-.  2. 
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power  at  increasing  speeds  by  the  governor  or  otherwise,  by  a 
hyperboHc  curve. 
"  (1)  Common  rectangular  hvperbola  pr  =  K-  (fig.  3). 

(2)  p.^  =  KM%4). 


(n) 


pi'«=K"+^ 


Fiff.  3. 


p^av. 


(1) 


pv=K-.  p  =  aV 

dv  ~      v^ ' 
at  the  vertex,  where  p  =  r  =  K,  =  —  1 


pv 


=  K\ 


and  at  this  point,  on  the  bisector  of  the   axes,  the  curve  is 
inclined  downwards  at  45°. 


(2) 


^'=-2^=  -2  at  vertex  ; 

dv  r 

curve  at  vertex  is  inclined  downwards  at  63i°. 


Similarly  the  inclination  downwards  at  the  vertex  increases 
rapidly  ;  and  for 

,   ^  dp  K"+^ 

the  tangent  of  the  downward-pointing  angle  is  n. 

We  can  approximately  represent  most  governing  relations 
by  a  straight  line  meeting  such  a  hyperbolic  curve.  The 
part  which  represents  the  state  of  things  where  the  governor 
is  in  action  is  on  the  curve  beyond  the  point  of  junction  with 
the  straight  line. 

Consider  first  the  straight  line  from  0;  />  =  av.  The 
power  is  proportional  to  the  velocity.  This  will  be  the  case 
so  long  as  the  steam  is  supplied  at  constant  pressure.  For 
power  is  pressure  on  piston  x  velocity.  But  pressure  on 
piston  is  constant ;  .*.  power  varies  as  velocity.  The  hyper- 
bolic curves  represent  governors  which  are  sharper  and 
sharper  as  n  increases.  In  the  case  of  an  infinitely  sharp 
governor  the  governing  function,  or  curve  of  supplied  power, 

X2 
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is  a  vertical  straight  line.     The  actual   value  of  p  is  in  this 
3ase  indeterminate;  it  may  vary 
from  zero  up  to  the  full  height  ^^"  '^' 

of  the  straight  line  vp  (fig.  5); 
and  the  smallest  variations  of  v 
will  cause  it  to  oscillate  between 
these  extreme  values.  Uniform 
motion  would  not  be  practically 
possible  under  an  arrangement 
of  this  kind,  and  it  does  not 
answer  for  the  governor  to  be  too  sharp.  A  moderate  incli- 
nation represents  the  case  of  all  practical  governors  which 
depend  on  variation  of  velocity*. 

These  remarks  do  not  apply  to  phase-governors  such  as 
that  of  my  uniform-rotation  machine.  In  this  machine  the 
average  velocity  is  always  that  due  to  the  connexion  with  the 
clock;  and  the  governing  action  is  produced  by  variations  of 
the  distance  at  which  the  machine  follows  the  clock,  so  to 
s])eak.  I  believe  that  governors  of  this  type  are  in  the 
market.  In  these  cases  the  power  delivered  is  determined 
by  considerations  other  than  the  variation  of  velocity. 

If  in  such  cases  it  is  desired  to  impose  conditions  on  the 
supply  of  power,  the  phase,  or  distance  of  following  the  stan- 
dard motion,  must  be  used  to  control  the  governing  action, 
instead  of  any  mechanism  depending  on  absolute  changes  of 
velocity. 

We  have  to  deal,  secondly,  with  the  relation  which  re- 
presents the  power  absorbed  by  the  machine  at  different  velo- 
cities. 

Consider  the  case  of  machines  with  constant  excitation — in- 
cluding magneto  machines,  machines  with  magnets  separately 
excited,  and  dynamo  machines  in  which  the  magnets  are 
saturated.  Let  ^  be  the  constant  field  intensity  at  right 
angles  to  the  circumference  of  the  armature,  v  the  velocity, 
I  the  effective  length  of  the  armature-wire,  and  E  tlie  E.M.F. 
developed.     Then 

E  =  ^rZ  in  C.G.S.  measure, 
power  absorbed  _    E^ 

*  It  lias  been  saidtliat  gas-enfrine  governors  are  of  the  intiiiitely  sharp 
trpe  ;  but  this  is  not  so.  ^*hen  the  impulses  are  discontinuous  and  at 
considerable  intervals,  the  eflect  of  their  occa,«ional  suppression  is  distri- 
buted in  the  same  way  as  their  normal  action.  The  eflect  of  a  governor 
which  shut  ott" the  steam  from  an  ordinary  engine  completely  on  the  least 
rise  of  speed  would  be  very  dillerent. 
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(R  resistance  of  armature,  r  remaining  resistance), 

r  being  constant ;  this  is  a  parabola.  As  r  varies,  the  para- 
meter of  the  parabola  varies,  and  we  have  a  series  of  curves 
such  as  those  shown  in  fig.  6. 

Now  draw  any  governing  curve,  or  curve  of  supplied  power 
(fig.  ());  it  intersects  the  curves  of  absorbed  power  in  points 

Fi-.  6. 


which  represent  equality  between  supplied  and  absorbed 
power,  and  therefore  defines  the  motion  of  the  machine  for 
the  values  of  r  concerned. 

If  the  governing  curve  be  regarded  as  the  assemblage  of 
such  points,  it  defines  the  motion  of  the  machine  under  the 
action  of  a  given  engine  as  the  resistance  varies. 

We  may  invert  and  generalize  the  process. 

Take  the  function  of  absorbed  power /"(/?. t'.?')  =  0.  It  is 
required  to  define  the  motion  so  as  to  satisfy  a  given  con- 
dition. 

Between /(j9.t'.r)  =  0  and  the  given  condition  eliminate  r. 
There  results  an  equation  of  the  form  F(p.i-)  =  0,  which  must 
hold  for  all  points  defining  the  motion.  This,  if  embodied  in 
a  governor,  will  determine  the  motion  so  as  to  satisfy  the  con- 
dition independently  of  r. 

There  is  one  general  condition  which  must  be  satisfied  that 
the  motion  may  be  stable.  This  is,  the  curve  of  absorbed 
power  must  pass  from  below  to  above  the  curve  of  supplied 
power  at  the  intersection  as  v  increases. 

For  in  this  case,  if  the  velocity  be  accidentally  increased, 
more  power  is  absorbed  than  supplied,  and  the  velocity  is 
checked.  Similarly,  if  the  velocity  be  accidentally  diminished, 
more  power  is  supplied  than  absorbed,  and  the  velocity  is  in- 
creased and  the  motion  is  stable. 

If  the  curves  coincided,  the  equilibrium  of  the  motion  would 
be  neutral. 

If  the  curve   of  absorbed    power    passed    from    above  to 
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below  the  curve  of  supplied  power  with  increasing  v,  the 
motion  would  be  unstable. 

The  condition  of  stability  may  be  thus  expressed :  if  p^  be 

power  absorbed  and  p^  power  supplied,  -j^  —  ^—  must  be 
positive. 

I  will  now  apply  the  above  rules  to  the  case  already  men- 
tioned of  a  constant  field  33  normal  to  the  armature  "surface  ; 
this  includes  magneto  machines,  machines  with  separate  exci- 
tation, and  saturated  magnets. 

(1)  The  equation  of  the  machine  is  ^9=  -p        • 

(2)  Let  the  condition  be  E  =  constant. 

.-.  f=  constant,  since  E  =  St.'Z. 

This  is  already  independent  of  r;  so  it  is  not  necessary  to 
eliminate.  And  v=  constant  is  the  ideal  governor.  It  cannot 
be  I'ealized  by  a  function  of  v  and  p. 

(3)  Regarded  as  a  line  of  great  steepness  directed  down- 
wards, this  (t'  =  const.)  satisfies  the  condition  of  stable  motion; 
but  if  the  line  be  absolutely  upright,  the  equilibrium  is  neutral; 
for  if  it  were  turned  over  in  the  least,  the  equilibrium  would 
be  unstable,  except  for  the  greatest  value  of  p. 

I  will  now  take  the  same  case  subject  to  the  condition  of 
constant  current: — 

(1)  is  ;>=  ^z; — '-,  as  before. 

(2)  C  =  const., 

.•.  p  =  Q'$)vl,  the  required  governing  function. 

(3)  ;:)  =  CSr/  is  capable  of  governing  jt?=  ^ in  stable 

motion.  ^^^ 

A  governing  arrangement  of  the  typejt)  =  X--r  can  be  realized, 
as  observed  above.  It  is  only  necessary  to  supply  steam  at 
constant  pressure,  by  means  of  a  reducing-valve  or  otherwise. 
Then  the  power  is  pressure  x  velocity,  and  is  proportional  to 
the  velocity  when  the  pressure  is  constant. 

We  hear  of  self-regulating  arrangements  of  dynamo 
machines  by  which  the  current  is  supposed  to  be  kept  con- 
stant under  varying  resistance.  But  since  the  electrical  power 
absorbed  is  C"'^(R  +  r),  it  is  obvious  that  some  arrangement 
must  be  made  to  supply  a  power   proportional  to  the  resist- 
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ance.  And  this  must  ultimately  depend  on  the  governing 
function  of  the  prime  mover. 

The  following  example  leads  to  an  unstable  solution. 

Same  machine  with  constant  field  =  33.  It  is  required  to 
keep  the  difference  of  ]:»otential  between  the  armature-brushes 
constant.  This  includes  the  case  of  constant  potential  between 
the  ends  of  leads. 

R  is  the  resistance  of  armature  (with  leads), 

r  external  resistance ; 

T 

e=  ^n E  is  to  be  kept  constant. 

XX +  r  '■ 

(2).  =  const.=  j^.E  =  ^,^./, 


R 


R  +  r  =  R 


i^vl-e)' 
S&vl 


^vl- 


(0-)  dpa  _  dp,  _  _   2rv^^P        ^le 
^  ^  civ       dv  R(R  +  r)  +    R 

S//       2rE         \ 

=  rV~r+T'+V 

/  .  E\ 

I  smce  r  =  --,  I 

___me 

~       R' 

and  the  governing  function  which  satisfies  the  required  condi- 
tion gives  rise  to  unstable  motion. 

I  will  now  consider  the  simplest  assumption  that  can  be 
made  in  connexion  \\ith  the  ordinary  main-circuit  machine. 
It  is  that,  according  to  the  law  of  electromagnets  generally 
accepted,  the  excitation  of  the  magnets  is  proportional  to  the 
number  of  coils  and  to  the  current  circulating  in  them,  or 

^  =  knC; 

/^Cmav  be  called  current-turns. 


284  Mr.  R..  H.  M.  Bosanquet  on  Self -regulating 

The  equation  E=Sr/  then  becomes 
E  =  A«Cr/. 
E 


In  main-circnit  machines,  C  = 


1  = 


n+r 

hii'l 
R+7'' 


and  V  can  only  have  one  value  for  a  given  value  of  r,  Avhich 
does  not  correspond  with  fact. 

The  same  difficulty  applies  to  dynamo  machines  of  all  types. 
The  inference  is  that  the  assnm|)tion  that  the  field-magnetism  is 
proportional  to  the  number  of  current-turns  is  wrong. 

In  fact,  in  the  equation  E  =  33r/,  if  E  is  not  to  strike  out  on 
both  sides,  S  must  be  some  other  function  of  E  than  the 
simple  first  power.  The  point  is  most  easily  dealt  with  by 
assuming  33  proportional  to  a  power  <y  of  the  current-turns. 
7  may  not  be  an  absolute  constant;  but  its  value  can  be  easily 
obtained  in  the  different  parts  of  the  range  of  the  machine. 

Then  we  get  an  equation  of  the  form 


or 


for  given  resistance. 
Dividing  by  (R-f-r)'-^ 


E  =  KiEV, 
E '"■''= Kir 


Pat 


1  ,1  .1 

=  .r,  or  1—7=-,  or7  =  l— -; 


17  /  7#  — 

—  7  a  X 

then 

a  relation  which  can  be  easily  examined  experimentally. 

I  have  examined  this  relation  with  my  Gramme  machine, 
chiefly  using  the  main  circuit  only.  It  is  clear  that  the  exci- 
tation by  a  given  number  of  current-turns  cannot  depend  on 
their  supply  l)y  shunt  or  main  circuit;  so  that  it  is  sufficient  to 
examine  the  law  in  this  simpler  case. 

The  result  may  be  described  by  assigning  approximate 
values.  I  consider  5  to  20  am])eres  the  practical  range  of  my 
machine.     Without  pretence  to  accuracy,  I  obtain 
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Current. 

amperea.  x.  y. 

5  3  I 

10  2  i 

15 
20 
cV=:l,  7  =  0  correspond  to  the  condition  of  saturation. 


V   average 


1-25  1 


Theoretical  Basis. 

I  will  now  examine  the  effect  of  a  small  change  of  velocity 
dv  in  a  dynamo,  first  on  the  ordinary  theory,  and  then  accord- 
ing to  the  hypothesis  above  indicated. 

Let  the  equation  of  development  of  B  be 

E^=Km-  =  K'Ei;, (1) 

and  suppose  that  initially  E(i  =  E  =  Eo, 
V  becomes  v  +  dv. 
An  increase  takes  place  in  the  E  developed  ; 

rfiE  =  K'EofZr, 
or,  dividing  by  (1), 

f?iE  _  dv  . 

Eo-7 ^^^ 

This  increase  develops  in  time  an  increase  of  magnetism,  so 
that  E  on  the  right  of  (1)  becomes 

=  Eo  +  d,E. 

The  increased  magnetism  develops  in  turn  on  the  left  an 
increase  of  E,  =(^3^;  and  the  amount  of  the  change  is  the 
same  as  in  the  first  case;  and  so  on. 

Hence  there  are  an  infinite  number  of  equal  increments  of 
E.M.F.  developed  l^y  a  single  change  dv;  and  the  total  change 
mav  be  expressed, 

AE_       dv 
E  ""^  T 

This  being  contrary  to   experience,   we   will   introduce    the 
hypothesis  that  the  change  of  magnetism  falls  short  of  the 
change  of  exciting  current  in  a  ratio  y,  which  is  less  than  unity. 
^Ve  arrive  as  above  at  equation  (2), 

d^E  _  dv 

Eo  ~  v  ' 

An  increase  of  magnetism  is  next  developed;  but  by  hj-po- 
thesis,  instead  of  being  the  full  increase  due  to  f/iE,  it  is  dimi- 
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nished  in  ratio  7.     So  that  the  next  increment  of  E,  developed 
by  the  motion  in  the  increased  field,  is  defined  by 

(l^_    dv 
~^~^  v' 

Similarly  each  successive  term  is  derived  from  the  preceding 
by  multiplication  by  7.     Whence 

1      dv 


1— 7   V  ' 

or,  if  we  now  write  c/E  for  AE,  since  the  total  change  is  com- 
parable with  dv, 

f/E  _  J_  dv^ 
fcj        1— 7   V 

loge?;  =  (l— y)  log  E  +  constant, 
or 

t?  =  E'~"''x  constant; 
which  is  the  form  of  equation  above  assumed. 


Integrating, 


We  will  now  consider  the  general  case  of  a  machine  having 
the  magnets  wound  both  with  main  and  shunt  coils. 

Number  of  Coils. 
n  main-magnet  coils.       v  shunt  coils. 

Resistances. 

R  armature,  r  external  and  magnets,  p  shunt  coils. 
r  resultant  of  r  and  p  in  parallel  circuit. 

1_1       1^ 
r      Y       p 

It  is  required  to  simplify 


R  +  r 
1 

1  1 
-  +  - 
r       p 


1+^ 
P 
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r 

_            P 

r 

R  +  r 

R+    ^■ 
1  +  ^ 

■  «0%-)+^ 
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r 


R  +  iV 

where  s=l  H ,  and  is  a  little  greater  than  unity. 

E.M.F. 

E  =  total  E.M.F.,  e  between  armature  terminals. 

E 


E. 


R  +  r 

_      r 
~  R  +  rs 

Current. 

C  in  main  coils   =  - 
r 

_E  T 

~  r    R  +  r 

_      E 
~  R  +  rs' 

0 

p 

-  r    E 

/3  R  +  rs 

Current-turns  =N. 

nC  +  vc=N, 
E 


c  in  shunt  coils   =  - 


(n+  *'r  )  ^  =N 

V        p    /  R  +  vs 


=  FE. 
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where  V 

n+  -  r 

F= P-. 

H  +  YS 

Magnetic  field  =33. 

Equation  of  E.M.F.  developed. 
E  =  53t-/. 

v=  velocity  of  conductor  of  armature  at  right  angles  to 

lines  of  force, 
lz=  effective  length  of  conductor; 

.-.  E      =l\v{FEy, 

■         y 

E      =(JXry-'F'-'^. 
Put  ,1,11 

7=1 ,      l—y=- =.r; 

'  X  .V       I  —  y 


E={i\vyF--\ (I.) 


where  ,    v 


For  main  circuit  only,  p  =  cc,  v  =  0,  s  =  l. 

F=-^. 
R  +  r 


For  shunt  circuit  only,  n=.0. 
V      r 


F= 


p  R  +  rs 


-  determines  the  wire  of  the  shunt.     It  is  the  number  of 
turns  that  has  a  resistance  of  ]  ohm.     Otherwise,   ^  is  the 

V 

rcsistaiice  of  one  turn  of  the  shunl  coil. 
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Dynamo  icith  constant  E.M.F.  and  Velocity. 
If  r  =  0,  or  the  main  circuit  is  short-circuited, 

R 

If  r  =  oo  ,  or  the  main  circuit  is  not  joined  up, 

V   _        V 

ps      R  +  p 


F=-^=      ' 


If  E  and  v  are  to  be  the  same  in  all  cases,  thcj  must  be  the 
same  in  the  extreme  cases  when  the  main  circuit  is  short- 
circuited  and  nol  joined  up.  In  fact,  by  (I.),  F  is  constant  if 
X  is  constant.     Whence,  equating  the  above  values, 


R      R  +  />' 

which  is  the  condition  for  machines  of  constant  E.M.F.  and 
velocity,  under  circumstances  for  which  x  can  be  considered 
constant. 

The   same   condition  can   be  obtained   more  generally  by 
making  F  constant  for  all  values  of  r. 

F(R  +  r.O  =  'i+-i-- 
P 

If  this  is  true  independently  of  r,  the  coefficient  of  r  and  the 
constant  terms  must  vanish  separately; 


and 


^^  =  '^'     ^=IW' 


R      R  +  p' 


as  before.     This  only  holds  true  so  long  as  x  is  constant. 

This  condition  was  first  given  in  my  letter  to  the  'Electrician,' 
but  without  having  regard  to  s,  or  to  the  variation  of  x,  which 
is  a  much  more  serious  thing,  or  to  the  stability,  which  is  more 
serious  still. 

In  order  to  take  count  of  these  matters,  we  must  j^repare 
the  general  values  of  E,  C,  and  p. 

From  (1.)  we  have 

V 

n  +  -  r 


E=('Af/(ij-/J". 
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Hence 

E  +  r.^       \        p   J       \R  +  r6/  ' 
_    E^  1     _  1  _  r 


1+''        Rfl+-)+r 
P  V         p/ 


1  + 

_. P 

R  +  rs 


r 


p-^'^HnWs) 


V  ^       r 


2(x-l) 


R  +  r« 


(w+-r) 

^      ^       (R  +  r^)'-^-^    V        p/ 


I  will  now  assume  the  condition  E  =  constant.  We  have 
to  eliminate  r  between  this  and  the  equation  for  p.  The  con- 
stants of  the  machine  will  then  be  at  disposal  for  determining 
the  governing  relation. 


(1)  We  have 


1+^ 


p  =  W 


R  +  rs 

p(R  +  rs)  =  E-'(l+'\ 


V  P 
(2)  Again, 


? =Ksay=  P_ 

^       R  +  rs' 


+  VS 

KR-n      =r(''-K..j 


K(R  +  r.s)  =  «+  -r, 


Dyna) no-electric  Macltines.  291 

Eliminating  r, 

W  _ 


KR-n   ~  V      „ 


whence 


{Rv         \      E-  ,  „  . 


The  condition  ^  =  —  makes  the  coefficient  of  p  vanish;  so 

it      ps  '■ 

that  the  power  supplied  must  be  independent  of  the  velocity. 
We  have  seen  that  in  a  similar  case  the  equilibrium  of  the 
motion  is  neutral,  and  the  arrangement  is  not  likely  to  be 
of  use. 

The  value  of  v  in  this  case  will  depend  on  E  and  on  x,  and 
is  determined  by  the  condition 

v  —  n—'Kp  =  0. 

(3)  It  remains  to  examine  the  stability.     Writing  for  K 
its  value,  the  o'overnino;  relation  becomes 

If  we  assume  —  >  Ti,the  motion  will  not  generally  be  stable. 
sp       it  o  ^ 

For,  using  the  general  value  of  the  power  absorbed, 


and 


2(x-l) 


t=-(-)1^X(-^)   (-^)' 


dp,  E2  x       E 


1 

x-l 


SJlj 


dv      /Rv 


1 


Both  terms  of  -^ 7-^  are  therefore  positive  in  themselves. 

CIV        dv 

As  X  comes  to  differ  little  from  1  the  second  term  increases 
indefinitely  ;  therefore  anywhere  near  the  point  of  saturation 
of  the  magnets  the  motion  would  be  unstable. 
We  must  therefore  have 

V        n 
sp      R 
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mi        (^Ps  1  ,.        .      . ,     , ,,        ,  '/p„     (fPs   .       1 

Inen  -7-  becomes  nep;ative  in  itselr,  and  —, ^  is  always 

av  ^  av       civ 

positive,  so  that  the  motion  is  stable. 

The  governing  relation  is  therefore 

1 

^      ^pn  —  Rv  \  _^    / 

(ixvy-' 

The  practical  deductions  are  as  follows  : — The  ratio  of 
shunt  and  main  coils  is  subject  to  a  condition  in  order  that 
the  required  governing  relation  for  constant  E.M.F.  may  be 
stable.     This  condition  may  be  put  in  the  form 

R  n 

<  -• 


li  +  p       V 

This  tells  us  therefore  that  the  ratio  of  the  number  of  main 
coils  to  shunt  must  be  greater  than  that  of  armature  resistance 
to  sum  of  armature  and  shunt  resistance. 

A  suitable  value  of  R//o  might  be  1/100.  Then,  suppose 
there  are  10,000  coils  in  the  shunt,  there  must  be  more  than 
101  coils  of  the  main  circuit. 

Under  these  circumstances  it  would  appear  that  there  is 

another  condition  to  be  fulfilled  in  order  that  the  expression 

for  the  power  may  be  positive,  viz. 

1 

v—n         E*-^ 
<  ^• 


{ixvy 

But,  rememberino;  that  7jr-\x  =  F'^~\  this  condition  becomes 
^  "^  {iXv)  ' 


E         ^.-1 


V 

n  +  -r 
V — 11  p 


p     ^R  +  r*' 

and  it  can  be  shown  that  this  reduces  to  the  same  condition  as 
that  found  above,  viz. 


E/        R   N 


n 

sp\""    R  +  pJ         V 


So  that  it  is  only  necessary  to  satisfy  this  one  condition. 
This  being  so,  the  governing  function  assumes  the  forjn 

A  B 
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A  could  be  got  rid  of  by  making  n  =  v,  which  satisfies  the  con- 

r 

ditions.  Then  there  remains  a  hyperbolic  governor,  /w^~^  =  B. 
This  does  not,  however,  appear  to  be  a  good  solution  in  prac- 
tice. One  would  be  disposed  to  have  v  at  least  three  times  as 
great  as  n.  In  my  Gramme  machine  as  I  have  re\-.  ound  it, 
E/R  +  p  is  about  1/55^  n/v  about  1/2  :  this  is  well  within  the 
conditions,  and  yet  past  the  point  v  =  7i.  For  practical  purposes 
the  shunt  excitation  would  bear  to  be  much  stronger.  It  is 
difficult,  however,  to  deal  with  practical  applications  at  pre- 
sent, as  we  know  nothing  definite  about  the  governing  func- 
tions of  the  engines. 

As  X  approaches;  unity  the  sharpness  of  the  governor  re- 
quired is  much  increased.  This  seems  to  point  to  a  control  of 
the  governor  by  the  current ;  for  this  increases  as  .r  approaches 
1,  or  as  the  magnets  approach  the  point  of  saturation. 

An  interesting  result  is  obtained  in  the  case  of  main  coils 
only,  where  E  is  to  be  constant. 

Putting  p  =  <x> ,  1^=0,  s=l,  in  the  general  formulae, 

^=(irhrW, (1) 


^=I^= (2) 


from  (1), 


whence  from  (2), 


R  +  r=w^ ^ 


2j-1 

E^-1 
P= 1 


x-l 


For  A' =  2,  this  is  of  the  form 

A 

J.      y- 

a  hyperbolic  governor  of  moderate  sharpness. 
If.r=3,  P=~l' 

less  sharp.     If  x  diminish  nearly  to  1,  the  sharpness  required 
is  greatly  increased. 

These  cases  are  interesting,  since  they  explain  the  possi- 
Fhil.  Mag.  S.  5.  Vol.  15.  No.  94.  April  1883.  Y 
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bility  of  a  self-regulation  by  main  coils  alone,  which  was 
pointed  out  experimentally  by  me  in  a  former  paper  (Phil. 
Mag.  xiv.  p.  247). 

General  case  of  constant  current : 

E^  E^     /       r\ 

and  E  =  C(R  +  r.s); 

condition,  c= constant, 

The  general  elimination  of  r  is  hardly  possible. 
But  taking  main  coils  only, 

p  =  co,     v  =  0,     s=l, 


^  --i^J-- 


or 

1       i-i 


C^=/i 


iXv 

1  £-1 

p&  =  C-7l   ^   IXV, 
2J--1    .i-l 

jy  =  C   "^   w  ■*'  /Xr, 

a  rectilinear  governor  as  before,  which  ciin  govern  ^^  =  Ar''  in 
stable  motion. 

There  can  be  no  doubt  that  the  case  of  constant  current  is 
best  dealt  with  by  main  coils  only. 

The  governing  function  supplying  power  proportional  to 
the  velocity  is  probably  the  only  example  of  a  simple  theo- 
retical governing  function  which  could  be  easily  realized  in  a 
rigorous  manner  in  practice.  This  would  be  done,  as  has  been 
observed  already,  by  a  reducing  valve,  delivering  steam  in 
unlimited  quantity  at  constant  pressure. 

I  will  now  a])ply  the  method  uj)  to  a  certain  point  to  a  par- 
ticular case  of  the  general  ])roblem,  in  which  the  E.M.F. 
between  armature-brushes  is  required  to  be  constant. 

rE 


K  +  r 


=  g  =  constant. 
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From  ,      r 

1  +  - 

^  R  +  rs 

and  the  above  we  get  a  quadratic  in  r, 

Then  from  v 

,  71  +  -  r. 


E='^%=('-r(^^) 


we  have 


'='{wk)(:'+-p') 


+1 


In  the  general  case  this  is  intractable;  but  for  particular  values 
of  X  something  can  be  made  of  it. 

Let  cr  =  2,  which  corresponds  to  a  wide  range  somewhat 
below  the  point  of  saturation  of  the  magnets.  Then  we  get 
another  quadratic  in  r, 

1-2  (s\-~{l\rf\  +  r  (2eRs-n  (/Xr)-)  +  eW^O. 

The  next  step  is  to  eliminate  r  between  the  two  quadratics.  I 
have  used  the  formula 

for  the  eliminant  of 

«0^''  +  ^l^'  +  ^'2  =  0j      ■ 

^ov'  +  />ir  +  />o  =  0. 

The  computation  is  of  great  length,  and  I  have  not  completed 
it.  It  results  in  an  equation  of  the  6th  degree  in  p  and  v,  of 
which  the  terms  of  the  6th  and  4th  orders  are  as  follows : — 

.,x..)v«f{«(i.?)-.(i.f) 

+ =0. 

These  terms  may  be  written  shortly  in  the  form 

ap^v^  +  hp'^  —  cp^'v'  +  rfi'*  + =0. 

There  can  be  no  asymptotes  except  such  as  are  parallel  to  the 
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Equating  to  zero  the  coefficient  of  the  highest  power  of 
each  variable,  we  find  the  following  asymptotes  : — 
av^  —  c=0,  v'^  =  0, 

With  respect  to  av'^  —  c  =  0,  it  would  seem  that  we  cannot  have 
an  infinite  vidue  of  j>  corresponding  to  a  finite  value  of  v; 
.-.  c  =  0. 

This  gives  the  condition 

^  is  the  current  which  would  be  produced  through  the  arma- 
ture,   if   not   excited,   by  the   given   difference  of   potential. 

Tl 

—  will  generally  be  small.     Neglecting  its  square,  we  have 

R 


n       wV^-lpJ 


a  value  very  close  upon  the  boundary  of  stable  arrangements, 
as  we  see  from  the  investigations  under  the  head  of  E=  con- 
stant. 

Then  all  the  asymptotes  parallel  to  r=0  coincide  with  it. 

With  respect  to  ajt>^  +  (Z  =  0,  these  asymptotes  may  have  real 
values  if  they  can  ;  then  d  is  necessarily  negative. 

....(l.^«)>„(:.f); 

or,  as—  is  small,  practically  v>n,  which  is  in  conformity  with 

r 

practice  and  with  the  above  condition. 

Then  for  high  velocities  p  would  require  to  have  the  con- 
stant value  Vidia). 

The  governing  function  of  the  type  p  =  constant  is  stable 
for  most  cases.  It  is  intermediate  in  character  between  p  =  kv 
and  pv  =  k.  It  obviously  requires  that  the  pressure  on  the 
piston  should  vary  inversely  as  the  velocity. 

In  partially  discussing  these  cases  it  has  been  more  my 
object  to  throw  light  upon  the  general  theory  than  to  obtain 
practical  results.  The  great  value  of  theoretical  investigation 
lies  in  the  suggestion  of  new  ideas ;  and  if  the  above  only  serves 
to  point  out  the  importance  of  the  construction  of  governors 
in  accordance  with  definite  laws,  it  will  not  be  without  use. 
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XLII.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 
[Coutinued  from  p.  223.] 
February  21,  1883.— J.  W.  Hulke,  Esq.,  F.E.S.,  President, 
in  the  Chair, 
n^HE  following  communications  were  read  : — 
-*-      1.  "  On  the  Eelatiou  of  the  so-called  ' ]S"orthampton  Sand'  of 
Xorth  Oxfordshii-e  to  the  Clypeus-Grit."      By  Edwin  A.  Walford, 
Esq.,  F.G.8. 

The  objects  of  the  paper  were  said  to  be  twofold  : — in  the  first 
place  to  show  the  existence  of  some  hitherto  unrecognized  beds  of 
the  Inferior  Oolite  ia  Xorth  Oxfordshire,  and  then  to  endeavour  to 
define  their  position  by  comparison  with  one  of  the  uppermost  of 
the  Cotteswold  subdivisions,  the  Clypeus-grit.  The  area  under 
discussion  was  said  to  be  for  the  most  part  embraced  in  quarter 
sheet  45  IS'.W.  of  the  Geological  Survey,  in  the  X.E.  corner  of 
which  is  situate  the  town  of  Banbury,  whilst  to  the  extreme  S.W. 
lies  Chipping  Xortou.  The  author  first  called  attention  to  some 
remnants  of  a  series  of  oolitic  limestones  at  Coombe  Hill,  near 
Deddington,  which  he  considered  to  be  the  equivalent  of  the  Oolite 
Marl.  He  then  pointed  out  near  Bourton-on-the- Water  the  inter- 
vention of  some  sandy  limestones  and  carbonaceous  clays  between 
the  Clypeus-grit  and  the  Fuller's  Earth ;  he  thought  thej^  might 
possibly  represent  beds  found  above  the  Clypeus-grit  near  Chipping 
Xorton.  The  beds  marked  in  the  map  5'  g  7',  hitherto  termed 
Northampton  Sand,  he  said  were  well  shown  in  the  new  railway- 
cutting  at  Hook  Norton,  and  were  capable  of  being  split  into 
several  divisions : — the  two  thin  base-beds  containing  Ammonites 
Iceviuscidus  and  corals ;  the  next  higher  (series  C)  yielding  a  large 
fauna,  amongst  w'hich  were  Bhynchondla  spinosa,  Trigonia  signata, 
and  a  doubtful  fragment  of  Ammonites  Purlinsoni.  These,  with  a 
higher  series  of  sandy,  marly,  and  siliceous  limestones,  designated 
I)  and  E,  were  proved  to  extend  over  the  high  lands  to  the  S.W. 
It  was  shown  that  at  one  end  of  a  ridge  called  Otley  HUl  the  beds 
C  rested  on  the  Upper  Lias,  whilst  on  the  S.W.  flanks  of  the  ridge 
the  Clypeus-grit  was  to  be  seen  also  resting  upon  the  Upper  Lias. 
A  road-section  near  Over  Norton,  he  said,  showed  beds  similar  in 
lithological  character  to  C  and  D  of  Hook  Norton,  resting  upon  the 
Clypeus-grit  and  evidencing  a  fauna  of  a  somewhat  similar  cha- 
racter. The  author  thought  that  the  almost  unfossiliferous  series 
E,  which  had  been  called  the  Chipping- Norton  Limesitone,  might 
probably  be  found  to  be  the  equivalent  in  time  of  part  of  the 
Fuller's  Earth,  or  of  some  of  those  beds  of  the  Inferior  Bathouian 
of  the  Cote  d"Or  described  by  M.  Jules  Martin. 

2.  "Eesults  of  Observations  in  1882  on  the  Positions  of 
Boulders  relatively  to  the  Underlying  and  Surrounding  Ground,  in 
North  Wales  and  North-west  Yorkshire ;  with  Remarks  on  the 
Evidence  they  furnish  of  the  Eccency  of  the  Close  of  the  Glacial 
Period."     ByD.  Mackintosh,  Esq.,  F.G.S. 

The  author  began  by  showing  how  boulders  may  be  regarded  as 
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natural  time-measurers  by  their  protecting  the  rock-surface  under- 
neath from  the  action  of  rain,  which,  around  the  boulders,  denudes 
the  surface,  especially  on  the  leeward  and  windward  sides,  where 
hollows  resulting  from  pluvio-torrenrial  action  may  generally  be 
seen.  He  then  describer]  and  explained  the  origin  of  the  different 
forms  of  supports  uudcr  boulders,  which  graduate  from  flat  surfaces 
to  pedestals  of  various  forms,  which  he  div'ided  into  appropriated 
(or  preexisting),  and  those  acquired  through  the  boulders  protect- 
ing the  underlying  rock  from  denudation.  The  author  then  de- 
scribed the  positions  of  boulders  on  the  high  and  uninhabited 
Eglwyseg  limestone  plateau  near  Llangollen,  where  it  is  certain 
they  had  never  been  disturbed  by  man.  There  he  found  that  the 
average  vertical  extent  of  denudation  by  pluvial  action  around  the 
boulders,  since  their  arrival,  was  not  more  than  six  inches.  After 
endeavouriug  to  account  for  the  fractured  and  crushed  condition  of 
the  rocks  under  these  boulders  by  precipitation  from  floating  ice, 
he  gave  an  account  of  his  discoveries  on  the  high  limestone  plateau 
north-east  of  Clapham  (Yorkshire"),  where  there  is  a  "  ghastly 
array  "  of  many  hundreds  of  large  Silurian  grit  and  slate  boulders, 
nearly  black  in  colour.  From  many  facts  and  considerations  the 
author  endeavoured  to  show  that  most  of  the  pedestals  of  these 
boulders  must  have  existed  before  the  arrival  of  the  boulders,  while 
the  pedestals  acquired  through  the  boulders  protecting  the  under- 
lying rock  from  denudation,  were  generally  imperfectly  fonned. 
On  the  Clapham  plateau  he  found  that  the  average  vertical  extent 
of  denudation  around  the  boulders  with  acquired  pedestals  was  not 
more  than  on  the  Eglwyseg  plateau,  or  about  six  inches.  In  the 
case  of  boulders  which  were  not  well  adapted  to  concentrate  rain- 
water, the  extent  of  lowering  of  the  surrounding  rock-surface  was 
often  inappreciable  ;  and  this  accounted  for  the  continuous  extension 
of  flat  limestone-rock  surfaces  'under  some  of  the  boulders.  The 
author  then  described  what  he  had  found  to  be  prei/lacial  as  well 
as  postglacial  rain-grooves  on  limestone-rock  surfaces,  near  ^iuera 
and  on  Halkin  mountain  (Xorth  Wales),  where  he  found  the  average 
depth  of  those  of  the  grooves  which  were  probably  postglacial  to 
be  about  six  inches.  In  conclusion  the  author  entered  into  a  con- 
sideration of  the  time  which  has  elapsed  since  the  close  of  the 
glacial  period,  and  stated  the  main  results  of  his  observations  as 
follows  : — 

1.  That  the  average  vertical  extent  of  the  denudation  of  limestone 
rocks  around  boulders  has  not  been  more  than  six  inches, 

2.  That  the  average  rate  of  the  denudation  has  not  been  less  than 
one  inch  in  a  thousand  years. 

3.  That  a  period  of  not  more  than  six  thousand  years  has  elapsed 
since  the  boulders  were  left  in  their  present  positions  by  land-ice, 
floating  ice,  or  both. 

3.  "  Notes  on  the  Corals  and  Bryozoans  of  the  AYenlock  Shales 
(Mr,  Maw's  Washings)."     By  CI.  ii.  Vine,  Esq. 
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XLIII.  Intelliyeace  and  Misceilaneons  Articles. 

ON  CENTRAL  FORCES  AND  THE  CONSERVATION  OF  ENERGY. 
To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

Gentle:mek, 
"|VrR.  BEOWXE  asserts  that  my  criticism  of  his  paper  in  the 
■^^  January  number  of  the  Philosophical  iNEagazine  was  not  jus- 
tified, on  the  ground  that  he  had  shown  on  page  3S  that  there  could 
not,  consistently  with  the  conservation  of  energy,  be  a  component 
at  right  angles  to  the  straight  line  joining  the  two  particles.  Now 
the  assertion  that  such  a  component,  if  it  exists,  will  produce  a 
rotation  of  B  round  A,  which  will  increase  B's  kinetic  energy, 
and  that  this  increase  will  go  on  for  ever,  is  only  necessarily  true 
if  it  can  be  shown  that  the  component  is  not  a  function  of  0  ;  for 
if  it  be  a  function  of  0  it  will  not  necessarily  tend  to  cause  rotation 
continuously  in  the  same  direction.  I  did  not  allude  to  this  in  my 
communication  to  the  February  number,  because  in  the  argument 
M'hich  I  criticised  no  mention  was  made  of  the  fact  that  the  non- 
existence of  a  component  at  inght  angles  to  the  joiiiiug  line  must 
be  assumed  before  it  can  be  shown  that  the  component  in  that  line 
is  a  function  of  the  distance  only :  and  therefore  I  could  not  tell 
whether  Mr.  Browne  considered  this  remark  to  justify  his  previous 
arginuent,  or  to  be  justified  by  it.  IIoweAer,  even  if  it  be  proved 
that  the  component  in  the  joining  line  is  independent  of  0,  it  does 
not  appear  to  follow  that  the  component  at  right  angles,  if  it  exist, 
is  also  independent  of  ti.         I  have  the  honour  to  remain,  &c., 

G.  AV.  TOX  TmfZELMA^flf. 

ON  THE  REFRACTION-INDICES  OF  GASES  AT  HIGH  PRESSURES. 
BY  J.  CHArPUIS  AND  CH.  RIVIERE. 

The  constancy  of  the  refractive  pow  er  of  gases,  assumed  by  Biot 
and  Arago  after  experiments  in  which  the  variation  of  the  pressure 
did  not  exceed  1  atmosphere,  has  not  hitherto  been  verified. 

Since  that  period  the  problems  stated  by  Arago  respecting  the 
refraction-indices  of  gases  have  been  the  subject  of  important  in- 
vestigations ;  but  the  physicists  who  have  occupied  themselves  wish 
these  questions  have  regarded  them  chiefly  as  astronomical,  and 
their  aim  has  been  to  furnish  the  data  which  are  indispensable  for 
the  calculation  of  atmospheric  refraction ;  hence  their  experiments 
have  been  confined  within  the  limits  of  atmospheric  pressures. 

The  remarkable  experiments  of  Andrews  on  the  liquefaction  of 
carbonic  acid  led  him  to  the  obser\ation  of  some  interesting  phe- 
nomena produced  in  the  gaseous  mass  at  the  moment  of  its  change 
of  state.  The  well-known  appearances  described  bv  him  cannot 
but  be  due  to  variations  in  the  index  of  refraction  of  the  gas. 
Moreover  the  disappearance  of  the  meniscus  at  what  has  been 
called  the  critical  temiteruture  proves  that  at  that  instant  the  sub- 
stance under  experiment  has  only  one  index  of  refraction,  while  at 
loAver  temperatures  there  are  to  be  distinguished  the  index  of  the 
liquid  and  the  index  of  the  gas. 

These  facts  appeared  to  us  to  give  some  interest  to  a  study  of 
the  indices  of  gases  at  high  pressures. 
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After  various  trials,  the  interference  method  employed  by  M, 
Jamin,  and  described  in  his  classical  memoirs  on  the  variation  of 
the  indices  of  air,  water,  and  aqueous  vapour,  was  selected  by  us 
as  being  the  most  precise ;  but  it  left  us  confronted  by  a  ditficulty 
which  it  had  not  had  to  surmount :  the  apparatus  employed  in 
previous  experiments  had  only  to  support  pressures,  at  the  most, 
equal  to  the  atmospheric  pressure,  while  we  wished  to  reach  60  or 
70  atmospheres.  We  decided  the  question  by  using  an  apparatus 
already  desci-ibed  and  employed  by  one  of  us*,  and  which  a  modi- 
fication in  certain  details  sufficed  to  render  suitable  for  the  sort  of 
experiments  we  wished  to  attempt. 

This  apparatus,  constructed  by  M.  Grolaz,  permits  the  compres- 
sion of  the  gas  under  examination  to  take  place  in  a  prismatic 
cavity  pierced  in  the  interior  of  a  block  of  steel  of  20  centim. 
lengih  and  closed  at  each  end  by  a  glass  plate  of  1  centim.  thick- 
ness, firmly  fixed.  One  of  the  interfering  pencils  furnished  by  M. 
Jamin's  first  mirror  travei'ses  this  cavity  ;  the  other  pursues,  in  free 
air,  a  parallel  path  at  a  distance  of  1  centim.  Two  glass  plates 
identical  with  the  first  were  interposed  in  the  path  of  this  second 
pencil.  The  two  pencils  afterwards  pass  through  a  compensator, 
and  are  received  upon  the  second  mirror,  where  they  interfere. 
The  fringes  are  observed  horizontal  and  directed  into  a  telescope 
furnished  with  a  reticule. 

In  a  first  series  of  experiments  we  were  able  to  follow  the  cen- 
tral fringe  (white  light)  up  to  65  atmospheres.  Desiring  to  reserve 
to  ourselves  the  time  necessary  for  making  these  measurements 
with  all  the  care  which  they  require,  we  shall  at  present  give  only 
the  result  of  measurements  made  between  24  and  86  atmospheres. 
In  the  third  column  of  the  annexed  fable  wUl  be  found  the  number 
of  the  fringes  (yellow  X  of  sodium)  ^hich  pass  under  the  reticule 
of  the  telescope  for  a  variation  of  pressure  given  by  the  difference 
of  the  numbers  in  the  first  and  second  columns.    Temperature  22°. 

Pressure.  Number  of 

Initial.  Final.  fringes.  n. 

24-5  atm.     28-5  atm.     33.5  0-550 

28-5    „        32-5    „        311  0-510 

32-5    „        36-5    „        338  0-555 

We  have  calculated  the  number  n  of  the  fringes  which  would 
pass  under  the  reticule  for  a  variation  of  pressure  of  1  millim.  of 
mercury  in  a  tube  of  1  metre  length ;  the  results  of  the  calculation 
are  indicated  in  the  fourth  coluu)n. 

The  pressures  were  estimated  with  the  aid  of  a  metallic  mano- 
meter which,  unfortunately,  had  not  sufficient  precision  to  permit 
more  regular  results  to  be  obtained.  Nevertheless  the  numbers  in 
the  fourth  column  differ  but  little  from  the  number  0-556,  which  is 
calculated  on  adopting  for  the  index  of  air  at  22°  the  value  0-000271, 
found  by  M.  Jamin  at  the  atmospheric  pressure. —  Co)nptes  llcndus 
de  VAcademiedes  Sciences,  March  12,  1883,  t.  xcvi.  pp.  699-701. 

*  J.  Chappuis,  "Etude  spectroscopique  sur  I'ozone,"  Ammles  Scieii- 
toques  de  lEcoJe  Normale  superieure,  2*=  serie,  t.  xi.  .\pril  1882. 
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XLIV.    Optical  Combinations  of  Crystalline  Filvis. 
By  Lewis  Weight*. 

[Plate  VI.] 

THE  object  of  the  following  experiments  is  to  illustrate  the 
facility  with  which  simple  combinations  of  mica-films, 
such  as  can  be  i-eadily  put  together  by  any  one  with  the  aid 
of  Canada  balsam  dissolved  in  benzol,  may  be  made  to  demon- 
strate not  only  the  simpler  chromatic  phenomena  of  polarized 
light,  but  also  the  more  beautiful  and  complicated  appearances 
encountered  at  a  more  advanced  stage  of  study.  The  colours 
obtainable  from  such  mica-films  are  more  delicate  and  intense 
than  the  usual  selenite  preparations,  because  while  in  selenite 
those  films  which  produce  the  lower  and  more  intense  orders 
of  Newton's  colours  are  so  thin  as  to  be  split  with  difficulty, 
in  mica  they  can  be  obtained  with  the  greatest  facility.  Some 
of  the  preparations  are  also,  as  demonstrations,  superior  in 
themselves. 

Let  us  take  first  the  simplest  case,  of  different  retardations 
produced  by  different  thicknesses  of  crystal,  counteracted  or 
not  by  opposite  retardations  caused  by  another  crossed  film. 
It  has  been  usual  to  demonstrate  these  by  two  selenite  wedges, 
rotating  one  over  the  other.  A  simpler  and  more  effective 
demonstration  is  given  by  two  wedges,  each  built  up  of  similar 
mica-films  superposed,  and  cemented  together,  like  those  on  the 

*  Communicated  by  the  Physical  Society. 
Phil.  Mag.  S.  5.  Vol.  15.  No.  95.  May  1883.  Z 
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screen  (PI.  VI.  fig.  1).  The  series  of  flat  steps  or  tints  are 
both  more  conspicuous  and  more  readily  understood;  and  if  the 
two  wedges  are  properly  matched,  when  crossed  the  diagonal 
row  of  squares  will  be  black  when  the  Nicols  are  crossed. 
When  the  thick  edge  of  one  is  superposed  over  the  thin  edge 
of  the  other,  with  the  mica  axes  parallel,  we  have  an  even 
tint ;  and  when  the  thick  edge  is  superposed  over  the  other 
thick  edge,  with  the  mica  axes  crossed,  the  retardations  or 
colours  produced  by  the  first  wedge  are  all  destroyed  by  the 
second,  and  the  field  is  all  black.  I  wish  to  remark  here, 
as  I  have  done  elsewhere,  that  the  idea  of  wedges  and  other 
designs,  built  up  in  this  way  of  thin  flat  films,  is  not  due  to 
me,  but  to  my  friend  Mr.  Fox,  F.R.M.S.,  from  whom  both 
this  pair  of  wedges  and  the  next  one  are  simply  copied. 

Here  is  another  preparation  of  the  same  character,  built  up 
of  twenty-four  films,  each  of  a  thickness  causing  exactly  ^\ 
of  retardation  for  yellow  light.  Of  course  the  thickness  must 
be  very  exact  to  bear  multiplication  twenty-four  times  without 
sensible  error.  Now  if  we  superpose  on  this  wedge  a  flat 
plate  of  mica  with  its  axis*  crossing  that  of  the  wedge,  and  of 
a  thickness  equal  to  the  middle  stripe,  that  central  stripe  must 
appear  black  when  the  Nicols  are  crossed  (fig.  2),  while  New- 
ton's first  order  of  colours  and  half  the  second  order  appear 
symmetrically  on  both  sides  of  the  black  stripe.  On  one  side 
of  the  stripe  the  wedge  itself  gives  greater  successive  thick- 
nesses ;  while  on  the  other  side  the  plate  of  mica  does  the 
same. 

Such  a  wedge  has  further  and  real  optical  uses.  It  shows 
at  a  glance  the  precise  composition  of  every  successively 
increased  ^\  of  retardation  for  the  first  three  orders  of  New- 
ton's colours.  When  extinction  is  complete  for  yellow  light, 
we  know  that  a  little  of  both  red  and  blue  must  be  unextin- 
guished, the  two  giving  us  at  the  end  of  the  first  order  the 
opaque  plum-colour  known  as  the  "  tint  of  passage."  As  the 
red  at  a  given  distance  from  the  end  of  the  spectrum  is  visu- 
ally more  conspicuous  than  the  blue,  at  the  end  of  the  second 
and  third  orders  this  "  tint  of  passage  "  must  become  more  and 
more  red,  as  Ave  see  on  the  screen  is  the  case.  The  precise 
composition  of  the  light  destroyed  and  that  remaining,  we  may 
demonstrate  by  placing  a  slit  across  the  wedge  and  throwing 
its  spectrum  on  the  screen  (fig.  3), -when  we  seethe  shifting  of 
the  bands  in  steps  for  each  3^  A,  of  retardation.  The  Avedge 
alone  shows  only  the  first  three  orders  ;  but  it  is  obvious  that 
by  superposing  a  plate  of  mica  1  A.  in  thickness,  the  spectrum 

*  Throughout  this  paper  tlie  "  axis  "  of  the  mica  is  .supposed  to  be  that 
one  of  its  two  polariziug  planes  which  passes  through  the  two  optic  axes. 
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would  give  us  from  the  second  to  the  -fourth  orders,  and  so 
on.  I  have  not  here  the  plates  to  show  this  in  detail ;  but  I 
have  brought  a  thick  plate  of  selenite,  not  measured,  but 
hurriedly  mounted  for  this  afternoon.  We  throw  its  spectrum 
on  the  screen  first  :  from  the  seven  or  eight  dark  bands  it 
appears  to  be  from  eight  to  ten  waves  in  thickness;  it  is  at  all 
events  so  thick  as  to  show  no  colour.  But  now  superposing 
the  wedge,  the  shifting  of  the  bands  shows  the  precise  compo- 
sition for  every  successive  ^X  of  retardation  even  in  this  high 
order  of  interferences.  It  is  all  rendered  by  spectrum  analysis. 
Another  great  use  of  such  a  wedge  is  for  gauging  the  thick- 
ness of  films  in  making  other  preparations,  for  which  I  use  it 
constantly:  we  only  have  to  superpose  the  film  to  be  gauged 
with  its  axis  crossing  that  of  the  wedge,  and  the  stripe  that  is 
nearest  extinction  when  the  Nicol  is  crossed  gives  the  thickness. 

The  rotatory  colours  of  films  are  also  beautifully  shown  by 
mica  preparations.  We  all  know  that  if  a  film  \\  thick  (the 
terms  "thick"  or  "thickness"'  of  course  mean  in  retardation 
of  the  slowest  ray,  throughout  this  paper)  is  adjusted  with  its 
polarizing  planes  at  45°  with  the  plane  of  polarization,  we 
obtain  a  single  circular  vibration.  But  if  we  adjust  in  this 
position  a  film  giving  colour  next  the  polarizer,  and  introduce 
after  that  the  \\  plate,  with  its  planes  at  an  angle  of  45°  with 
those  of  the  colour-film,  both  the  two  rays  which  emerge 
from  the  first  film  are  converted  into  rays  circularly  polarized, 
but  in  opposite  directions  ;  and  hence  we  get  approximately 
the  rotatory  colours  of  quartz  as  the  analyzer  is  rotated.  The 
geometrical  figure  I  now  insert  is  thus  circularly  polarized, 
and  will  illustrate  not  only  the  beautiful  rotational  phenomena 
of  the  colours,  but  also  that  superior  delicacy  and  intensity  of 
these  lower-order  colours  which  has  been  alluded  to  :  it  would 
be  exceedingly  difficult  to  get  colours  like  these  in  selenite. 
Again,  we  take  the  24-sectiou  wedge  used  just  now,  and  su- 
perpose upon  it  a  :^X  plate  made  in  two  halves,  one  of  which 
has  its  planes  reversed  as  compared  with  the  other;  on  rota- 
ting the  analyzer  the  colours  appear  to  pass  along  the  wedge  in 
opposite  directions,  as  if  it  were  made  in  two  halves  of  right- 
and  left-handed  quartz. 

My  friend  the  Rev.  P.  E.  Sleeman  lately  suggested  to  me 
another  preparation,  which  was  in  turn  suggested  to  him  bj' 
a  beautiful  one  in  quartz  belonging  to  the  President  of  the 
Roval  Society.  This  is  a  quarter-wave  plate  divided  into 
twelve  sectors.  In  the  position  now  on  the  screen  the  polari- 
zing planes  are  all  perpendicular  and  horizontal;  but  the  prin- 
ci})al  plane  or  "  axis  "  is  reversed  (as  in  fig.  4)  in  every  alter- 
nate sector.     If  we  superpose  this  upon  a  mica-film  giving 

Z2 
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uniform  colour,  on  rotating  the  analyzer  we  get,  as  you  see, 
the  contrary  quartz  rotations.  But  it  lately  occurred  to  me 
that  a  still  more  beautiful  demonstration  of  these  rotational 
coloui-s  would  be  obtained  by  another  combination,  which 
deserves  perhaps  to  be  called  an  "  optical  chromatrope."  We 
])lace  first  in  the  stage  next  the  polarizer  a  large  even-tint 
fihn  in  a  rotating  frame;  next  to  that  a  concave  selenite  plate 
showing  Newton's  rings;  next  to  that  again  our  quarter- wave 
plate  in  sectors.  As  we  rotate  the  analyzer,  one  set  of  alter- 
nate sectors  of  the  rings  approach  the  centre,  while  the  inter- 
mediate sectors  recede  from  it ;  and  if  we  now  at  the  same 
time  rotate  the  even-tint  plate,  we  simultaneously  vary  the 
colour  phenomena  in  an  exquisitely  beautiful  manner. 

A  jX.  plate  divided  into  four  sectors  or  quadrants,  with  their 
planes  alternately  reversed  in  the  same  way  (fig.  5),  enables 
us  to  demonstrate  the  nature  of  the  curious  modifications  of 
the  riugs  and  brushes  in  a  plate  of  crystal  when  circularly- 
polarized  convergent  light  is  employed.  Here,  for  example, 
are  the  rings  and  cross  of  calcite:  interposing  a  ^X  plate,  the 
black  cross  disappears  into  a  grey  nebulous  one,  and  on  oppo- 
site sides  of  each  arm  the  quadrants  of  rings  appear  dislocated, 
the  dark  rings  of  one  quadrant  opposing  the  light  rings  of  its 
neiohbours.  Interposing  another  ^\  plate  on  the  other  side, 
on  rotating  the  analyzer  one  opposite  pair  of  quadrants  con- 
tracts while  the  intermediate  ones  expand,  so  that  in  two  com- 
plementary positions  we  have  unbroken  circles.  The  same 
phenomena  precisely  are  exhibited  by  this  disk  of  chilled  glass 
in  parallel  light,  the  gradually  decreasing  elasticity  of  the 
glass  as  we  recede  from  the  centre  having  the  same  effect  as 
the  increasing  convergence  of  the  rays  has  in  the  calcite. 
Now  it  is  pretty  easy  to  explain  this  phenomenon  to  a  student 
by  such  a  diagram  as  this  (fig.  6)  representing  our  crystal  or 
glass  with  the  Nicols  crossed.  The  circularly-polarized  ray 
we  know  is,  on  entering  the  glass,  decomposed  into  its  two 
plane-polarized  components,  of  which  one  (let  us  suppose  that 
denoted  by  the  arrow-heads)  is  retarded  a  quarter  of  a  wave. 
But  the  calcite  or  glass,  beside  this,  itself  also  retards  either 
the  radial  or  the  tangential  vibration,  more  than  the  other 
component — in  calcite  the  radial.  Taking,  then,  any  originally- 
circular  ring  caused  by  the  calcite  retardations  alone,  we  see 
that  in  two  opposite  quadrants  the  \\  plate  retards  the  radial 
vibrations  a  further  quarter-wave,  while  in  the  alternate 
quadrants  it  accelerates  them  a  quarter-wave.  The  result  must 
obviously  be  a  half-wave  dislocation.  As  I  have  just  observed, 
such  a  diagram  sufficiently  explains  it  all;  but  it  seems  to  me 
better  actually  to  represent  it  optically,  by  introducing  the 
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composite  quarter-wave  plate,  with  its  planes  at  45^^  with  the 
plane  of  polarization,  before  a  film  ground  concave  to  show 
Newton's  rings.  Here  we  have,  in  an  analogous  way,  in 
opposite  quadrants  retarded  one  of  the  component  vibrations 
a  quarter-wave  before  entering  the  selenite,  while  in  the  alter- 
nate quadrants  we  retard  the  other  component  :  and  we  get 
similar  dislocations.  Again,  lettintj  the  concave  selenite  come 
first,  and  superposing  a  ^\  plate  cut  in  quadrants  with 
their  planes  alternately  horizontal  and  vertical,  we  now  have 
the  contracting  and  expanding  quadrants,  with  the  perfect 
circles  in  two  positions,  as  in  the  calcite.  We  may  make 
the  demonstration  complete  by  reversing  the  process,  and 
superposing  our  last  composite  jX,  plate  on  the  disk  of 
chilled  glass*.  We  now  are  applying  in  each  quadrant  all 
the  retardations  equally  to  either  the  tangential  or  radial 
vibrations  ;  and  hence  the  rings  remain  perfectly  concen- 
tric, while  they  expand  or  contract  as  the  analyzer  is  ro- 
tated: there  is  no  dislocation  at  all.  Finally,  either  the 
quadrant  or  12-sector  ^\  plate  superposed  on  this  square  of 
chilled  glass  gives  us  a  very  beautiful  demonstration  that  the 
dislocation  of  the  crystal  rings  is  entirely  due  to  the  ^X  plate 
retarding  one  component  ray  in  the  crystal  on  one  side  of  the 
plane  of  polarization  or  that  at  right  angles  to  it,  and  accele- 
rating the  same  component  on  the  other  side  of  those  planes. 
Here  we  have  the  square  perpendicularly  adjusted,  with  the 
composite  plate  superposed.  When  the  analyzer  is  rotated, 
the  reversal  of  the  sectors  on  the  lines  of  the  black  cross  keeps 
the  figure  symmetrical,  as  in  the  last  experiment.  But  you 
obser\'e  that  the  diagonals  of  the  square  are  covered,  each  by 
a  single  plate  or  sector;  and  a  mere  glance  at  the  screen  makes 
it  obvious  that  if,  in  this  position,  these  diagonals  were  covered- 
as  the  black  cross  now  is,  by  the  junction-line  between  two 
contrary  sectors,  they  would  be  dislocated,  the  colours  on  one 
side  of  the  line  approaching  the  centre,  and  those  on  the  other 
receding  when  we  rotate  the  analyzer.  But  we  will  now  bring 
these  diagonals  of  the  square  into  the  planes  of  polarizer  and 
analyzer  crossed,  and  superpose  the  sectors  again  upon  the 
glass,  junction-lines  now  covering  the  diagonals.  You  observe 
that  the  state  of  things  is  exactly  reversed  ;  and  the  contrary 
sectors  now  do  keep  the  figure  symmetrical  on  each  side  of  the 
diagonals,  while,  on  the  other  hand,  the  single  :|-X  plates  Avhich 
now  cover  the  bisecting  diameters  of  the  square  preserve  the 

*  In  private  experiment  we  can  of  coiii'se  do  this  with  a  plate  of  cai- 
cite;  but  in  a  projecting  instrument  it  is  ratlier  difficult  to  ensure  the 
precise  axial  coincidence  of  all  the  arrangements  with  the  axis  of  the  con- 
vergent light,  without  which  the  experiment  fails. 
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sjmmetiT  there  also.     It  is  not  necessary  to  add  details  of 
explanation  which  will  be  familiar  to  all. 

Allow  me  next  to  illustrate  the  beautiful  phenomena  of 
crossed  films  of  mica  in  highly  convergent  light,  such  as  will 
take  in  biaxial  angles  of,  say,  50"^.  Our  starting-point  will  be 
Norremberg^s  beautiful  discovery,  worked  out  entirely  from 
theory,  that  by  crossing  films  of  biaxial  mica  of  gradually 
increasing  number  and  proportionately  diminished  thickness, 
there  was  a  gradual  approach  to  the  rings  and  cross  of  a  uni- 
axial crystal.  He  found  three  wave-lengths  of  retardation 
the  best  approximate  unit.  Here  is  a  single  plate  of  mica — 
the  ordinary  biaxial  lemniscates;  and  here  are  two  such  plates 
crossed  at  riaht  anMes — the  ordinary  fig-ure  of  a  "  crossed  " 
crystal,  in  which  we  get  the  black  cross.  With  four  plates 
crossed  we  get  the  first  approach  towards  rings,  each  of  the 
"eyes  "  being  now  bisected  by  a  straight  fringe  placed  as  a  tan- 
gent to  the  figure.  Norremberg's  next  preparation  was  eight 
films  crossed  ;  but  I  add  one  of  six,  which  gives  a  single  per- 
fect though  nearly  square  ring,  while  eight  films  give  two 
rings.  Twelve  give  three  rings  and  signs  of  a  fourth  ;  while 
twenty-four,  as  you  see,  are  absolutely  undistinguisbable  from 
a  calcite.     The  whole  series  will  be  thus  : — 


1 

2 

4 

6 

8 

12 

24 

3\' 

ax' 

P' 

p:' 

P' 

P' 

i^' 

Now  there  is  no  necessity  for  an  ej:act  total  thickness  of  three 
wave-lengths  in  constructing  this  series  ;  but  an  approxima- 
tion to  it  is  necessary,  to  preserve  the  gradation  of  the  pheno- 
mena and  the  gradual  passage  to  the  uniaxial  figure.  So  far 
Norremberg  ascertained;  but  he  does  not  seem  to  have  carried 
his  experiments  with  mica  any  further.  Let  us  now  do  so. 
The  eight  films  gave  us  two  rings,  the  outer  one  squarish  in 
figure.  But  if  we  combine  eight  very  thiji  films  (say  ^\ 
thick,  as  in  this  preparation),  you  observe  that  we  get  perfectly 
circular  rings  at  once  ;  and  in  fact  even  four  very  thin  films 
will  give  them  ;  and  twelve  thin  films  give  us  quite  fine  circles. 
Now,  on  the  other  hand,  let  us  employ  four  and  eight  thick 
films — in  this  case  over  1  X  thick  (we  thus  more  than  double 
Norremberg's  thicknesses);  and  observe  that  the  rings  now 
have  altogether  disappeared,  and  the  curved  fringes  are  all 
turned  the  reverse  way,  their  convex  sides  to  the  centre.  The 
same  thing  is  still  more  evident  in  this  splendid  figure,  pro- 
duced by  twelve  crossed  films  |X  in  thickness.  We  see  easily 
enough  that  it  must  be  so,  if  we  follow  in  our  minds  the  de- 
compositions and  recompositions  of  the  vibrations  in  traversing 
the  successive  fihns  ;  but  it  is  very  interesting  to  notice  how, 
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with  the  same  number  of  micas  crossed  in  exactly  the  same 
way,  but  of  different  thicknesses,  the  phenomena  appear  actu- 
ally reversed  in  character.  Having  seen  this,  we  abandon 
simply  crossed  films,  and  the  following  will  be  composed  of 
films  superposed  at  angles  of  both  90°  and  45°.  Here  another 
cause  of  variety  comes  into  play,  since  all  films  whose  thickness 
contains  an  odd  ^\,  when  superposed  at  45°  will  circularly 
polarize  the  light.  Moreover  we  also  know  that  if  two  such 
films  are  superposed  at  an  angle  of  45°,  the  effect  is  to  rotate 
the  plane  of  polarization  itself  (as  shown  for  instance  by  the 
rotation  of  a  calcite  cross)  45°  from  the  original  plane.  Hence 
the  variety  and  scope  for  coml)ination  hero  are  endless,  the 
phenomena  always  being  beautiful;  but  I  must  only  show  you 
a  very  few  of  such  preparations.  The  first  four  are  all  com- 
posed of  films  \\  in  thickness,  and  each  contains  the  same 
number  of  twelve  films,  and  the  lines  show  the  successive 
positions  of  the  mica  ''  axis."     In  the  first  they  are 


Thus  all  the' diagonal  axes  lie  the  same  way.  Now  this  second 
preparation  has  the  very  same  individual  films  differently 
placed,  thus: — 

You  see  the  total  difference  in  effect  produced  by  the  differ- 
ence in  crossing. 

The  next  one  is  thus  arrano-ed: — 

This  is  an  interesting  combination,  because  the  wave-decom- 
positions indicate  that  the  light  should  be  nearly  extinguished 
when  the  JSficols  are  crossed,  not  only  in  the  original  black 
cross,  but  also  along  the  diagonals  between.  You  see  that  it 
is  so  ;  but  this  result  is  still  more  completely  bi'ought  out  by 
the  next  preparation, 

I    -    I    -    I    --    I    -    I    -    I 

where  we  get  a  nearly  perfectly  black  square  crossed  by  nearlv 

black  diagonals  as  well  as  by  the  black  cross.     The  next  set  of 

five  are  all  built  of  films  one  wave  in  thickness,  as  follows  : — 

No.  1.       8  micas       |    —    I     x     |    —    | 

2.  10     „  +   +    X    +   + 

3.  12     „  +    +    X    X    +    + 

4.  8     „  +    X    +    X 

5.  8     „  I        —  \   I    /  —  \  (i.  e. 

successively  rotated  45^). 
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This  last  figure  is  interesting,  because  we  can  see  that  the 
result  must  be  some  polygonal  or  roughly  circular  central 
figure  with  some  sort  of  a  cross,  surrounded  by  eight  detached 
figures  or  eyes.  I  am  sorry  I  cannot  work  this  out  mathema- 
tically ;  but  with  whole-wave  and  somewhat  greater  retarda- 
tions it  is  pretty  easy  to  trace  it  in  one's  own  mind.  It  is  so,  as 
you  perceive;  and  you  also  see  that  the  preparation  and  figure 
can  be  rotated  without  very  sensible  change,  which  also  fol- 
lows from  theory,  and  is  a  somewhat  remarkable  result,  after 
what  we  saw  at  the  commencement,  with  such  thick  films. 
And  now,  to  show  the  effect  of  thickness,  here  is  a  precisely 
similar  preparation  of  eight  films  superposed  at  a  successively 
rotated  angle  of  45°,  but  built  up  of  |X,  films.  Circular 
polarization  here  comes  into  play;  and  the  effect  is  totally  dif- 
ferent in  every  way.  The  last  of  these  crossed  micas  is  built 
up  of  twelve  fX,  films,  thus — 

X     +    +     +     +     X 

You  see  the  total  difference  in  figure  from  any  thing  before, 
and  the  scope  for  endless  variety,  which  I  must  not  further 
pursue. 

Still  more  beautiful,  but  perhaps  less  interesting,  are  the 
combinations  of  mica-  and  selenite-films  discovered  experi- 
mentally by  Norremberg.  As  he  observes,  if  we  call  the  three 
axes  of  elasticity  in  any  crystal  x,  y,  z,  then  selenite-films 
contain  x  and  z,  while  mica  on  the  other  hand  contains  y 
and  z  ',  and  it  is  easy  to  see  that  if  preparations  are  built  up 
of  both  elements,  very  fine  coloured  fringes  must  result,  dif- 
fering very  greatly  in  character  according  to  whether  the  x  of 
the  selenite  is  parallel  to  the  z  of  the  mica  or  crosses  it.  As 
far  as  I  remember,  however,  Norremberg  and  Reusch  seem  to 
have  said  that  the  characters  of  the  fringes  defy  all  prediction. 
This  is  perhaps  hardly  true,  even  apart  from  mathematical 
analysis,  which  I  am  unable  to  give,  and  which  the  mere 
beauty  of  these  combinations  is  scarcely  worth.  For  it  is 
easy  to  perceive  that  if  a  single  selenite  be  placed  between 
two  thick  micas,  we  must  have  very  nearly  the  usual  biaxial 
figure,  with  some  little  modification  in  the  eyes  or  rings,  but 
chiefly  distinguished  from  the  simple  mica  by  rich  colour. 
That  is  so  here.  But  if  we  alternate  several  parallel  selenites 
between  ])arallel  micas  of  less  thickness,  so  as  to  give  the  sele- 
nite functions  of  elasticity  more  comparative  influence,  then 
it  is  evident  that  the  modified  lemniscate  curves,  or  what  is 
still  traceable  of  them,  must  be  either  brought  nearer  together 
or  more  widely  separated,  and  that  Ave  shall  thus  obtain 
curved  fringes  having  their  approximate  origin  in  the  original 
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optic  axes  of  the  mica,  but  reversed  in  character  accordinor  as 
the  X  of  the  selenite  crosses  or  is  parallel  to  the  mica  z.  This 
is  the  simplest  analysis  I  can  give,  and  it  follows  on  conside- 
ration from  Norremberg's  data.  Here  are  two  such  prepara- 
tions, in  each  of  which  four  selenites  are  alternated  between 
five  IX  micas.  In  the  first  the  modified  lemniscates  are  wider 
apart  than  in  the  mica,  but  the  resulting  fringes  originate 
approximately  in  the  mica  axes.  In  the  second  the  selenites 
are  at  right  angles  with  theii-  former  position,  and  the  fringes 
still  centre  in  the  axes,  but  the  curves  are  reversed  ;  and  the 
resulting  "  palm-tree "  pattern  is  perhaps  one  of  the  most 
beautiful,  both  in  colour  and  figure,  which  it  is  ])0ssible  to 
behold. 

The  few  other  preparations  here  are  built  up  of  either  four 
or  six  ternary  elements  constructed  on  Norremberg's  system, 
each  consisting  of  two  parallel  micas,  with  a  selenite  between 
them  either  crossed  or  parallel.  In  the  first  you  readily 
recognize  the  "  palm-tree "  character  of  the  last  figure, 
"  crossed."  It  is  needless  to  describe  the  others  ;  for  here, 
too,  variety  is  boundless ;  but  I  purposely  reserve  for  the  last, 
two  combinations  composed  of  exactly  the  same  arrangements 
of  both  mica  and  selenite,  and  all  the  micas  the  same  (^X) 
thickness,  but  the  selenite  films  in  one  slightly  thicker  than  in 
the  other.  The  difference  in  effect  is  purposely  not  so  great 
as  to  prevent  your  recognizing  the  same  general  figure  in 
both,  but  is  still  conspicuous  and  interesting.  Let  me,  in 
conclusion,  hope  that  the  beauty  of  these  preparations  con- 
structed after  Norremberg's  method,  and  the  facility  with 
which  they  can  be  prepared,  may  make  them  better  known. 

[At  the  conclusion  of  the  paper  Mr.  Wright  described  and 
exhibited  an  adaptation  to  the  microscope  by  Messrs.  Swift 
and  Son,  by  the  aid  of  which  all  the  preparations  and  crystals 
requiring  highly  convergent  light  could  be  shown  on  the  stage 
of  any  microscope  constructed  with  a  draw-ttibe.] 

XLV.    On  Permanent  Magnetism. 
By  R.  H.  M.  BOSANQUET. 

To  the  Editors  of  the  Pliilosophical  Magazine  and  Journal. 
Gentlemen, 

IN  a  foriner  paper  I  have  proposed  to  follow  out  Faraday's 
analogy  between  magnetism  and  electricity;  and  the  fol- 
lowing is  a  summary  of  the  resulting  point  of  view. 

Magnetic  induction,  or  the  number  of  lines  offeree  through 
unit  area,  is  the  quotient  of  magnetomotive  force  by  resistance, 
in  mao;netic  circuits. 
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Magnetomotive  force  is  a  difFerence  of  magnetic  potential. 
For  any  circuit  once  linked  with  7i  spires  of  an  electric  cur- 
rent, the  magnetomotive  force  is  47rC». 

Magnetic  resistance  is  a  linear  quantity;  for  the  dimensions 
of  magnetomotive  force  are 

[L^M'T-^]; 

and  of  magnetic  induction, 

[l-'m't-^]. 

The  idea  of  magnetizing  force  as  the  cause  of  magnetic 
induction  is  abandoned.  Maccnetizins  force  is  regarded 
simply  as  magnetic  induction  in  space  or  air.  Magnetic 
induction  is  conceived  of  as  arising  directly  from  the  action 
of  maCTiietomotive  force  on  circuits  of  macrnetic  resistance. 

It  was  shown  in  my  previous  paper,  that  if  a  permanent 
magnet  of  hard  steel  be  divided  into  short  lengths,  the  sum  of 
the  moments  is  not  the  same  as  before,  but  is  greatly  reduced. 
This  contradicts  the  fundamental  statement  generally  received. 
The  chief  object  of  the  present  paper  is  the  farther  discussion 
of  the  experiment  in  question. 

It  was  suggested  that,  according  to  the  Amperian  analogy, 
permanent  magnets  maybe  expected  to  have  permanent  mag- 
netomotive forces  in  their  substance  ;  and  these  acting  on  the 
magnetic  resistance  of  the  circuit  would  produce  magnetic 
induction,  depending  partly  on  the  resistance  of  the  steel,  and 
partly  on  that  of  the  return  through  space  or  air.  These 
considerations  not  only  explain  the  phenomenon  in  question, 
but  enabled  me  to  foresee  it. 

I  will  shortly  recapitulate  the  experiment.  A  compound 
magnet  is  constructed  of  eighteen  cylmdrical  pieces,  titted, 
hardened,  and  magnetized.  centim 

Whole  length  .  .  .  =28-50 
Length  of  each  piece  .  =1-58 
Diameter =   1-97  =  2R'. 

These  are  placed  in  a  cradle  hung  in  a  bifilar  suspension 
arranged  so  that  the  plane  of  zero  deflection  is  at  right  angles 
to  the  magnetic  meridian.  Then,  for  weeks,  there  were  ob- 
tained in  the  mean: — 

Deflection  due  to  18  pieces  joined  up     .     =13°*1 
„  „  „         separated     .      =    1°*8 

In  the  first  instance  the  mean  deflection  of  l°'0o  was  obtained 
with  the  separated  pieces,  as  stated  in  my  first  paper.  1  have 
come  to  the  conclusion  that  this  was  due  to  some  error  in 
handling  the  apparatus.     When  it  is  at  all  disturbed  the  toi'- 
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sion  of  the  wires  changes  rapidly,  and  affects  the  results.  The 
condition  of  the  instrument  can  always  be  ascertained  by 
making  observations  in  pairs,  so  as  to  give  zeros.  If  these 
agree,  confidence  may  be  felt.  With  bad  wires  I  have  had 
two  consecutive  zeros  differ  by  several  degrees. 

As  to  the  use  of  the  bifilar  for  absolute  measure,  I  will  only 
observe,  with  reference  to  a  recent  paper  of  Kohlrausch*,  that 
I  share  his  predilection  for  the  method,  though  I  do  not 
attempt  to  attain  his  degree  of  accuracy.  But  one  part  of  his 
work  seems  inadmissible  for  accurate  purposes;  and  that  is  the 
determination  of  the  torsion  by  calculation,  or  by  experiment 
with  a  separate  piece  of  the  suspension  wire.  In  my  experi- 
ence wires  differ.  I  determine  the  torsion  of  the  wires  in  use 
by  balancing  it  against  some  approximately  known  magnetic 
moment,  the  torsion  just  exceeding  180°.  It  must  be  deter- 
mined both  ways  (right  and  left).  It  is  impossible  to  assume 
that  the  zero  of  torsion  coincides  with  the  zero  position.  If 
it  did  so  once,  it  would  not  continue  to  do  so  after  a  weight 
had  remained  deflected  in  the  bifilar  for  a  day  or  two,  unless 
with  an  exceptionally  good  wire.  There  is  continual  change 
in  consequence  of  what  the  Germans  call  "  elastische  Nacli- 
unrhung,^''  which  I  may  describe  as  '' imperfect  elasticity."  I 
suspect  that  a  change  of  this  kind  had  something  to  do  with 
the  change  noticed  in  the  note  at  p.  215  of  my  previous  paper. 
I  may  just  mention  that  the  magnetic  meridian  is  most 
conveniently  determined  by  hanging  an  electromagnet  in  the 
bifilar,  by  the  method  subsequently  described.  When  on 
reversing  the  current  no  change  of  position  takes  place,  the 
axis  is  truly  in  the  magnetic  meridian.  The  moment  of  the 
electromagnet  must  be  a  little  less  than  that  of  the  bifilar. 

The  difficulty  in  making  any  deduction  from  the  observed 
ratio  of  the  moments  of  the  compound  permanent  magnet, 
when  joined  up  and  separated,  consisted  in  our  ignorance  of 
the  amount  of  the  air-resistances  of  the  magnetic  circuits.  I 
have  succeeded  in  completely  determining  these  by  means  of 
soft-iron  electromagnets,  having  nearly  the  same  dimensions 
as  the  steel,  both  joined  up  and  separated.  The  pieces  of  soft 
iron  only  differ  slightly  in  diameter  from  the  steel.  The  dif- 
ference was  an  oversight.  The  diameter  of  the  soft  iron  is 
1-90  centim.,  that  of  the  steel  1'97.  Each  length  of  1/58  cen- 
tim.,  whether  separate  or  forming  part  of  a  long  bai",  is  wound 
with  ten  turns  of  wire. 

A  mercury  contact  is  arranged  under  the  cradle,  by  which 
currents  can  be  transmitted  to  the  coils  with  little  friction.    It 
was  found   that  semicircular  channels,  with  dipping   wires, 
*  Wiedemann's  Annakn,  xvii.  p.  737. 
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caused  so  much  friction  that  the  cradle  would  rest  in  any 
position  within  two  or  three  degrees.  Now  there  is  a  cen- 
tral cup  or  thiniljle  with  a  central  wire,  and  a  circular  channel 
round  it,  of  small  diameter,  in  which  an  excentric  wire  dips. 
The  friction  is  not  objectionable. 

The  course  of  experiment  is  this: — The  bifilar  is  set  at 
right  angles  to  the  magnetic  meridian.  A  current  is  sent 
through,  and  the  deflection  measured.  The  current  is  mea- 
sured bv  a  new  standard  galvanometer,  just  constructed.  It 
has  ten  turns,  of  which  any  number  can  be  used,  parallel  or 
in  series. 

The  current  is  reversed,  and  the  mean   of  the  deflections, 

corrected  for  torsion,  taken.     The  moment  is  then  calculated 

from  the  constants  of  the  bifilar.    The  magnetic  induction  33  is 

then  calculated,  employing  the  observed  distance  between  the 

poles.     The  magnetomotive  force,  (47rC/i),  is  calculated. 

„,  .  .    mao;netomotive  force     rm  i  -i-i 

The  resistance  a*  is ~ : — -. — , — -. .    ihe permeability 

magnetic  induction  "^ 

of  the  metal  for  the  given  value  of  58  is  then  taken  from  Row- 
land's table  for  soft  iron  (previous  paper-,  p.  209).  The 
length  of  bar  divided  by  this  permeability  is  the  resistance  of 
the  metal,  and  is  subtracted  from  .^^ 

The  remainder  is  the  resistance  of  the  air-circuit  for  the 
shape  in  question.  Assuming  that  this  resistance  can  be  ex- 
pressed in  the  form  2aR,  we  divide  this  remainder  by  R,  and 
obtain  2a,  the  air-resistance  for  unit  radius. 

2aR',  where  R'  is  the  radius  of  the  steel,  gives  us  the  air- 
resistance  for  the  shape  of  the  steel.  This  process  is  carried 
out  both  for  the  whole  bar  and  the  separate  pieces.  These 
air-resistances  are  then  introduced  into  an  equation  which 
states  that  the  total  resistances,  joined  up  and  separate,  must 
he  inversely  as  the  observed  moments.  Hence  the  resistance 
of  hard  steel  is  found  to  be  less  than  that  of  air  in  the  propor- 
tion of  about  1  :  31. 

The  resistance  was  then  determined  directly,  by  sending  a 
current  through  a  coil  wound  about  the  steel  itself.  As  large 
a  current  as  was  safe  was  used.  It  increased  the  permanent 
magnetism  a  little  at  first,  but  afterwards  there  was  no  further 
permanent  change.  The  resistance  thus  determined  by  tem- 
porarv  change  of  moment  was  to  that  of  air  nearly  as  1  :  32. 
A  former  determination  was  rejected  on  account  of  a  disturb- 
ance in  the  permanent  magnetism.  There  is  no  furilier  room 
for  doubt  that  the  behaviour  of  {x'rmanent  magnetism  in  hard 
steel  is  completely  explained  by  the  assumption  of  magneto- 
motive force  and  resistance  in  the  steel  ;  and  if  the  resistance 
be  determined  by  division  of  the  bar,  the  same  numerical 
result  is  obtained  as  by  direct  determination. 


Permanent  Magnetism.  313 

The  variation  in  the  resistance  of  the  steel  under  different 
vahies  of  the  magnetic  induction  has  not  yet  been  regarded. 

The  change  in  the  air-resistance  for  unit  radius,  from  about 
•45  in  the  c.ise  of  the  thick  disks  to  "30  in  the  case  of  the  long 
bar,  shows  that  the  length  of  the  bar  has  some  influence  on 
this  quantity.  It  is  proposed  to  examine  further  the  law  of 
change. 

The  temperature  during  the  work  was  always  high  and 
tolerably  constant.  So  far  its  variation  has  not  been  taken 
into  account.  In  the  early  morning,  before  the  room  is  warm, 
an  increased  moment  is  observed.  The  permanent  magnet  as 
it  now  stands  in  the  bifllar  has  a  deflection  of  about  14°,  read- 
ing during  the  day  73^*7  (zero  88°  nearly).  I  have  gone  in 
early  on  several  mornings  and  found  the  reading  to  be  about 
72°*4.  It  returns  to  its  former  position  as  soon  as  the  room 
is  warm. 

Heat  therefore  diminishes  the  magnetism*.  It  remains  to 
be  determined  whether  the  magnetomotive  force  or  the  resist- 
ance is  affected.  In  the  latter  case  we  should  have  a  curious 
analogy  to  the  behaviour  of  electrical  conductors,  the  resist- 
ance increasing  with  the  temperature. 

So  long  as  the  permanent  magnet  was  kept  free  from  mag- 
netic influences,  its  mean  condition  did  not  sensibly  change. 
I  wished  to  make  it  take  a  higher  moment,  and  tried  magne- 
tizing it  on  the  dynamo.  It  took  a  higher  moment,  but  soon 
lost  it  again.  I  had  reason  subsequently  to  think  that  one  of 
the  pieces  was  reversed  in  this  process,  which  threw  doubt  on 
the  flrst  direct  determination  of  permeability.  I  then  remag- 
netized  it  carefully  on  the  dynamo.  The  moment  soon  fell 
again  to  about  its  original  value;  it  was  slightly  increased  by 
the  first  action  of  the  currents  used  in  the  second  determina- 
tion of  permeability,  but  did  not  change  further  during  the 
determination,  and  still  remains  the  same. 

Calculation  of  Experiments. 
Constants. 

]~  1  •     1     r  distance  of  points  of  suspension. 

h  had  the  values  I  37  I  inches,  height  of  suspension. 

^34^ 
m  =  41  oz.  =1162'3  grm, 
^  =  981, 

*  This  conclusion  is  opposed  to  that  of  Meyer  (Wiedemann's  Aiinalen, 
xviii.  p.  24(5).  His  conchision  is  founded  on  the  difference  between  expe- 
riments in  September  and  January.  I  measure  the  ditference  directly,  and 
see  the  change  repeat  itself  daily. 


>  weight. 
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H  =  '181,  horizontal  component. 
/  =  26  centim.,  distance  of  poles  of  bar. 
Length  of  bar  =  28*50  centim. 
Separate  piece  =  1*58. 

2ir  =  1-97  steel. 

2R  =  1-90  soft  iron. 

Fundamental  Equation s. 
Moment  =  -ttt^  tan  6. 

Moment      ^^  , 
-, =  role. 

47r  Pole  =  7rR-'33,  or  4  Pole  =R'«; 

4  moment      „^  ,•    •    i     ^• 

•'•  J\yj, —  —^)  magnetic  induction. 

M.M.F.  =  47rCn,  magnetomotive  force. 
A'=  — ^r,^ — ',  total  resistance. 

.i'4=        '" — J  resistance  of  bar  (/>t  found  from  53  in 
^  Rowland^s  table). 

a:i^  =  x  —  a'b,  air  resistance. 

2«=  'y^,  air  resistance  for  unit  radius. 

2aR',      air  resistance  for  radius  R'. 

Soft  iron  bar. 

/i=37  inches. 

I.  II. 

Current 1-283  -83  ampere. 

Deflection  21°-8  14°-0 

Moment 5405  3369 

5)3    921  574 

cc     -31495  -32685 

a     1100  842 

2a  -30426  -30855 

Mean  value  of  2a  = -30640, 

^\  hence 

2«R'  = -30181. 
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18  pieces  of  soft  iron. 
h  =  37  inches. 

I.  II.  III. 

Current  1*0  4'2  5"3H  amperes. 

Deflection    ...  0°-7  3°-0  3°-75 

Moment 165-2  708  885-77 

93 28-1         120-74  151 

d! -44045       -43714  -44607  for  one  piece. 

/J, 410  460  480 

2a    -46590       -45654  -46610 

Mean  value  of  2a     =  -46285 

Corresponding  value  of  2aE,'  ...    ='45592 
From  II.  alone  2aR'    =-44970 

I,  has  little  weight,  because  of  the  smallness  of  the  observed 
deflection ;  III.  because  the  current  was  too  much  for  the  coils 
and  the  apparatus  was  heated.  The  value  derived  from  II. 
alone  is  therefore  to  be  preferred.  I  adopt  13"-1  and  l°-8  for 
the  deflections  of  the  steel  compound  bar,  joined  up  and  sepa- 
rate. In  deducing  the  moments  from  tLese,  h  must  be  taken 
=  41  inches.  The  condition  was  very  permanent;  but  the 
moments  were  lower  than  they  are  now. 

Then  we  have,  if  r  be  the  resistance  of  one  piece, 

l8(r-  +  -456)~    ^^• 

Taking  first  the  mean  of  I.,  II.,  III.  for  the  soft  iron;  then 

r  1 

1-58  =  30^'     ^=^0-o2. 


Taking  II.  alone  for  the  soft  iron, 
18r  +  -302 


whence 


18(r  +  -450) 
/A=31-06 


=  -135, 


Direct  determination    of   permeability    of  the    permanent 
magnet. 

/i  =  34  inches. 


Reversed. 


Current 
1-33  ampere. 

Deflections    9°-9  21°-33 

Moments  2566-7  5743-7 

Difi'.  of  moments  3177-0 
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33  503-7, 

due  to  diff.  of  moments; 

w    1-1944 

A'„  -3018 

which  is  the  value  of /a  thus  obtained. 


XLVI.   On  a  Method  of  Measuring  Electricai  Resistances  loith  a 
Constant  Current.     By  Shelford  Bidwell,  M.A.,  LL.B* 

IT  sometimes  happens  that  the  resistance  of  a  body  appears 
to  depend  upon  the  strength  of  the  current  which 
traverses  it.  Thus  the  resistance  of  the  carbon  filament  of  an 
incandescent  lamp  may  be  several  ohms  lower  when  tested 
with  a  strong  current  than  it  is  with  a  weak  one.  In  this 
case  there  is  little  doubt  that  the  difference  is  due  only  in- 
directly to  the  current  itself,  and  is  in  fact  caused  by  the 
heat  which  the  stronger  current  develops,  and  which,  eA'en 
when  the  circuit  is  closed  only  for  a  moment,  may  produce 
considerable  etfect  upon  the  conductivity  of  the  filament. 
Again  Prof.  Adams,  at  an  early  stage  of  his  well-known 
experiments  with  selenium,  found  that,  on  increasing  the 
strength  of  the  current  through  the  selenium,  there  was  a 
diminution  in  its  resistance  f.  The  same  is  the  case  with  the 
mixtures  of  sulphur  and  carbon  which  I  described  in  a  previous 
communication  |,  and  to  a  very  much  greater  degree  with 
loose  contacts  of  carbon  or  metal,  such  as  are  used  in  the 
microphone.  For  example,  a  carbon  pencil  being  arranged 
so  as  to  rest  at  right  angles  upon  another  with  a  pressure  of 
'05  grm.,  the  resistance  at  the  point  of  contact  was  found  to 
be  11-02  ohms  with  a  current  of  -1  ampere,  and  6b  ohms 
with  -001  ampere  ;  and  when  cylinders  of  bismuth  were  sub- 
stituted for  the  carbon,  the  resistances  with  the  same  currents 
as  before  were  5  ohms  and  182  ohms  respectively. 

Without  assuming  that  the  resistances  in  these  and  similar 
cases  are  altogether  true  resistances,  it  is  nevertheless  some- 
times convenient  to  treat  them  as  such ;  and  for  purposes  of 

*  Communicated  by  the  Physical  Society  of  London,   having  been 
read  at  the  Meeting  of  the  Society  on  March  10th,  1883. 
t  Phil.  Trans,  vol.  clxvii.  pp.  319,  342. 
\  Proc.  Phys.  Soc,  vol.  v.  p.  90. 
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comparison  it  is  clearly  necessary  that  currents  of  known  or 
constant  strength  should  be  used  in  their  measurement. 
When  the  Wheatstone's  bridge  is  employed  in  the  usual 
manner,  the  current  passing  through  the  unknown  resistance 
will,  of  course,  vary  with  the  juagnitude  of  this  resistance, 
being  smaller  when  it  is  high  than  when  it  is  low  ;  but  by  a 
very  simple  modification  of  the  common  arrangement,  which 
I  have  used  extensively  during  the  last  year,  it  is  easy  to 
ensure  having  currents  of  uniform  strength  throughout  a 
series  of  measurements. 

In  the  figure,  x,  nx,  a,  na  are  the  four  arms  of  a  Wheat- 
stone's  bridge,  S  is  the  unknown  resistance,  and  R  is  a  box  of 


resistance  coils  which  is  inserted  in  the  same  arm.  If  E 
denote  the  electromotive  force  of  the  battery,  B  its  internal 
resistance,  and  C  the  current  which  passes  through  the  arm 
containing  S,  then,  when  there  is  a  balance, 


C  = 


E 


n  +  1 


B  + 

nE 


n{a  +  x)' 


a  +  x  +  n{a  +  x) 


~{n  +  l)B  +  7i{a  +  xy 

From  this  expression  we  can  find  what  value  x  must  have  in 
order  that  the  current  through  the  unknown  resistance  may 
be  of  any  definite  strength.  Having  determined  this  value, 
we  insert  resistance  equal  to  n  times  its  amount  in  the  arm 
nx,  and  adjust  the  resistance  in  the  box  II  until  a  balance  is 
obtained.  We  then  know  that  the  resistance  of  R  +  S  is  equal 
to  x;  that  the  resistance  required  to  be  measured,  S,  is  equal  to 
that  of  the  arm  x  less  the  resistance  employed  in  R;  and  that 
a  current  of  the  desired  strength,  C,  is  passing  through  it. 
Phil.  Mag.  S.  5.  Vol.  15.  No.  95.  Ifay  1883.  2  A 
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A  second  unknown  resistance  may  now  be  substituted  and 
measured  as  before,  simply  by  altering  the  resistance  of  R, 
with  the  certainty  that  when  there  is  a  balance  the  current 
is  of  the  same  strength  as  in  the  former  case.  The  resistance 
nx  remains  unchanged  throughout.  It  is  of  course  necessary 
so  to  choose  the  values  of  a,  n,  and  E  that  x  may  be  greater 
than  the  resistance  to  be  measured ;  and  it  is  generally  de- 
sirable that  the  resistance  of  the  whole  bridge  should  be  made 
as  high  as  conveniently  possible. 

The  o;reat  advantaore  of  this  method  over  others  that  suggest 
themselves  lies  in  the  fact  that,  since  it  is  never  necessary  to 
close  the  circuit  for  more  than  a  moment,  the  electromotive 
force  and  resistance  of  the  battery  remain  sensibly  constant 
during  a  long  course  of  experiments. 


XL  VII.   The  Auroral  Beam  of  November  17,  1882. 
By  J.  Eaxd  Capron,  F.R.A.S.,  F.M.S* 

[Plate  VU.] 

IVrOVExMBER  last  (1882)  was  remarkable  for  ihe  great 
•i-^  auroral  storm,  or,  rather,  series  of  storms,  which  prevailed 
over  a  considerable  portion  of  the  globe  during  the  latter  half 
of  that  month. 

Accounts  of  brilliant  displays  from  the  Shetland  Islands,  at 
Edinburgh,  a  great  number  of  localities  in  England,  Rome, 
and  Florence  soon  made  their  appearance  in  the  public  prints; 
and  to  these  later  on  Avere  added  others  from  America,  Cali- 
fornia, Spain,  Sweden,  Belgium,  the  Netherlands,  and  other 
countries. 

Continuous  auror^e  were  seen  at  Trondhjem  from  the  12th 
to  the  18th  of  the  month  ;  and  I  traced  almost  incessant  dis- 
plays in  these  latitudes  from  the  loth  to  the  24th  at  least — the 
motions  of  the  telegraph-needles  acquainting  us  that  auroras 
-were  not  only  present  when  actually  visible,  but  by  day  and 
during  clouded  nights. 

Also  accompanying  these  were  considerable  groups  of  solar 
spots,  one  the  largest  ever  seen  at  Grreenwich,  and  a  wide- 
spread disturbance  by  earth-currents  of  State  telegraphic 
communication  in  nearly  all  the  countries  above  mentioned. 
It  Avas  during  one  of  these  storms  that,  in  the  south  of  England 
and  the  adjacent  parts  of  France  and  Belgium,  a  phenomenon 
was  seen  which,  though  apparently  not  without  precedent  iu 
the  annals  of  auroras,  was  at  least  of  a  rare  and  striking 
character. 

*  Commuuicated  by  the  Author. 


Fig     4 


Beam  of  yocnu'>er  17,  1882.  SIJ) 

About  6  p. 51.,  while  the  aurora  was  fitfully  blazing  in  the 
north,  north-east,  and  north-western  sky,  in  the  east  there  rose 
from  the  horizon  a  long  beam  of  detached  bright  light,  which, 
apparently  lengthening  as  it  advanced,  crossed  r<ipidly  the 
southern  horizon  in  front  of  or  near  the  moon,  and  then  sank 
in  the  west,  shortening  in  length  as  it  did  so.  The  light 
emitted  from  it  was  described  by  one  observer  as  of  a  glowing 
pearly  white;  and  the  general  effect  of  this  huge  shining  mass 
sailing  majestically  across  the  sky,  even  upon  those  accustomed 
to  kindred  phenomena,  was  at  least  one  of  wonder  and  sur- 
prise, while  in  the  less  experienced  in  such  matters  it  created 
a  feeling  of  absolute  awe.  Indeed  to  such  an  extent  in  some 
instances  did  this  latter  emotion  prevail,  that  two  labourers  in 
my  neighbourhood,  who  separately  witnessed  it,  thought  "that 
surely  the  world  was  coming  to  an  end." 

In  this  general  description  of  the  ''beam'''  of  the  17th  of 
November,  I  may  add  I  have  advisedly  preferred  to  use  the 
term  "beam"  (the  "  trabs  "  of  Musschenbroeck,  an  oblong 
track  parallel  to  the  horizon)  as  a  definition  of  the  object, 
because  in  speaking  of  auroral  rays  and  beams  it  is  generally 
understood  that  the  former  are  the  spreading  fixed  shafts 
(sagittjB)  which  shoot  from  the  arches  or  horizon  towards  the 
zenith,  while  the  latter  term  is  applied  to  the  bright  clouds 
passing  at  right  angles  to  the  former.  Good  examples  of 
these  were  observed  at  Guildford  on  February  4,  1874,  and 
are  figured  in  'Aurora3,'  plate  6.  Having  regard  to  the  almost 
unique  nature  of  the  phenomenon,  it  seemed  to  me  a  desirable 
thing  to  gather  together  the  published  accounts  of  its  appear- 
ance, and  to  endeavour  to  trace  something  of  its  history  more 
in  detail  and  more  precisely  than  they  singly  afford. 

In  a  few  of  the  public  jirints  (notably  in  '  Nature  ')  a  num- 
ber of  interesting  (and  doubtless  accurate,  so  far  as  the  sudden- 
ness of  the  apparition  would  admit  of)  observations  are  recorded; 
but,  on  the  other  hand,  it  is  somewhat  strange  that  the  scien- 
tific journals  in  general  contain  but  little,  if  any,  notice  of  it ; 
and  as  to  newspapers,  vehile  the  '  Standard '  and  some  few 
others  contain  scattered  accounts,  the  '  Times  '  (probably  from 
a  want  of  due  appreciation  of  the  importance  of  the  subject) 
published  two  letters  only  out  of  a  "  great  number  "  it  stated 
it  had  received.  Regretting  this,  and  using  to  the  best  of  my 
ability  the  materials  I  have  found  at  my  command,  I  have 
drawn  up  a  schedule  of  twenty-six  observations  at  home  and 
abroad,  showing  at  one  glance  the  prominent  features  in 
each  observation  and  giving  the  authorities,  that  those  so  dis- 
posed may  consult  them  for  further  or  more  exact  details. 
They  are  as  follows  : — 
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In  the  foregoincr  schedule  of  i)articulars  I  have  not  given 
the  dates  of  the  '  Standard  '  and  '  Times  '  newspapers  ;  but  the 
letters  appeared  within  a  few  da^^s  of  the  17th. 

Mr.  Munro's  letter  (obs.  9)  was  addressed  to  the  Secretary 
of  the  Eoyal  Astronomical  Society  (to  whom  I  am  indebted  for 
its  loan),  and  contains  a  good  deal  of  interesting  matter  in 
connexion  with  the  "  beam  "  beyond  the  particulars  abstracted. 

A  primary  question  Avhich  presents  itself  in  the  subject 
is,  whether  the  "  beam  "  was  really  and  truly  a  j)art  of  the 
auroral  display,  or  a  "  meteor,^^  "  meteoroid/^  "  cometary 
body,^""  or  something  allied  to  any  of  these  in  contradistinction 
to  an  auroral  beam.  Independently  of  other  considerations, 
two  spectroscopic  observations  which  have  been  recorded  put, 
I  think,  this  point  well  beyond  a  doubt.  In  my  own  case 
(obs.  2)  I  was  using  -the  spectroscope  (a  large  Browning 
direct-vision  one) upon  the  aurora  northwards,  but, accidentally 
turning  and  seeing  the  beam,  1  at  once  applied  the  instrument 
to  it.  The  spectrum  (not  to  be  found  on  the  adjacent  sky) 
was  observed  to  consist  of  the  well-known  principal  citron 
auroral  line  (W.L.  5569),  and  a  faint  greenish-white  conti- 
nuous spectrum  extending  from  about  D  to  F.  No  other 
bright  line  than  the  principal  one  was  visible ;  and  the  con- 
tinuous spectrum  showed  no  trace  whatever  of  Fraunhofer 
dark  lines — indicating  an  absence  of  solar  reflected  light. 
The  second  observation  was  made  by  Mr.  F.  W.  Cory,  of 
Buckhurst  Hill,  Essex,  who  in  a  letter  to  '  Knowledge ' 
(vol.  iii.  no.  62) says: — "I  think  there  can  be  no  doubt  in  regard 
to  the  connexion  between  the  torpedo-shaped  body  that  was 
seen  on  November  ]  7  at  6^  5™  p.m.  and  the  aurora,  as  the 
spectroscopic  examination  gave  the  same  line  for  both  ;  and 
this  was  situated  between  D  and  E  in  the  specti  um,  but  nearer 
the  former."  That  the  aurora  of  the  17th  was  of  the  same 
spectroscopic  character  with  previously  examined  ones  is 
shown  by  the  obser\^ations  of  (1)  Mr.  Cory,  as  above  men- 
tioned; (2)  my  own,  I  finding  in  the  brighter  parts  the  citron 
line,  and  a  few  others  indistinctly  shown;  (3)  Mr.  T.  G.  Elger's 
(obs.  12),  who  in  the  pink  portions  of  the  aurora  found  the 
usual  red  and  green  lines;  (4)  Dr.  Wm.  Roxburgh,  of  Bourne- 
mouth, who,  in  a  letter  to  Prof.  Piazzi  Smyth,  states  he  found 
five  lines  agreeing  in  position  with  those  given  by  Prof.  Smvth 
in  his  plate  of  the  auroral  spectrum  figured  in  the  '  Royal 
Observatory  of  Edinl)urgh  Observations,' vol.  xiii.;  and  (5)  Mr. 
Henry  Robinson  ('  Nature'  p.  85),  who  saw  the  green  line  and 
some  others  less  distinctly  in  the  blue  and  violet. 

Having  dis])0sed  of  this  ])relin)inary  ])oint,  we  Avill  now  turn  to 
the  other  incidents  of  the  '*  beam  "  detailed  in  the  tAventy-six 
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observations.  And,  first,  (column  4),  time  of  its  appearance. 
Owing  no  doubt  to  the  sudden  and  unexpected  advent  of  the 
object,  the  times  recorded  are  evidently  not  very  certain,  and, 
with  the  exception  perhaps  of  the  Greenwich  and  some  of  the 
foreign  observations,  are  doubtless  neither  chronometer  nor 
clock  time.  Many  do  not  profess  to  be  exact;  and  Ave  are  not 
generally  told  whether  they  are  Greenwich  or  local,  though 
probably  they  are  the  former.  I  think,  however,  they  are 
sufficiently  near  to  enable  us  to  identify  observations  1  to  21 
and  24  to  28  as  all  applying  to  the  same  phenomenon.  For  any 
other  purpose  the  recorded  times  do  not  seem  of  much  prac- 
tical use.  Secondly,  time  occupied  in  transit  (7th  column). 
This  is  also  involved  in  some  obscurity.  One  observer  (obs.  12) 
gives  so  short  a  time  as  "  about  6  seconds,''^  while  another 
(obs.  10)  extends  the  time  to  a  length  of  "  less  than  4 
minutes  ;"  and  between  these  rates  we  get  estimates  mostly  of 
1  and  2  minutes,  accompanied  by  such  qualifying  expressions 
as  "  less,"  "  about,"  &c.  A  mean  of  eighteen  observations 
is  found  to  be  1  minute  15  seconds.  As  to  the  longer  periods, 
we  know  by  the  experience  of  counting  beats  by  clock  or 
chronometer  that  the  estimate  of  time  by  observers  not  so 
accustomed  is  usually  an  overrate  ;  and  I  think  we  may  con- 
sider this  to  have  been  the  case  in  these  instances.  Thirdly, 
as  to  apparent  length  and  breadth  of  the  object  (columns  8 
and  9).  These  of  course,  as  with  the  time  occupied  in  transit, 
would  vary  with  the  position  of  the  observer  ;  and  at  places 
situated  more  southward  the  object  would  have  been  seen  of 
greater  length  and  breadth  than  when  seen  from  the  north, 
Avhile  east  and  west  positions  would  get  foreshortened  effects. 
Perspective  would  come  into  play  with  the  position  of  the  beam 
in  the  sky,  most  observers  agreeing  that  it  lengthened  out  as  it 
neared  the  zenith,  though  one  (Mr.  Batson,  obs.  4)  thought  it 
contracted  as  it  passed  across  the  moon.  The  observations, 
however,  are  really  not  conformable;  and  though  three  30° 
make  their  appearance,  the  observers  (obs.  5,  9,  14)  differ  in 
position  and  in  their  time  of  transit  estimates.  The  estimated 
lengths,  as  might  be  expected,  differ  more  than  the  breadths. 
Perhaps  the  two  most  inconsistent  records  are  the  Peruwelz 
(obs.  20))  and  the  Bruges  (obs.  27)  observations  with  the  same 
breadth  but  so  ofreat  a  difference  in  leno;th.  A  mean  of  eleven 
observations  for  length  (excluding  the  Eye  and  Peruwelz 
observations)  and  of  nine  observations  for  breadth  gives  27°  x 
3^-°  as  a  general  idea  of  the  beam's  apparent  size. 

Column  10  brings  us  to  the  direction  of  flight.  In  this 
case  we  have  more  actually  accordant  observations,  inasmuch 
as  all  agree  in  general  terms  upon  a  flight  from  an  east  to  a 
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west  quarter  of  the  horizon.  The  exact  direction,  however,  is 
(doubtless  for  the  same  reasons  which  affected  the  time  of  ap- 
pearance, time  of  flight,  and  size)  but  rarely  given.  In  some 
instances  qualifying  words  are  used,  such  as  (in  my  own  obser- 
vation) "  nearly."  In  others,  degrees  of  deviation  from  the 
cardinal  points  are  given  ;  and  generally  there  seems  a  ten- 
dency on  the  part  of  observers  situated  northwards  to  place  the 
rising  and  setting  points  southwards,  and  the  reverse  with  the 
southern  observers;  but  beyond  this  the  deviation  from  the  E. 
and  W.  points  respectively,  according  to  the  observer's  station, 
is  not  very  regularly  indicated.  The  observers  have  not  stated 
whether  astronomical  or  magnetic  points  are  recorded;  pro- 
bably in  most  cases  the  former  are  intended.  The  only 
instances  where  precise  figures  are  given  are  those  of  the 
observations  at  Utrecht  and  Zonnemaire,  in  which,  after  sta- 
ting the  direction  of  flight  in  a  general  way  as  E.  to  W.  and 
N.  of  E.  to  S.  W.,  both  observers  agree  in  fixing  upon  E.  20°  N. 
to  W.  20°  S.  as  the  horizontal  direction.  Having  thus  ascer- 
tained as  nearly  as  we  may  the  hour  of  appearance,  time  and 
direction  of  flight,  and  size  of  the  beam,  its  particulars  may  be 
summed  up  as  follows: — 

(«)  Character,  auroral. 

(^)  Time  of  appearance,  a  little  after  6  p.m. 

((?)   Time  of  flight,  about  75  seconds. 

(d)  Apparent  approximate  length  and  breadth,  27°  x  3^°. 

(e)  Direction  of  flight,  magnetic  E.  to  W. 

We  will  now  gather  from  the  observers  some  idea  of  its 
general  appearance  to  the  eye.  The  descriptions  recorded  are 
sometimes  peculiar  in  expression  ;  but  all  fairly  represent  a 
similar  form.  Among  them  are  : — "  spindle-shaped,"  "  forme 
de  fuseau,"  "torpedo  or  weaver's- shuttle,"  "cigar-ship,"  "len- 
ticular," and  a  "  comet's-tail,"  while  one  observer  not  inaptly 
compares  it  to  the  well-known  fusiform  nebula  in  Andromeda. 
For  descriptive  colour,  those  selected  seem  to  be  "  white," 
"pearly  white,"  "greenish  white,"  and  "yellow  white,"  it 
being  somewhat  significant  of  the  beam's  specific  character 
that  the  last  two  combined  will  represent  the  locus  of  the  prin- 
cipal aurora  line  indicated  in  Prof.  Piazzi  Smyth's  beautiful 
colour  plate  in  '  Madeira  Spectroscopic  '  by  the  tint  "  citron," 
The  quality  of  the  light  is  somewhat  variously  described  in 
such  terms  as  "  glowing,'  "  shining,"  and  "  phosphorescent ;" 
and  one  observer  (obs.  20)  compared  it  to  an  electric  glow  in 
vacuo  ;  and  certainly  to  me  it  was  not  at  all  unlike  the  glow 
of  a  carbon  Geissler  tube.  The  Utrecht  observer  (obs.  24) 
speaks  of  it  as  "  feathery;"  l)ut  to  me  and  most  other  English 
observers  the  edges  were  fairly  well  defined.     1  thought,  how- 
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ever,  I  detected  a  sort  of  broken  and  clouded  structure,  diffi- 
cult to  describe  except  as  being  something  like  what  certain 
forms  of  cumulo-cirri  would  appear  if  illuminated  by  Balmain 
paint.  Mr.  Worthington  (obs.  15)  noticed  it  had  the  ends  of 
a  rough  splintered  appearance.  ]\[r.  Batson  (obs.  4)  says  that 
the  object  when  nearest  presented  throughout  its  length  (but 
rather  below  than  above)  a  remarkable  "boiling"  appearance 
(as  seeds  in  a  capsule),  while  the  edges  appeared  smooth  and 
quiet.  I  did  not  myself  observe  this.  One  curious  feature 
(noticed  particularly  abroad)  was  a  sort  of  nucleus,  or  rather 
central  dulness. 

Prof.  Oudemans  (obs.  24)  remarks  that  when  90°  length 
was  obtained  the  beam  separated  and  a  division  (longitudinal 
I  presume)  was  formed  10°  x  ^°;  while  in  the  Bruxelles  ob- 
servation we  find  "  Quand  elle  eu  deja  disparu  en  partie  der- 
riere  I'horizon,  elle  presenta  un  noyau  plus  obscur,  comme 
elle  I'avait  fiiit  a  I'horizon  oriental."  Mr.  Munro  (obs.  9)  is 
the  only  English  observer  who  appears  to  have  noticed  this 
feature;  and  he  speaks  of  a  "  dark  nucleus  "  about  3°  transverse 
diameter  and  2°  conjugate — his  position,  it  maybe  noted,  like 
the  foreign  ones,  being  to  the  east  of  Greenwich.  Mr. 
Munro  further  describes  the  beam  as  like  the  edge  view  of 
a  luminous  quoit,  its  diameter  being  parallel  to  the  horizon. 

This  definition  is  well  supported  by  the  circumstances  of  the 
nucleus  being  mostly  observed  where  the  beam,  as  in  Belgium, 
passed  overhead^  and  by  the  wider  breadth  (4°  to  5°)  assigned 
to  it  there,  at  the  same  time  that  most  English  observers  saw 
no  nucleus,  and  estimated,  on  the  whole,  the  breadth  as  deci- 
dedly smaller.  This  would  give  a  figure,  as  seen  in  the  zenith, 
of  a  ring  much  pulled  out  with  a  central  opening  (the  nucleus 
being  described  as  a  dark  one  or  a  division),  while  as  viewed 
at  an  angle  the  short  diameter  would  be  less  and  the  central 
nucleus  lost.  The  form  thus  obtained  (a  pulled-out  ring)  is 
what  one  might  anticipate  of  an  elastic  gaseous  or  fluid-like 
body  flying  at  considerable  speed  through  a  resisting  medium. 

Among  the  incidents  mentioned  exceptionally  may  be  no- 
ticed Mr.  Saxby's  (obs.  11)  observation  of  a  second  beam  70° 
northward,  which  apjieared  as  the  principal  one  approached 
the  W.  horizon;  and  also  some  observations  reminding  one  of 
the  dark- shadow  or  contrast  tint  seen  near  the  end  of  the  tail 
of  the  recent  Great  comet.  These  are  as  follows  : — (1)  Mr. 
Joseph  Clark  (obs.  10)  observed  a  "  dark  something  "  before 
the  "  bar  "  which  seemed  to  indicate  the  path  it  would  take, 
and  also  a  dark  streak  where  it  passed.  (2)  Major  J.  Her- 
schel  ('  Nature,'  p.  87),  in  quoting  from  a  correspondent's 
letter  to  him,  sa3'S  "  it  left  a  black  cloud  of  its  own  shape, 
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which  disappeared  in  a  few  seconds/''  (3)  Mr.  Dobson  (obs.  5) 
says  it  was  preceded  and  followed  by  "a  strong  black  margin.^' 
I  saw  nothing  like  any  of  these  myself,  though  I  had  an  impres- 
sion the  beam  was  following  some  definite  path.  Other  obser- 
vations (if  made)  would  be  interesting  on  the  point  whether 
these  appearances  were  real  or  subjective  impressions. 

Turning  our  attention  now  to  the  combined  questions  of  the 
object's  position,  direction  of  flight,  and  height  above  the 
earth's  surface,  we  already  find  in  print  some  opinions  regard- 
ing these.     Mr.  Saxby  (obs.  11)  considers: — 

1st.  The  direction  must  have  been  S.  70°  W.,  probably 
71°  45',  being  the  complement  of  magnetic  declination. 

2nd.  The  proper  motion  to  have  been  over  a  mile  a  minute. 

3rd.  The  path  was  vertically  over  a  line  on  the  earth's  sur- 
face at  a  least  distance  from  Greenwich  of  72  miles,  with  a 
height  of  44  miles. 

4th.  The  object  must  have  been  in  the  zenith  over  North 
Belgium,  the  Boulogne  district,  Cherbourg,  and  the  north 
coasts  of  Brittany. 

This  was  before  the  foreign  observations  were  reported  ; 
and  subsequently  Mr.  Saxby,  after  stating  that  the  beam 
passed  in  the  zenith  at  Bruxelles  (M.  Moutigny),  and  at  Laon 
was  seen  to  northward  of  the  zenith  gliding  round  the  upper 
edge  of  the  great  main  arch  of  the  aurora,  puts  the  actual 
elevation  "  without  risk  of  error  "  as  between  40  and  45  miles. 
Mr.  Taylor  (obs.  14),  using  the  observations  at  York  and 
Woodbridge,  deduces  a  height  of  212  miles  ;  and,  using  those 
at  Hungerford  and  York,  finds  1 92  miles  for  height.  He  con- 
siders the  beam  must  have  passed  overhead  in  the  north  of 
Italy  and  south  of  France,  and  must  have  been  200  miles  in 
length.  Subsequently  (upon  receipt  of  the  foreign  observa- 
tions) he  makes  it  70  miles  in  height  when  over  Belgium, 
but  considers  it  must  have  been  150  miles  high  during  the 
latter  part  of  its  course.  As  to  the  York  observation,  it 
seems  desirable  to  notice  that  Mr.  Taylor  does  not  seem  to 
have  much  confidence  in  his  own  estimate  of  the  beam's  appa- 
rent distance  below  the  moon  ;  and  this  estimate  is  dissented 
from  by  a  relative  who  was  watching  the  phenomenon  at  the 
same  time.  Mr,  Backhouse  ('Nature,'  pp.  141  &  315)  at  first 
considered  the  height  ver}-  considerable;  and  both  he  and  Mr. 
Taylor  thought  Mr.  Saxby's  estimate  of  44  miles  too  low, 
probably  from  near  stations  being  used  in  the  calculations. 
Later  on  Mr.  Backhouse  wrote  me  he  thought  200  miles  not 
an  improbable  height. 

I  may  here  mention  that  I  have  not  heard  of  any  observa- 
tions north  of  York.     I  made  inquiries  at  Liverpool  of  the 
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Astronomical  Society  recently  esLiblished  there,  but  could  not 
hear  of  any  ;  and  it  is  much  to  be  regretted  that  one  from 
France  is  all  we  hear  of  from  that  country. 

Upon  the  foregoing  points,  Prof.  Alexander  S.  Herschel 
has  very  kindly  communicated  to  me,  and  placed  at  my  dis- 
posal, some  remarks  and  calculations  to  the  following  effect. 
He  considers  that  the  supplied  data  (the  foreign  observations 
had  not  then  been  received)  all  corroborate  each  other  very 
fairly,  the  Hewarth  (York)  observation  excepted,  which  can- 
not, he  thinks,  be  usefully  employed. 

The  main  body  of  descriptions  serves  to  track  very  exactly 
across  the  south  of  England  what  may  be  called  the  shadow- 
line  of  the  phenomenon  thrown  by  the  moon.  This  is  so 
clearly  marked  out  running  magnetic  E.  and  W.  from  AVood- 
bridge  in  Sutfblk,  across  Hungerford  in  Berks,  into  Devonshire 
and  Cornwall,  that  the  inclination  of  the  beam's  path  to  the  geo- 
graphical meridian  (or,  rather,  to  a  parallel  of  latitude)  can  be 
assigned  almost  exactly.  But  this  average  result  of  the  obser- 
vations will  of  course  bear  a  little  variation  according  to  the 
amount  of  confidence  that  we  place,  and  the  changes  that  we 
think  fit  to  introduce  into  the  interpretation  of  some  of  the 
descriptions.  A  line  drawn  subject  to  such  slight  variation 
will  be  inclined  24*^  to  the  geographical  east  and  west  line, 
which  is  not  only  a  steeper  pitch  than  the  actual  magnetic 
variation  (about  20°  W.)  in  the  part  of  England  where  the 
shadow-path  lay,  but,  a  fortiori,  considerably  steeper  yet  than 
the  real  slope  of  magnetic  variation  in  the  region  oi^  France 
(about  17°  or  18°  W.)  where  the  beam  really  moved,  and  was 
shadowed  into  England.  A  line  inclined  at  18°  to  E.  and  W. 
geographical  may,  however,  be  drawn  along  the  central  eclipse 
track  of  the  observations,  which  will  do  but  little  violence  to 
them,  and  represent  them  nearly,  if  not  quite,  as  well  as  the 
former  line.  "Whichever  shadow-route  we  adopt,  persons 
placed  north  (and  10°  W.)  of  it  in  the  direction  the  moon 
shone  to,  would  see  it  under  the  moon  at  a  distance  in  degrees 
exactly  in  proportion  to  their  distance  in  miles  (in  that  direc- 
tion) from  the  shadow-track,  or,  if  placed  south  of  it,  over  the 
moon  in  the  same  way.  To  ascertain  how  many  miles  of  dis- 
placement in  station  go  to  a  degree  of  departure  of  the  object's 
apparent  sky-course  above  or  below  the  moon,  we  have  only, 
on  the  supposition  that  the  same  rate  of  displacement  per 
degree  belongs  to  each  of  the  observations  (that  is,  supposing 
that  all  parts  of  the  object's  course  shadowed  by  the  moon 
were  at  one  and  the  same  height  above  the  earth,  or  that  its 
course  was  really  parallel  to  the  earth's  surface,  or  horizontal 
all  the  time  that  it  was  under  observation),  to  collect  all  the 
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observers'  distances  from  the  shadow-line,  and  degrees  of 
"above"  or  "below"  view  of  the  beam's  centre  relative  to 
the  moon's  centre  as  they  observed  it,  into  two  sums,  and  then 
to  divide  the  mileage  sum  by  the  degree  sum,  and  the  result 
will  be  the  best  average  value  of  the  rate  that  the  observations 
can  afford.  Exact  angular  centre  differences  are  only  gfiven 
at  Bristol,  Guildown,  Chatham,  St.  Ives,  and  Hewarth  (York); 
and  these  agreeing  very  fairly  (except  the  Hewarth  one),  and 
the  distances  being  taken  from  the  fir $t  presumptive  track,  the 
result  is  found  to  be  a  total  of  280"5  miles  for  14*  1  degrees  of 
])  parallax,  or  an  average  rate  of  5°  to  100  miles.  This, 
projected  with  a  protractor,  would  make  the  beam's  height 
215  miles  over  Bordeaux,  but  with  a  want  of  probability  of 
such  a  heio'ht  and  distance.  Abandonino-  therefore  the  He- 
warth  observation  and  accepting  the  other  four,  we  get  in 
figures  as  follows: — 

Bristol  23  miles  =  1-6 

Guildown ...   21*5    „  =  2*0 

Chatham    ...  33       „  =  2-0 

St.  Ives 37      „  =  5*5 

irFb  „  =  iFl 
.-.  100  „  =  9-4 
and  this  gives  by  projection  a  height  of  92  miles  180  miles 
south  of  the  shadow-line.  Prof.  Herschel  at  this  point  remarks 
that,  as  the  result  of  his  experience  of  the  heights  of  the  ray- 
less  milky  auroral  arches,  obtained  by  good  parallaxes  of  them, 
he  has  found  they  constantly  occur  within  a  few  miles  of  100 
high,  and  that  possibly  the  St.  Ives  observer's  parallax  may 
be  a  little  excessive.  Taking  now  a  shadow-line  inclined  18° 
to  the  geographical  E.  and  W.  direction  (for  the  moving  beam 
must  have  lain  over  a  part  of  France  where  18°  was  about  the 
extent  of  magnetic  variation),  measuring  the  distances  again, 
and  preferring  this  time  to  use  5°  instead  of  a  mean  of  5°  and 
6°  as  the  St.  Ives's  parallax,  we  have  as  follows: — 

Bristol  17  miles  =    1*6 

Guildown  ...  24     „  =   2-0 

Chatham    ...  27     „  =2-0 

St.  Ives 41-0  „  =  5-0 

109-5  „       =W) 
.-.   100     „      =   9-65  =  9f°' 

Projected  with  the  ])  's  altitude  at  Guildown  {2'i>h°),  these 
figures  will  give  a  height  of  100  miles  at  a  distance  of  185  miles 
south  of  the  shadow-line  (i-ee  PL  Vll.  fig.  l);or  if,  instead  of 
using  so  large  an  angle  as  9°'6  to  protract  with,  we  prefer  to 
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used  loo  miles  station-distance  on  each  side  of  the  shadow- 
track  so  as  to  get  two  heights,  li}  and  A'-^  (see  fig.  2),  the  mean 
of  the  two  heights  obtained,  viz.  96  and  173  miles,  will  be  as 
accurate  a  result  as  the  observations  can  be  expected  to  afford, 
and  will  =  133  miles. 

Upon  referring  this  last  projection  to  Prof.  Herschel,  after 
alluding  to  its  being  after  all  only  a  rough  procedure  to  resort 
to  a  triangulation  on  one  side  or  the  other  of  the  moon's  appa- 
rent altitude  with  a  converging  angle  so  large  as  10°  to  fix 
the  beam's  intersection  by,  and  after  noticing  that,  if  a  100-raile 
base  must  be  used,  then  it  were  better  used  on  the  north  side 
of  the  shadow-line  away  from  the  moon,  he  then  continues: — • 
Supposing  the  rate  of  parallax  close  to  the  shadow-line  to  have 

been  9|°  per  100  miles  (/.  e.  1°  per  /  -^r;^)  miles  =  Y"  per   10-5 

miles),  then  the  best  way  would  be  to  consider  only  a  small 
base  of  10"5  miles,  say,  and  a  small  converging  angle  of 
1°  corresponding  with  it  (fig.  3),  and  to  calculate  It  trigono- 
metrically  thus: — 

li      sin  28°  _  h 

'''  ~x  ^   sin  1°  ~  10-5  X  sin  28° 


miles.                0 
,r=10-5  X  sin  2S 

and 

,z'  =  d       X  sin    1 

and 

h  =  d       X  sin  28 

,        ,       (sin  28°)'-*     ,„.      ., 
and  .'.  /i=  ^ — -. — r^  X  10*0  miles, 
sni  1 

And  then  testing  the  above  method's  correctness  by  calcula- 
ting first  for  10"5  miles  north  of  the  shadow-line,  which  gives 
(with  fig.  4) 

miles.  o 

x=  10-5  X  sin  27  ^    „,./*_  s^"  ^8    ^  ^^ 

..  =  d       xsin    1  -^        «i^l°        10-5  X  sin  27°' 

k  =  cl      X  sin  28  J   ...A=^n^^i:i^Hi^x  10-5. 

sm  1 

And  next  (by  fig.  5)  with  the  10'5  mile  base  south  instead  of 
north  of  the  shadow-line,  obtaining 

miles.        Q 
.t-=  10-5  xsin 291 

.      ,  ,        ,       sin  29° .  sin  28°     ,^  . 

a;  =  d       X  sm    1  I  and  .'.  h= -. — -^ X  10*0. 

h  =  d       xsin  28  J 
The  mean  of  these  two  should  be  close  to 

,      sin  28°  xsin  28°     ,,,...  ,    ,      (sin  28)^     ^^  . 

h  = -. — To x  lO'O  miles,  or  to  h=  ^-. — to^X  lO'o, 

sm  1  '  sin  1  ' 
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as  given  in  the  first  formula,  of  which  the  last  two  are  the 
criteria  to  show  how  far  such  a  mean  differs  from  the  use  of 
the  rule  directly  on  each  side  of  the  shadow-line.  The  result- 
in  o;  fio-ures  are  found  to  be: — 

Formula     Xo.  1     7^  =  1 32 '6  miles. 

2  A=  128-2     „ 

3  A  =136-9     „ 
And  the  mean  of  Nos.  2  and  3  gives  us 

A  =  132-55  miles; 

in  curiously  close  accord  with  that  obtained  by  actual  projec- 
tion (fig.  2),  viz.  133  miles. 

The  course  the  beam  pursued  would  be,  at  185  miles 
from  the  shadow-line  (fig.  1),  passing  from  a  little  S.  of 
Dresden  to  Frankfort,  then  between  Bruxelles  and  Paris, 
but  nearer  the  latter  place  and  a  little  X.  of  it,  across  Evreux 
to  Quimper  ;  while  at  244  miles  (fig.  2)  we  should  find  it 
begin  at  Prague,  then  to  Worms,  across  Fontainebleau  a  little 
S.  of  Paris,  to  Nantes.  In  either  case  the  line  would  be 
slightly  curved,  from  its  getting  into  regions  where  the  mag- 
netic variation  becomes  gradually  greater  towards  the  west. 
As  to  the  speed  of  motion,  a  path  of  between  800  and  900 
miles  long  seems  to  have  been  traversed  in  some  80  or  90 
seconds,  givmg  a  rate  of  10  miles  per  second. 

Prof.  Serschel  concludes  by  remarking  that  he  has  seen 
abortive  bright  streamers  move  along  stationary  milk-white 
auroral  bands;  and  this  "  shuttle  phenomenon"  was,  he  thinks, 
a  streamer-base,  or  "tendency  to  shoot  up  rays,"  travelling  as 
a  nucleus  or  concentration  of  light  along  an  arc  or  bow  other- 
wise invisible,  as  streamer-bases,  though  more  faintly  visible, 
frequently  do  along  luminous  sharp-edged  phosphorescent- 
looking  arches.  It  will  be  noticed  that  this  last  remark  of 
Prof.  Herschel's  well  accords  with  Mr.  Joseph  Clark's  and 
my  own  observations — that  the  beam  seemed  to  be  following 
a  definite  and,  as  it  were,  "  bespoken  "  track. 

It  may  here,  too,  be  remarked  that  observers  who  did  not 
notice  the  ''  beam  "  do  mention  an  arch  or  arches  at  about 
5*^  30™,  ^vhich,  except  for  the  former's  flying  evanescent  cha- 
racter, must  have  much  resembled  it. 

Two  such  observations  by  Mr.  Clark  and  Mr.  Clapham 
(obs.  22  and  23)  are  comprised  in  the  particulars  scheduled. 
Mr.  Clark  speaks  of  a  "  green  "  arch,  a  colour  M'hich  seems  to 
have  been  particularly  dominant  in  the  17th  of  Kovembcr 
aurora.  Mr.  Clapham  describes  a  stationary  arc  formed  of 
two  conical-shajjcd  lights,  with  a})ices  meeting  al)Out  the 
zenith.     Dr.  Roxburgh,  in  his  letter  to  Prof.  Smyth  before 
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refeiTed  to,  speaks  of  a  number  of  arcbes  parallel  to  tbe  usual 
one  being  seen  at  Bournemoutb,  one  across  tbe  zenitb  wbicb 
cbangedin  position  but  slowly.  Otber  observers  speak  of  such 
arches  as  distinguished  from  the  usual  forms  of  arch  in  the  north; 
and  the  evidence  generally  tends  to  the  probability  that  the 
beam  itself  may  have  been  the  transient  lightiug-up  by  a  pass- 
ing glow  of  an  otherwise  invisible  arc.  As  regards  the  beam's 
apparent  course  among  the  stars  the  observations  are  not 
numerous.  The  Astronomer  Royal  (obs.  3)  speaks  of  its 
passing  "  nearly  along  a  parallel  of  declination."  Mr.  Dobson 
(obs.  5)  states  that  it  rose  a  little  south  of  Aldebarau,  slid 
along  at  the  same  N.P.D.,  and  disappeared  under  Altair.  Mr. 
Worthington  (obs.  15)  describes  it  as  rising  below  and  to  the 
right  of  Saturn,  but  does  not  trace  it  further.  Mr.  Munro 
(obs.  9)  mentions  that  it  rose  vertically  below  the  Pleiades. 
Mr.  Saxby  (obs.  11)  assigns  to  it  a  trajectory  much  flatter 
than  the  stars. 

For  foreign  positions  we  find  Prof.  Oudemans  (obs.  24) 
at  Utrecht  giving  a  precise  description,  viz.  that  it  rose  just 
above  Aldebaran,  passed  above  Saturn,  went  through  the 
Pegasus  quadrant,  and  sank  south  of  the  three  Eagle  stars. 
Prof.  Zeeman  at  Zonnemaire  (obs.  25)  traced  it  through  Alde- 
baran and  u  Pegasi.  And^  I'lstly,  the  Editor  of  del  et  Terre 
(obs.  28)  at  Bruxelles  says  it  appeared  between  l  Aurigse  and 
a.  Tauri,  and  descended  between  /3  and  y^  Ophiuchi.  In  fig.  7 
I  have  constructed  a  star-map  for  the  evening  in  question  at 
Guildown  ;  and  on  this  are  traced  two  dotted  lines  showing 
the  home  and  foreign  apparent  tracks  of  the  "beam."  It 
will  be  seen  that  these  are  in  the  main  conformable  to  the 
general  tenor  of  the  descriptions,  and  are  in  fact  portions  of 
circles  struck  from  the  equivalent  to  the  magnetic  pole  as  then 
situate.  Circles  struck  from  the  magnetic  pole  on  the  terres- 
trial globe  will  in  like  manner  be  found  fairly  to  correspond 
with  Prof.  Herschel's  assigned  paths. 

In  Hg.  6  is  found  a  diagram  drawing  (with  the  stars  ap- 
proximately fixed  in  their  apparent  places)  showing  the 
"  beam  "  as  it  appeared  from  Guildown  Observatory  during 
the  culminating  portion  of  its  passage. 

Having  thus  traced  the  "  beam  "  to  be  truly  part  of  the 
aurora,  and  also  having  deduced  as  near  as  may  be  from  the 
collected  observations  the  duration  and  direction  of  its  flight 
above  the  earth's  surface  and  its  approximate  height,  it  re- 
mains to  say  something  of  its  physical  character.  This 
question  becomes  interesting  from  the  fact  that  several  cor- 
resj)ondents  to  scientific  journals  and  papei's  have  attributed 
to  the  phenomenon  some  sort  of  "  meteoric  "  character,  while 
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others  have,  with  more  precision,  claimed  it  to  be  a  favourable 
specimen  of  "cosmic  dust  "  display.  The  best  known  and 
most  zealous  advocate  of  this  "  cosmic  dust "  theory,  which 
not  only  touches  the  character  of  our  "  beam  "  but  that  of 
auroral  displays  in  general,  is  Prof.  Groneman,  of  the  Ecole 
M.  de  I'Etat  at  Gromngen  (Pays-Bas). 

In  my  '  AuroraB*  (p.  64)  I  have  briefly  referred  to  the  Pro- 
fessor's theory,  of  which  I  had  only  then  seen  a  condensed 
account ;  but  subsequently  he  very  kindly  sent  me  a  full  print 
of  his  "  Theorie  cosmique  de  Paurore  polaire  "  {Estratto  dull' 
Appendice  alle  Memorie  della  Societa  dec/li  Spettroseojyisti 
Italiani,  1878,  vol.  vii.).  In  chapter  ii.  ("  I'hypothese  fonda- 
mentale  ")  of  this  work,  the  theory  is  expounded  in  connexion 
with  Schiaparelli's  discovery  of  "  poudre  cosmique  "  circula- 
ting round  the  central  star  of  our  system  in  elliptic  rings, 
meeting  the  earth  in  its  orbit,  occasioning  shooting-stars, 
meteors,  &c.,  and,  amongst  other  phenomena,  luminous  appa- 
ritions such  as  aurora. 

This  paper  is  worthy  of  attentive  reading  and  consideration; 
for  while  in  its  twenty  chapters  main  stress  is  laid  upon  the 
general  connexion  of  the  "  cosmJc  dust "  with  aurorse,  with 
the  zodiacal  light,  and  with  the  "  Gegenschein  "  or  antisolar 
light,  the  particular  phenomena  of  auroree  are  fully  and  elabo- 
rately discussed  in  detail. 

Prof.  Groneman  has  followed  up  this  paper  by  letters  in 
'Nature,^  vol.  xxiii.  p.  195,  and  vol.  xxvii.  p.  388,  and  by  an 
article  in  the  same  volume,  p.  296.  The  article  last  referred 
to  is  particularly  valuable,  not  only  as  supplying  us  with  the 
observations  at  Utrecht  and  at  Zonnemaire  before  cited,  but 
as  giving  a  drawing  of  an  auroral  arch  seen  at  Groningen, 
Nov.  2,  1871,  resembling  the  beam,  as  well  as  some  accounts 
of  other  similar  phenomena  seen  during  aurorfe,  and  some  sta- 
tistics as  to  the  heights  of  auroraB,  including  those  of  Heis  and 
Flogel,  10  to  100  geographical  miles  (46  to  461  English  miles), 
Tromholt,  17  geogr.  miles,  Galle,  40  to  60  geogr.  miles,*  and 
Prof.  Groneman  himself,  59  geogr.  miles.  He  considers  the 
course  of  the  beam  to  have  been  a  great  circle  cutting  the 
horizon  and  also  the  equator  in  two  opposite  points.  On  the 
cosmic  theory  we  may  at  once  remark  that  in  some  respects 
it  is  quite  possible  that  auroras  and  clouds  of  meteorites  circu- 
lating within  our  atmosphere  may  resemble  one  another  ;  but 
1  confess  I  am  not  prepared  to  declare  in  favour  of  the  "  theorie 
cosmique "  as  a  satisfactory  explanation  of  auroral  pheno- 
mena. One  adverse  point  urged  by  Mr.  Backhouse  ('Nature,' 
p.  315)  is  the  fact  that  meteors  are  mostl}^  given  to  fly  in  all 
directions,  while  auroral  arches  and  beams  (of  which  this  one 
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is  an  example)  describe  courses  along  parallels  of  magnetic 
latitude  ;  and  hence  he  does  not  consider  its  course  to  have 
been  a  meteor-one. 

Another  divergent  point  is  the  rate  of  motion.  The  "  beam  " 
had,  as  the  result  of  the  observations  I  have  recorded  and  in 
Prof.  Herschel's  o})inion,  a  rate  of  some  10  miles  per  second ; 
while  in  Guillemin^s  Le  del,  p.  235,  we  find  the  information 
that  the  rate  of  flight  of  bolides  is  considered  to  be  70  to  175 
kilometres  (40  to  130  English  miles)  per  second. 

A  third,  and  to  my  mind  the  strongest,  objection  to  the  Pro- 
fessor's theory  is  the  well-known  spectrum  of  the  aurora.  This 
spectrum  is  unique  of  its  kind,  and  has  been  long  since  disso- 
ciated from  that  of  the  zodiacal  light  (which  light  Prof.  Grone- 
man  connects  with  aurora  and  with  the  cosmic  theory),  Prof. 
Piazzi  Smyth  and  Pingle  having  incontestably  proved  the 
latter  to  be  a  continuous  one  without  any  bright  lines  what- 
ever. Nor  does  the  auroral  spectrum  at  all  resemble  that  of 
meteors  or  bolides.  The  last,  according  to  Konkoly,  consists 
of  rays  (bright  lines)  of  iron  and  other  metals  (probably  nickel, 
cobalt,  and  manganese,  J.R.  C).  The  aurora-spectrum  does  not 
give  the  idea  of  a  metallic  spectrum  (with  a  possible  exception 
of  the  red  and  citron  lines),  but  rather  that  of  a  gaseous  cha- 
racter ;  and  certainly  a  positive  coincidence  of  the  red  and 
citron  lines  with  any  known  metal  line  is  far  from  being 
proved.  Prof.  Groneman  has  indeed  quoted  me  in  his  Theorie 
Cosmigue  (p.  13)  as,  in  Phil.  Mag.  ser.  4,  vol.  xlix.  p.  249 
(should  be  265),  remarking  on  an  "  exact  concordance  "  be- 
tween the  iron  and  aurora  spectra.  But  this  is  certainly  going 
further  than  I  intended  ;  for  my  expression,  "  close  coinci- 
dences," is  too  strongly  rendered  by  "  concordance  exacted 
If,  too,  the  plate  of  spectra  accompanying  that  paper  be  ex- 
amined, the  state  of  the  matter  in  fact  stands  thus  as  to  coin- 
cidences, thus: — 

W.L,     Aurora  lines.  W.L.       Iron  lines. 

6297,  the  red  line     Not  compared. 

5569,  the  citron  line 5571,    one  of  three  close 

5390,  in  blue    5370  [together. 

5233,     do 5231 

5189,     do 5192 

/iTQl' 1     ^ K  1^0  comparable 

,pXq'  >  do a  band  r       lines. 

I  have  also  very  considerably  qualified  an}-  such  remark  as 
that  above  alluded  to  by  pointing  out  ('Aurorje/  pp.  118-170) 
that  the  connexion  between  the  two  spectra,  though  it  might  be 
suspected,  cannot  be  considered  as  proved,  the  fine  iron  lines 
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being  so  numerous  that  a  coincidence  of  some  of  these  with 
the  coarser  aurora  lines  may  after  all  be  purely  accidental. 
(In  ' Photo oraphed  Spectra'  I  have  given  the  spectrum  of  a 
meteorite  when  burnt  in  the  electric  arc,  which  presents  several 
hundred  lines  in  the  portion  of  the  spectrum  lying  between 
F  and  H  alone.) 

In  regard  to  Prof.  Groneman's  height  of  aurorge  as  com- 
pared  with  Prof.  Herschel's  deductions,  it  may  be  desirable  to 
mention  two  recent  authorities  on  the  subject  as  giving  heights 
very  close  upon  those  assigned  by  Prof.  Herschel  :  viz.  Herr 
Sophus  Tromholt,  in  an  article  on  Aurorge  ('  Nature,'  vol.  xxvii. 
p.  2i)b),  speaks  of  an  opinion  he  has  formed  as  to  the  height 
of  the  aurora,  viz.  150  kilometres  (90  miles)  ;  Baron  Nor- 
denskjold  ('Nature,'  vol.  xxv. pp.  319-321),  in  the  " Scientific 
Work  of  the  Vega  Expedition,"  Part  I.  pp.  401-452,  speaks  of 
our  o-lobe  as  being  adorned  with  an  auroral  crown  whose  inner 
edge  was  usually,  during  the  winter  of  1878-79,  at  a  height 
of  about  0"03  radius  of  the  earth  above  its  surface  (that  is, 
about  115  miles). 

A\'^hile  on  this  part  of  the  subject,  it  may  be  useful  to  refer 
to  the  vacuum  experiments  of  Drs.  De  La  Rue  and  Miiller, 
detailed  by  them  in  a  paper  on  the  height  of  the  Aurora 
Borealis  read  before  the  Royal  Society  (^'  Nature,'  vol.  xxii. 
p.  33).  Appended  to  this  is  a  table  of  deductions  from  actual 
observations,  showing,  amongst  other  particulars,  a  scale  of 
miles  of  auroral  heights,  and  remarks  on  the  character  of  the 
electric  glow  at  such  heights.  11'58  miles  gave  a  full  red 
glow,  27'42  a  carmine,  32*87  a  salmon-coloured,  37*67  maxi- 
mum brilliancy,  81*47  pale  and  faint,  and  at  124*15  miles  "no 
discharge  coukl  occur."  A  note  appended  to  the  table  states 
"  it  is  conceivable  that  the  aurora  may  occur  at  times  at  an 
altitude  of  a  few  thousand  feet"*. 

The  experiments,  however,  are  open  to  the  remark  that  the 
discharge  was  taken  in  hydrogen  gas  and  not  in  air,  and  that 
there  was  an  absence  of  any  observation  of  aurora-like  lines  or 
S})ectrum  in  connexion  with  the  discharge.  Otherwise  the 
experiments  would  go  to  show  that  the  auroral  discharge 
generally  takes  place  at  a  lower  level  than  most  observers 
have  ascribed  to  it,  and,  if  they  could  be  dependeil  on  as 
fulfilling  all  the  conditions  of  the  aurora,  would  place  the  beam 
at  a  lieight  of  133  miles  within  the  region  where  no  discharge 
could  take  place.  Possibly,  however,  the  medium  in  which  the 
discharge  was  taken  might  affect  the  results  obtained  to  the 
extent  of  this  discrepancy. 

*  Dr.  De  La  Uue  acf^uaints  uu-  lie  lias  fiu  flier  c.xpeiiiuents  in  pruyress. — 
J.  R.  C. 
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Two  other  recent  matters  in  connexion  with  the  aurora- 
spectrum  seem  to  claim  an  attention  before  conckiding  this 
paper.  The  first  is  communicated  to  '  Knowledge '  by  Mr. 
Corj,  of  Buckhurst  Hill  (before  mentioned).  In  a  letter  to 
that  journal  (vol.  iii.  no.  62),  dated  30th  of  November  last, 
after  describing  the  spectrum  of  the  beam,  he  says  : — "  Upon 
a  previous  occasion,  when  observing  the  aurora  of  October  2, 
I  noticed  a  bright  line  in  a  similar  position,  and  for  a  few 
minutes  only  three  distinct  bright  lines  in  the  red  end  of  the 
spectrum"  [the  italics  are  mine].  In  a  letter  to  me  subse- 
quently, Mr.  Cory  states  he  is  sure  of  the  lines  (in  a  Browning 
miniature  spectroscope),  though  he  could  not  give  their  exact 
positions — facts  which  he  repeated  in  a  personal  interview, 
adding  that  by  the  red  end  of  the  spectrum  he  meant  the 
region  on  the  less-refrangible  side  of  the  D  lines.  Prof.  Stokes, 
in  the  'Arctic  Manual,^  1875  (p.  26),  says  "and  there  are  also 
one  or  more  lines  in  the  red  in  red  auroras."  I  am  not  aware 
of  the  authorities  upon  which  this  statement  is  made.  Although 
varying  W.L.  positions  have  been  assigned  by  different  ob- 
servers to  the  red  line,  I  have  hitherto  assumed  them  to  refer  to 
the  same  line,  and  did  not  think  more  than  one  had  been  seen. 

With  Mr.  Cory^s  uncertainty  of  positions,  it  is  not  easy  to 
make  much  of  his  observation;  btita  circumstance  to  be  noted 
in  connexion  with  it  is,  that  the  single  red  line  generally 
remarked  falls  within  a  group  of  nitrogen  lines,  and  it  would 
be  interesting  if  the  additional  lines  w^ere  found  to  do  so  too. 

The  other  matter  to  be  referred  to  is  the  recent  procuring  of 
an  "Artificial  Aurora"  (as  it  has  been  not  very  happily  called) 
by  Prof.  Lemstrom,  a  name  long  known  in  auroral  researches. 

At  present  our  information  on  the  subject  is  somewhat 
meagre.  In  'Nature  '  (vol.  xxvii.  p.  322)  we  find  that  a  tele- 
gram, dated  December  ]  1th  last,  had  been  received  by  the 
Finnish  Academy  of  Science  from  Professor  Lemstrom,  as 
chief  of  the  Finnish  Meteorological  Observatory  at  Sodankyla. 
This  stated  that,  having  placed  a  battery  with  conductors 
covering  an  area  of  LtOO  square  metres  on  the  hill  of  Orantun- 
turi,  he  found  the  cone  to  be  generally  surrounded  by  a  halo 
yellow-white  in  colour,  which  faintly  but  perfectly  yielded  the 
spectrum  of  the  aurora.  This  he  considered  formed  a  direct 
proof  of  the  electrical  action  of  the  aurora,  and  opened  a  new 
field  in  the  study  of  the  physical  condition  of  the  earth. 

A  further  telegram  stated  that  experiments  with  the  aurora, 
made  December  2i:)th in  Enare  near  Kakala  on  the  hill  of  Picta- 
rintunturi,  confirmed  the  results  of  those  at  Orantunturi.  On 
that  date  a  straight  beam  of  aurora  w^as  seen  over  the  galvanic 
apparatus.    It  was  also  stated  that,  from  the  magnetic  observa- 
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tions,  the  terrestrial  current  ceases  below  the  aurora  arc;  while 
the  atmospheric  current  rapidly  increases,  but  depends  on  the 
area  of  the  galvanic  apparatus,  to  which  it  seems  proportional. 
In  a  letter  to  '  Nature '  (same  volume,  p.  389)  Prof.  Lem- 
strom  explains  that  the  apparatus  was  constructed  of  uncovered 
copper  wire  provided  at  each  half  metre  with  fine  erected 
points.  The  wire  was  led  in  slings  to  the  top  of  the  hill,  and 
reposed  on  the  usual  telegraph  insulators.  From  one  end  of 
this  wire  was  conducted  a  covered  copper  wire  on  insulators 
to  the  foot  of  the  hill  600  feet  high,  which  there  joined  a  plate 
of  zinc  interred  in  the  earth,  and  in  the  circuit  was  put  a  gal- 
vanometer (no  battery  is  mentioned,  J.  R.  C).  This  apparatus 
produced  the  halo  at  Orantunturi  and  the  straight  beam  at 
Pictarintunturi  as  the  positive  current  in  the  galvanometer 
at  both  places.  The  terrestrial  current  diminishes  (or  ceases) 
below  the  belt  of  maxima  of  the  aurora. 

In  the  '  Daily  Telegraph '  newspaper  of  March  1st,  1883, 
Prof.  Foerster  is  stated  to  have  given  an  account  of  these  ex- 
periments, and  to  have  added  that  the  astounding  result  was 
the  formation  of  an  aurora  borealis  rising  above  the  mountain- 
top  to  an  elevation  estimated  at  300  feet.  In  a  subsequent 
number  of  the  same  paper  (March  5th),  under  a  heading  "Arti- 
ficial Aurora,"  an  article  is  found  which  alludes  in  detail  to 
several  points  in  connexion  with  the  phenomena  involved, 
but  which  to  my  mind  are  those  really  requiring  further  ex- 
planation. One  of  these  is  the  direct  comparison  of  the  electric 
glow  in  an  exhausted  receiver  with  the  auroral  discharge.  It 
may  be  conceded  that  the  two  look  alike;  but  it  is  well  known 
that  here  the  comparison  ceases,  as  every  effort  has  been  made 
for  years  past,  without  success,  to  obtain  the  aurora-spectrum 
from  such  a  source.  Next,  the  phenomena  are  attributed  to 
atmospheric  electricity;  but  in  point  of  fact  it  is  strong  mani- 
festations of  earth-currents,  and  not  of  atmospheric  electricity, 
which  have  generally  accompanied  auroral  displays,  notably 
that  of  November  17th  last.  Again,  while  Prof.  Lemstrom's 
actual  aurora  and  Plante's  artificial  aurorse  are  alluded  to  in 
the  article  in  question  as  connected  with  the  positive  pole,  it 
was  in  the  glow  of  the  negative,  or  violet  pole,  that  the  late 

o 

Prof.  Angstrom  sought  for,  and  considered  he  had  obtained, 
an  aurora-spectrum. 

With  regard  to  the  spectrum  obtained  by  Prof.  Lemstrom, 
if  the  instrumental  resources  were  adequate  for  exact  measure- 
ment, the  observation  obtained  from  such  a  source  is  doubtless 
reliable  ;  but  it  should,  by  way  of  precaution,  be  remembered 

o 

that  even  scientists  of  such  calibre  as  Angstrom  and  Eespighi 


On  a  neio  Form  of  Constant-Temperature  Bath.        339 

were  on  occasions  deceived  by  the  presence  of  a  concealed 
aurora,  and  thus  the  zodiacal  light  and  the  aurora  spectra 
were  at  first  confounded.  Seeing,  also,  how  up  to  the  present 
time  we  have  quite  failed  to  produce  in  our  laboratories 
any  form  of  electric  discharge  which  by  its  spectrum  can 
fairly  be  pronounced  as  of  an  auroral  character,  it  would  seem 
desirable  to  wait  the  result  of  later  and  fuller  jiarticulars  from 
the  learned  Professor  before  passing  a  definite  judgment  on 
the  matter.  We  do  not  at  present  hear  of  any  compari- 
sons of  the  "artificial"  aurora-spectrum  with  other  spectra 
which  will  explain  its  true  and  so  long  hidden  character; 
thouoh  doubtless,  if  we  can  succeed  in  establishing  an  aurora 
"  en  permanence,"  good  results  may  reasonably  be  expected 
to  follow,  one  principal  cause  of  failure  in  explanation  of  the 
Aurora  mystery  being  the  infrequency  of  the  opportunities 
afforded  of  examining  its  spectrum  and  comparing  it  directly 
ynih.  others. 

Guildown,  April  6,  1883. 


XL VIII.  A  neiv  Form  of  Constant-Temperature  Bath.  By 
W.  W.  J.  NicoL,  M.A.,  B.Sc,  F.R.S.E.,  Lecturer  on 
Chemistry,  Mason  College,  Birmingham  *. 

THE  want  of  a  simple  and,  at  the  same  time,  reliable  con- 
stant-temperature bath  has  been  felt  by  all  who  have 
made  specific-gravity  determinations.  The  following  ap- 
paratus, which  has  been  found  thoroughly  efficient,  was 
devised  by  me  during  the  course  of  my  experiments  on  the 
specific  gravity  of  salt-solutions,  the  results  of  which  have 
been  recently  published  f. 

The  apparatus  consists  of  three  parts — the  bath,  the  heating 
arrangement,  and  the  thermostat.  The  bath  is  of  copper, 
measuring  200  millim,  in  length,  200  millim.  in  depth,  and 
90  millim.  in  width — a  size  I  found  most  convenient  for  use 
with  the  Sprengel  tubes  described  in  the  '  Chemical  News  ' 
(February  1883).  Near  one  end  is  soldered  a  wide  brass 
tube  (C,  figc  1)  Avith  a  slot  down  one  side:  this  is  intended  to 
receive  the  thermostat  and  thermometer.  The  water  in  the 
bath  is  agitated  by  means  of  a  current  of  air  supplied  by  a 
Fletcher's  blower.  The  air  escapes  from  a  perforated  tube 
lying  on  the  bottom  of  the  bath. 

*  Comraunicated  by  the  Autlior. 

t  Proceediiio-s  Rof.  Soc.  Edin.  1881-82  ;  Ber.  dent.  Chem.  Oes.  1832, 
p.  1931;  Phil.  Mag.  1883,  February;  Chem.  Soc.  Joum.  1883,  March. 
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The  heatino;  arrangement  is  as  follows  : — At  the  end  of  the 
bath,  where  the  tube  C  is  placed,  two  holes  are  made  close  to 

Fi?.  1.  Fiff.  2. 
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the  bottom  ;  through  these  passes  the  copper  tube  A,  B.  The 
end  A  is  coiled  into  a  spiral  of  four  or  five  turns  about  an 
inch  in  diameter  (not  shown  in  the  figure).  The  bath  having 
been  placed  on  a  stand  in  the  required  position,  with  the  end 
D  away  from  the  experimenter,  the  copper  spiral  is  surrounded 
by  a  roll  of  tin-plate,  and  the  upper  end  of  the  tube  connected 
with  the  water-supply,  which  must  not  be  direct  from  the 
main.  The  end  B  is  then  furnished  with  a  tube  to  convey  away 
the  water.  Below  the  spiral  is  placed  a  Bunsen,  the  supply  of 
gas  to  which  is  governed  by  the  thermostat. 

The  thermostat  is  shown  in  fig.  2.  The  resen"oir  A  is  made 
of  thin  glass  tube,  30  millim.  wide  and  about  170  millim.  long; 
to  the  upper  end  is  joined  a  small  stopcock  B  ;  to  the  lower 
end  the  tube  C  (4  millim.  internal  diameter)  is  connected  (the 
length  of  C  is  about  230  millim.);  to  the  upper  end  of  C  is 
joined  a  T-piece  D  made  of  a  tube  6  millim.  in  internal  diameter 
and  80  millim.  long.  Finally  a  thin  tube  E,  2'5  millim. 
in  external  diameter,  is  bent  in  the  form  shown — the  longer 
limb  slightly  drawn  out,  and  a  small  hole  made  at  a.  The 
reservoir  A  and  tube  C  are  then  filled  with  benzoline  or 
paraflSn  oil,  according  to  the  temperature  required  for  the 
bath;  and  a  quantity  of  mercury  is  introduced  sufficient  to 
occupy  the  whole  of  the  tube  C  and  a  small  part  of  A  when 
the  desired  temperature  is  attained.  The  tube  E  is  then 
inserted  into  D  and  fastened  by  a  small  cork,  in  such  a  way 
that  the  end  is  just  below  the  point  of  juncture  of  C  and  D. 
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The  thermostat  is  next  placed  in  position  in  the  tube  C 
(fig.  1),  the  thermometer  placed  beside  it,  and  the  bath  filled 
up  with  water  ;  the  air  current  is  then  turned  on,  and  the  gas- 
supply  so  arranged  that  it  enters  the  thermostat  by  E  and 
passes  to  the  Bunsen  by  the  side  tube  of  D.  A  very  slow 
stream  of  water  is  allowed  to  flow  through  the  spiral,  and  the 
Bunsen  is  lighted.  The  stopcock  B,  at  first  closed,  is  opened 
from  time  to  time,  until,  when  the  desired  temperature  is 
reached,  the  column  of  mercury  in  C  just  touches  the  end  of 
E;  the  flame  of  the  Bunsen  is  thus  lowered,  and  cold  water 
flows  through  the  spiral  cooling  the  bath.  As  the  temperature 
of  the  bath  falls,  the  mercury  falls  below  the  end  of  E,  and  the 
water  is  heated  before  entering  the  bath;  after  a  few  oscilla- 
tions of  temperature  a  state  of  equilibrium  is  reached,  in  which 
the  size  of  the  flame  is  so  adjusted  to  the  quantity  of  water 
flowing  through  the  spiral  that  the  temperature  of  the  bath 
remains  constant. 

I  have  found  that  the  extreme  variation  of  temperature  does 
not  exceed  0°-05  for  a  temperature  of  20°  C,  and  that  on 
lighting  the  gas  in  the  morning  the  constant  temperature  was 
attained  in  less  than  an  hour,  and  never  varied  from  day  to  day. 

XLIX.  "  Rotational  Coefficients  "  of  various  Metals. 
By  Edwix  H.  Hall*. 

THE  experiments  described  below^  were  made  at  the  labo- 
ratory of  Harvard  College  during  the  summer  of  1882; 
and  most  of  the  results  obtained  were  given  at  the  Montreal 
meeting  of  the  American  Association. 

At  the  York  meeting  of  the  British  Association,  September 
1881,  I  gave  a  list  of  certain  metals  with  an  approximate 
value  of  the  "  rotational  coefficient  "t  for  each,  as  determined 
by  my  experiments.  This  list  was  published  in  the  Report  of 
the  Association.  Several  of  these  metals  had,  however,  been 
examined  in  an  extremely  inaccurate  manner,  as  w^as  stated 
at  the  time,  and  the  numbers  assigned  them  were  marked  as 
doubtful.     Thus  a  part  of  the  list  ran  : — 

i-T  p      J.  1  Rotational  coefficient, 

Name  of  metal.  arbitrary  scale. 

Zinc +15? 

Aluminium    .     .     .  —50? 

Magnesium   .     .     .  —50? 

Copper     .     .     .     .  -10? 

Brass -1-3? 

Lead Ko  eff'ect  discovered. 

*  From  Silliman's  American  Journal  for  March  1883. 
t  Phil.  Mag.  Sept.  1881,  p.  102. 
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Repeating,  still  in  a  hasty  and  rough  manner  but  more  care- 
fully than  before,  the  experiments  with  all  these  metals  except 
magnesium,  and  using  indeed  the  same  pieces  of  metal  as 
before,  I  found: — 

,T  p      i  1  Rotational 

^ame  of  metal.  coefficient. 

Zinc +10-5 

Aluminium    .     .     .  — 37 

Copper      ....  —  6*5 

Brass —   1*4 

Lead No  effect  discovered. 

It  will  be  observed  that  the  value  obtained  for  brass,  which 
is  small,  is  but  little  changed  ;  but  those  for  zinc,  aluminium, 
and  copper  have  each  been  reduced  about  25  or  30  per  cent. 
We  may  perhaps  by  analogy,  without  actual  determination, 
write 

Magnesium  .      .     .     —35 

All  these  values  may  still  be  subject  to  errors  of  10  or  20 
per  cent.,  but  will  nevertheless  serve  present  purposes  tolerably 
well  if  substituted  for  those  given  in  the  list  previously  pub- 
lished. Such  a  list,  though  rough,  may  be  compared  with 
other  lists  in  which  the  same  metals  are  arranged  relatively 
to  various  physical  properties;  and  any  analogies  thus  sug- 
gested may  be  tested  further  by  more  accurate  and  detailed 
investigations.  In  fact,  to  go  no  further  than  the  above  table 
itself,  the  fact  that  the  small  rotational  coefficient  in  brass  lies 
between  the  positive  coeificient  in  zinc  and  the  negative  in 
copper  suggests  the  advisability  of  a  careful  study  of  the 
transverse  effect  in  alloys. 

In  the  Philosophical  Magazine  for  September  1881  I  stated 
that  the  transverse  current  obtained  with  a  nickel  strip  is  much 
increased,  other  conditions  remaining  imchanged,  by  rise  of 
temperature.  It  was  a  question  of  much  interest  whether  the 
transverse  current  in  the  non-magnetic  metals  would  pro^'e  to 
be  affected  in  a  similar  manner.  It  might  be  found  indeed 
that  the  transverse  current  would  increase  at  the  same  rate  as 
the  electrical  resistance,  in  which  case  it  would  appear  that  the 
transverse  effect  depends  upon  the  rate  of  fall  of  electric  po- 
tential along  the  strip  of  metal  rather  than  upon  the  strength 
of  the  direct  current. 

Accordingly,  from  a  sheet  of  No.  2  gold  foil'^,  the  thinnest 
foil  used  by  dentists,  a  piece  was  cut  in  the  form  of  a  Greek 
cross.  The  extremity  of  each  arm  of  this  cross  was  soldered 
to  a  disk  of  brass.     The  four  brass  disks  were  screwed  to  a 

*  "  Standard,"  R.  S.  Williams  and  Co. 
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plate  of  hard  rubber  in  such  a  manner  as  to  extend  the  arms 
of  the  cross,  which  was  then  fastened  to  the  rubber  plate  by 
means  of  melted  resin  run  between.  Wires  soldered  to  the 
disks  served  for  the  connexions. 

The  very  considerable  difficulty  of  soldering  so  thin  a  strip 
of  gold  and  then  fastening  it  upon  the  plate  has  heretofore 
prevented  my  employing  this  method  of  making  connexions 
with  that  metal,  screw-clamps  being  used  instead.  The  prac- 
tical advantaoe  of  soldered  connexions  is  of  course  consider- 
able,  though  not  so  great  as  might  at  first  appear.  Hesin, 
although  very  brittle,  was  used  as  a  cement,  for  the  reason 
that  within  the  limits  of  temperature  to  be  employed  it  is  more 
rigid  than  any  other  cement  I  could  hit  upon,  and  therefore 
less  liable  to  allow  the  gold  strip  to  become  distorted  or  sti-ained 
by  the  stress  it  is  subjected  to  while  carrying  a  current  across 
a  powerful  magnetic  field. 

In  order  to  control  the  temperature  of  the  gold  strip,  it  was 
placed  in  a  narrow  tank  between  the  poles  of  the  electro- 
magnet, and  water  was  made  to  flow  slowly  through  the  tank, 
from  bottom  to  top,  during  the  experiment.  The  lowest  tem- 
perature used  was  about  2°  C,  the  highest  about  30°  C,  as 
will  be  seen  below. 

August  2*,  the  following  results  were  obtained  in  the  order 
given  ; — 

Gold. 
Temperature.  Numbers  proportional 

o  to  transverse  effect. 

30-2  C 1738 

2-2         1703 

2-6         1748 

30-0         1746 

No  attempt  was  made  to  determine  the  absolute  magnitude 
of  the  rotational  coefficient  in  this  specimen  of  gold  ;  so  that 
the  numbers  given  in  the  second  column  must  not  be  used  for 
comparison  with  numbers  elsewhere  given  as  proportional  to 
the  rotational  coefficient  in  gold  or  other  metals. 

The  magnetic  field  in  these  experiments  had  an  intensity  of 
about  1900  C.Gr.S.  The  primary  current  was  not  measured 
in  absolute  units.  It  was  such  as  a  Bunsen  cell  yields  in  a 
circuit  of  a  few  ohms  resistance. 

From  the  above  table  we  get: — 

Temperature.  Nvmibers  proportional 

to  transverse  effect. 


30-2  \.0-,  ....  1738  \, 7,.. 

30-0  r^^  ....  174Gr'^2 

2-2 1    ..,  ....  17031.-9P 

2-6 1    ^-^  .     .     .     .  1748/1^2^ 
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Tlie  mean  of  the  numbers  at  low  temperature  is  therefore 
less  than  the  mean  for  the  higher  temperature  by  rather  less 
than  one  per  cent.  The  particularly  small  number  1703, 
which  causes  this  result,  was  obtained  from  a  rather  bad  series 
of  observations,  and  is  probably  entitled  to  less  weight  than 
the  others.  In  fact,  though  the  numbers  as  they  stand  seem 
to  indicate  a  decrease  of  about  one  per  cent,  in  the  yalue  of 
the  transverse  effect  for  a  fall  of  about  30°  C,  I  think  it  better 
to  say  that  we  have  here  detected  no  certain  effect  of  fall  of 
temperature. 

It  is  evident  from  these  experiments  that,  if  the  value  of  the 
transverse  effect  in  gold  varies  at  all  with  change  of  tempera- 
ture, it  varies  far  less  than  the  electrical  conductivity.  We 
must  conclude  therefore,  that  this  effect  depends  rather  upon 
the  magnitude  of  the  current  through  the  gold  than  upon  the 
fall  of  potential  per  unit  of  length.  This  conclusion  was  long 
ago  reached  *  ;  but  doubt  had  been  cast  upon  its  correctness  by 
the  experiments  upon  nickel  above  mentioned. 

Turning  again  to  the  magnetic  metals  and  taking  a  strip  of 
thin  iron,  experiments  were  made  similar  to  those  with  gold 
as  above  described.  The  results  obtained,  though  by  no 
means  so  accurate  as  those  obtained  with  gold,  show  that  in 
iron  the  rotational  coefficient  is  very  strongly ' affected  by 
change  of  temperature,  the  effect  being  an  increase  of  perhaps 
two  thirds  of  one  per  cent,  for  a  rise  of  1°  C.  Possibly  a 
comparison  of  the  effect  of  change  of  temperature  upon  the 
magnetic  permeability  of  iron,  nickel,  and  cobalt  with  the 
effect  of  the  same  change  upon  the  rotational  coefficient,  will 
be  of  value  when  both  effects  shall  have  been  more  fully 
studied. 

Leaving  the  matter  of  effect  of  change  of  temperature  and 
referring  again  to  the  article  on  nickel  and  cobalt  (Phil.  Mag. 
Sept.  1881),  we  see  that  the  rotational  coefficient  in  nickel 
decreases  as  we  increase  the  strength  of  the  magnetic  field  ; 
i.  e.  the  rotational  effect,  other  things  being  equal,  increases 
less  rapidly  than  the  intensity  of  the  magnetic  field. 

Experiments  were  made  for  the  purpose  of  determining 
whether  a  similar  relation  would  hold  in  iron.  The  iron  was 
tested  in  magnetic  fields  varying  in  intensity  from  about  1000 
to  about  7500  in  absolute  C.G.S.  units.  Judging  from  the 
Ijehaviour  of  the  strip  of  nickel  previously  examined  in  this 
manner,  the  R.  C.  of  that  metal  would  be  about  20  per  cent, 
greater  in  a  field  of  intensity  1000  than  in  one  of  intensity 
7500.     For  certain  reasons  1  do  not  feel  perfect  confidence  in 

*  Silliman's  American  Journal,  September  1880. 
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the  numerical  results  obtained  with  iron,  and  do  not  consider 
them  worth  publishing.  To  myself,  however,  they  make  it 
seem  probable  that  the  rotational  coefficient  in  iron  is  less  in 
a  field  of  intensity  1000  than  in  a  field  of  intensity  7500 ;  and 
I  expect  to  prove  this  when  I  am  able  to  take  up  the  matter 
again.  Cobalt  should  of  course  be  examined  in  the  same  way; 
nor  must  it  be  forgotten  that  it  is  by  no  means  proved,  as  yet, 
that  the  non-mao-netic  metals  will  show  a  constant  rotational 
coefficient  when  tested  between  wide  limits  of  mao-uetic  force. 
The  object  of  another  experiment  was  to  determine,  if  pos- 
sible, whether  any  part  of  the  rotational  effect  could  be  made 
permanent  under  favourable  conditions.  For  this  purpose  a 
piece  of  clock-spring  was  taken,  tempered  very  hard,  and  then 
reduced  by  action  of  nitric  acid  to  a  thickness  of  about  *06 
niillim.  This  piece  of  steel  was  firmly  imbedded  upon  a  plate 
of  glass  in  a  layer  of  cement  made  of  melted  bees-wax  and 
resin.  This  plate,  with  the  usual  electrical  connexions,  and 
with  a  current  flowing  through  it,  was  placed  in  the  usual 
position  between  the  poles  of  the  electromagnet ;  the  magnet 
current  was  turned  on,  then  off",  and  the  plate  removed  from 
between  the  poles  in  order  to  avoid  the  action  of  the  very  con- 
siderable residual  magnetism  of  the  electromagnet.  A  reading 
of  the  Thomson  galvanometer  in  the  transverse  circuit  was  now 
made  ;  then  the  plate  was  replaced  between  the  poles  and  the 
current  turned  on  again,  but  in  the  opposite  direction.  The 
magnet-current  being  again  interrupted,  the  plate  was  again 
removed  from  the  field,  and  another  reading  of  the  Thomson 
galvanometer  was  made.  The  two  readings  differed  by  several 
centimetres  on  the  galvanometer-scale.  The  experiment  was 
repeated,  and  always  with  a  like  result. 

There  was  no  room  for  doubt  that  the  direction  of  the  equi- 
potential  lines  in  the  steel  was  permanently  changed  by  the 
action  of  the  magnet.  This  change  was  in  the  same  direction 
as  the  temporary  change  produced  by  the  magnet's  action,  and 
perhaps  equal  to  2  per  cent,  of  the  temporary  change. 

This  result  was  of  course  not  unexpected.  The  hardened 
steel  must  have  become  permanently  magnetized  transversely; 
and  this  magnetization  should  produce  an  effect  similar  to 
that  of  temporary  magnetization.  The  experiment  is  of  inter 
est,  however,  as  indicating  that  the  rotational  effect  is  not  due 
to  the  mere  mechanical  stress  to  which  the  metal  is  subjected 
in  the  magnetic  field  ;  for  though  no  one  has  ever  pointed  out 
how  any  such  stress  could  produce  the  effect  observed,  many 
have  no  doubt  questioned  whether  it  might  not  after  all  be  due 
in  some  obscure  way  to  such  stress. 

It  may  be   stated  incidentally  that   the   transverse   effect 
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appears  to  be  much  greater  in  steel  of  blue  temper  than  in  soft 
iron, and,  again,  much  greater  in  steel  of  very  hard  temper  than 
in  steel  of  blue  temper.  If  we  call  the  effect  in  soft  iron  1,  the 
effect  in  blue  steel  is  perhaps  2,  and  that  in  very  hard  steel  4. 


L.   The  Resistance  of  the  Electric  A  re. 
By  Professors  W.  E.  Ayrton,  F.R.S.,andiiow&  Perry, i¥".£'.* 

OXE  of  the  results  of  the  elaborate  set  of  experiments  on 
the  Electric  Light  conducted  in  1878  by  the  late  Mr. 
Schwendler  was  the  conclusion  to  which  he  came,  that  the 
supposition  that  the  resistance  of  an  arc  of  constant  length 
was  inversely  proportional  to  the  current  which  passed 
through  it  was  highly  probable.  His  experiments,  however, 
were  not  sufficient  to  absolutely  determine  this,  point ;  and  it 
has  therefore  appeared  to  us  important  to  obtain  further  in- 
formation on  the  subject,  which,  with  the  assistance  of  the 
students  working  in  our  laboratory,  we  have  from  time  to  time 
done  with  the  following  results. 

1.  The  method  employed  by  us  in  the  first  instance  was  as 
follows  : — A  numlier  of  Grove  cells,  G,  were  arranged  in 
series  (fig.  1);  and  one  pole 
P  was  connected  through  an 
ammeter  A  with  one  carbon 
of  the  electric  light  L,  the 
other  carbon  of  which  was 
attached  to  a  mercury  trough 
T,  which,  by  means  of  a  me- 
tallic bridge-piece,  could  be 
connected  with  any  one  of 
the  mercury-cups  B,  C,  D, 
each  of  which  was  perma- 
nently electrically  connected 
with  the  terminal  of  a  differ- 
ent number  of  cells.  The  two  carbons  were  also  connected 
with  the  terminals  of  a  voltmeter  V,  by  means  of  which  the 
difference  of  potentials  between  the  carbons  at  any  moment 
could  be  determined.  The  experiment  was  made  thus  : — 
The  bridge-piece  was  put  into  D,  and  the  carbons  by  means 
of  a  rack  adjustment  separated  until  a  good  steady  light  was 
obtained,  when  readings  of  the  ammeter  and  voltmeter  were 
taken.  A  second  bridge-piece  was  now  put  into  C  and  that 
in  D  quickly  withdrawn,  the  effect  being  to  suddenly  increase 

*  Corumuuicated  by  the  Physical  Society  of  London  ;  read  December  9, 
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the  number  of  cells  in  circuit  producinp;  the  light,  increasing 
therefore  the  current  without  interrupting  it,  and  without 
changing  the  distance  between  the  carbons,  as  the  lamp 
had  no  automatic  adjusting  arrangement.  Readings  of  A 
and  V  were  then  quickly  taken  and  the  operation  reversed — 
that  is,  the  bridge-piece  put  into  D  and  that  in  C  quickly 
withdrawn,  which  had  the  effect  of  again  reducing  the 
current  ;  and  if  the  change  back  again  were  effected  not  long 
after  the  first,  the  carbons  were  not  sufficiently  burnt  away 
by  the  stronoer  current  to  make  the  light  cro  out  when  the 
current  was  reduced,  so  that  a  third  set  of  readings  of  A  and 
V  could  be  taken.  In  this  way,  for  the  same  distance  between 
the  carbons  two  readings  of  the  lower  current  and  its  corre- 
sponding carbon  difference  of  potentials,  and  one  intermediate 
reading  of  the  higher  current  with  its  carbon  difference  of 
potentials,  were  obtained.  The  whole  experiment  was  now 
repeated  with  the  cells  P  C  and  P  B  instead  of  P  D  and  P  C. 
The  following  is  a  sample  of  the  results  obtained  from  a 
number  of  tests  with  30,  40  and  50  Grove  cells  : — 

Difference  of         Work  in  foot- 
Number  of  Current,  in     potentials  between      pounds  per 
cells.  amperes.         carbon,  in  volts,      second  in  arc. 

30     6-52  30-4  146-2 

40     10-16  30-4  227-8 

50     11-92  30-4  267-2 

The  last  current  is  therefore  nearly  double  the  first,  but  the 
difference  of  potentials  between  the  carbons  is  not  materially 
altered  by  the  increase  of  the  current  and  the  light. 

Subsequently  a  large  number  of  experiments  were  made 
using  a  Brush  dynamo  in  place  of  the  Grrove  cells,  and  in- 
creasing and  diminishing  the  current  by  suddenly  increasing 
and  diminishing  the  resistance  in  circuit  without  stopping  the 
current. 

In  the  earlier  experiments  for  each  current  its  value  was 
read  on  the  ammeter  as  well  as  the  difference  of  potentials 
between  the  carbons  on  the  voltmeter;  but  since  even  with  a 
very  dead-beat  ammeter  some  little  time  must  elapse  when 
the  currents  are  alternately  doubled  and  halved  by  taking 
out  and  inserting  resistance  in  circuit,  and  since  even  with 
a  slight  delay  the  stronger  current  burns  away  the  carbon 
points  very  rapidly,  and  so  makes  the  distance  between  them 
for  the  stronger  currents  greater  than  for  the  weaker,  it 
was  thought  better  in  the  later  experiments  merely  to  take 
readings  of  the  voltmeter  when  the  resistance  was  altered 
backwards  and  forwards  sufficiently  to  alternately  treble  and 
diminish  to  one  third  the  current  as  shown  by  the  earlier  ex- 
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periments.     The  following  are  samples  of  the  readings  of  the 
voltmeter,  the    distance    between  the  carbons   in    each   case 
'  being  fixed  and  the  current  alternately  trebled  and  diminished 
to  one  third. 

Difference  of 
CiuTeut  potentials  between 

approximately.  carbons,  in  Tolts. 

1     ..! 26-5 

3     26-5 

1     24-5 

3     25-5 

1     26*5     Distance  between 

3     26"5         carbons  re- 

1     255         adjusted. 

3     26-5 

3     32        A  somcAvhat 

1     30  greater  dis- 

3     39'5         tance  between 

1 30  the  carbons. 

3 34 

1     34 

3     36 

1     38 

3     30 

1     28 

3     30 

3     30     Distance  between 

1     28         carbons  re- 

3     30         adjusted. 

1 28 

3     30 

It  would  appear  therefore  that  for  a  fixed  distance  between 
the  carbons  the  difference  of  potentials  necessary  to  maintain 
the  arc  is  nearly  but  not  quite  independent  of  the  current, 
the  electromotive  force  requiring  to  be  slightly  increased  when 
the  current  is  very  much  increased. 

2.  The  second  part  of  the  investigation  was  for  the  purpose 
of  ascertaining  in  what  way  the  differences  of  potentials 
between  the  carbons  varied  with  the  length  of  the  arc  when 
the  current  was  kept  constant.  For  this  purpose  the  arc  was 
projected  on  a  distant  scale  by  means  of  a  lens,  the  magnify  ing- 
power  of  the  arrangement  being  calculated,  first,  by  comjxiring 
the  distance  between  the  scale  and  the  lens  with  the  distance 
between  the  arc  and  the  lens,  secondly  by  jjutting  close  to 
the  arc  a  piece  of  carbon  ul'  I-Luown  thickness  and  measuring 
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quickly  the  thickness  of  its  image  as  projected  on  the  distant 
screen,  before  the  piece  of  carbon  had  time  to  burn. 

For  each  set  of  experiments  a  particular  current  was  de- 
cided on  :  the  carbons  were  put  successively  at  different 
distances  apart  and  the  resistance  in  the  circuit  varied  until 
the  prearranged  current  was  flowing  through  the  arc,  when 
instantly  the  actual  projected  distance  between  the  carbons  on 
the  screen  was  read  off  and  the  difference  of  potentials  between 
the  carbons  in  volts  ;  or  the  resistance  in  the  circuit  external 
to  the  lamp  could  be  left  fixed,  and  the  carbons  gi-adually 
withdrawn  until  the  prearranged  current  was  flowing  through 
the  arc,  when,  as  before,  the  projected  length  of  arc  and  the 
difference  of  potentials  between  the  carbons  was  read  off.  A 
large  number  of  experiments  were  made  in  this  way  with  a 
Brush  machine  for  currents  varying  between  5"5  and  10'4 
amperes,  the  distances  between  the  carbon  points  from  0  to  one 
and  a  quarter  inch,  and  the  difference  of  potential  varying 
from  0  to  140  volts,  the  carbons  being  0*24  inch  thick.  The 
result  when  plotted  gave  a  curve  similar  to  that  shown  in  fig.  2 
(p.  350),  horizontal  distances  representing  distances  between 
the  carbon  points,  and  vertical  distances  the  difference  of  poten- 
tials between  the  carbons.  For  all  the  currents  approximately 
the  same  curve  was  obtained — a  result  to  be  expected,  seeing 
that  the  first  investigation  showed  that  the  difference  of 
potentials  between  two  carbons  necessary  to  produce  an  arc 
depended  almost  entirely  on  the  distance  between  them,  and 
hardly  at  all  on  the  strength  of  the  current.  The  equation  to 
the  curve  we  find  to  be  approximately  as  follows  : — 

E  =  63  +  55a-63xlO-'% 

where  E  is  the  difference  of  potentials  in  volts  between  the 
carbons,  and  a  the  distance  between  their  points  in  inches. 
It  will  be  seen  that  at  first  the  difference  of  potentials 
necessary  to  maintain  the  arc  increases  rapidly  with  the 
distance,  and  that  at  a  distance  of  about  one  tenth  of  an  inch 
it  is  about  60  volts.  From  this  the  curve  bends  rapidly  up 
to  a  point  corresponding  with  a  distance  between  the  carbons 
of  about  one  quarter  of  an  inch  ;  and  for  greater  distances 
between  the  carbons  than  one  quarter  of  an  inch,  the  increase 
of  diflFerence  of  potentials  becomes  nearly  proportional  to  the 
increase  of  distance,  being  about  54  volts  per  inch  increase. 

This  law  is  very  like  that  found  by  Mr.  C.  F.  Varley  for 
the  discharge  through  a  vacuum-tube,  which  was  that  the 
current  was  proportional  to  the  difference  of  potentials 
minus  a  constant;  for  this  is  equivalent  to  saying  that,  cceteris 
paribus,  the  difference  of  potentials  necessary  to  produce  a  fixed 
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Fig.  2. — The  Eesistance  of  the  Electric  Arc. 
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current  is  proportional  to  the  length  of  the  tube  plus  a  con- 
stant. The  curve  we  have  obtained  is  also  strikingly  like  that 
obtained  by  Drs.  W.  De  La  Rue  and  Hugo  Miiller  for  the 
connexion  between  the  electromotive  force  and  the  distance 
across  which  it  would  send  a  spark*.  These  gentlemen  also 
made  experiments  on  the  electric  arc  with  their  large  battery  ; 
but  we  do  not  find  recorded  any  results  with  carbon  points. 
On  page  185  of  the  reprint  from  the  '  Philosophical  Transac- 
tions'  of  the  account  of  their  researches,  the  result  of  an 
experiment  in  air  between  two  brass  points  is  given  ;  but 
according  to  that,  when  the  arc  w^as  half  an  inch  in  length  the 
diiference  of  potentials  between  the  brass  points  was  that  of 
657  of  their  cells,  or  about  700  volts.  How  far  the  very  high 
electromotive  force  found  by  Drs.  W.  De  La  Rue  and  Hugo 
Miiller,  to  be  necessary  in  this  case,  arose  from  a  combination 
of  the  material  employed  for  the  electrodes  and  the  smallness 
of  the  diameter  of  the  brass  electrodes,  or  whether  the  law  that 
^'  the  electromotive  force  necessary  to  maintain  an  arc  depends 
mainly  on  the  length  of  the  arc  and  hardly  at  all  on  the 
strength  of  the  current "  fails  when  the  current  is  below  a  cer- 
tain small  limit,  w^e  are  unable  to  say  ;  but  of  course  both  the 
diameter  of  the  brass  electrodes  they  employed  and  the 
strength  of  the  current  that  was  passing  (0"025  ampere) 
in  the  arc  w^as  very  much  less  than  that  used  in  any 
ordinary  electric  light,  and  to  which  the  experiments  of  Mr. 
Schwendler  and  ourselves  especially  refer.  It  is  very  pro- 
bable that  the  difference  in  the  material  of  the  electrodes  has 
mainly  to  do  with  the  ditFerence  between  their  results  and 
ours ;  and  we  think  it  very  probable  that  with  very  soft  carbons 
an  arc  of  a  given  length  could  be  maintained  with  a  much  less 
difference  of  potentials  than  that  found  by  us,  since  it  would 
be  more  easy  for  a  shower  of  carbon  particles  to  be  main- 
tained between  the  ends  of  the  carbons. 

We  have  used  as  the  title  of  this  short  communication  the 
Resistance  of  the  Electric  Arc  ;  but  we  are  perfectly  aware  of 
the  objections  to  this  expression.  How  far  the  opposition  to 
the  passage  of  the  currents  in  an  electric  arc  is  due  to  pure 
resistance,  and  how  far  to  an  opposing  electromotive  force,  is 
up  to  the  present  time  by  no  means  certain.  That  there  is 
some  opposing  electromotive  force,  seeing  that  mechanical 
disintegration  of  the  carbon  and  transporting  of  its  particles 
occurs,  is,  as  was  pointed  out  some  years  ago  by  Edlund, 
almost  certain  ;  but  seeing  that  this  opposing  electromotive 
force    ceases   to   exist  with  the  extinction   of  the   arc,  and 

*  Page  32  of  the  Reprint  of"  Experimental  Researches  on  the  Electric 
Discharge,"  Phil.  Trans,  part  i.  vol.  169. 
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probably  varies  as  the  pure  resistance  varies,  and  further 
remembering  that  an  opposing  electromotive  force  which  has 
no  e:xistence  apart  from  a  combined  resistance  acts  in  any 
electrical  test  exactly  as  a  resistance,  it  must  be  always  very 
difficult  experimentally  to  separate  them.  All  of  course  that  we 
can  measure  electrically  is  the  difference  of  potential  between 
the  carbons  and  the  current  passing  between  them  ;  and  this 
is  what  we  have  been  measuring  all  through  these  two  inves- 
tigations. 

It  may  be  here  noted  that  in  all  probability  the  conduction 
from  particle  to  particle  in  a  microphone  is  of  the  nature  of  a 
small  electric  arc,  or,  rather,  perhaps  a  convective  discbarge, 
seeing  that  the  resistance  in  a  microphone  varies  with  the 
current  used  to  measure  it ;  indeed  it  is  probable,  when  the 
pieces  of  carbon  or  other  material  employed,  are  so  pressed 
together  that  close  intimacy  of  contact  of  the  particles  makes 
the  resistance  tolerably  independent  of  the  current,  that  then 
the  pieces  of  carbon  will  not  act  as  a  microphone  at  alL 

We  have  to  thank  Messrs.  W.  Atkinson  and  Lt.  B.  Atkinson, 
two  of  our  students,  for  much  assistance  rendered  us  in  these 
experiments. 

LI.  On  Polarizing  Prisms.  By  R.  T.  Glazebrook,  M.A.^ 
F.R.S.,  Felloiv  and  Lecturer  of  Trinity  College,  Demonstrator 
in  the  Cavendish  Laboratory ,  Camhridge  *. 

IN  a  paper  on  Nicol's  prism  (Phil.  Mag.  vol.  x.  1880) 
I  have  considered  some  of  the  defects  of  I^icol's  prism 
as  a  means  of  producing  plane-polarized  light.  In  the  present 
paper  I  propose  to  describe  a  form  of  polarizing  prism  free 
from  most  of  these.  For  many  purposes,  one  of  the  great 
objections  to  Nicol's  prism  is  the  lateral  displacement  pro- 
duced by  it  in  the  image  of  an  object  viewed  through  it.  If 
we  p'ace  a  Nicol  before  the  object-glass  of  a  telescope,  on 
turning  the  Nicol  round  its  axis  the  image  moves  across  the 
field.  This  has  been  remedied  somewhat  by  cutting  prisms 
with  their  ends  at  right  angles  to  their  length,  and  making 
the  angle  between  the  normal  to  the  face  on  which  the  incident 
light  falls  and  the  plane  of  Canada  balsam  such  that  the 
ordinary  ray  is  totally  reflected  there  while  the  extraordinary 
rav  passes  through.  But  this  is  not  entirely  successful;  for  let 
A  B  C  D  (fig.  1)  be  a  section  of  such  a  prism  by  a  plane  parallel 
to  the  edge  B  C  and  at  right  angles  to  the  Canada  balsam. 

*  CommuiiicateJ  by  the  Physical  Society  of  London;  read  14th  April, 
1883. 
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Let  PQ  be  the  trace  of  the  balsam.     In  an  ordinary  Nicol's 
prism  A  B  would  be  inclined  at  about  74°  to  A  D,  and  P  Q 

Fi-.  1. 


■would  be  at  right  angles  to  A  B,  AD  and  B  C  being 
parallel  to  edges  of  the  rhomb  of  spar.  In  the  case  now 
being  considered,  A  B  is  at  right  angles  to  B  C,  B  C  being 
still  parallel  to  a  rhombic  edge. 

Consider  a  ray  H  S  incident  normally  on  A  B.  The  ordinary 
ray  S  T  ent-ers  the  spar  without  deviation,  but  is  reflected  by 
the  balsam  at  T  in  direction  T  K  ;  the  extraordinary  ray  is 
refracted  at  the  face  A  B  in  direction  T  U,  and  turned  from 
its  original  path  in  virtue  of  the  extraordinary  refraction.  It 
emerges  along  U  V  parallel  to  its  original  direction,  but  dis- 
placed to  one  side,  so  that  the  extraordinary  image  of  the 
object  seen  is  displaced  to  one  side  by  the  passage  of  the 
light  through  the  spar. 

In  the  prism  considered  in  fig.  1,  the  optic  axis  lies  in  the 
plane  of  the  paper,  making  an  angle  of  57°  30  with  B  C. 

Suppose  now  we  cut  a  rectangular  parallelepipedon  from  a 
piece  of  spar,  in  such  a  way  that  two  of  its  faces  are  at  right 
angles  to  the  optic  axis  while  the  other  four  are  parallel  to  it. 

Let  A  B  C  D  (fig.  2)  be  a  section  of  the  solid  by  a  plane  also 
at  right  angles  to  the  optic  axis,  and  therefore  parallel  to  two 
faces  and  at  right  angles  to  the  other  four  ;  and  suppose  that 

Fig.  2. 


B  C  is  about  three  times  A  B.  Let  P  Q  be  inclined  at 
about  20°  to  B  C,  and  suppose  the  prism  cut  in  two  by  a 
plane  at  right  angles  to  the  paper  and  passing  through  to 
P  Q.  Then  let  the  faces  of  section  be  polished,  and  cemented 
together  with  Canada  basam.     The  optic  axis  will  be  at  right 
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angles  to  the  plane  of  the  paper,  and  the  section  of  the  wave- 
surface  by  that  plane  will  be  two  circles  of  radii  A  and  C, 
these  being  the  ordinary  and  extraordinary  wave-velocities 
respectively.  Hence  a  ray  falling  on  the  face  AB  in  any 
direction  in  the  plane  of  the  paper  will  be  divided  into  two, 
which  will  both  undergo  ordinary  refraction,  so  that  if  the 
incident  ray  be  normal  to  the  face  A  B,  the  extraordinary  and 
ordinary  rays  in  the  prism  will  coincide  in  direction,  both 
being  normal  to  the  same  face.  The  extraordinary  ray  is  not 
deviated  by  the  refraction  ;  so  that  no  lateral  displacement  of 
the  extraordinary  image  is  produced  by  the  prism.  The 
ordinary  ray  is  incident  at  about  70°  on  the  face  P  Q  ;  it  is 
therefore  totally  reflected,  and  the  emergent  light  is  plane- 
polarized.  The  prism  differs  from  one  described  by  Prof.  S. 
P.  Thompson  (Phil.  Mag.  Nov.  1881)  only  in  the  fact  that 
its  ends  are  normal  to  its  length  instead  of  being  inchned 
obliquely  to  it.  But  this  form  of  prism  has  other  and  more 
important  advantages. 

Let  0  M,  ON  (fig.  3)  be  two  extraordinary  wave-normals^ 
and  0  A  the  optic  axis.     Pass  a  plane  Fio-  q 

M  0  A  through  0  M  and  0  A,  and  in 
this  plane  draw  0  P  at  right  angles 
to  0  M  ;  then  0  P  is  the  direction  of 
vibration  in  the  wave  which  travels 
along  0  M.  Similarly,  if  N  0  A  be  a 
plane  through  0  N  and  0  A,  and  0  Q 
a  line  in  it  at  right  angles  to  ON, 
0  Q  is  the  direction  of  vibration  for 
the  wave  along  O  N ;  and  it  may 
happen,  clearly,  that  0  P  and  0  Q  are 
inclined  to  one  another  at  a  large 
angle  even  when  0  M  and  0  N  are 
close  together.  Suppose,  then,  that  the 
extraordinary  pencil  of  wave-normals 
which  is  traversing  the  spar  is  slightly  conical,  and  that  0  N, 
0  M  are  two  of  the  wave-normals  ;  the  planes  of  polarization 
are  inclined  to  each  other  at  an  angle  equal  to  P  0  Q  ;  and  this 
may  be  considerable.  Or,  again,  suppose  that  we  have  a 
polarized  pencil  of  parallel  wave-normals  incident  on  the 
prism.  We  determine  the  position  of  their  plane  of  polariza- 
tion by  turning  the  prism  until  no  light  passes  through.  Sup- 
pose that,  when  this  is  the  case,  the  incident  light  is  parallel  to 
0  M.  Now  let  the  plane  of  polarization  of  the  incident  light 
be  rotated,  and  suppose  we  wish  to  measure  this  rotation  ;  we 
turn  the  prism  until  the  light  is  again  quenched.  Theoretically 
the  axis  round  which  the  prism  has  been  turned  should  be 


Polarizing  Prisms.  o55 

parallel  to  0  M.  In  practice  it  is  difficult  to  ensure  this;  and 
in  general  the  direction  of  the  wave-normal  relatively  to  the 
optic  axis  will  be  changed,  and  may  now  be  0  N  say.  But 
since  the  planes  of  polarization  of  the  waves  along  0  M  and 
0  N  are  different,  the  angle  through  which  the  prism  has  been 
turned  will  not  be  the  angle  through  which  the  plane  of  pola- 
rization of  the  incident  light  has  moved. 

Now  Nicol's  prism  is  so  cut  that  the  angle  between  the 
planes  of  polarization  of  two  waves  inclined  to  each  other  at 
but  a  small  angle  as  they  traverse  the  crystal  is  considerable. 
If,  then,  a  slightly  conical  pencil  traverse  the  prism,  the  angles 
between  the  planes  of  polarization  of  the  different  waves  are 
considerable;  or  if  a  parallel  pencil  traverse  the  prism  inclined 
at  but  a  small  angle  to  the  axis  of  rotation,  and  the  plane  of 
polarization  of  this  beam  be  rotated,  that  rotation  will  differ 
considerably  from  the  angle  through  which  the  prism  has  to 
be  turned  to  reestablish  blackness. 

In  our  figure  the  wave  along  0  M  is  polarized  in  a  plane 
at  right  angles  to  0  P,  that  along  0  N  in  a  plane  at  right 
angles  to  0  Q.  Consider  now  a  conical  pencil  of  wave-nor- 
mals in  air:  it  is  clearly  impossible  for  it  to  be  plane-polarized, 
if  by  plane  polarization  we  mean  that  the  directions  of  vibra- 
tion are  parallel  to  the  same  line;  for  we  cannot  have  a  series 
of  lines  touching  a  sphere  all  parallel  to  the  same  line.  Such 
a  pencil,  however,  may  be  said  to  be  most  nearly  plane-pola- 
rized when  all  the  directions  of  vibration  are  parallel  to  the 
same  plane  ;  and  this  plane  will  be  that  which  passes  through 
the  axis  of  the  pencil  and  the  direction  of  vibration  for  the 
wave-normal  which  coincides  with  the  axis.  For  if  this  be 
the  case,  the  whole  of  the  pencil  can  pass  unaltered  either  as 
an  ordinary  or  extraordinary  wave  through  a  piece  of  spar  on 
which  its  axis  falls  normally,  provided  that  the  optic  axis  of 
the  spar  be  respectively  either  at  right  angles  to  or  parallel 
to  the  plane  in  question.  Using  "plane  polarization"  in  this 
sense,  we  proceed  to  consider  when  a  conical  pencil  of  given 
vertical  angle  travelling  in  a  piece  of  uniaxal  crystal  is  most 
nearly  plane-polarized. 

Now  let  0  M  (fig.  3)  be  the  axis  of  the  pencil,  and  0  P  the 
direction  of  vibration  for  the  light  travelling  along  0  M,  and 
let  0  N  be  any  other  wave-normal.  According  to  the  above 
statement,  the  conical  pencil  will  be  most  nearly  plane-pola- 
rized if  the  vibration  travelling  along  0  N  is  parallel  to  the 
plane  POM.  If,  however,  the  pencil  be  travelling  in  a 
crystal,  it  is  clearly  impossible  in  general  for  the  displacement 
along  0  N  to  be  parallel  to  this  plane.  For  let  0  A  be  the 
optic  axis ;  0  A  lies  in  the  plane  MOP.     Pass  a  plane  through 
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O  A,  ON,  and  in  it  draw  0  Q  at  right  angles  to  0  N ;  0  Q  is 
the  direction  of  displacement  which  travels  along  0  N,  and 
0  Q  is  not  parallel  to  the  plane  P  O  M. 

^\^e  can  resolve  the  displacement  along  0  Q  into  two,  in  and 
perpendicular  to  the  plane  P  0  M.  The  light  then  will  be 
most  nearly  plane-polarized  when  the  average  intensity  of  the 
vibrations  normal  to  this  plane  is  least ;  and  it  remains  to  find 
the  condition  for  this. 

In  fig.  3  let  QR  be  perpendicular  to  AP.  Let  AM  =  a, 
NM  =  /3,  AN  =  ^,  AMN=^.  Let  p  be  the  amplitude  of  the 
displacement  along  OQ.  The  displacement  normal  to  the 
plane  PAM  is  p  sin  QE,  and  the  intensity  of  the  Avave  is  pro- 
portional to  />"  sin^  QR. 

We  are  to  consider  a  hollow  conical  pencil  Avith  OM  as  axis. 
An  element  of  such  a  pencil  at  N  will  be  sin  ^d(f> ;  and  the 
total  energy  in  the  pencil,  so  far  as  it  depends  on  the  dis- 
placement normal  to  the  plane  PAM,  is 


NoA 


Jo 


(P  sin  /3  sin^  QR  d(^. 


sin  QK  =  sin  AQ  sin  RAQ 

=  cos  d  sin  NAM, 

•    -VT  A  -n  r      sin  6  sin  /3 
sm  NAM=  — ;    ,.       ; 
sm  o 

,'.  sin  QR=  cot  ^sin  0sin/3 (1) 

Also  cos  ^=  cos  a  cos /3+ sin  a  sin /3  cos  ^.     .     .     (2) 

Substituting  in  the  value  of  sin  QR,  we  find  for  the  energy 
required  the  expression 

92   •  3  yO  T'^  ^^^^^  0(cos  a  cos  yS  +  sin  a  sin  /3  cos  (f>yd(f)  .o\ 

^  Jg      1  — (cos  a  cos /3+ sin  a  sin /3  cos  ^)^ 

And  we  require  to  evaluate  this  integral. 
■    Let 

cos  a  cos /3= a,     sin  a  sin /3=b. 
Then 

*"■  sin^  </)  (cos  a  cos  /3  +  sin  a  sin  y9  cos  (py  d<^ 


J' 


1  —  (cos  a  cos  /S  +  sin  «  sin  /3  cos  ^)^ 
_  r'sin^<^(a  +  6cos<^)V</> 
~Jo        l-(a  +  6cos0/ 
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The  first  term 


But 


p  sm' <f)d(f>  ^  C'^jl-  cos' (f>)  defy 
j^  c  +  dcoscf>      J^       c  +  c?cos<^ 

cos  (6  c^—d^  )   ,, 


Jo  i  ^' 


/o 

"2-^        2 


c?         d/' {c  +  d  COS  cf>) 


_  TTC         C   —Cf  Z  TT 

if  (?  is  >  c?, 


Hence 


sin^  (^ 


J,"r::S^#=5n-«-v'(i-2<.+a^-6^)h  W 

for  we  can  easily  show  that  c  is  >  (^  in  this  case.     And 

And  the  required  integral  is 

^2{2-^/{l-2a  +  a:'-b'')-^/{l  +  2a-ha''-b^)-b''}.  .    (6) 

But 

a-—lr=  cos-acos^j3— sin^«sin^/3  =  cos^a+  cos^jS  — 1. 

Hence,  since  the  positive  sign  is  to  be  attached  to  the  roots,  we 
have,  if /3  be  <  a, 

Intensity  required 

TTo^  sin/3,^,        .  ,,       ^  ,        .„-.,, 

=  -     .  2 —  -jz  — (cos  p  — cos«)  — (cosp  +  cos  a)  — sin''psin''«| 

=  7rp2sin^(l-cos/3)|^-^^-(l+ cos^)]- 
=47^p^sin/3  sin^|-J  cosec^a— cos^-2  J- (7) 
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And  if  a  be  <  /3, 
Intensity 

=  7rp^sin^{3-p^^-sin^/3  j  =7rp^sin/3{sec^^-sin-'/3  j.  (8) 

IT 

In  the  first  case  the  intensity  is  clearly  least  when  «  is  y,  its 
value  then  being 

7r/32sin/3(l-cos/3)2; 

and  in  the  second  case  it  is  least  when  a,  is  0,  and  its  value  is 

irp^  sin  |3  cos^  ^. 
This  second  minimum  will  be  greater  than  the  other  if 


cos  j3  is  >  1  —  cos  /3, 

i.  €.  if 

cos  /3  is  >  -^j 

i.  e.  if 

/3  is  <  60^ 

If,  then,  a  conical  pencil  whose  semi-  vertical  angle  is  less 
than  60°  be  passing  through  the  spar,  the  pencil  will  be  most 
nearly  plane-polarized  if  the  axis  of  the  pencil  is  at  right 
angles  to  that  of  the  spar. 

Now  if  the  axis  of  a  conical  pencil  pass  normally  through  a 
prism  cut  as  already  described,  it  will  be  at  right  angles  to  the 
optic  axis;  and  hence  the  pencil,  if  its  semi-  vertical  angle  be 
less  than  60^,  will  be  more  nearly  plane-polarized  than  it  would 
be  if  the  axis  occupied  any  other  position.  This  constitutes  a 
second  advantage  in  favour  of  the  new  prism. 

Again,  suppose  we  have  a  parallel  pencil  of  wave-normals 
in  direction  ON,  and  that  the  axis  round  which  the  prism 
rotates  is  OX  (fig.  4).  In  our  observations  we  suppose  that 
these  two  coincide,  and  work  as  if  the  plane  of  polarization  of 
the  emergent  light  coincided  with  that  of  light  travelling  along 
OX,  thus  introducing  an  error.  The  amount  of  this  error  will 
depend  of  course  partly  on  the  angle  NX  (/3  say),  and  partly 
on  the  angle  NXA  (0  say),  OA  being  the  optic  axis.  If  w^e 
know  /3  and  (/>  we  can  calculate  the  error,  and  could  determine 
the  value  to  be  given  to  XA  or  a.  to  make  it  the  least  possible. 

But  in  practice  ^  may  be  anything  between  0  and  27r,  and 
|3  anything  between  0  and  a  not  very  large  angle  /Sj ;  and 
the  question  arises,  what  value  must  we  assign  to  a  in  order 
that  the  error  produced  by  any  chance  values  of  /3  and  ^  may 
most  probably  be  as  small  as  possible  ?  To  answer  this  we 
require  to  determine,  between  these  limits  for  ^  and  <^,  the 
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mean  of  the  values,  irrespective 
of  sign,  of  the  amplitudes  of  the 
vibrations  normal  to  the  plane 
OAX. 

Let  0  Q  be  the  direction  of 
vibration  for  the  wave-normal 
0  N,  and  Q  R  perpendicular  on 
the  plane  AX.  Then  the  dis- 
placement normal  to  the  plane 
AOX  is  p  sin  QR ;  and,  wdth  the 
same  notation  as  before,  the  ave- 
rage displacement  5i 
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Fig.  4. 


=  ^i  sini3sin<^cot^(f<^ (9) 

Also  sin  6dd=  sin  a  sin  /3  sin  (f>  d<^. 

Hence  average  displacement 

=  ^i— 4-  fcos^c^^ (10) 

2-77  sm  «  J  ^ 

We  must  consider  now  the  limits  between  which  the  inte- 
gral is  to  be  taken.  Fig,  5. 

Describe  a  circle  (fig.  5)  pass- 
ing through  N  with  X  as  centre,  /^^ 
and  cutting  A  X  in   L  and   M,                                  ^^^^ 
and  if  possible  let  Nj  be  a  point 
on  this  circle  such  that 


NiA= 


TT 


Suppose  we  treat  displacements 
to  the  right  of  AX  as  positive. 
When  N  coincides  with  L, 


If  N  lies  between  L  and  Ni,  Q  is  to  the  right  of  AX,  as  in 
figure,  and  the  displacement  is  positive.     We  must  therefore 


TT 


integrate  for  0  from  a— /3  to  ^. 


But  if  N  lie  between  Ni  and 


M,  Q  will  be  to  the  left  of  AX,  and  the  displacement  will  be 
negative.  Thus,  to  get  the  whole  average  displacement,  irre- 
spective of  sign,  we  have  to  subtract  the  value  of  the  integral 

from  -  to  a  +/3.     If,  however,  a  +/3  is  <  ^,  no  position  such 

as  Ni  can  be  found,  and  we  have  to  integrate  straight  from. 
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a  — /3  to  a  +  /3.     The  same  is  true  for  positions  of  N  on  the 
other  side  of  AX. 

Hence,  in  the  first  case,  the  average  displacement  normal  to 
the  plane  is 


2p 


277  sin 


- 1  ( 'cos edd-  C^^cos ede\ 


TTSm  u 


■jl  —  siu  (a -/3)  +  1  -  sin  (a +  /3)  [ 


_2p( 


77 

And  in  the  second  case  it  is 


—       ,    . cos  3  > 

77  L  sm  «  ) 

=  —  jcoseca— cosjSj (11) 


2p: 


:77sm 


—  I        cos6dd=        .       ^sin(a  +  iS)  — sin(a— /3)} 
.n«  r     a  77sma '  ^  ^         ^■' 


=  — cot«sin/3 (12) 

77 

The  first  is  clearly  least  when  «  is  ^  ;  the  second  decreases  as 
a  increases,  but  has  no  minimum  ;  for  after  a  time  we  should 

77 

reach  a  point  at  which  a  +  /3  became  equal  to  ^,  and  then  the 

limits  would  require  changing  :  for  this  value,  of  course,  the 
two  integrals  are  the  same. 

Thus  the  average  displacement  normal  to  the  plane  OAX 
is  least  when  OX  is  at  right  angles  to  the  optic  axis,  and  hence 
the  average  error  in  the  position  of  the  plane  of  polarization 
is  least  also.  The  average  displacement  just  calculated  is  of 
course  that  for  a  given  value  of /3.  If  we  require  the  average 
for  any  value  of  /3  between  0  and  /S^,  we  must  m.ultiply  our 
expressions  (11)  and  (12)  by  c?(3,  and,  integrating  from  0  to 
fii,  divide  the  result  by  /Sj. 

To  show  the  difference  in  this  respect  between  the  new  prism  • 
and  Nicol's,  let  us  calculate  the  displacement  normal  to  the 
plane  AOX  in  the  two  cases,  supposing  the  value  of  j8  is  5°. 

In  Nicol's  prism,  a  =  63°  30';  so  that  «  +  /3  is  less  than  - ,  and 

the  second  formula  (12)  must  be  taken.    The  ratio  of  the  two 
displacements  is  therefore 

cot  63°  30' sin /3  l  ao  ocm     i^- 

r ^ — -  —  cot  63°  30'  cot^j 

1— cosp  2 
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and  substituting  the  value  /3=5°,  this  comes  to  434  :  39,  or 
about  11  to  1.  Thus  the  average  error  in  the  position  of  the 
plane  of  polarization  as  determined  by  the  new  prism  will  be 
about  one  eleventh  of  that  which  would  be  produced  by  the 
same  errors  of  adjustment  with  a  Nicol's  prism;  while  the 
amount  of  light  polarized  out  of  the  proper  plane  will  be  less 
than  one  per  cent,  of  that  which  would  be  produced  by  a  Nicol. 
Again,  suppose  the  prism  is  turned  through  an  angle  <u 
about  OX  (fig.  6),  and  let  Fig.  6. 

us  inquire  what  is  the  angle 
through  which  the  plane  of 
polarization  of  the  emer- 
gent light  is  rotated.  Let 
OA'  be  the  new  position 
of  the  optic  axis.  Join 
MA,  MA',  and  in  them 
take  points  P,  P'  such  that 

MP=MF=|.   OP,  OF 

are  the  directions  of  vibration  for  the  waves  travelling  along 
0  M  in  the  two  positions  of  the  prism  respectively.  The 
angle  through  which  the  plane  of  polarization  has  been  turned 
is  P  P'  or  P  M  P',  that  through  which  the  prism  has  been 
turned  is  A  X  A';  and  we  require  to  investigate  the  conditions 
under  which  the  average  difference  between  these  two  for  all 
possible  positions  of  M  Avithin  a  certain  distance,  /Sj  say,  of  X. 

Now  we  have  seen  already  that  if  the  axis  of  rotation  be  at 
right  angles  to  the  optic  axis,  the  average  error  produced  in 
the  determination  of  the  position  of  the  plane  of  polarization 
for  each  of  the  two  positions  of  the  prism  will  be  a  minimum; 
and  hence  it  follows  that  the  average  error  in  the  angle  be- 
tween these  two  positions  is  a  minimum  also. 

All  these  results,  of  course,  hold  only  for  the  position  of  the 
plane  of  polarization  of  the  light  when  in  the  crystal,  and  will 
be  modified  by  the  refraction  that  takes  place  as  the  waves 
emerge  into  the  air.  But  since  the  ends  of  the  prism  are 
normal  to  its  length,  for  all  the  waves  considered  the  inci- 
dence is  very  nearly  direct,  and  the  change  produced  by 
refraction  in  the  position  of  the  plane  of  polarization  is  very 
small  indeed. 

Thus  a  prism  cut  as  described  possesses  the  following  advan- 
tages over  Nicol's  prism: — 

1.  There  is  no  lateral  dispacement  in  the  apparent  position 
of  an  object  viewed  through  it. 

2.  A  conical  pencil  whose  axis  passes  directly  through  is 
more  nearly  plane-polarized  than  would  be  the  case  if  the  axis  of 
the  prism  were  related  to  that  of  the  spar  in  any  other  manner. 
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3.  If  the  direction  of  the  wave-normal  within  the  prism 
does  not  quite  coincide  with  the  axis  of  rotation,  the  average 
error  in  the  position  of  the  plane  of  polarization  is  less  than 
for  any  other  method  of  cutting. 

I  hope  shortly  to  have  some  prisms  cut  by  Mr.  Hilger  in 
this  manner,  and  to  test  by  means  of  them  the  theoretical 
conclusions  arrived  at  in  the  paper. 

Note  added  April  26th. 

If  the  plane  of  section  PQ  be  inclined  to  BC  at  an  angle 
of  20°,  as  in  fig.  2,  the  angular  aperture  of  the  field  will  be 
small,  only  about  10°,  and  it  will  be  necessary  that  all  the 
light  traversing  the  prism  should  be  very  nearly  parallel  to 
BC.  The  aperture  may  be  increased  up  to  about  20°  by 
lengthening  the  prism  considerably  and  decreasing  the  angle 
between  PQ  and  BC.  If  this  be  reduced  to  11°,  the  aperture 
will  have  its  maximum  value  of  22°. 

The  aperture  may  be  somewhat  increased,  and  the  length 
of  the  prism  shortened,  by  using  as  the  separating  medium 
balsam  of  copaiba,  as  was  suggested  at  the  meeting  of  the 
Physical  Society  at  which  this  paper  was  read. 

The  mean  index  of  refraction  for  this  substance  is  about 
1'52,  as  determined  by  Brewster.  The  angle  of  total  reflexion 
therefore  for  the  ordinary  ray  is  sin~'  (1'52/1'66),  or  about 
66°,  while  for  Canada  balsam  this  angle  is  about  68°.  The 
possible  aperture,  using  the  balsam  of  copaiba,  thus  is  about 
24°. 

Professor  Thomson's  prism,  mentioned  already,  will  have  a 
wider  field.  But  it  must  be  remembered  that  the  new  prism 
was  not  designed  for  microscopic  work,  but  to  obviate  the 
displacement  in  the  image  referred  to  at  the  commencement 
of  the  paper,  and  to  produce  a  field  in  which  the  plane-polari- 
zation should  be  as  nearly  as  possible  complete. 


LII.  Notices  respecting  Neio  Books. 

Physical  Optics  (Text-hools  of  Science).     By  E.  T.  G-lazebrook, 
M.A.  ^-c.  (London:  Longmans,  Green  &  Co.     Pp.  434+xiv.) 

THIS  is  an  important  elementary  work,  chiefly  on  "physical  optics ;" 
but  it  contains  also  much  of  what  is  commonly  termed  "  geome- 
trical optics."  It  is  on  the  whole  most  lucidly  written,  and  gives 
a  capital  idea  of  the  subject  to  those  who  wish  to  grasp  a  sound 
knowledge  of  it  without  going  into  the  higher  mathematical 
analysis.  The  work  pui'ports  to  be  adapted  for  "  artisans  and 
students  in  public  and  science  schools  :  "  it  is,  however,  partly  from 
the  general  difficulty  of  parts  of  the  subject  and  partly  from  the 
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mathematical  knowledge  required,  really  only  adapted  for  quite 
advanced  classes.  The  explanation  of  the  rectilinear  propagation 
and  of  the  reflexion  and  refraction  of  light  as  a  consequence  of  the 
undulatory  theory  is  remarkably  clear ;  and  the  difficult  subjects  of 
diffraction  and  double  refraction  are  well  put.  A  discussion  of 
Fresnel's  and  McCullagh's  theories  of  polarized  light  is  given  :  the 
discussion  is  difficult,  and  the  results  doubtful  and  discrepant,  so 
that  it  seems  rather  beyond  the  scope  of  a  "  Text-book."  The  first 
chapter  treats  of  the  wave-motion  of  light  as  a  form  of  energy  ;  and 
the  fifteenth  chapter  discusses  the  probable  relations  of  light, 
electricity,  and  magnetism  as  vibrations  of  the  same  material  ether: 
these  chapters  are  most  important  in  a  theoretical  view. 

The  work  is  well  got  up,  and  contains  few  misprints  for  the 
amount  of  matter.  The  expression  "  wave-surface  centre  A " 
occurs  frequently  as  short  for  "  wave-surface  whose  centre  is  A ;  " 
a  preliminary  explanation  would  have  been  useful.  The  innovation 
in  fractional  notation  sin  ^/sin  0'  is  occasionally  used  (without 
explanation)  ;  having  been  thus  to  some  extent  adopted,  it  might 
have  been  used  much  more  frequently  with  considerable  gain  in 
conciseness.  Allau"  Cunningham,  Major  R.E. 

Transit  Tables  for  1883  for  Poptdar  Use.  By  Latiateb  Claek, 
M.I.C.E.  (London,  A.  J.  Frost,  1883  :  pp.  15-1-103  of  Tables.) 
These  may  be  looked  on  as  a  sort  of  small  Nautical  Almanac 
for  amateurs  for  taking  time  with  a  small  transit,  and  are  suffi- 
cient for  the  purpose  when  taken  in  conjunction  with  the  same 
author's  '  Treatise  on  the  Transit  Instrument  &c.  for  the  use  of 
Country  Gentlemen,'  reviewed  in  No.  88  of  this  Magazine.  As  an 
aid  to  popularizing  the  use  of  the  portable  transit  their  publication 
may  be  welcomed.  Allan  Cunningham,  Major  R.E. 


LTII.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 
[Continued  from  p.  298.] 

March  7,  1883.— J.  W.  Hulke,  Esq.,  F.R.S.,  President, 
in  the  Chair. 
nnHE  following  communications  were  read  ; — 
-*-  1.  "  On  Gray  and  Milne's  Seismographic  Apparatus,"   By  Thomas 
Gray,  Esq.,  B.Sc,  F.R.S.E.     Communicated  by  the  President. 

This  apparatus  was  stated  to  have  for  its  object  the  registration  of 
the  time  of  occurrence,  the  duration,  and  the  nature,  magnitude,  and 
period  of  the  motions  of  the  earth  during  an  earthquake.  The  in- 
strument was  made  by  Mr.  James  White,  Glasgow,  and  is  to  be 
used  by  Prof.  John  Milne  in  his  investigations  in  Japan. 

In  this  apparatus  two  mutually  rectangular  components  of  the 
horizontal  motion  of  the  earth  are  recorded  on  a  sheet  of  smoked 
paper  wound  round  a  drum,  kept  continuously  in  motion  by  clock- 


364  Geological  Society: — 

work,  by  means  of  two  conical  pendulum-seismographs.  The  ver- 
tical motion  is  recorded  on  the  same  sheet  of  paper  by  means  of 
a  compensated-spriijg  seismograph.  In  details  these  instruments 
differ  considerably  from  those  described  in  the  Philosophical  Maga- 
zine for  September  1881 ;  but  the  principle  is  the  same. 

The  time  of  occurrence  of  an  earthquake  is  determined  by  causing 
the  circuit  of  two  electromagnets  to  be  closed  by  the  shaking.  One 
of  these  magnets  relieves  a  mechanism,  forming  part  of  a  time- 
keeper, which  causes  the  dial  of  the  timepiece  to  come  suddenly 
forward  on  the  hands  and  then  move  back  to  its  original  position. 
The  hands  are  provided  with  ink-pads,  which  mark  their  positions 
on  the  dial,  thus  indicating  the  hour,  minute,  and  second  when  the 
circuit  was  closed.  The  second  electromagnet  causes  a  pointer  to 
make  a  mark  on  the  paper  receiving  the  record  of  the  motion. 
This  mark  indicates  the  part  of  the  earthquake  at  which  the  circuit 
was  closed. 

The  duration  of  the  earthquake  is  estimated  from  the  length  of 
the  record  on  the  smoked  paper  and  the  rate  of  motion  of  the  drum. 
The  nature  and  period  of  the  different  movements  are  obtained 
from  the  curves  drawn  on  the  paper. 

2.  "Notes  on  some  Fossils,  chiefly  Mollusca,  from  the  Inferior 
Oolite."     By  the  Eev.  G.  F.  Whidborne,  M.A.,  F.G.S. 

3.  "  On  some  Fossil  Sponges  from  the  Inferior  Oolite."  By 
Prof.  W.  J.  SoUas,  M.A.,  F.G.S. 

4.  "  On  the  Dinosaurs  from  the  Maastricht  Beds."  By  Prof. 
H.  G.  Seeley,  F.R.S.,  F.G.S. 

March  21.— J.  W.  Hulke,  Esq.,  F.R.S.,  President, 
in  the  Chair. 

The  following  communication  was  read: — 

"  On  the  supposed  Pre-Cambrian  Rocks  of  St.  David's."  By 
Archibald  Geikie,  Esq.,  LL.D.,  F.R.S.     (Part  I.) 

The  author  began  by  briefly  narrating  the  circumstances  under 
which  he  had  been  led  to  study  the  geology  of  St.  David's.  He  had 
visited  the  district  twice,  first  in  company  with  Mr.  B.  N.  Peach, 
with  whose  cooperation  nearly  all  the  field-work  was  done,  and 
again  in  conjunction  with  Mr.  W.  To])ley.  The  paper  was  divided 
into  two  parts,  the  first  being  mainly  controversial,  and  the  second 
descriptive.     Only  the  first  part  was  read. 

Paet  I. 
According  to  Dr.  Hicks  there  are  at  St.  David's  three  distinct  Pre- 
Cambrian  formations  : — the  "  Dimetian,"  consisting  of  crystalline, 
gneissic,  and  granitoid  rocks ;  the  "  Arvonian,"  formed  of  f'clsites, 
quartz-porphyries,  hiilleflintas,  and  other  highly  silicated  rocks ;  and 
the  "  Pebidian,"  composed  of  tuffs,  volcanic  breccias,  and  basic 
lavas.  He  regards  the  "  Arvonian  "  as  later  than,  and  unconform- 
able to  the  "  Dimetian,"  and  the  Pebidian  as  younger  than,  and 


On  the  supposed  Pre- Cambrian  Rocks  of  St.  David's.      365 

unconformable  to  both ;  and  he  asserts  that  the  basement  conglo- 
merate of  the  Cambrian  system  lies  quite  unconformably  on  all 
these  rocks,  and  is  in  great  jjart  made  up  out  of  their  waste. 

Taking  up  each  of  these  groups  in  the  order  of  sequence  assigned 
to  them,  the  author  maintained  that  the  "  Dimetian  group "  is  an 
eruptive  granite,  which  has  disrupted  and  altered  the  Cambrian 
strata,  even  above  the  horizon  of  the  supposed  basal  conglomerate. 
He  described  a  series  of  natural  sections  where  this  relation  is 
exposed,  particularly  one  on  the  coast  at  Ogof-Llesugn,  where  the 
conglomerate  has  been  torn  off  and  involved  in  the  granite,  and  has 
been  intensely  indurated,  so  as  to  become  a  kind  of  pebbly  quartzite. 
No  other  rock  occurs  within  the  granite  mass  except  dykes  of 
diabase,  which  rise  throiigh  all  the  rocks  of  the  district,  but  are 
especially  abundant  in  the  granite.  The  veins  of  finer  granite,  so 
general  in  granite  areas,  are  conspicuous  here.  In  short,  whether 
studied  in  hand-specimens  or  on  the  ground,  the  rock  is  so  unmis- 
takably an  eruptive  mass  that  the  author  could  not  imderstand  how 
this  view,  which  was  that  expressed  on  the  Geological  Survey  maps, 
should  ever  have  been  called  in  question.  The  manner  in  which  it 
has  risen  across  the  bedding  of  successive  horizons  in  the  Cambrian 
series  proves  that,  instead  of  being  a  Pre-Cambrian  gneiss,  it  must 
be  much  younger  than  all  the  Cambrian  rocks  of  the  district. 

The  "  Arvouian  group "  consists  of  quartziferous  porphyries,  or 
elvans,  associated  with  the  granite,  and  of  the  metamorphosed  strata 
in  their  vicinity.  Eeference  was  made  to  natural  sections  where 
the  actual  intrusion  of  the  elvans  across  the  bedding  of  the  rocks 
could  be  seen. 

The  "  Pebidian  group "  comprises  a  series  of  volcanic  tuffs  and 
breccias,  with  interstratificd  and  intrusive  lavas.  The  author  main- 
tained that  this  group  forms  an  integral  part  of  the  Cambrian  system 
as  developed  at  St.  David's.  It  has  been  broken  through  by  the  granite 
and  porphyries,  and  is  therefore  of  older  date.  Instead  of  being 
covered  unconformably  by  the  Cambrian  conglomerate,  as  asserted  by 
Dr.  Hicks,  the  volcanic  group  is  covered  quite  conformably  by  that 
rock ;  and  seams  of  tuff  are  interstratificd  with  the  conglomerate  and 
occur  on  various  horizons  above  it.  The  conglomerate,  instead  of 
being  mainly  composed  of  fragments  of  the  rocks  beneath  it,  consists 
almost  entirely  of  quartz  and  quartzite,  only  four  per  cent,  of  frag- 
ments having  been  found  to  have  been  derived  from  some  of  the 
projecting  lava-islands  underneath  it. 

Prom  the  evidence  now  brought  forward,  the  author  contended 
that  as  the  names  "  Dimetian,"  "  Arvoniau,"  and  "  Pebidian  "  had 
been  founded  on  error  of  observation,  they  ought  to  be  dropped  out 
of  geological  literature. 

April  11.— J.  W.  Hulke,   Esq.,  F.R.S.,  President,  in  the  Chair. 
The  following  communication  was  read  : — 

"  On  the  supposed  Pre-Cambrian  Rocks  of  St.  David's."  By 
Archibald  Geikie,  Esq.,  LL.D.,  F.E.S.,  F.G.S. 

Part  II. 
In  this  second  part  of  his  paper  the  author  gave  the  results  of  the 
Fhil.  Mag.  S.  5.  Vol.  15.  No.  95.  i%  1883.  2  D 


366  Geological  Society : — 

survey  which  he  had  made  of  the  district  with  Messrs.  Peach  and 
Topley,  and  of  his  study  of  a  series  of  more  than  100  thin  sKces  of 
the  rocks  collected  at  St.  David's.  He  found  that  he  could  corro- 
borate generally  the  descriptions  of  previous  -writers  on  the  micro- 
scopic structure  of  the  rocks,  and  that  investigation  with  the  micro- 
scope amply  confirmed  the  deductions  he  had  drawn  from  observa- 
tions in  the  field. 

1.  Order  of  Succession  of  the  Sods. — The  following  rock-groups 
in  the  Lower  Cambrian  series  are  recognizable  at  St.  David's,  and 
are  given  in  descending  order  : — 

4.  Purple  and  greenish  grits,  sandstones,  and  shales. 

3.  Green  and  red  shales   and  sandstones,  with  true  tuffs 

(Linr/idella  prirnceva). 
2.  Quartz  conglomerate. 
1.  Volcanic  group  (tuifs,  schists,  lavas). 

The  volcanic  group  forms  the  oldest  part  of  the  Cambrian  series 
at  this  locality.  The  bottom  is  not  reached  ;  but  about  1800  feet 
are  visible.  It  consists  mainly  of  purplish-red,  green,  grey,  and  pale 
tufl^s,  with  occasional  breccias  and  bauds  of  olivine-diabase.  Analyses 
of  some  of  these  rocks  had  been  made  for  the  author  bj-  M.  Eenard, 
of  Brussels,  and  Mr.  J.  S.  Grant  "Wilson,  of  the  Geological  Survey 
of  Scotland.  The  tuifs  are  partly  basic,  derived  fi'om  the  disruption 
of  diabase  lavas  (48  per  cent,  of  siliea),  partly  acid,  from  the  destruc- 
tion of  fine  felsites  (72-80  per  cent,  of  silica).  The  microscopic 
structure  of  the  tufls  was  described,  and  slides  and  di'awings  were 
exhibited.  The  lavas  are  varieties  of  olivine-diabase.  Their  augite 
is  remarkably  abundant  and  fresh  ;  and  they  contain  scattered  larger, 
well-formed,  as  "well  as  imperfect  crystals  of  olivine,  generally  in  the 
form  of  lia?matitic  pseudomorphs.  Xo  instance  was  observed  of  a 
siliceous  lava  having  been  eriipted  at  the  surface.  The  felsitic  frag- 
ments in  the  tuffs  must  have  been  derived  from  the  explosion  of 
lavas  that  do  not  seem  to  have  flowed  out  above  ground.  It  was 
pointed  out  that  this  fact  is  exactly  paralleled  in  the  case  of  the 
volcanic  group  of  the  Lower  Old  Red  Sandstone  in  the  Pentland 
Hills. 

In  relation  to  the  quartz-conglomerate,  allusion  was  made  to  the 
constant  recurrence  of  such  conglomerates  in  the  series  of  geological 
formations,  and  to  the  fact  that  they  do  not  necessarily  mark  uncon- 
formabihty  or  the  natural  base  of  groups  of  sedimentary  rocks. 

2.  Geological  Structure  of  the  District. — It  was  shown  that  the 
rocks  have  been  folded  into  an  isocKne  or  inverted  anticline,  so  that 
in  one  half  of  the  pUeation  the  dip  of  the  strata  is  reversed. 

The  groups  above  mentioned  are  found  in  their  proper  order  on 
both  sides  of  the  axis  which  runs  through  the  volcanic  group.  The 
granite  has  risen  irregularly  through  the  eastern  limb  of  the  iso- 
cline. Small  faults  may  occur  here  and  there  along  the  edge  of  the 
granite,  but  they  do  not  in  any  way  affect  the  general  structure. 

3.  The  Foliation  of  the  District. — There  has  been  extensively 
developed  at  St.  David's  a  fine  foliation  of  particular  kinds  of  rock, 
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more  especially  of  certain  fine  tuffs  and  shales,  which  have  passed  into 
the  condition  of  fine  silky  unctuous  hydro-mica-schists  or  sericite- 
schists.  A  series  of  microscopic  slices  was  described  which  showed 
that  the  original  clastic  structure  of  the  beds  remains  quite  distinct, 
though  an  al)undant  development  of  fine  flakes  of  a  hydrous  mica 
has  taken  place.  This  structure  more  particularly  characterizes  the 
fine  parts  of  the  volcanic  group  ;  but  it  occurs  also  on  various  hori- 
zons in  the  groups  above  the  conglomerate,  thus  linking  the  whole 
as  one  great  continuous  series  of  deposits.  The  author  connected  it 
with  the  plication  of  the  district,  and  pointed  out  the  great  interest 
attaching  to  these  fine  schistose  bands  as  revealing  some  of  the 
incipient  stages  of  the  same  process  that  had  changed  wide  regions 
of  sedimentary  strata  into  crystalline  schists. 

4.  The  Granite,  Quartz-Porphyries,  and  accompanying  Meia- 
morphism. — The  petrographical  characters  of  these  eruptive  rocks 
were  described,  and  their  perfect  analogy  to  the  familiar  granites 
and  elvans  of  other  districts  was  pointed  out.  Specimens  were 
shown  illustrating  the  gradation  from  a  true  granite  into  spherulitic 
quartz-jDorphyry.  The  quartz-porphyries  of  St.  David's  (described 
by  Mr.  Davies,  Dr.  Hicks,  and  others)  exhibit  spherulitic  structure 
in  an  exceptionally  perfect  manner.  Between  the  felso-spherulites 
the  base  is  thoroughly  micro-crystalline,  and  not  felsitic.  The 
rocks  belong  to  a  group  intermediate  between  granites  and  felsites. 
They  occur  in  bosses,  elvans,  or  dykes  round  the  granite,  cutting 
through  all  horizons  of  the  volcanic  groixp,  and  approaching,  if  the}'  do 
not  actually  intersect,  the  quartz-conglomerate.  The  metamorphism 
associated  with  the  granites  and  porphyries  is  best  seen  near  the 
latter.  It  consists  chiefly  in  the  intense  induration  of  certain  bands 
of  rock  which  have  been  converted  into  flinty  aggregates  (adinole). 
The  alteration  takes  place  usually  along  the  bedding,  which  is 
nearly  vertical ;  but  veins  of  the  same  siliceous  material  ramify 
across  the  stratification  of  the  shales.  Examined  microscopically, 
the  adinole  is  found  to  have  acquired  a  mierocrystalline  structure, 
nests  of  quartz  and  orthoclase  and  porphyritic  crystals  and  plagioclase 
having  been  developed,  together  with  fine  veins  and  filaments  of 
crystalline  quartz.  These  veins  are  here  and  there  crowded  with 
approximately  parallel  partitions  of  liquid  inclusions  showing  freely 
moving  bubbles.  An  analysis  of  a  portion  of  the  adinole,  made  for 
the  author  by  M.  Eenard,  shows  the  percentage  of  silica  to  be  78-62 
with  5-80  of  soda,  indicating  possibly  the  formation  of  albite.  The 
author  deferred  generalizing  on  the  question  of  the  metamorphism 
he  described,  but  pointed  out  that  a  further  study  of  the  St.-David's 
rocks  could  hardly  fail  to  throw  important  Hght  on  the  theory  of 
metamorphism. 

5.  The  Diabase  Dyl-es  and  Sheets. — These  are  the  latest  rocks  at 
St.  David's,  as  they  traverse  all  the  others.  Their  macroscopic  and 
microscopic  characters  were  described ;  and  allusion  was  made  to  the 
perfect  fluxion-structure  found  in  many  of  the  dykes. 

The  paper  closed  with  a  summarj-  of  the  geological  history  of  St. 
David's.    The  earliest  records  are  those  of  the  Yolcanic  group,  which 
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show  the  existence  of  volcanic  vents  in  that  region  in  an  early  part  of 
the  Lower  Cambrian  period.  The  volcanic  accumulations  were 
covered  conformably  by  the  Conglomerate  and  succeeding  Cambrian 
groups ;  but  the  same  kind  of  tuffs  continued  to  be  ejected  after  the 
deposition  of  the  Conglomerate.  At  a  later  time  this  thick  con- 
formable succession  of  beds  was  plicated,  and  imderwent  a  partial 
metamorphism,  whereby  some  of  the  fine  tuifs  aud  shales  were  con- 
verted into  sericite-schists.  Subsequently  a  mass  of  granite  rose 
through  one  side  of  the  fold,  accompanied  by  elvans  of  spheru- 
litic  quartz-porphyry,  whereby  a  second,  different  and  feebler 
kind  of  metamorphism  was  induced.  The  last  episode  was  that  of 
the  diabase  dykes,  which,  crowded  together  in  the  granite,  sug- 
gest that  the  granite  boss  stands  on  an  old  line  of  weakness  and 
of  escape  for  eruptive  material  from  the  interior. 


LIV.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  USE  OF  THE  TERM  "  FORCE.-" 
To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 
Gentlemen, 

THE  anomalies  and  confusions  which  Mr.  Close  points  out  in  the 
u.se  of  the  term  "  Force  "  (Phil.  Mag.  April,  p.  248)  appear  to 
me  mainly  to  arise  from  the  very  unfortunate  definition  which  he, 
in  common  with  other  modern  physicists,  insists  on  applying  to  the 
word.  Force  proper,  he  says,  is  "  the  rate  of  change  of  momentum ;" 
and  this  he  would  substitute  for  the  old  definition,  common  to  all 
text-books  on  Mechanics,  that  a  force  is  a  cause  of  motion.  Now 
if  there  is  one  thing  which  seems  clear,  in  the  framing  of  termino- 
logy, it  is  that  where  a  well-known  word  receives  a  scientific  defi- 
nition, that  definition  should  be  in  as  close  accordance  as  possible 
with  its  ordinary  use.  In  the  light  of  this  rule,  the  new  definition 
of  force  is  perhaps  one  of  the  worst  ever  constructed.  For,  on 
that  definition,  force  belongs  to  the  science  of  Dynamics  alone. 
There  is  no  force  acting  between  a  weight  and  the  table  it  lies 
upon  ;  no  force  acting  between  the  rim  of  a  fly-wheel  and  its  boss  ; 
no  force  acting  between  a  locomotive  and  a  train,  if  the  speed  is 
uniform  ;  and  so  on.  It  is  clear  that  we  must  either  give  up  the 
new  definition,  or  re-construct  all  our  old  ideas  on  the  subject ; 
with  a  certainty  of  importing  that  confusion  to  which  Mr.  Close's 
letter  bears  such  striking  witness  *. 

Following  the  old  definition,  the  mode  of  generation  of  the  new 
is  obvious  enough.  The  effect  of  a  force,  where  it  acts  freely,  is  to 
increase  momentum ;  and  as  causes  are  measiired  by  their  effects, 
it  follows  that  we  may  measure  forces  by  calculating  the  rate  of 

*  Mr.  Close  contributes  something  of  his  own  to  this  confusion  when, 
in  p.  251,  he  speaks  of  F  as  measured  in  pounds.  How  a  rate  of  in- 
crease of  momentum  can  be  expressed  in  pounds  it  does  not  seem  easy  to 
discover. 
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increase  of  momentum  in  a  given  time  :  in  other  words,  forces  will  be 

dv  ... 

proportional  to  niTr-     Prom  this  it  is  but  a  step  (though  it  may  be 

a  false  step)  to  say  that  the  force  is  the  rate  of  increase  of  momentum, 
and  nothing  else,  and  respectfully  to  demand  that  we  shall  re- 
construct the  whole  of  Mechanics  in  accordance  with  that  definition. 
Mr.  Close  takes  an  illustration  from  the  rate  of  mortality  ;  and  I 
will  follow  him.  Disease  causes  death,  and  the  strength  of 
different  diseases,  or  of  the  same  disease  at  different  times  and 
places,  may  fairly  be  measured  by  the  rate  of  mortality  (say  the 
number  of  deaths  per  1000  per  diem)  which  they  induce.  Mr. 
Close,  if  consistent  with  himself,  would  therefore  define  disease  as 
being  the  rate  of  mortality — that  and  nothing  else ;  and  would  re- 
quire all  our  medical  literature  to  be  rewritten,  because  its  language 
does  not  square  with  the  new  definition. 

I  think  it  is  time  that  the  advocates  of  the  new  view  should 
themselves  bring  out  a  book,  showing  that  the  ordinary  laws  and 
propositions  of  Mechanics  can  be  worked  out  on  their  principles  in 
a  way  intelligible  to  the  ordinary  student.  Prof.  Tait,  in  a  recent 
communication  to  the  Eoyal  Society  of  Edinburgh,  made  a  sort  of 
commencement  of  such  a  work :  I  should  be  glad  to  hear  of  any 
ordinary  student  who  has  derived  much  comfort  and  clearness  of 
thought  from  a  study  of  the  result.  For  an  attempt  of  the  kind 
I  refer  to,  but  on  the  opposite  lines,  I  may  perhaps  be  allowed  to 
point  to  a  recent  work  of  my  own,  entitled  '  The  Student's  Me- 
chanics :  an  Introduction  to  the  Study  of  Force  and  Motion.' 

May  I  be  allowed  to  conclude  with  one  word  in  reply  to  Mr.  von 
Tunzelmann's  letter  on  the  Conservation  of  Energy :  it  is  simply 
to  point  out  that  a  periodic  function  is  not  the  same  thing  as  a 
constant.  Walter  E..  Beowite. 


ON  A  MODIFICATION  IN  THE  PYCNOMETEE. 
BY  EILHARD  WIEDEMANN. 

Since  determinations  of  the  specific  gra^aty  of  solids  for  the 
purpose  of  discovering  relations  between  it  and  their  chemical 
constitution  are  now  more  and  more  frequently  made,  the  improve- 
ment of  the  pycnometer  communicated  in  what  follows  may  not 
be  without  interest.  By  means  of  it  results  as  exact  can  be  ob- 
tained with  powders  as  when  larger  bodies  are  employed. 

As  is  well  known,  in  the  former  method  the  pycnometer  is  first 
weighed  empty,  then  filled  with  water,  then  with  the  substance  in 
question,  and  finally  with  water  and  the  substance.  If  the  weights 
in  these  cases  are  P,  H,  p  and  tt,  the  specific  gravity  of  the  sub- 
stance is 

_  p-Y 

'"[n+(i^-P)]-7r- 

But  air  is  always  contained  between  the  particles  of  the  solid, 
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and  can  only  be  expelled  by  well  boiling,  and  not  always  even  tben. 
Hence  to  substances  that  are  decomposed  or  fused  by  heating,  this 
method,  in  the  form  hitherto  used,  is  not  applicable,  or  at  any 
rate  gives  extremely  inexact  results.  Also  with  substances  that 
are  easily  held  in  suspension  by  water  or  remain  on  its  surface,  as 
finely  divided  sulphate  of  barium,  the  results  obtained  are  inexact, 
as  these  substances  do  not  after  the  boiling  sink  again  to  the 
bottom,  and  consequently  are  in  part  squeezed  out  with  the  surplus 
water  on  the  insertion  of  the  stopper. 

For  the  filling  of  the  pycnometer  I  have  used  a  method  already 
described  by  me*,  in  which  the  disturbing  effect  of  the  air  is  com- 
pletely excluded.  A  is  the  pycnometer,  into  which  the  ground 
stopper  a  fits ;  this  is  passed  through  by  a  glass  tube,  which  is 
bent  back  at  h  and  ends  at  c  inside  a  slip,  of  which  the  outer  part 
is  attached  to  the  piece  dg  consisting  of  narrow  glass  tubes  ;/and 
e  are  cocks,  h  a  small  funnel,  and  ff 
the  inner  part  of  a  slip  whose  outer 
part  is  connected  with  a  good  mer- 
cury air-pump  such  as  should  now 
be  found  in  every  laboratory. 

First  the  pycnometer  and  the 
slightly  greased  stopper  are  now 
weighed  by  themselves ;  in  doing 
this  it  is  best  to  suspend  the  latter 
on  its  hook  h  by  means  of  a  wire. 
They  are  then  to  be  connected  with 
the  part  dg;  close  e,  its  cavity 
having  been  pre^dously  filled  with  a 
drop  of  water;  open/,  and  exhaust 
to  vacuum  ;  then  let  the  previously 
well  boiled  water  flow  m  from  h ; 
disconnect  the  pycnometer  at  o,  wipe  off  the  grease  from  it  and 
weigh  it.  Then  dry  it,  introduce  the  powder,  and  repeat  the  same 
procedure.  The  tube  is  bent  back  at  h  in  order  that  the  powder 
may  not  be  too  much  stirred  up  when  the  liquid  flows  in.  If  the 
pycnometer.  A,  selected  is  a  small  one  and  we  first  exhaust  com- 
pletely all  the  space  between  the  cock  /  and  the  pump,  a  three  or 
four  times  repeated  action  of  the  pump  suffices  to  make  the  space 
in  A  a  vacuum.  In  the  time  required  for  this,  even  salts  containing 
water,  of  which  the  vapour  does  not  possess  at  all  too  high  a  tension, 
as,  for  example,  the  double  sulphates  of  zinc  and  magnesium  with 
potassium  and  ammonium,  lose  only  so  small  a  quantity  of  their 
water  of  crystallization  that  for  them  sufficiently  accurate  results 
are  obtained. 

As  illustrations  of  the  precision  of  the  method,  in  the  following 
are  communicated  two  series  of  measurements,  made  on  powdered 
glass  and  precipitated  sulphate  of  barium.     They  were  carried  out 


Wied.  Ann.  xvii.  p.  561  (1882). 
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witli  great  care  by  E.  Schulze.     For  each  single  measurement  from 
about  a  half  to  three  quarters  of  an  hour  was  required. 

I.  Glass  Powder. 


p 

n 

P 

■K 

Temp. 

s 

9-2554 

19-4095 

14-3788 

22-4468 

o 

15-7 

2-4559 

9-2554 

19-4095 

10-5368 

20-1689 

16-4 

2-4547 

9-2554 

19-4095 

13-608 

21-9894 

15-1 

2-4553 

9-2554 

19-4095 

13-271 

21-7895 

16-4 

2-4551 

II.  Sulphate  of  Barium. 


p 

n 

P 

TT 

Temp. 

s 

9-2554 

19-4095 

10-5962 

20-445 

o 

14-9 

4-3958 

9-2554 

19-4095 

11-7652 

21-3484 

14-9 

4-3962 

9-2554 

19-4095 

14-333 

23-3323 

14-5 

4-3969 

9-2554 

19-4095 

13-0445 

22-3368 

14-5 

4-3967 

The  specific  gravities  differ  from  one  another  by  not  quite  a 
unit  in  the  third  decimal  place,  a  result  which  may  be  regarded 
as  extremely  satisfactory. 

If  a  greater  number  of  determinations  of  specific  gravity  have  to 
be  effected,  it  would  be  advisable  to  employ  several  pycnoraeters, 
attached  to  different  arms  connected  with  the  air-pump  and  ex- 
hausted simultaneously.  This  would  effect  a  pretty  considerable 
saving  of  time. — Wiedemann's  Annalen,  1882,  xvii.  pp.  983-985. 


ON  THE  UPPER  LIMIT  OF  THE  PERCEPTIBILITY  OF  SOUNDS. 
BY  E.  PAUCHON. 

I  have  the  honour  of  communicating  to  the  Academy  the  results 
of  some  researches  on  the  determination  of  the  upper  limit  of  per- 
ceptibility of  sounds,  a  portion  of  which  were  made  in  conjunction 
with  M.  L.  Bertrand. 

I  proposed  to  ascertain  if,  as  several  physicists  have  alleged 
(although  they  have  not  brought  forward  any  experiment  proving 
their  assertion),  this  limit  varies,  for  one  and  the  same  ear,  with 
the  intensity  of  the  sound.  For  this  purpose  I  employ  a  powerful 
Caignard-Latour  siren,  modified  in  some  of  its  parts,  and  set  in 
action  by  a  jet  of  steam.     Various  arrangements,  described  in  a 
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special  memoir,  give  the  possibility  of  yarying  the  pressure  of  the 
steam  in  the  box  and  the  intensity  of  a  sound  of  a  given  pitch. 

I  thus  prove  that,  when  the  pressure  of  the  steam  inside  the 
box  varies  from  0-5  to  1*5  atmosphere,  the  limit  of  perceptibihty 
corresponds  to  sounds  the  pitches  of  which  are  comprised  between 
48,000  and  60,000  simple  Aibrations.  When  the  siren  is  furnished 
with  a  counterplate,  the  ratio  between  the  pressure  of  the  steam 
and  the  velocity  of  rotation  is  constantly  too  high,  and,  under  the 
conditions  of  the  experiment,  the  limit  of  perceptibility  can  no 
longer  be  attained,  not  even  for  the  sound  of  72,000  vibrations, 
the  shrillest  which  I  have  been  able  to  produce.  Under  these  con- 
ditions the  pressure  of  the  steam  in  the  box  of  the  siren  reaches 
2"o  atmospheres,  the  velocity  of  rotation  of  the  disks  amounts  to 
600  turns,  and  their  circumferential  velocity  to  113  metres,  per 
second.  The  supply  of  steam  is  considerable,  about  equivalent  to 
to  that  of  an  engine  of  8  horse-powers. 

I  afterwards  caused  metal  rods  fixed  at  one  end  to  vibrate  longi- 
tudinally, by  rubbing  them  with  cloth  sprinkled  with  rosin.  By 
gradually  lessening  the  length  of  the  ^^brating  rod  the  extinction 
of  the  sharp  sound  is  easily  produced.     I  remark  that 

(1)  The  length  of  the  rod  that  gives  the  limiting  sound  is,  for  one 
and  the  same  metal,  independent  of  the  diameter. 

(2)  For  steel,  copper,  and  silver,  the  lengths  are  to  one  another 
in  ratios  sensibly  equal  to  those  of  the  velocity  of  propagation  of 
sound  in  those  metals. 

Thus,  taking  the  ratio  belonging  to  copper  as  unit,  we  get : — 

For  copper     1*000 

Tor  steel    1-002 

For  silver 0-995 

These  two  observations  cannot  accord  with  the  results  furnished 
by  the  siren  unless,  for  these  three  metals  and  for  the  length 
corresponding  to  the  limiting  sound,  the  lengthening  due  to  the 
vibration  is  the  same.  I  have  not  been  able  to  value  with  sufficient 
certainty  these  minute  lengthenings  ;  but,  on  the  other  hand,  I 
have  ascertained  that — 

(1)  If  a  hearing- horn  be  applied  to  the  ear,  the  limit  of  percep- 
tibility is  slightly  extended. 

(2)  If  the  rods  are  excited  with  different  substances — rosin,  oil 
of  turpentine,  alcohol,  ether  (which  evidently  has  the  effect  of 
modifying  the  amplitude  of  the  vibration),  the  limiting  length 
changes,  and  may  vary  from  a  single  to  a  double  length :  it  is  the 
minimum  with  rosin,  which  produces  the  most  energetic  friction. 

(8)  The  excessively  sharp  sound  that  has  ceased  to  be  perceptible 
to  the  ear,  still  acts  powerfully  on  the  sensitive  flame. — Comptes 
Rendus  de  VAcademie  des  Sciences,  April  9,  1883,  t.  xcvi.  pp.  1041- 
1043. 
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LV.    Colour-Sensation.     By  H.  R.  Droop,  M.A* 

THE  generally  received  theory  of  colour-sensation  is  that 
there  are  three  colour-senses  in  the  eye,  and  that  all  the 
different  impressions  of  colour  received  by  the  brain  are  due 
to  those  three  colour-senses  being  affected  in  different  propor- 
tions by  the  light  entering  the  eye.  This  theory  was  origi- 
nally propounded  by  Young,  and  was  revived  by  Hehnholtz 
and  Maxwell,  who  established  experimentally  certain  laws  of 
colour-sensation,  from  which  laws  the  theory  of  three  colour- 
sensations  was  a  probable,  but  (as  I  shall  show  further  on)  not 
a  necessary,  inference. 

Maxwell  proved  experimentallyf  that  a  linear  equation  of 
the  form 

could  always  be  found,  expressing  any  colour  and  shade  of 
colour  perceived  by  the  normally  constituted  eye  in  the  terms 
of  any  three  given  colours  (whether  pigments — e.  g.  vermilion, 
chrome  yellow,  and  ultramarine — or  selected  rays  of  the  spec- 
trum) as  seen  by  the  same  eye.  This  equation,  when  the 
coefficients  v,  c,  and  u  are  all  positive  (^.  e.  when  the  three  given 
colours  are  sufficiently  intense  and  distinct  from  each  other), 
means  that  the  colour  X  could  be  produced  by  combining 
together  {i.  e.  presenting  to  the  eye  simultaneously)  certain 
proportions  of  the  three  given  colours.     From  this  it  obviously 

*  ConLniuuicated  by  the  Physical  Society ;  read  April  28, 1883. 
t   See  Transactions  of  the  Eoyal  Society  of  Edinburgh,  vol.  xxi.  ; 
Philosophical  Transactions,  1860,  p.  57. 
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followed  that  every  such  colour  and  shade  could  be  produced 
by  three  colour-sensations,  each  of  which,  when  excited,  con- 
veyed to  the  brain  the  impression  of  a  homogeneous  colour. 

Helmholtz  arrived  at  the  same  conclusion  by  proving  (see 
Handlmch  der  pliysiologisclien  Optih,  p,  282,  ed.  1867)  that 
any  given  colour  could  be  produced  by  combining  a  certain 
quantity  of  white  with  some  particular  colour  of  the  spectrum. 
From  which  he  deduced  that  every  colour  and  shade  of  colour 
depended  on  only  three  independent  variables,  viz.  the  quan- 
tity of  the  spectrum-colour,  the  quantity  of  \A'hite,  and  the 
length  of  wave  of  the  spectrum-colour.  But  though  the  theory 
of  three  colour-sensations  was  the  simplest  and  most  obvious 
explanation  of  the  experimental  facts  thus  established,  it  is 
not  (as  has  been  commonly  assumed)  the  only  theory  capable 
of  explaining  them.  They  would  be  equally  well  explained 
by  supposing  that  there  are  four,  five,  or  more  colour-sensa- 
tions connected  by  a  sufficient  number  of  linear  equations  of 
condition  to  reduce  the  number  of  independent  variables  to 
three.  Obviously  this  will  satisfy  all  that  Helmholtz  estab- 
lished. That  it  Avill  also  explain  the  law  established  by  Max- 
well may  be  shown  as  follows. 

Suppose  that  there  are  four  colour-sensations,  R,  Y,  G, 
and  B  (the  red,  yellow,  green,  and  blue  sensations),  and  that 
each  of  them  is  expressed  as  a  linear  function  of  the  three 
standard  colours,  V,  C,  and  U,  as  every  colour  seen  by  a 
normal  human  eye  can  be  expressed. 

Then  we  shall  have  four  equations  of  the  form 

And  when  we  eliminate  Y,  C,  and  U  between  these  four 
equations  we  shall  get  a  linear  relation  between  E,  Y,  G,  and 

B,  which  is  the  condition  that  these  four  colour-sensations 
should  be  capable  of  being  expressed  as  linear  functions  of  V, 

C,  and  U,  i.  e.  should  be  colour-sensations  coexisting  in  a 
normal  eye. 

If  we  supposed  five  colour-sensations,  we  should  have  five 
equations  (A)  between  which  to  eliminate  Y,  C,  and  U,  and 
should  get  two  linear  equations  between  the  five  colour- 
sensations. 

The  proposition  that  four  colour-sensations  with  a  linear 
relation  between  them  will  satisfy  Maxwell's  law  may  also  be 
tested  in  another  way,  viz.  by  assuming  that  there  are  four 
colour-sensations  connected  by  a  linear  equation 

7'^  +  yY+g(}-VbB-0, (1) 


(A) 
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and  that  V,  C,  and  U,  the  three  standard  colours,  are  known 
to  result  from  these  colour-sensations  being  effected  in  certain 
proportions. 

E.  g.  V  is  known  to  result  from  R,  the  red  colour-sensation, 
being  effected  to  an  extent  7\,  Y  to  an  extent  y„,  G  to  an 
extent  _g„,  and  B  to  an  extent  h„',  and  may  therefore  be  repre- 
sented by  the  equation 

V  =  r„Il+y„Y+i/„G  +  5„B;     ....     (2) 
and  similarly  C  and  U  may  be  represented  by 

C=r3+y.Y-h^eG  +  6,B,     ....    (3) 

U  =  r,R+y„Y+^„G  +  ^'«B (4) 

Then  from  these  four  equations  we  can  express  R,  Y,  G,  and 
B  as  linear  functions  of  V,  C,  U.  But  every  possible  colour 
X  must  be  produced  by  exciting  all  or  some  of  the  four  colour- 
sensations,  and  therefore  must  be  capable  of  being  expressed 
by  an  equation 

X  =  r^R  -+  y:,Y  +^iG  +  />jB. 

Consequently,  if  R,  Y,  G,  and  B  be  replaced  in  this  equation 
by  the  linear  functions  of  V,  C,  and  U  which  represent  them, 
every  such  colour  X  can  be  expressed  as  a  linear  function  of 
V,  C,  and  U;  i.  e.  every  such  colour  will  conform  to  the  law, 
which  Maxwell  and  Helmholtz  established,  of  being  capable  of 
being  made  up  of  any  three  standard  colours. 

The  same  reasoning  might  obviously  be  applied  in  like 
manner  to  five  colour-sensations  connected  by  two  linear  equa- 
tions of  condition,  or  to  n  colour-sensations  connected  by 
n  —  o  linear  equations  of  condition. 

I  have  taken  up  this  question  and  endeavoured  to  show  that 
what  Maxwell  and  Helmholtz  established  is  not  inconsistent 
with  the  existence  of  four  or  more  colour-sensations  (provided 
certain  relations  exist  between  them),  because  a  certain  recent 
discovery  seems  to  me  to  have  given  a  particular  hypothesis, 
involving  four  colour-sensations,  a  strong  claim  to  be  accepted 
as,  in  the  main,  true.  This  discovery  relates  to  the  colours 
actually  seen  by  colour-blind  persons.  Two  persons  have 
been  discovered  who,  being  each  colour-blind  of  only  one  eye, 
can  explam  how  far  the  colours  seen  by  their  colour-blind 
eyes  agree  with,  or  differ  from,  those  seen  by  their  normal  eyes. 
It  has  been  found  that  each  of  these  persons  has  two  colour- 
sensations  complementary  to  each  other.  One  sees  yellow  and 
blue,  and  is  blind  to  red  and  green;  while  the  other  sees  red 
and  bluish  green,  and  is  blind  to  blue  and  yellow;  and  with  each 
of  them  the  combination  of  his  two  colour-sensations  in  proper 
proportions  produces  white  or  grey.  Professor  Holmgren,  of 
Upsala,  has  given  an  account  of  both  these  cases  in  the  '  Pro- 
ceedings of  the  Royal   Society,'  vol.  xxxi.  p.  302;  and  Pro- 
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fessor  Hippel,  of  Giessen,  has  given  an  account  (differing  in 
some  respects)  of  the  first  or  blue-yellow  case  in  Graf's  Archiv 
fiir  Oplitlialmologie,  vol.  xxvi.  p.  176,  vol.  xxvii.  pt.  3,  p.  47. 

These  two  cases  suggested  to  Professor  Preyer  of  Jena  a 
theory  (which  he  propowided  in  1881  in  Pfliiger's  Archiv, 
vol.  XXV.)  that  ordinary  eyes  have  two  pairs  of  colour-sensa- 
tions— (1)  yellow  and  blue,  and  (2;  red  and  bluish  green, 
and  that  the  colour-blindness  which  consists  in  confusing  red 
and  green,  or,  as  the  case  may  be,  blue  and  yellow,  is  due  to 
the  absence  of  one  pair  of  these  sensations.  But  Professor 
Preyer  does  not  deal  with  the  difBculty  that  Hehnholtz  and 
Maxwell  are  supposed  to  have  proved,  that  there  cannot  be  more 
than  three  colour-sensations,  although  that  view  is  treated  as 
unquestionable  by  other  recent  writers,  e.  g.  by  Professor  Bon- 
ders (Graf's  Archiv  fur  Ophthcdmologie,  vol.  xxvii.),  and  by 
Professor  v.  Kries,  of  Freiburg  im  Breisgau  {^Die  Gesichts- 
empfindungen  iind  ihre  Ancdyse,  Leipzig  1882,  p.  33);  and  it 
is  naturally  a  serious  obstacle  to  the  fair  consideration  of 
Professor  Preyer's  theory. 

But  inasmuch  as  Professor  Preyer  supposes  that  in  each 
pair  of  his  colour-sensations  the  one  sensation  is  complemen- 
tary to  the  other,  we  have  the  equation 

R +  G= Whiter  Y  +  B, 
a  linear  relation  between  the  four  colour-sensations ;  and 
therefore  it  follows,  from  what  I  have  already  proved,  that 
this  h}-pothesis  of  two  pairs  of  complementary  colour-sensa- 
tions is  quite  consistent  with  what  Maxwell  and  Helmholtz 
established. 

This  theory  of  Professor  Preyer's  explains  the  leading 
facts  of  colour-blindness,  viz.  that  a  colour-blind  eye  only  per- 
ceives two  homogeneous  colours,  and  that  it  is  unable  to  dis- 
tinguish between  red  and  green,  or,  as  the  case  may  be, 
between  blue  and  yellow.  It  is  impossible  to  ascertain  with 
absolute  certainty  that  persons  who  are  colour-blind  with 
both  eyes  see  the  same  colours  as  the  two  persons  who 
have  been  discovered  colour-blind  of  only  one  eye;  but  it  is 
noteworthy  that  when  Dr.  Pole  made  that  minute  examina- 
tion of  his  colour-blindness,  the  results  of  which  he  gave  in 
the  '  Philosophical  Transactions  '  for  1859,  he  came  to  the 
conclusion  that  the  colours  he  saw  were  yellow  and  blue  and, 
as  the  resultof  their  mixture,  w^hite;  and  he  only  gave  up  this 
view  in  deference  to  the  three-sensation  theory  then  supposed 
to  be  conclusively  established. 

The  following  facts,  not  connected  with  colour-blindness, 
seem  to  me  to  give  considerable  support  to  the  hypothesis  of 
two  pairs  of  complementary  colour-sensations: — 

(1)  Observations  have  been  made  as  to  the  sensibility  of 
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different  parts  of  the  retina  to  different  colours,  and  also  as  to 
the  effect  of  diminishing  the  angles  subtended  at  the  eye  by 
small  coloured  objects;  and  in  both  cases  red  and  green 
colours  are  found  to  comport  themselves  alike,  and  differently 
from  blue  and  yellow.  When  an  object  is  viewed  more  and 
more  indirectly,  so  that  its  image  moves  from  the  yellow  spot 
towards  the  circumference  of  the  retina,  sensibility  to  yellow 
and  blue  lasts  longer  than  sensibility  to  red  and  green;  while, 
on  the  other  hand,  if  the  angular  magnitude  of  the  object  be 
diminished,  sensibility  to  red  and  green  lasts  longer  than  sen- 
sibility to  blue  and  yellow  (von  Kries,  Gesicldsempfindungen, 
pp.  93,  95). 

(2)  In  cases  where  the  colour-senses  become  affected  by 
disease  of  the  eye,  the  order  in  which  different  colours  are 
found  to  disappear  agrees  with  the  theory  of  four  colour-sen- 
sations. In  cases  of  atrophy  of  the  optic  nerve,  it  seems 
pretty  clearly  established  that  green  becomes  invisible  first, 
then  red,  then  yellow,  while  the  perception  of  blue  remains 
the  longest  (see  Leber,  Archiv  fur  Oplithalmologie,  vol.  xv.; 
Leber,  Handbuch  der  AugenheUkuade,  vol.  v.  p.  1039;  Schon, 
Lehre  vom  Gesichtsfelde  iind  seine  Anomalien). 

In  cases  where  the  sight  is  affected  by  excess  in  alcohol  or 
tobacco,  Nuel  found  that  green  and  red  became  invisible  simul- 
taneously, and  blue  and  yellow  later  (^Annales  de  V  Oculiste, 
80,  p.  110,  as  cited  in  von  Kries,  Gesichtsempfindungen,  p.  156). 

On  the  other  hand,  the  received  hypothesis  of  three  colour- 
sensations  does  not  readily  explain  how  it  is  that  one  colour- 
blind eye  sees  blue,  yellow,  and  white,  and  another  red,  green, 
and  white,  as  Professors  Holmgren  and  Hippel  have  found  to 
be  the  case.  If  there  are  only  three  colour-sensations,  it  is 
generally  agreed  that  they  must  be  red,  green,  and  violet.  If 
one  of  these  three  sensations  were  wanting,  we  should  natu- 
rally expect  that  the  defective  eye  Avould  have  the  other  two 
sensations  of  a  normal  eye.  For  instance,  if  the  red  sensa- 
tion were  missing,  we  should  expect  that  the  eye  would 
see  green  and  violet,  and  white  would  appear  of  a  bluish 
green  complementary  to  the  missing  red.  Similarly  if  green 
were  missing,  we  should  expect  that  the  defective  eye  would 
see  red  and  violet;  while  if  violet  were  missing,  it  would 
see  red  and  green,  and  white  would  appear  yellowish  comple- 
mentary to  violet. 

The  only  attempted  explanation  *  I  have  seen  of  this  pro-' 

*  Professor  Holmgren,  when  communicating  the  two  cases  of  one- 
sided colour-blindness  to  the  Royal  Society,  states  that  he  considers  these 
phenomena  quite  consistent  with  the  theory  of  three  coloiu'-sensationa  ; 
but  he  does  not  explain  how  he  reconciles  them  with  it,  except  by  refer- 
ring to  works  which  I  have  not  been  able  to  get  access  to. 
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ceeds  from  Professor  Donders,  who  suggests  that  where  one 
of  the  three  colour-sensations  has  been  wanting  from  birth, 
its  absence  may  have  modified  the  development  of  the  other 
two  sensations.  He  says: — "The  retina  is  not  an  instrument 
with  three  strings  of  which  one  has  suddenly  snapped.  It  is 
a  living  instrument  whose  three  differently  toned  strings  have 
been  developed  in  conjunction  with  each  other  "  (Grafs  Archiv 
fur  Oplithalmologie,  vol.  xxvii.  p.  212). 

This  explanation  is  ingenious;  but  it  assumes  that  all  cases 
of  colour-blindness  to  red  and  green  are  from  birth,  whereas, 
though  this  is  usually  so,  there  are  several  alleged  cases  of 
acquired  colour-blindness  to  red  and  green.  Dr.  Joy  Jeffries, 
pp.  50-52,  gives  two  cases,  one  discovered  by  Professor 
Tyndall,  the  other  by  Mr.  Haynes  Walton;  and  M.  Xuel  has 
also  described  one,  Annales  de  V  Oculiste,  80,  82,  as  quoted  by 
V.  Kries,  Gesichtsempjinduvgen,  p.  154. 

Moreover  Professor  Cohn  {^Deutsche  medicinische  WocJien- 
schrift,  1880,  No.  IG,  cited  by  von  Kries,  p.  158)  claims 
to  have  temporarily  restored  to  normal  colour-vision  a  person 
affected  with  red-crreen  colour-blindness  from  birth.  If  this 
be  so,  there  cannot  well  have  been  any  such  abnormal  deve- 
lopment of  his  other  colour-sensations  as  Professor  Donders 
supposes.  Such  a  development  could  hardly  have  been  sud- 
denly cured  by  artificial  means. 

Those  colour-blind  persons  who  cannot  distinguish  between 
red  and  green  have  been  divided  into  two  classes,  according  as 
they  can  perceive  rays  towards  the  end  of  the  spectrum  or 
are  unable  to  do  so.  According  to  many  adherents  of  the 
theory  of  three  colour-sensations,  those  who  can  perceive  rays 
at  the  red  end  want  the  green-colour  sense,  while  those  who 
cannot  do  so  want  the  red  sense.  It  seems  to  be  established 
that  rays  at  the  green  part  of  the  spectrum  do  not  make  as 
much  impression  on  the  so-called  green-blind  as  on  the  so- 
called  red-blind ;  and  Professor  Donders  has  lately  ascertained 
by  careful  measurements  with  two  cases,  one  of  so-called  red- 
blindness,  and  the  other  of  so-called  green-blindness,  that 
throughout  the  red  and  orange  parts  of  the  spectrum  the  red- 
blind  eye  perceives  less  light  than  the  green-blind  eye,  and 
that  the  opposite  is  the  case  in  the  green  portion  of  the  spec- 
trum (Graf's  Archiv  fur  Ophthalmologie,  vol.  xxvii,;  Transac- 
tions of  the  International  Medical  Congress  for  1881,  vol.  i. 
p.  277). 

But  there  seem  to  me  to  be  several  serious  objections  t-o  ex- 
plaining the  difference  between  so-called  green-blind  and  so- 
called  red-blind  by  the  hypothesis  of  three  colour-sensations: — 

(A)  If  there  are  only  three  colour-senses,  the  green  sense 
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must  be  of  a  yellowish  green  capable  of  producing  yellow  and 
orange  when  combined  with  the  red  sense,  and  very  different 
from  the  bluish  green  which  is  complementary  to  red.  There- 
fore if  one  class  of  colour-blind  persons  have  lost  the  red  sense 
and  the  other  the  green  sense,  thei'e  ought  to  be  considerable 
differences  in  all  the  colour  equations  obtained  from  the  two 
classes  of  eyes,  and  especially  in  the  proportions  of  blue  and 
yellow  which  will  neutralize  each  other.  But  I  have  not  met 
with  any  trace  of  such  differences  having  attracted  attention, 
except  in  equations  between  red  and  green,  and  it  is  clear 
that  in  the  spectrum  the  neutral  point  where  the  blue  or  violet 
colour-sense  neutralizes  the  other  colour-sense  is  very  nearly 
the  same  for  red-blind  and  green-blind  persons.  Professor 
Bonders  fixes  it  for  his  red-blind  case  at  a  wave-length  of 
494*85  millionths  of  a  millimetre,  and  for  his  green-blind  case 
at  502-3  millionths,  the  difference  7*5  being  not  one  fiftieth  part 
of  the  difference  between  the  greatest  and  least  wave-lengths 
in  the  visible  spectrum;  while  Professor  Preyer,  in  another 
case,  found  that  doubling  the  amount  of  light  altered  the 
neutral  point  from  512"8to  506*6,  i.  ^.nearly  as  mucli(Pfluger's 
ArcJiiv,  vol.  XXV.). 

(B)  If  blindness  to  the  red  end  of  the  spectrum  were  due 
to  the  absence  of  the  red  sense,  it  would  be  the  same  in  extent 
in  different  red- blind  persons,  whereas  in  fact  it  differs  con- 
siderably.    (Donders,  GrliPs  Archiv,  vol.  xxvii.) 

(C)  The  extent  to  which  the  violet  end  of  the  spectrum 
is  obscured  to  violet-  or  blue-blind  eyes  also  varies  very  much. 
Professor  Stilling  {Klinische  Monatshldtter  fur  Augenlieil- 
hmde,  1875,  Beilage  2)  met  with  three  cases  in  which  the 
green  thallium-line  between  E  and  D  formed  the  boundary  of 
the  visible  spectrum ;  while  in  another  case  {Centralblatt  fur 
praktische  Augenlieilkunde,  1878,  p.  99)  the  same  observer 
found  that  nearly  the  whole  of  the  spectral  green  was  per- 
ceived, and  grey  or,  in  a  faint  spectrum,  red  beyond  it.  In 
the  case  of  one-eyed  violet-  or  blue-blindness  described  by 
Professor  Holmgren  ('  Proceedings  of  the  Royal  Society,' 
vol.  xxxii.  p.  305)  "  the  spectrum  is  continued  over  the  place 
where  Ave  see  green,  greenish  blue,  cyan- blue,  and  indigo  to 
the  commencement  of  the  violet,  where  it  absolutely  ended 
with  a  sharp  limit  about  Fraunhofer's  line  G." 

(D)  As  is  well  known,  inability  to  distinguish  between  red 
and  green  has  in  many  cases  been  found  to  exist  among  dif- 
ferent members  of  the  same  family,  and  especially  among 
brothers;  and  therefore  when  such  colour-blindness  is  found 
to  exist  among  relations,  there  is  a  very  strong  probabilitv 
that  thev  have  inherited  the  same  affection  of  the  eves.    There- 
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fore  if  red-blindness  and  green-blindness  be  distinct  things, 
due  to  the  absence  of  different  colour-senses,  we  should  expect 
that  the  colour-blind  members  of  the  same  family  would  be 
either  all  red-blind  or  all  green-blind.  But  this  is  not  the 
case.  Among  the  colour-blind  cases  examined  by  Professor 
Stilling  (^Klinische  MonaUhldtter  fur  Augenlieilkunde,  1875, 
Beilage  1  and  2)  there  were  two  pairs  of  brothers  both  unable 
to  distinguish  between  red  and  green;  and  in  each  case  one 
brother  was  able  to  perceive  light  at  the  red  end  of  the  spec- 
trum, while  the  other  was  not. 

All  these  reasons  lead  me  to  believe  that  the  difference 
between  so-called  red-blind  and  so-called  green-blind  is  not 
due  to  their  having  lost  different  colour-senses,  but  rather 
to  the  loss  of  one  pair  of  colour-senses,  those  for  red  and 
green  being,  in  the  case  of  the  so-called  red-blind,  accom- 
panied bv  some  disturbance  of  the  other  pair  of  colour-senses 
— a  disturbance  varvino;  in  character  and  degree  in  different 
cases,  and  similar  to  what  is  found  to  exist  in  different  cases 
of  blue-  or  violet-blindness. 

The  shapes  of  the  curves  Professor  Donders  has  published 
(Trans.  International  Medical  Congress,  1881,  vol.  i.  p.  280)  to 
represent  the  respective  intensities  of  the  light  perceived  by  a 
red-blind  and  a  green-blind  eye  have  suggested  to  me  a  pos- 
sible explanation  of  the  difference  between  these  two  eyes. 
The  curves  representing  the  less-refrangi]:)le  sensation  of  each 
eye  correspond  very  nearly  in  shape  and  dimensions;  but  that 
for  the  red-blind  eye  is  shifted  some  way  further  from  the  red 
end  of  the  spectrum.  On  the  other  hand,  the  curves  repre- 
senting the  more-refrangible  sensation  of  the  two  eyes  are 
almost  identical  in  position  as  well  as  in  shape  and  size.  This 
effect  would  be  produced  if  the  organization  producing  the 
less-refrangible  (or  yellow)  colour-sensation  in  the  green-blind 
eye  were  so  modified  in  the  red-blind  e^'e  as  to  make  shorter 
waves  produce  the  same  effects  which  longer  waves  pro- 
duced in  a  green-blind  eye.  The  change  supposed  would  be 
equivalent  to  shifting  the  tone  of  a  musical  instrument  an 
octave  higher. 

But  I  do  not  suppose  that  all  cases  of  shortened  spectrum 
could  be  thus  accounted  for. 

In  order  to  show  more  in  detail  what  my  views  of  colour- 
sensation  are,  I  have  prepared  a  diagram  representing  roughly 
how  the  two  pairs  of  colour-senses  are  affected  by  the  dif- 
ferent rays  of  the  spectrum.  The  upper  half  of  the  dia- 
gram represents  the  effects  produced  by  the  different  rays 
on  the  yellow  and  blue  colour-senses,  and  the  lower  part 
those    they    produce    on    the    red    and    green    colour-senses. 
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The  portion  with  crossed  vertical  aud  horizontal  lines  repre- 
sents the  extent  to  which  the  same  rays  operate  on  both 
the  yellow  and  the  blue  colour-senses,  and  thus  produce 
white  light,  which  (combining  with  the  colour  produced  by 
the  colour-sense  which  is  most  affected)  produces  a  whitish 
yellow  or  a  whitish  blue.  Similarly  the  portion  crossed  by 
diagonal  lines  in  the  lower  half  of  the  diagram  represents  the 
extent  to  which  the  same  rays  operate  on  both  the  red  and  the 
green  colour-senses. 

I  have  represented  the  complementary  colour-sensations 
as  thus  overlapping*,  because  Professors  Preyer  and  Hippel 
have  found  that,  for  red-green  blind  eyes,  the  neutral  point 
in  the  spectrum  which  appears  white  or  grey  varies  in  posi- 
tion according  to  the  intensity  of  the  light  (Pfliiger's  Archiv, 
vol.  XXV.  ;  Grtif's  Archiv  fiir  OphlhaJinologie^  vol.  xxvii. 
pt.  3).  Professor  Preyer  found  that  enlarging  the  aperture 
throuo;h  which  the  lioht  was  admitted  from  '250  millim.  to 
•370  millim.  shifted  the  neutral  point,  where  the  spectrum 
appeared  grey,  from  where  the  wave-length  was  512*8 
millionths  of  a  millimetre  to  where  it  was  506*6  niillionths. 
This  is  readily  intelligible,  if  the  rays  in  this  part  of  the  spec- 
trum affect  'both  the  yellow  and  the  blue  colour-senses,  while 
the  intensity  of  the  light  alters  the  proportions  in  which  they 
are  respectively  affected  by  it. 

It  will  be  observed  that  a  narrow  strip  of  yellow  extends 
nearly  to  the  red  end  of  the  spectrum.  Professor  Holmgren 
('  Proceedings  of  the  Royal  Society  *)  states  that  the  red  seen 
by  the  violet-blind  eye,  in  his  case  of  one-sided  violet-blindness, 
is  not  quite  identical  with  the  common  spectral  red  of  the 
normal  eye,  but  rather  a  clearer  red  having  a  shade  of  carmine, 
about  the  same  as  the  red  towards  the  end  of  the  subjective 
spectrum  of  the  normal-eyed.  This  colour  would  obviously 
require  a  slight  admixture  of  yellow  to  reduce  it  to  the  common 
spectral  red  of  the  normal-eyed.  Moreover  the  extension  of 
the  yellow  nearly  to  the  red  end  of  the  spectrum  explaii;is  how 
it  is  that  a  great  many  persons  who  are  red-green  colour-blind 
can  see  almost  to  the  red  end  of  the  spectrum. 

The  strip  of  red  at  the  violet  end  of  the  spectrum  also  re- 
quires explanation.  The  colours  seen  by  the  red-green  blind 
eye  in  the  case  of  one-sided  red-green  blindness  are  not  yellow 
and  violet,  but  yellow  and  indigo  with  only  a  faint  shade  of 

*  The  extent  to  which  the  colour-sensations  are  represented  as  over- 
lapping rests  on  conjecture.  Observations  on  colour-blind  persons,  i.  e. 
persons  with  only  two  colour-sensations,  give  readily  the  neutral  points 
where  the  sensations  counterbalance  each  other  and  produce  white ;  but 
the  extent  to  which  they  overlap  could  only  be  inferred  from  observing 
when  the  colours  pease  to  have  anv  admixture  of  white. 
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violet  in  it.  Indeed,  while  Professor  Holmgren  speaks  to  the 
faint  shade  of  violet  ('  Proceedings  of  the  Royal  Society '),  Pro- 
fessor Hippel,  who  discovered  this  case  and  had  more  oppor- 
tunities of  examining  it,  states  that  the  blue  lines  of  indium 
and  caesium  (which  are  indigo,  not  violet)  appeared  the 
same  to  both  eyes  (Grafs  Archiv,  vol.  xxvii.).  Therefore 
some  addition  is  necessary  to  produce  the  deeper  violet  tints 
of  the  spectrum ;  and  this  can  only  be  obtained  by  supposing 
that  the  violet  rays  affect  the  red  colour-sense  as  well  as  the 
blue  one. 

This  hypothesis,  that  violet  results  from  combining  the  blue 
and  red  colour-sensations,  is  part  of  Professor  Preyer's  theory 
(see  Sect.  38  of  his  paper  in  Pfliiger's  Archiv),  and  seems  to 
me  to  be  supported  by  several  other  facts. 

(1)  As  I  have  already  mentioned,  when  an  object  is  viewed 
more  and  more  indirectly,  so  that  its  image  moves  from  the 
yellow  spot  towards  the  circumference  of  the  retina,  sensi- 
bility to  yellow  and  blue  lasts  longer  than  the  sensibility  to 
red  and  green.  On  the  other  hand,  if  the  angular  magnitude 
of  a  coloured  object  be  diminished,  sensibility  to  red  and  green 
lasts  longer  than  sensibility  to  blue  and  yellow.  In  each  case 
violet  behaves  like  a  compound  of  blue  and  red.  As  the 
image  moves  towards  the  circumference  of  the  retina,  the 
violet  object  passes  through  blue  into  white,  the  red  fading 
first;  while,  as  the  angular  magnitude  of  a  violet  object  is 
diminished,  it  becomes  reddish  (v.  Is^ries,  Gesichtsemp/indungen, 
p.  93), 

(2)  Again,  Nuel  {Annates  de  V  Ocidiste,  80,  82,  cited  by 
V.  Kries,  p.  154)  describes  how  in  a  certain  case  of  acquired 
colour-blindness  "violet  appears  blue,  red  and  green  white." 
Similarly  Schon  states  that  in  cases  of  atrophy  of  the  optic 
nerve,  Avhen  green,  red,  and  yellow  are  no  longer  recognized, 
blue  alone  is  correctly  designated,  and  violet  is  distinguished 
as  dark  \)\\xQ(^Lehre  vom  Gesiclitsfelde,  p.  23,  cited  by  von  Kries, 
p.  155). 

(3)  I  have  already  mentioned  a  case  of  yellow-blue  blind- 
ness described  by  Stilling,  in  w'hich  blue  and  violet  were,  in 
a  faint  spectrum,  designated  as  red,  though  in  a  brighter 
spectrum  they  seem  to  have  appeared  grey. 

All  these  facts  seem  to  me  to  point  to  violet  being  the 
result  of  affecting  at  once  the  blue  and  red  colour-senses. 

I  am  moreover  disposed  to  think  that,  in  addition  to  the  two 
pairs  of  complementary  colour-senses,  there  is  a  fifth  colour- 
sense  for  white. 

Inasmuch  as 

R-HG  =  Y-hB  =  White, 


384  On  Colour- Sensation. 

we  have  the  two  linear  equations  between  five  colour-sensa- 
tions which  are  required  to  satisfy  the  laws  which  Maxwell 
and  Helmholtz  established.  Therefore  the  hypothesis  of  a  fifth, 
white,  colour-sense  is  admissible. 

That  the  eye  does  perceive  white  separately  from  any  other 
colour  is  rendered  at  least  probable  by  considering  some  par- 
ticular cases  in  which  this  seems  to  occur. 

(1)  When  an  object  is  viewed  indirectly,  so  that  the  image 
falls  upon  a  part  of  the  retina  at  a  sufficient  distance  from  the 
yellow  spot,  it  will  appear  white  or  grey,  whatever  its  actual 
colour  may  be  (von  Kries,  pp.  91-95). 

(2)  If  the  angular  dimensions  of  a  coloured  object  be  dimi- 
nished, it  will  ultimately  appear  white  or  grey  (von  Kries, 
pp.  87,  94). 

The  more  probable  explanation  in  both  these  cases  seems  to 
be  that  the  other  colour-senses  are  no  longer  aftected  by  the 
object,  and  only  the  white  colour-sense  remains  affected 
by  it. 

(3)  Every  colour  when  intensely  lighted  up  appears  white 
(von  Kries,  p.  81).  A  not  improbable  ex})lanation  of  this 
seems  to  be  that  the  other  colour-sens?s  are  only  capable  of 
being  affected  by  light  to  a  limited  extent  as  compared  with  the 
white  colour-sense. 

(4)  In  cases  of  atrophy  of  the  optic  nerve  the  perceptions  of 
different  colours  are  gradually  lost,  until  at  length  every  colour 
appears  grey  (von  Kries,  p  154). 

(5)  There  are  also  cases  of  total  colour-blindness  from  birth, 
when  every  thing  appears  of  the  same  colour  with  only  dif- 
ferent degrees  of  light  and  darkness.  When  this  affects  both 
eyes  completely,  it  is  of  course  impossible  to  predicate  with 
absolute  certainty  what  colour  is  perceived.  But  Becker 
(Graf's  Archiv,  vol.  xxv.)  describes  a  case  where  only  one 
eye  was  so  affected,  the  other  having  normal  vision;  and 
I  have  seen  another  case  described  in  which  one  half  of  each  eye 
was  completely  colour-blind,  the  other  half  being  normal.  In 
each  of  these  cases  the  colour-blind  vision  was  of  white.  This 
white  vision  must  have  been  arrived  at  either  through  the 
other  colour-senses  having  been  lost,  leaving  a  white  colour- 
sense  behind,  or  through  their  having  been  modified  into 
white. 
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LVI.  On  the  Vibrations  of  a  Cylindrical  Vessel  containing 
Liquid.  By  Lord  Rayleigh,  F.R.S.,  Professor  of  Expe- 
rimental Physics  in  the  University  of  Cambridge* . 

THE  problem  of  a  uniform  cylinder  vibratino;  in  two  dimen- 
sions is  considered  in  my  book  on  the  Theory  of  Sound, 
§  233.  If  the  displacements  at  any  point  a,  6  of  the  circum- 
ference be  S/'j  ahd,  then  for  a  single  component 

8/'  =  aA„cosn^,     g^=  —  ?i-'A„sin  w^.     .     .     (1) 

If  d  be  the  thickness,  and  cr  the  "S'olume-density  of  the  ma- 
terial, the  kinetic  energy  of  the  motion  for  a  length  z  measured 
parallel  to  the  axis  is 

Tl  =  \'jTzdaa\l  +  n-^){'^y (2) 

The  corresponding  potential  energy  is 

in  which  B  is  a  constant  depending  upon  the  material  and 
upon  the  thickness.  As  a  function  of  thickness  B  ex.  d^;  so 
that  we  may  write  B  =  BqC?^,  in  which  Bq  depends  upon  the 
material  only.     Thus 

If  the  cylinder  be  empty,  these  expressions  suffice  to  determine 
the  periods  of  vibration.     Thus,  if  A„  oc  cospQt, 

^"       aa""    1  +  71-^' ^^^ 

showing  that  for  a  given  material  the  frequency  is  proportional 
to  the  thickness  and  inversely  as  the  square  of  the  radius. 

If  the  cylinder  contain  frictionless  fluid,  the  motion  of  the 
fluid  will  depend  upon  a  velocity-potential  cf)  w^hich  satisfies 
the  equation 

/  cP       Id       1    d"^        d^        A  ,      /^ 

hir^  +  -rd;-+7-dW  +  d?+'^Y='>'  •  •  ■  (5) 

in  which 

K=a'~'^p, (6) 

a'  being  the  velocity  of  propagation  of  sound  within  the  fluid. 
If  the  fluid  can  be  treated  as  incompressible,  we  may  put  /e  =  0. 
For  the  present  purpose  we  will  retain  /c,  but  we  will  assume 

•  Communicated  by  the  Author. 


386  Lord  Rayleigh  on  the  Vibrations  of  a 

that  the  motion  is  strictly  iu  two  dimensions.     Introducing 
the  further  assumption  that  ^  cccos  7id,  we  get  in  place  of  (5), 

G-;^  +  ,-*-?+^>=0'  ■■■■(') 

of  ^Yhich  the  solution  is 

(f)  =  OnCos pt  cos  n6  J „(^Kr) (8) 

The  relation  between  a„  and  A„  of  (1)  is  readily  found  by 

equating  the  value  of  d(f>/dr,  when  r=a,  to  dhr/dt,  both  of 

which  represent  the  normal  velocity  at  the   circumference. 

We  get 

a        dAji  . 

a„cos»^=  ^j7-^ — T -rr (9) 

The  kinetic  energy  of  the  fluid  motion  is  given  by 


=  2P    ~  i  <p  -j^  a.  dO  +  K-  \\\  (fr  dx  dy  dz  \ 

=  \'n-pza  I  cos^pU/ca  .  J„(/ca)J^,(«a)  +  k'\    Jl{tcr)  r  di'i  .i(10) 

For  the  potential  energy  of  the  liquid,  if  compressible,  we 
have 

Y=ipa'-^^^^(^fjd^d^dz 

=  ^'rrpzalsm'^ptK-^^^Jl{Kr)vdr (11) 

The  sum  of  the  potential  and  kinetic  energies  for  the  solid  and 
liquid  together  must  be  independent  of  the  time.  The  unin- 
tegrated  terms  in  (10)  and  (11)  cancel,  and  we  find 

M(f^=a<rd{l  +  n-^)  +  P^-^^.     .     .      (12) 
a^r  ^  ^       K  J  „(«a)  ^ 

In  the  application  of  (12)  ku  is  a  small  quantity.  From  the 
ascending  series  for  J„(«:a)  we  find 


oximately 


«  J'„(«a) 
SO  that  approximately 
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li  po  be  the  value  of  p  when  /3  =  0, 

A^2  y^         Oct   /  tC^ tb  \ 

From  (14)  or  (15)  we  see  that  the  effect  of  a  finite  as  com- 
pared with  an  infinitely  small  compressibility  is  to  increase  the 
depression  of  pitch  due  to  the  fluid.  As  the  velocity  of  sound 
is  greater  in  liquids  than  in  air,  it  would  seem  that  ^^'^'^ 
would  generally  be  negligible.  In  this  case,  for  the  principal 
mode  of  vibration  corresponding  to  ?i  =  2,  (15)  becomes  simply 

^l=inS (i«) 

In  Auerbach's  recent  paper  upon  this  subject*  various  ob- 
servations upon  the  depression  of  pitch  due  to  the  action  of 
liquid  are  given.  In  his  notation  ^:)o/p  =  Gr.  From  (15)  we 
see  that  if  Gro  be  the  value  of  G  for  water,  the  same  vessel 
being  used  in  both  cases, 

G^-l 


G^-1 


•s. 


(17) 


if  s  denote  the  specific  gravity  of  the  liquid,  referred  as  usual 
to  water  as  a  standard.  Auerbach's  observations  are  fairly 
accordant  Avith  (17);  and  there  seems  to  be  scarcely  sufficient 
warrant  for  attributing  the  discrepancies  to  the  influence  of 
compressibility. 

In  observations  with  different  vessels  of  the  same  material 
and  filled  with  the  same  fluid,  difficulty  was  experienced  in 
obtaining  by  direct  measurement  a  sufficiently  accurate  value 
of  d.  To  meet  this,  d  was  determined  indirectly  from  the 
pitch.     By  (4)  we  have 

J>\      ,   ,    n^-n^     pBo^  . 

3  =  J- +  7"YTT^  ~5 5       ....       (i») 

V  (n^  + 1;2  cr^2^Q  a 

from  which  it  appears  that  G^  — 1  is  inversely  proportional  to 
the  pitch  (before  filling),  as  well  as  inversely  proportional  to 
the  radius  of  the  cylinder.  In  Auerbach's  notation  a  constant 
C  is  employed,  whose  value  for  the  case  n  =  2  would  be  by  (18) 

C=-^^ (19) 

In  actual  experiment  the  two-dimensional  character  of  the 
fluid  motion  is  disturbed  by  the  existence  of  a  free  surface  at 

*  Wied.  Ann.  Bd,  xvii.  p.  964. 
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which  a  special  condition  must  be  satisfied.  Hence  arises  a 
vertical  motion  of  the  surface,  which  is  the  proximate  cause  of 
the  "  crispations  "  usually  to  be  observed  under  these  circum- 
stances. In  considering  this  question  we  may  leave  the  force 
of  gravity  out  of  account,  inasmuch  as  the  period  of  free  waves 
of  length  com])arable  with  the  diameter  of  the  cylinder  is  much 
greater  than  that  of  the  actual  motion. 

In  accordance  with  (5),  if  the  fluid  be  treated  as  incom- 
pressible, we  may  take 

(b  =  UnCosjyt cos nd  r'^ +  '2A^cos pt  cos nO e~'^^  Jn{Kr),    .    (20) 

in  which  z  is  measured  downwards  from  the  surface,  and  k 
denotes  a  root  of 

J'„M  =  0 (21) 

The  coefficients  A^  are  to  be  determined  by  the  condition  at 
the  surface,  which  is  simply  (f>=0.     Thus  for  each  value  of  tc 

«„rV+'J„(/cr)f/r  +  A,rj^(«r)rf^r  =  0.     .     .     (22) 
Jo  Jo 

Now  (see  '  Theory  of  Sound/  §§  203,  332) 

"  na"' 

r''+^Jn{fcr)dr=  -^  Jn(«a), 

fC 

so  that 

r  e~'^'5  (kv)       1 

^  =  a^  COS pt  cos  ne  [  r»-2na"S  ^^,^,  _  J'^^J^^^^  | .  .    (23) 

To  calculate  the  kinetic  energy  we  have  to  integrate  ^  d<f)/dn 
over  the  whole  boundary  of  the  fluid.  Now  at  the  free  sur- 
face <^  =  0,  and  at  a  great  depth  the  motion  becomes  two- 
dimensional.  We  have  therefore  only  to  consider  the  cylin- 
drical surface.     By  supposition  J„'(/ca)  =  0,  and  thus 

d(b      d<fi  ^  .  ^  a 

-r-  =  T-  sswa-a""'  cosptcosnff. 
dn       dr 

We  get  therefore 

T= ip«>a2»  cos^ pt  I  I  I  1  - 2n  S    "i^^-n^  }  ^°^^  "^  ^^ ^^ 

=  i7rp<na^"cosV{^— 2n2;^^,^^}.      .     .     .      (24) 
The  value  of  T  is  less  than  if  the  motion  were  strictly  two- 
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dimensional  by  a  quantity  corresponding  to  the  length 
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2?iaS 


K~^a' 


K^a^'—n" ^     ^ 

For  n  =  2,  the  values  of  Ka  from  (21)  are  3-054,  6-705,  9*965, 
13-1,  16-  3,  &c.;  and  thus  (25)  becomes  •2674  a. 
March  1883. 


LYII.  A  Method  of  Calculating  the  Amount  of  Magnetism  of 
a  Magnetic  Circle  for  each  Strength  of  Cunxnt  acting  on  it. 
By  W.  Moon*. 

I]S^  unmagnetized  iron  the  magnetic  axes  of  the  molecules 
lie  indifferently  in  every  direction;  and  this  is  equivalent 
to  their  forming  small  closed  circuits,  the  axes  of  the  two  op- 
posite molecules  being  opposed  in  direction.      An  electric 


or 


current  acting  upon  a  group  of  molecules  tends  to  direct  them 
to  a  certain  position  with  respect  to  the  current.  The  current 
exerts  an  equal  force  upon  all  molecules  at  the  same  distance 
from  it ;  but  since  the  molecules  in  their  normal  positions 
form  different  angles  varying  from  0°  to  180°  with  current, 
some  of  the  molecules  would  be  deflected  through  a  greater 
distance  than  others. 


Direction  in 
which  magnetic 
axis  is  deflected. 


*  Communicated  by  the  Author. 
Phil.  Mag.  S.  5.  Vol.  15.  No.  96.  June  1883. 
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Let  8  equal  the  angle  the  molecule  normally  forms  with  the 
current,  and  let  a  equal  the  angle  to  which  the  current  de- 
flects the  molecule.  Then  the  power  of  the  current  to  deflect 
the  molecule  will  be  equal  to  sin  «,  and  the  force  tending  to 
draw  the  molecule  back  to  its  normal  position  will  be  equal  to 

versin  « —  versin  8=  cos  S—  cos  a; 

but  since  the  action  of  the  current  on  each  molecule  is  equal, 

therefore ; will  be  the  same  with  every  molecule, 

sm  a  "^  ' 

whatever  may  be  the  value  of  8. 

Since  the  action  of  the  current  on  the  iron  is  proportional 

to  the  current-strength, 

cos  8 — cos  a 
.'.  a=ii -. J 

sma 

where  a  is  current  in  amperes  and  fi  a  constant. 

The  amount  of  magnetism  of  the  group  of  molecules  is  equal 
to  the  summation  of  the  different  distances  through  which  the 
molecules  are  deflected 


='I 


(cos  8—  cosa)c?8. 


5  =  180° 

The  values  of  cos  a  corresponding  to  the  diflerent  values  of 

cos  8  — ■  cos  ot 

cos  8  from  0°  to  180°  in  each  value  of ; may  be 

sm  a  '' 

calculated  by  the  following  series  : — 

cos  8—  cos  a 

femce  a  =  w, -. , 

'^         sm  a 

r-      a    . 
.'.  cos  a  =  cos  0 sma, 


cos«=  COS  8 vl —  cos"  «, 


.-.  cosa=cos8— -^y/  1~  M  cos8— -v^l—  2^cos8... , 
and  the  magnetism  of  a  molecule 

=  cos8-cos«="'\/l-  -jcos8--^i_  2|gosg_    J 

and  this  series,  integrated  for  all  values  of  8  between  0°  and 
180°,  would  give  the  amount  of  magnetism  (for  any  current- 
strength  a)  of  a  group  of  molecules  that  would  in  their  normal 
position  form  a  closed  magnetic  circle. 

If  the  constant  //,  is  made  equal  to  unity,  and  a  number  of 
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values  of 


c/5  =  180° 


COS  8  —  COS  a  corresponding    to    each    value 


p    COSS—  cos  a  11,1  .,  ,      . 

01 -. were   calculated^    until    each   increment   of 


I 

J(S=180° 


sin  a 


cosS—  cos  a  became  very  small  as  compared  with  each 

„  cos  S —  C0S«     .,  11,/,  ,     , 

increment  ot  . ,  it  would  be  found  that  the  differ- 


ent values  of 


J5=180 


sin  a 


cos  8—  cos  a  form  the  ordinates  of  a  curve 


which  approaches  towards  an  asymptote, — the  abscissse  repre- 
senting the  current-strengths,  and  the  ordinates  the  amount 


cos  5^— cos  a. 


of  magnetism  of  a  magnetic  circle  of  molecules — that  is,  the 
intensity  of  magnetism  of  the  iron. 


LVIII.  Dissymmetry  in  the  Electrolytic  Discharge.  By  Alfeed 
Teibe,  F.Inst.  C,  Lecturer  on  Chemistry  in  Dulwich  College*. 

IN  the  Philosophical  Magazine  for  June  1881,  p.  446,  I 
gave  the  results  of  some  experiments,  from  which  it  was 
concluded  that  the  electrical  discharge  through  an  electrolyte 
whose  transverse  section  was  greater  than  the  width  of  the 
electrodes  was  accompanied  by  dissymmetry  in  opposite  but 
corresponding  parts  of  the  field  of  electrolytic  action.  The 
evidence  consisted  in  the  very  ditferent  superficial  magnitudes 
of  the  electrifications  registered  on  similar  plates  of  silver  in 
corresponding  positions  near  the  +  and  —  electrodes  respec- 
tively. The  silver  plates,  which  I  have  called  analyzers,  were 
immersed  in  a  solution  of  copper  sulphate  undergoing  electro- 
lysis. It  was  likewise  shown  that  the  dissymmetry  was  con- 
nected with  the  spreading-out  of  the  lines  of  force;  for  as  this 
was  ijreveuted,  so  the  dissymmetry  was  less  and  less  marked; 

*  Couimunicated  by  tlie  Autlior. 
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and  -when  the  lines  crossed  the  field  parallel  to  one  another, 
what  I  have  regarded  as  evidence  of  dissymmetry  was  no  longer 
observed. 

I  had  hoped  to  work  at  several  questions  suggested  by  these 
results ;  but  as  I  am  unable  at  present  to  proceed  with  the 
experimental  development  of  the  investigation,  I  propose  in 
this  communication  to  record  without  further  delay  my  un- 
published observations  bearing  more  especially  on  the  subject 
of  dissymmetiy.  This  is  the  more  advisable,  in  view  of  the 
interesting  observations  of  Prof.  Roiti  (jy^ioro  Cimento,  s.  3. 
vol.  X.),  and  of  the  recent  experimental  and  theoretical  studies 
of  Drs.  Pasquilini  and  Volterra  {A.  dell'  Accad.  Sc.  Torino, 
vol.  x^^ii.). 

In  the  first  set  of  experiments  to  be  described  I  employed  a 
trough  305  x  305  millim.  and  128  millim.  deep,  a  5-per-cent. 
solution  of  copper  sulphate  filling  the  trough  to  within  8  millim. 
of  the  top ;  copper  electrodes  about  7*5  millim.  wide,  placed  in 
grooves  running  down  the  centre  of  two  opposite  sides  of  the 
vessel ;  analyzers  of  fine  silver,  67  x  7  millim.  (weighing 
about  "75  gram),  placed  lengthwise,  midway  between  the  sur- 
face of  the  solution  and  the  bottom  of  the  cell,  and  parallel 
with  a  vertical  plane  joining  the  electrodes.  The  analyzers 
were  supported  by  means  of  a  small  wedge  of  the  metal  pro- 
jecting from  the  lower  edge  at  the  centre  of  the  plates,  this 
being  fixed  into  a  small  stand  of  paraSined  wood.  In  each 
experiment  one  analyzer  was  employed  and  a  current  of  two 
amperes  for  six  minutes. 

The  numerical  results  of  twelve  experiments  are  given  in 
the  annexed  horizontal  section  (fig.  1),  showing  the  position 
occupied  by  the  several  analyzers.  It  will  be  remembered 
that  the  +  ion  (copper)  and  the  peroxide  of  silver  form  per- 
manent images  of  the  —  and  +  electrifications  respectively, 
so  that  after  the  completion  of  an  experiment  the  magnitudes 
of  these  electrifications  can  be  measured.  It  will  also  be 
remembered  that  the  +  ion  is  deposited  on  that  end  of  the 
analyzer  nearest  the  +  electrode,  or  the  side  of  the  cell  in 
which  this  electrode  is  fixed,  and  that  the  grey  silver  per- 
oxide is  formed  on  that  part  of  the  analyzer  nearest  the  — 
electrode,  the  two  efiects  being  separated  by  a  part  of  the 
plate  on  which  no  visible  action  has  taken  place.  The  num- 
bers give  the  lengths  of  the  electrifications  in  millimetres. 

In  the  cases  where  they  were  the  same  on  the  two  sides  of 
the  analyzer,  numbers  are  placed  on  the  one  side  only  in  the 
diagram.  Of  course  the  numbers  at  the  ends  nearest  the  + 
electrode  show  — ,  while  those  at  the  ends  nearest  the  —  elec- 
trode refer  to  +  electrifications. 
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The  electrochemical  actions  on  the  analyzers  a,  h  were  too 
small  to  allow  of  a  definite  opinion  being  formed  as  to  dissym- 
metry in  the  parts  of  the  field  surrounding  them  ;  but  in  the 
parts  of  the  field  c,  d,  e,f,  and  g,  h,  dissymmetry  was  most 
distinctly  indicated  by  differences  in  the  magnitudes  of  the 
electrification  of  the  same  sign  on  the  several  analyzers  in 
opposite  but  corresponding  positions.  Taking  the  correspond- 
ing parts  of  the  field  where  the  greatest  dissymmetry  would 
appear  to  exist,  the  negative  electrifications  on  g  and  h  were  in 
the  proportion  of  1  :  3*6,  while  the  +  on  the  same  plates  were 
as  1-9  :  1. 

In  connexion  with  these  experiments,  I  would  note  one  or 
two  other  observations  not  directly  connected  with  dissym- 
metry. The  relation  which  I  have  already  shown  to  exist 
(Proc.  Roy.  Soc.  1881,  p.  435)  between  the  shape  of  the 
boundaries  of  the  electrochemical  deposits  {%.  e.  where  the 
chemical  effects  of  the  electrifications  meet  the  unafiected 
surface  of  the  analyzer)  enables  the  directions  of  the  lines  of 
force  to  be  determined  in  the  several  parts  of  an  electrolytic 
field,  unless  it  is  very  small  in  intensity.  The  lines  across  the 
field  cut  by  the  analyzers  g,  I,  h  were  thus  shown  to  be  parallel 
with  the  longer  edges  or  sides  of  the  silver  plates;  and  in  the 
immediate  neighbourhood  of  i,  j,  and  k  the  lines  were  approxi- 
mately in  the  same  direction;  but  surrounding  the  plates  c,  d^  e, 
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and  /  the  curvilinear  character  of  the  lines  was  most  distinctly 
shown  to  exist. 

I  would  also  direct  attention  to  the  magnitudes  of  the  elec- 
trifications on  the  analyzers  i,j,  k.  It  will  be  observed  that 
the  —  was  the  same  on  each  of  the  plates,  while  the  +  varied 
from  a  lineal  distribution  of  13  to  26  millim.  This  would 
appear  to  show  that  the  magnitudes  at  least  of  the  —  electri- 
fications bear  little  or  no  relation  to  the  intensity  of  the  field, 
as  it  is  obvious  considerable  variations  in  this  respect  existed 
in  the  several  parts  of  the  field.  Any  generalization,  how- 
ever, to  be  of  real  value  would  require  many  more  observa- 
tions on  this  branch  of  the  subject. 

Another  point  is  the  variations  in  the  relative  magnitudes 
of  the  opposite  electrifications.  In  eight  of  the  cases  where 
the  effects  of  both  electrifications  were  sufficiently  marked  to 
allow  of  measurement,  the  +  were  greater  on  both  or  one  side 
of  the  analyzer  than  were  the  —  on  the  same  side  or  sides  ; 
but  in  four  cases  the  —  were  greater  than  the  + . 

Figs.  2  and  3  are  diagrams  of  the  plates  g  and  e  (fig.  1). 
The  dotted  lines  indicate  the  shape  of  the  boundaries,  and  the 
spaces  enclosed  between  one  of  these  lines  and  the  correspond- 
ing end  of  the  analyzer  the  magnitudes  of  the  respective 
electrifications;  a  to  ^  be^ng  the  — ,  /3  to  7  the  part  of  non- 
electrification,  and  7  to  S  the  + . 


Fig.  2. 
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IT.  Dissymmetry  hy  Interferenee. — I  now  describe  some  ex- 
periments made  in  the  hope  of  throwing  light  on  the  subject 
of  this  paper.  The  results  I  do  not  offer  as  an  explanation. 
I  record  them  in  this  place,  first,  for  the  interest  which  belongs 
to  them  apart  from  other  considerations  ;  secondly,  they  may 
perhaps  serve  as  the  starting-point  for  fresh  inquiry. 

A  trough  was  employed  305  millim.  long,  120  broad,  and 
128  deep  ;  and  copper  electrodes  of  the  breadth  and  depth  of 
the  cell  placed  at  its  respective  ends.     The  strength  of  copper- 
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sulphate  sohition,  dimensions  &c.  of  analyzer,  were  the  same 
as  used  in  the  previous  experiments;  but  a  current  of  one 
ampere  was  employed. 

An  ebonite  plate  76  x  76  millim.,  about  1^  millim.  in  thick- 
ness, was  placed  parallel  to  the  electrodes  and  in  the  centre  of 
the  liquid.  In  the  position  A  shown  in  the  vertical  section 
(fig.  4)  it  was  midway  between  the  electrodes  ;  in  B,  71  mil- 
h'm.  from  the  +  electrode;  and  in  C,  71  millim.  from  the  — 
electrode.  Analyzers  a,h,  c,d,e,f  WQve  successively  placed 
lengthwise  2  millim.  from,  and  perpendicular  to,  the  centre  of 
the  plates. 

The  numbers  in  the  diagram  refer,  as  before,  to  the  electri- 
fications on  the  several  analyzers. 


Fig.  4. 
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I  might  be  allowed  to  point  out  that  in  a  simple  uniform 
field,  such  as  would  obtain  were  the  ebonite  plates  absent,  the 
magnitudes  of  like  electrifications  on  analyzers  in  the  positions 
indicated  would  have  been  absolutely  identical.  It  will  be 
observed,  therefore,  that  the  ebonite  plates  exerted  an  appre- 
ciable disturbing  influence.  It  was  of  course  to  be  foreseen 
that  the  direction  of  the  lines  of  force  would  be  changed,  and 
the  quantity  of  current  flowing  in  the  immediate  neighbour- 
hood of  the  analyzers  would  be  diminished  by  the  interposition 
of  such  a  nonconducting  plate  ;  but  the  dissimilarity  in  the 
magnitudes  of  like  electrifications,  on  the  analyzers  in  the 
corresponding  parts  of  the  field  relatively  to  the  respective 
electrodes  and  sides  of  the  plate,  would  appear  to  point  to 
the  existence  of  dissymmetry  in  those  particular  parts  of  the 
field,  and,  moreover,  to  show  that  this  dissymmetry  was  pro- 
duced by  interference  with  the  transmission  of  electricity  by 
the  electrolyte. 

It  was  to  be  anticipated  that,  on  reducing  the  amount  of 
this  interference,  the  dissymmetry  would  be  reduced.  Such 
was  found  to  be  the  case.  On  taking  a  smaller  nonconducting 
plate  the  dissymmetry  became  less  marked. 

I  would  now  point  out,  first,  that  the  general  effect  of  inter- 
posing a  nonconducting  plate  as  regards  symmetry  would 
appear  to  be  similar  to  that  produced  by  the  spreading-out  of 
the  lines  of  force  ;  secondly,  that  the  same  extent  of  dissym- 
metry existed  near  the  sides  of  the  plate  in  very  different 
parts  of  the  field.  This  last  fact  shows  that  the  phenomenon 
is  independent  of  any  direct  action  of  the  electrodes,  attractive 
or  otherwise. 

In  conclusion,  I  would  remark  that  the  dissymmetry  pointed 
out  in  this  paper  is  probably  but  a  fresh  example  of  the  dis- 
symmetry so  common  in  ordinary  electric  discharges,  and 
that  the  electrolytic  field  appears  to  possess  advantages  for  the 
more  complete  examination  of  this  very  important  subject. 
That  the  dissymmetry  was  real  and  primary,  and  not  an  appa- 
rent difference  brought  about  by  secondary  action  of  the  plates, 
would  appear  from  the  observations  that  the  differences  in  the 
magnitudes  of  the  like  electrifications  were  found  in  corre- 
sponding parts  of  the  field  only  when  the  lines  of  force  were 
thrown  out  of  their  more  direct  course,  and  also  from  the  obser- 
vations that  differences  were  found  immediately  the  current 
passed  into  the  electrolyte,  when  plates  were  used  singly  or 
together,  when  copper  analyzers  were  employed  and  when 
the  analyzers  were  of  platinum  (though  in  this  case  the  — 
electrifications  only  could  be  observed). 

April  30, 1883. 
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lines  of  force  as  shown   by  iron  filings. 
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LIX.   On  unnding  Electromagnets.     By  Professors  W.  E. 

Ayrton,  F.R.S.,  and  John^  Perey,  M.E* 

[Plates  vm.  &  rx.] 

THE  following  experiments  were  made  to  determine  which 
mode  of  winding  a  given  length  of  wire  on  an  iron  bar 
gave  the  strongest  electromagnet  for  the  same  current.  Four 
bars  of  iron,  each  12  inches  long,  were  cut  from  the  same 
rod  I  inch  thick;  and  an  exactly  equal  length  of  wire  was 
wound  on  the  four  bars  respectively,  in  the  following  way : — 

1.  Wire  wound  equally  over  the  whole  length  (PI.  VIII. 
fig.  1). 

2.  Wire  coned  towards  each  end  (fig.  2). 

3.  Wire  wound  equally  over  half  the  iron  bar,  leaving  the 
other  end  bare  (fig.  3). 

4.  Wire  w^ound  on  one  half  but  coned  towards  the  end 
(fig.  4). 

Electromagnet  No.  1  was  put  so  that  its  axis  was  at  right 
angles  to  the  axis  of  a  small  magnetic  needle  and  passed  through 
the  point  of  suspension  of  the  needle,  which  was  suspended  so  as 
to  move  freely  in  a  horizontal  plane,  and  far  enough  away  that 
the  magnetic  field  due  to  the  electromagnet  No.  1,  when  magne- 
tized  by  passing  a  current  through  it,  was  nearly  constant 
over  that  portion  of  the  field  in  which  the  little  suspended 
needle  moved  when  deflected.  A  constant  current  was  now 
passed  through  the  coil  -on  No.  1,  and  the  deflection  of  the 
little  needle  observed  when  No.  1  w'as  placed  at  different  dis- 
tances from  the  centre  of  the  test-needle,  the  axis  of  No.  1, 
however,  always  remaining  in  the  same  line.  Under  these 
circumstances  it  is  well  known  that  the  strength  of  the  field 
produced  by  No.  1  at  the  centre  of  the  test-needle  is  approxi- 
mately proportional  to  the  tangent  of  its  deflection.  Experi- 
ments were  now  made  in  a  similar  way  with  electromagnet 
No.  2,  and  with  each  end  of  No.  3  and  of  No.  4,  the  same 
current  as  was  employed  with  electromagnet  No.  1  being  used 
in  all  cases,  and  which  was  much  below  the  saturating  current. 

The  results  obtained  are  given  in  the  accompanying  table, 

and  are  shown  plotted  in  the  accompanying  curves  (fig.  5), 

vertical  distances  representing  the  distance  between  the  near 

end  of  the  electromagnet  and  the  centre  of  the  test-needle, 

and  horizontal  distances  the  tangents  of  the  deflection  of  the 

test-needle  :     A  A  A  A  is  that  for  No.  1;    B  B  B  B  for  No.  2; 

COCO  for  the  covered  end  of  No.  3  ;    D  D  D  D  for   the 

uncovered  end  of  No.  3  ;    E  E  E  E  for  the  covered  end  of 

No.  4  ;  and  F  F  F  F  for  the  uncovered  end  of  No.  4. 

*  Communicated  bv  the  Plivdcal  Society  of  London ;  read  December  9, 
1882. 
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7 
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7  

8  

9  
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10  
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« 
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To  ascertain  the  distribution  of  the  lines  of  force,  iron 
filings  were  sprinkled  on  paraffined  paper,  and  the  positions 
the  filings  took  up  fixed  by  the  paraffin  being  softened  by  a 
heated  piece  of  copper  being  passed  over  the  paper  at  a  short 
distance  above  it.  These  fields  of  force  are  shown  in  the 
diagrams  6,  7,  8,  and  9(P1.  IX.).  From  the  curves  in  fig.  5  and 
from  the  iron-filing  curves  it  is  seen  that  the  effect  of  coning 
the  wire  is  to  produce  a  strong  field  very  near  the  pole,  but 
that  the  force  falls  off  very  rapidly  as  the  distance  from  the 
pole  increases.  With  No.  2  magnet,  for  instance,  the  field 
between  the  poles  is  so  weak  that  scarcely  any  definite  arrange- 
ment of  filings  is  traceable  in  the  diagram  7  corresponding 
with  it. 

From  the  curves  in  fig.  5  it  is  seen  that,  at  considerable 
distances  from  the  end  of  the  electromagnet,  the  uniformly 
coiled  magnet  No.  1  produces  the  most  powerful  field,  while 
for  points  nearer  the  magnet,  but  still  at  a  distance  of  about 
3  inches  from  it,  the  covered  end  of  No.  3  magnet,  corre- 
sponding with  the  curve  C  C  C,  produces  the  strongest  field, 
the  next  strongest  being  produced  by  the  magnet  No.  2  with 
the  wire  coned  towards  each  end,  since  obviously  the  curve 
B  B  B  cuts  the  curve  AAA  at  a  point  corresponding  with 
a  distance  of  about  3  inches  from  the  end  of  the  magnet.  For 
distances  very  close  to  the  magnet,  this  method  of  experiment- 
ing cannot,  of  course,  be  employed  to  measure  the  resultant 
force  accurately;  and  hence  observations  by  this  method  at 
distances  of  less  than  3|  inches  from  the  end  of  the  magnet 
to  the  centre  of  the  oscillating  needle  were  not  made,  and 
conclusions  as  to  the  resultant  magnetic  force  very  close  to 
the  poles  must,  of  course,  not  be  drawn  from  the  curves  in 
fig.  4. 

Returning  to  the  curves  taken  up  by  the  iron  filings,  we 
see  that  No.  1  magnet  gives  an  arrangement  similar  to  that 
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of  an  ordinary  regularly  magnetized  bar-magnet.  With  No. 
2  the  lines  around  the  poles  are  similar  to  those  of  No.  1,  but 
the  field  between  the  poles  is  very  weak.  Magnets  Nos.  3 
and  4  give  very  similar  figures,  showing  a  very  peculiar 
distribution  of  force.  There  is  a  great  concentration  of  the 
lines  at  the  pole  corresponding  to  the  half  of  the  iron  which 
is  covered  with  wire  ;  but  the  unwound  end  seems  to  form  a 
long  weak  pole,  with  its  maximum  force  near  the  centre  of  the 
bar,  i.  e.  at  the  inner  end  of  the  coil, — the  differences  between 
these  two  being,  that  with  No.  4  magnet  there  is,  compara- 
tively, a  greater  concentration  of  force  at  the  wound  pole,  and 
that  the  opposite  pole  is  longer  and  extends  a  little  way  into 
the  coil — the  result  of  the  coning  of  the  wire.  In  these  two 
cases  the  unwound  end  of  the  iron  seems  to  act  like  an  arma- 
ture. 

To  ascertain  the  force  which  each  magnet  would  exert 
on  an  armature,  experiments  were  made  and  the  following 
results  obtained,  the  current  flowing  through  the  coil  in  each 
case  being  exactly  the  same,  as  well  as  the  armature  em- 
ployed : — 

■jv I        .  Weight  required  to  detach  the  armatiu-e 

°      ■  from  the  covered  end  of  the  magnet. 

No.  1  45  ounces. 

2  57       „ 

3  57       „ 

4  77       „ 

These  results  confirm  those  previously  obtained,  that  the 
field  produced  by  the  covered  ends  of  the  electromagnets 
numbers  2  or  3  at  distances  near  the  pole  is  much  stronger 
than  that  produced  by  No.  1.  But  they  show  something  else, 
viz.  that  for  very  small  distances  it  is  the  covered  end  of 
No.  4  that  produces  the  strongest  field.  In  other  words, 
returning  to  fig.  5,  the  curve  E  E,  although  much  below  the 
curves  AA,  BB,  and  C  C,  must  rise  rapidly  and  cut  the  others, 
just  as  the  curve  C  C  cuts  the  curve  A  A,  at  a  point  corre- 
sponding with  a  distance  of  about  4*2  inches  from  the  end  of 
the  magnet,  and  just  as,  again,  the  curve  B  B  cuts  A  A  at  a 
point  corresponding  with  a  distance  of  about  3'2  inches  from 
the  end  of  the  magnet.  The  curves  of  iron-filings  (fig.  9) 
indeed  give  indication  of  the  great  strength  and  concentration 
of  field  there  is  produced  close  to  the  iron  by  the  wire  coned 
at  the  end,  as  employed  in  the  magnet  No.  4. 

With,  then,  a  definite  iron  core,  a  definite  length  of  wire  to 
be  coiled  on  it,  and  to  be  traversed  with  a  definite  current,  the 
mode  of  coiling  to  produce  the  largest  field  depends  entirely 
on  the  distance  from  the  end  of  the  electromagnet  at  which 
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the  field  is  to  be  produced.  With  the  particular  magnet  we 
have  employed  we  see  that,  at  distances  from  the  end  of  the 
magnet  very  small  compared  with  the  length  of  the  core,  the 
wire  should  all  be  coiled  up  at  the  near  end  of  the  core,  as  in 
fig.  4  :  to  create  a  field  at  a  distance  from  the  end  of  the  mag- 
net equal  to  about  a  third  of  the  length  of  the  magnet,  it  is 
better  to  coil  the  wire  uniformly  over  one  half  of  the  core,  as 
in  fig.  2,  than  to  cone  it  up  at  the  near  end  as  in  4  ;  while 
for  distances  from  the  end  of  the  magnet  equal  to,  or  greater 
than,  about  |-  of  the  length  of  the  core,  the  uniform  mode  of 
winding  is  the  best. 

We  have  to  thank  two  ot  our  students,  Messrs.  Sayers  and 
Pink,  for  most  cordial  assistance  rendered  us  in  this  investi- 
gation. 


L!^.  The  Regenerative  Theory  of  Solar  Action.  5?/ Ernest 
H.  Cook,  B.Sc.  (Loncl),  A.R.C.S.,  Trade  and  Mining 
School,  Bristol*. 

I  HA  YE  ventured  thus  to  name  the  theory  recently  pro- 
pounded by  Dr.  (now  Sir  Wm.)  C.  W.  Siemens,  in  a  paper 
read  before  the  Royal  Society  in  March  1882,  because  of  the 
essential  feature  which  it  possesses.  Solar  heat  is  kept  up,  on 
this  theory,  by  supposing  reciprocal  actions  to  go  on  using  only 
the  same  materials  but  under  different  conditions.  The  diffe- 
rent conditions  are  those  which  obtain  in  or  near  the  sun  and 
those  of  interplanetary  space — in  the  first  case  subjecting  the 
matter  to  intense  heat  and  pressure,  in  the  second  to  intense 
cold  and  rarefaction.  The  theory  has  received  considerable 
discussion,  more  especially  by  MM.  Faye  and  Hirn  ( Comptes 
Rendus,  Oct.  9  and  Nov.  6,  1882)  ;  but  there  are  some  points 
which,  so  far  as  I  am  aware,  have  not  been  raised.  As  the  theory 
possesses  a  very  high  scientific  value,  and  as  Dr.  Siemens,  in 
enunciating  it,  states  that  he  submits  it  "  to  the  touchstone  of 
scientific  criticism,"  I  venture  to  point  out  what  appears  one 
or  two  difficulties  connected  with  it.  If  another  reason  for 
presenting  these  points  for  consideration  be  wanted,  it  is  in 
the  hope  that  it  will  give  Dr.  Siemens  the  opportunity  of 
making  some  such  interesting  communication  as  he  has  done 
in  his  reply  to  the  criticism  of  M.  Faye  (Comptes  Rendus, 
Oct.  30,  1882)t. 

*  Communicated  by  the  Author. 

t  The  original  paper  and  the  whole  of  the  published  criticisms  which 
it  has  called  forth,  together  with  the  repUes  of  Dr.  Siemens  and  other 
matter,  are  contained  in  a  volume  recently  published  by  Macmillan  &  Co., 
entitled  '  The  Consei-vation  of  Solar  Energy.' 
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The  fundamental  assumption  of  the  existence  of  a  universal' 
atmosphere,  to  which  M.  Faye  so  strongly  objects,  is  one- 
which,  it  seems  to  us,  both  theoretical  and  experimental  evi- 
dence supports.  But  the  deductions  which  are  drawn  from- 
this  we  do  not  think  can  be  supported.  It  is  supposed  that 
the  atmospheres  attracted  by  the  planets  would  consist  for  the 
most  part  of  the  "  heavier  and  less  diffusible  gases — nitrogen, 
oxygen,  and  carbonic  anhydride  ;  whilst  hydrogen  and  its 
compounds  would  predominate  in  space."  But  if  such  a 
partial  separation  takes  place,  we  should  expect  that  the 
heaviest  constituent  of  the  universal  atmosphere  (viz.  the  car- 
bonic anhydride)  would  exist  in  larger  quantity  in  the  plane- 
tary atmospheres.  More  especially  should  we  do  this  when 
we  remember  the  great  difference  in  the  relative  density  of 
CO2  and  0  and  N.  Also,  if  such  a  selective  attraction  takes 
place,  we  ought  to  find  a  slight  difference  in  the  composition 
of  the  air  at  high  altitudes  and  at  low  ones.  Saussure,  who 
has  investigated  this  point,  states  that  at  high  altitudes  the 
proportion  of  dioxide  is  generally  greater  than  at  lower  levels 
(Pogg.  Ann.  xix.  p.  391).  Among  other  investigators  we 
may  mention  "Gay  Lussac  and  Thenard,  who  collected  air 
in  a  balloon  at  an  elevation  of  7000  metres,  and  found  it  to 
contain  exactly  the  same  proportional  quantity  of  oxygen  as 
that  collected  at  the  same  time  in  Paris  and  analyzed  in  the 
same  way.  Their  results  have  since  been  corroborated  by  the 
more  exact  investigations  of  Brunner,  who  analyzed  the  air 
collected  at  the  top  and  at  the  bottom  of  the  Faulhorn,  and 
found  in  each  case  exactly  the  same  proportion  between  the 
oxygen  and  the  nitrogen"*.  Also  Frankland  (Chem.  Soc. 
Journ.  xiii.  p.  22)  has  found  that  the  composition  of  the  air 
up  to  altitudes  of  14,000  feet  is  constant.  We  may  thus  con- 
clude that,  so  far  as  terrestrial  observation  goes,  there  is  abso- 
lutely no  evidence  supporting  the  partial  separation  of  the 
constituents  of  the  atmosphere  supposed  to  take  place. 

Dr.  Siemens  cites  the  composition  of  the  gases  found  oc- 
cluded in  meteorites  as  supporting  his  view  of  the  existence 
of  an  atmosphere  very  rich  in  hydrogen  existing  in  space. 
There  is  also  a  general  belief  that  the  presence  of  these  gases 
under  pressure  proves  that  they  have  passed  through  a  region 
where  hydrogen  exists  under  a  much  greater  pressure  than 
that  of  our  own  atmosphere.  According  to  this  view  the  gas 
contained  in  the  body  is  really  a  portion  of  the  interplanetary 
atmosphere;  it  ought  therefore  to  consist  largely  of  h3-drogen, 
while  the  proportion  of  the  heavier  gases  should  be  much 
smaller  than  that  existing  in  the  air.  But  we  find,  on  the 
*  Roscoe  and Scliorlemmer,  'Chemistry,'  vol. i.  p.  440, 
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contrary,  that  in  the  analysis  quoted*  there  is  no  less  than 
four  times  as  much  carbon  dioxide  as  in  ordinary  atmospheric 
air.  This  particular  analysis  is  moreover  somewhat  favour- 
able than  otherwise,  inasmuch  as  some  meteors  contain  a  much 
larger  quantity  of  COg.  Thus  Dr.  A.  "W.  Wright  (Amer. 
Journ.  of  Sci.  ix.  p.  459)  found  as  much  as  35  per  cent., 
and  J.  L.  Smith  (Chemical  News,  xxxii.  p.  221)  found  13'03 
per  cent,  of  this  gas.  If,  therefore,  these  bodies  derive  their 
gaseous  constituents  from  the  interplanetary  atmosphere,  it 
must  be  one  very  rich  in  the  hea"sy  gas  carbon  dioxide.  But 
I  imagine  that  a  very  much  easier  explanation  of  the  presence 
of  hydrogen  and  the  lighter  gases  can  be  given.  As  I  am  not 
aware  that  such  an  explanation  has  been  given  before,  it  will 
be  necessary  to  state  it  rather  fully. 

In  a  veiy  full  and  complete  memoir  by  F.  Mohr  (Liebig's 
Annalen,  clxxix.  pp.  257-282),  in  which  the  author  discusses 
the  origin  of  meteorites,  it  is  proved  that  they  possess  a  porous 
structure.  By  heating  in  a  stream  of  dry  carbonic-acid  gas 
and  collecting  the  water  in  anhydrous  cupric  sulphate,  it  is 
proved  that  in  the  pores  of  these  bodies  water  is  contained. 
Out  of  seven  meteorites  examined  an  average  quantity  of 
Avater  of  '85(3  per  cent  ('285  to  1*43)  was  found.  Also  the 
author  concludes  from  experiment  that  organic  substances 
analogous  to  ozokerite  exist  in  them.  Lawrence  Smith 
(Coinjytes Rendus,  Ixxxii.  pp.  1041  &  1507)  has  also  shown  the 
presence  of  carbonaceous  bodies  in  meteoric  masses.  It  is  also 
well  known  how  largely  iron  enters  into  the  composition  of 
these  substances.  Such  bodies  come  into  contact  with  our 
atmosphere  and  are  immediately  raised  to  a  high  temperature — 
a  temperature  sufficient  to  melt  their  outer  surface,  and  which 
Mohr  (loc.cit.)  has  been  enabled  to  imitate  by  exposing  them  to 
the  oxyhydrogen-flame.  The  first  eft'ect  of  this  heat  will  be  to 
decompose  the  organic  materials,  which  will  really  be  subject 
to  a  process  of  destructive  distillation,  one  result  of  such  de- 
composition being  the  production  of  marsh-gas.  The  carbon 
will  either  be  set  free  or  will  combine  with  oxygen  to  form 
carbonic  anhydride  or  carbonic  oxide  according  to  the  amount 
of  the  latter  element  present.  This  oxygen  would  be  obtained 
in  this  way : — if  an  oxide  of  iron  is  present,  the  organic  matter 
would  probably  reduce  some  of  it  to  either  the  ferrous  condi- 
tion or  to  the  metallic  state;  and  it  is  in  these  conditions  that 
we  find  the  iron  to  exist.  But  the  larger  portion  of  the  oxygen 
and  the  greater  part  of  the  hydrogen  (some  of  this  would  ])ro- 
bably  be  obtained  by  the  decomposition  of  the  organic  matter, 
just  as  we  find  it  thus  produced  in  coal-gas)  would  be  pro- 

*  Dr.  Flight's.  - 
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duced  from  the  decomposition  of  the  water.  When  heated  in 
contact  with  iron,  water  is  readily  decomposed,  the  whole  of 
its  hydrogen  being  set  free  and  the  oxygen  combining  to  form 
magnetic  oxide.  Magnetic  oxide  is  accordingly  found  exist- 
ing in  meteoric  bodies.  Some  of  this  oxide  would,  however, 
be  reduced  in  the  way  before  mentioned,  and  thus  the  major 
part  would  consist  of  iron.  The  fused  shell  of  material  sur- 
rounding the  body  would  prevent  the  escape  of  these  gases, 
which  would  thus  exist  under  a  state  of  pressure.  There  can 
be  no  doubt  that  the  volume  of  hydrogen  thus  produced  would 
be  many  times  greater  than  the  volume  of  the  body  ;  for, 
taking  Mohr's  figures  and  assuming  the  average  specific  gra- 
vity to  be  only  3,  we  find  that  the  volume  of  hydrogen  would 
be  more  than  thirty  times  that  of  the  meteor  containing  it.  An 
objection  to  this  theory  is,  that  the  time  during  which  the 
meteor  is  heated  is  so  short  that  the  changes  indicated  would 
not  be  likely  to  occur.  This  is  simply  a  matter  for  experi- 
ment. It  may,  however,  be  mentioned  that,  supposing  the 
body  to  fall  from  rest  through  the  atmosphere  (supposed  for 
the  present  purpose  to  be  50  miles  high)  to  the  earth,  it  would 
take  about  2  minutes  in  the  descent.  But  the  meteor  which 
falls  to  the  earth  today  may  have  on  some  previous  occasion 
passed  through  the  atmosphere  of  our  own  or  some  other 
planet,  and  been  heated  by  the  passage.  The  evidence  there- 
fore afforded  by  these  bodies  may  not  really  be  of  much  im- 
portance ;  in  fact,  if  the  above  view  be  accepted,  it  must  be 
admitted  that  they  afford  us  no  insight  into  the  composition 
of  the  supposed  interplanetary  atmosphere. 

The  prime  cause  of  the  movement  of  the  cosmical  atmo- 
sphere is  the  rotation  of  the  sun  upon  its  axis.  But  all  the 
planets  rotate  also;  and  as  they  are  all  immersed  in  the  same 
atmosphere  we  shall  have  the  same  action  occurring  in  their 
case — i.  e.  a  drawing-in  towards  the  poles  and  a  propulsion 
at  the  equator.  Thus  we  ought  to  find  an  aerial  current  flow- 
ing constantly  in  the  northern  hemisphere  from  the  north-east 
(allowing  for  the  gradually  increasing  velocity  of  rotation), 
and  in  the  southern  hemisphere  from  the  south-east.  As 
these  currents  would  occur  in  the  higher  regions  of  the  atmo- 
sphere, they  would  be  exactly  opposed  to  the  "return  trades" 
which  are  prevalent  there.  This  is  a  consequence  of  the 
theory  which  may  have  been  overlooked. 

If  there  is  one  fact  more  tlian  another  upon  which  scientific 
men  are  agreed,  it  is  upon  the  existence  in  the  sun  of  metallic 
vapours.  These  Dr.  Siemens  considers  to  form  an  inner 
atmosphere  surrounding  the  nucleus  (?).  Supposing  this 
theory  of  solar  action  to  be  a  correct  one,  and  that  dissocia- 


404  Mr.  E.  H.  Cook  on  the  Regenerative 

tion  of  the  CO2  and  H2  0  does  not  occur,  we  have  at  the 
bounding  surfaces  at  any  rate,  and,  as  is  admitted,  sometimes 
far  down  into  this  inner  atmosphere,  a  large  mass  of  water- 
vapour  and  carbon  dioxide  in  contact  with  metallic  vapours. 
Here,  then,  surely  combination  will  occur  between  the  metals 
and  the  oxj'gen  of  water,  setting  free  the  hydrogen.  Large 
quantities  of  the  oxides  of  sodium,  potassium,  calcium,  mag- 
nesium, which  it  is  impossible  to  decompose  at  any  terrestrial 
temperature,  would  thus  be  produced.  Most  of  the  oxygen 
would  thus  be  retained  in  the  sun  itself;  and  thus  the  consti- 
tution of  the  gases  projected  into  space  would  be  very  differ- 
ent from  that  supposed  by  Dr.  Siemens.  The  comparison  of  the 
solar  spectrum  with  the  spectra  of  these  metals  seems  to  con- 
clusively prove  that  the  bodies  existing  in  the  sun  are  the 
elements  themselves  and  not  any  compound  of  them.  This 
being  so,  it  shows  that  the  temperature  is  higher  than  that  of 
the  dissociation  of  these  oxides  ;  but  if  higher  than  this,  surely 
it  must  be  very  much  higher  than  that  at  which  such  bodies 
as  carbon  dioxide  and  w^ater  can  exist. 

Referring  to  the  metallic  vapours  revealed  to  us  by  the 
spectroscope,  Dr.  Siemens  says : — "  These  form  a  lower  and 
denser  solar  atmosphere,  not  participating  in  the  fan-like 
action  which  is  supposed  to  affect  the  light  outer  atmosphere 
only,  in  which  hydrogen  is  the  principal  factor."  This 
assumption  is  difficult  of  acceptance,  inasmuch  as  any  force 
which  affects  one  body  will  also  affect  another,  even  though 
they  differ  in  density.  It  is  simply  a  question  of  degree;  and 
if,  owing  to  centrifugal  force,  hydrogen  is  projected  x  miles 
into  space,  then  sodium-vapour,  which  is  23  times  as  heavy, 
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will  be  projected  ^  miles.  Again,  we  are  told  carbon  dioxide 

and  water  are  formed  and  projected  into  space,  but  in  conse- 
quence of  the  greater  density  of  the  materials  composing  the 
inner  atmosphere  they  do  not  suffer  propulsion.  But  here 
we  are  in  error.  A  large  number  of  the  metallic  vapours  have 
densities  which  are  very  little  greater  than  the  density  of  CO2  ; 
and  some  are  absolutely  less.  Thus  the  specific  gravit}^  of 
carbon  dioxide  compared  with  hydrogen  is  22,  that  of  lithium- 
vapour  is  only  7,  of  beryllium  9'2,  of  sodium  23,  magu^ 
sium  24,  and  aluminium  27.  All  these  have  been  proved  to 
exist  in  the  sun.  Since  they  are  specifically  lighter  than  the 
supposed  products  of  combustion,  and  are  also  exposed  to  the 
same  heat,  and  therefore  expanded  just  as  much,  it  is  unreason- 
able to  suppose  they  are  not  affected  in  the  same  way  by  the 
action  of  the  centrifugal  force.  If,  however,  we  imagine  these 
metals  to  combine  with  oxygen,  we  are  in  no  way  better  off; 
for  here  again  the  products  are  very  little  heavier  than  the 
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COg.  The  specific  gravity  of  the  vapour  of  lithic  oxide  would 
bo  15,  that  of  beryllia  probably  12"6,  of  magnesia  20,  of  sodic 
oxide  31.  According  to  these  considerations  the  various  sub- 
stances  would    be    projected    to   the   following    proportional 

distances: — 

Metal.  Oxide. 

Aqueous  vapour       .     .     .  100  100 

Carbon  dioxide    ....  41  41 

Lithium 129  HO 

Bervllium 98  71 

Sodium 39  29 

Magnesium 37  45 

Aluminium 33  18 

Calcium 22  32 

It  would  thus  appear  that  the  composition  of  the  stellar 
atmosphere  must  be  far  more  complicated  than  is  supposed, 
and  the  possible  existence  of  an  inner  atmosphere  seems  prob- 
lematical. 

There  is  only  one  other  point  to  refer  to.  The  researches 
of  spectroscopy  and  the  revelations  of  the  telescope  have 
revealed  to  us  the  fact  that  our  sun  is  only  one  of  an  innu- 
merable number  of  similar  bodies.  A  theory,  then,  to  be 
complete,  ought  to  account  for  the  action  of  all.  Moreover 
Dr.  Huggins  has  shown  that  the  fixed  stars  may  be  divided 
into  classes  according  to  the  spectra  which  they  emit.  Thus 
we  have  every  gradation,  from  the  spectrum  of  a  white  or 
bluish-w4iite  star  like  Siritis,  passing  through  a  yellowish  one 
like  our  sun,  up  to  a  reddish  one  like  Arcturus.  Now,  since 
we  have  the  same  atmosphere  supplying  all  and  the  same 
cause  producing  motion,  it  is  difficult  to  see  how  these  differ- 
ences are  to  be  accounted  for.  Dr.  Huggins  has  supposed 
these  observations  to  show  that  the  stars  are  of  different  ages — 
some  being  in  the  height  of  their  energy  and  thus  producing 
spectra  in  which  the  shorter  waves  predominate,  while  others 
have  passed  this  stage  and  are  yielding  radiations  of  longer 
period.  Dr.  Siemens  mentions  that,  as  the  whole  solar  system 
is  moving  through  space  at  a  very  great  velocity,  the  nature  of 
the  solar  fuel  may  vary  at  difi^erent  times,  and  thus  a  difference 
in  the  energy  of  the  action  may  be  caused.  But  any  difference 
which  may  exist  would  be  rapidly  removed  by  the  action  of 
gaseous  diffusion,  which  would  rapidly  cause  the  universal 
atmosphere  to  become  practically  homogeneous.  Again,  if  the 
fuel  varies  from  time  to  time,  how  is  it  that  we  find  the  spectra 
of  the  various  stars  to  be  constant  ?  They  would  under  these 
circumstances,  we  are  inclined  to  imagine,  present  none  of 
I  those  constant  characters  which  Dr.  Huggins  has  established. 
PliiL  Mag,  S.  5.  Vol.  15.  No.  '^Q.  June  1883.  2G 
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LXI.  Experiments  on  the  Vi.sco{<iti/  of  a  Solution  of  Saponine. 
By  W.  H.  Stables  and  A.  E.  Wilson,  Yorkshire  College, 

Leeds  *. 

M  PLATEAU  has  shown  {Statique  des  Liguides,  t.  2, 
•  ch.  vii.)  that  a  body  placed  in  a  liquid  and  wetted  on 
one  side  onlj,  experiences  in  many  cases  a  greater  resistance 
to  its  motion  than  if  it  were  completely  immersed.  Some 
controyersy  has  arisen  between  Marangoni  and  himself  as  to 
the  cause  of  this  phenomenon,  which  M.  Plateau  explains  by 
the  assumption  that  the  liquids  in  question  possess  a  surface 
viscosity  greater  than  that  of  the  interior.  The  liquid  in 
which  the  surface  resistance  is  in  most  striking  contrast  to 
that  of  the  interior  is  a  solution  of  saponine  in  water. 

Oberbeck  (Wiedemann's  Annalen,  Bd.  11,  S.  634)  has 
repeated  and  extended  Plateau's  experiments,  using  an  oscil- 
lating disk  instead  of  a  magnetic  needle.  He  made  no 
observations  upon  saponine  solution.  The  object,  therefore, 
of  the  following  investigation  is  to  study  the  movements  of 
a  disk  when  oscillating  in  or  near  the  surface  of  a  solution  of 
this  substance. 

Oberbeck  found  that  the  resistance  of  a  water-surface 
increased  largely  with  exposure  to  the  air  ;  but  he  also  proved 
that  even  with  fresh  distilled  water  the  resistance  is  con- 
siderable. As  he  points  out,  we  are  therefore  led  to  one  of 
two  conclusions — namely,  that  either  water  has  a  surface 
viscosity  different  from  that  of  the  interior,  or  else  that  a 
pure  water  surface  cannot  be  obtained. 

The  apparatus  used  in  our  experiments  was  similar  to  that 
employed  by  Grotrian  (Pogg.  Anji.  Bd.  157,  S.  237). 

It  is  fully  described  by  him  ;  and  it  is  there-         Fig.  I. 
fore  unnecessary  to  figure  here  the  connexions 
of   the  different  parts.     The  diagrammatic  re- 
presentation in  fig.  I.  may,  however,  conduce 
to  clearness. 

It  consists  of  a  circular  disk  A  of  nickel- 
plated  brass  76*25  millim.  in  diameter  and  2 
millim.  thick.  In  the  centre  is  screwed  a 
brass  rod,  to  which  a  concave  mirror  B  and  a 
small  iron  bar  C  (used  to  set  the  apparatus 
in  motion  by  means  of  a  magnet)  are  attached. 
A  wire  (119"8  centim.  long),  employed  to  put 
the  apparatus  in  motion  by  torsion,  is  firmly 
gripped  between  two  small  })lates  at  D. 

*  Communicated  by  the  Pliysical  Society,  having  been  read  at  the 
Meeting  held  on  April  14,  1883.' 
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The  brass  rod  by  which  the  plate  was  suspended  could  be 
unscrewed  and  replaced  by  others  of  different  sizes. 

The  plate  was  suspended  in  the  centre  of  a  circular  glass 
dish  15"5  centim.  in  diameter  and  8  centim.  deep.  This  was 
fitted  with  a  wooden  cover,  through  which  a  thermometer  was 
introduced.  The  whole  was  surrounded  by  a  case  having  glass 
sides,  which  served  to  ward  off  air-currents.  The  time  of  the 
oscillations  was  measured  by  a  stop-watch  indicating  quarter- 
seconds. 

Three  rods  were  used  in  turn  to  suspend  the  plate.  They 
were  of  the  same  length,  but  of  different  radii. 


The  radius 

of(l) 

was 

•1337 

centim 

?>' 

(2) 

5' 

•2360 

j> 

» 

('^) 

J> 

•3362 

5J 

The  scale  on  which  the  beam  of  light  was  reflected  was 
about  2^5  metres  from  the  mirror ;  the  maximum  half-amplitude 
was  about  200  millim.  ;  so  that  the  half-oscillation  was 
about  2°-3. 

The  moment  of  inertia  of  the  apparatus  was  determined  by 
means  of  a  brass  ring  of  the  same  external  diameter  as  the 
plate,  and  was  found  to  be  753'09  (C.G.S.). 

The  plate  was  first  carefully  levelled,  and  distilled  water 
poured  into  the  vessel  to  within  a  few  millimetres  of  the  bot^ 
tom  of  the  plate.  Water  was  then  added  with  a  pipette  until 
the  bottom  of  the  plate  and  the  surface  of  the  water  touched. 

By  a  simple  calculation  the  difference  in  height  caused  by 
the  addition  of  a  measured  quantity  of  water  was  determined. 
An  addition  of  2  cubic  centim.  of  water  was  found  to  cause  a 
rise  of  '1  millim.  in  the  level. 

The  elevation  was  of  course  increased  when  the  disk  was 
in  the  surface;  but  the  change  is  allowed  for  in  the  calcu- 
lations. 

The  temperatures  of  the  air  and  of  the  water  were  carefully 
noted  at  the  commencement  of  each  observation,  and  were 
found  to  remain  nearly  constant.  To  attain  this  end  the 
experiments  were  conducted  in  a  cellar,  and  special  pre- 
cautions were  taken  to  prevent  any  marked  variations  in 
temperature.  The  variations  therefore  did  not  exceed  1°  C; 
and  the  small  corrections  thus  rendered  necessary  were  made 
by  means  of  the  table  of  the  values  of  the  coefficient  of 
viscosity  of  water  at  different  temperatures  given  by  Grotrian 
(Pogg.^4?in.  Bd.  157,  S.  242).  All  the  observations  were 
thus  reduced  to  16°  as  a  standard  temperature.  The  time  of 
oscillation  was  ascertained  bv  observinfr  fhe  time  of  10  swino-s. 
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This  operation  was  repeated  a  number  of  times  and  the  mean 
taken.  The  logarithmic  decrement  was  calculated  from  the 
readings  obtained  from  the  graduated  scale. 

The  plate  was  suspended  by  each  of  the  three  rods  in  turn 
immersed  to  a  depth  exceeding  1  centim.jand  the  logarithmic 
decrement  and  mean  time  of  oscillation  determined  for  each. 
The  following  table  shows  the  results  obtained  with  the 
saponiue  solution  and  with  water: — 

Table  I. 


Water. 

Saponine. 

Rod.          T^r.^^ 
oscillation. 

Log.  dec. 

Time  of    j   -^       ^^^ 
oscillation.'        °' 

1 

sec. 
5-19 

5-20 

5-22 

•0477 
■0479 
•0483 

sec. 
5-24 

5-26 

5-26 

•0785 
•1424 
•2045 

2 

3 

The  great  difference  between  the  surface-properties  of 
saponine  and  those  of  water  is  here  made  very  evident.  The 
alterations  in  the  dimensions  of  the  rod  Avhich  produced  a 
slight  effect  only  in  the  case  of  water  increased  the  logarithmic 
decrement  in  the  case  of  saponine  two  and  a  half  times,  a  result 
which  could  only  have  been  due  to  the  increase  of  the  section 
in  contact  with  the  surface. 

If  we  assume  that  the  disk  oscillated  under  the  influence 
of  two  forces,  one  of  which  (that  of  torsion)  is  proportional  to 
the  angular  displacement  from  the  position  of  rest,  while  the 
other,  due  to  the  viscosity  of  the  liquid,  is  proportional  to  the 
velocity,  the  latter  is  measured  by  MX/T,  where  M  is  the 
moment  of  inertia,  X  the  logarithmic  decrement,  and  T  the 
time  of  an  oscillation.  If,  as  in  the  case  of  a  saponine 
solution,  the  surface  resistance  be  so  great  that  the  friction 
between  the  surface  layer  and  the  interior  may  be  neglected 
with  regard  to  it,  MX/T  would  be  approximately  of  the  formj' 
a-^-ln-^,  where  r  is  the  radius  of  the  rod  and  a  and  h  are  con- 
stants. 

The  values  of  these,  determined  from  the  above  equations  by 
the  method  of  least  squares,  are  a=8'42,  ^  =  191"6. 

Using  these  coeiflcients  to  calculate  the  value  of  MX/T 
from  the  observations  on  the  saponine  solution,  we  obtain  the 
following  results : — 


Viscosity  of  a  Solution  of  Saponine. 
Table  II. 


409 


r. 

MX/T. 

0 

-1337 
2360 
•3362 

Observed. 

Calculated. 

11-27 
20-37 
29-36 

8-42 
11-85 
19-07 
30  07 

The  numbei's  are  perhaps  in  as  good  agreement  as  could  be 
expected,  if  we  remember  that  the  theory  on  which  thej  are 
calculated  is  only  approximate.  If  in  the  case  of  water  we 
neglect  b,  the  value  of  a  is  6*92. 

After  the  above  preliminary  observations  a  careful  series  of 
experiments  was  made  in  which  the  plate  was  gradually  im- 
mersed to  a  greater  depth  in  water. 

The  following  are  the  results  obtained  : — 


Position  of  plate. 

Time  of  oscillation. 

Log.  decrement. 

Upper  edge  of  plate  -7  mm.  | 
aiove  level  of  water J 

sec. 
506 

5-10 
5-10 
5-11 

610 

5-12 
511 
613 
6-17 
6-18 
5-20 
6-20 
5-20 
5-20 

•0258 

•0259 
•0260 
-0262 

•0266 

•0272 
-0272 
-0285 
•0298 
•0329 
•0366 
•0415 
•0479 
•0488 

•56  millim.  above    

-28        „ 
■14        „ 
Top  of  plate  level  with  sur- " 
face  of  water  

'1  below  

•2      „       

■3      , 

•4      „ 

•5      ,        

•7      , 

-9      

1-3      

1-7     „       

In  the  above  results,  the  level  of  the  liquid  is  corrected  for 
the  displacement  of  the  liquid  by  the  plate. 

Similar  experiments  were  next  made  on  the  saponine  solu- 
tion ;  but  it  was  at  once  seen  that  the  apparatus  used  in  the 
previous  experiment  with  the  water  was  quite  unsuitable  on 
account  of  the  great  resistance  offered  bv  the  surface.     Cer- 
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In  this  second 


Fiff.  ir. 


n 


^; 


tain  modifications  were  therefore  introduced 
form  (fig.  11.)  a  steel  piano- 
wire  was  used,  the  length  of 
which  was  98'35  centim.  and 
the  diameter  1"025  millim. 
Suspended  by  this  wire  was 
a  stout  brass  rod,  E,  termi- 
nating in  a  disk,  F,  upon  which 
rested  a  similar  movable  disk, 
G ;  and  between  the  two  disks 
could  befitted  a  brass  plate,  H, 
carrying  heavy  brass  rings,  I. 
To  the  bottom  of  the  lower 
disk  an  (unmagnetized)  steel 
bar  K  was  attached,  by  means 
of  which  the  apparatus  was  set 
in  oscillation  by  the  use  of  a  ^ 
magnet.     The  apparatus  used  k 

in  the  water  experiment  was 

attached  to  the  centre  of  this  bar  by  a  strip  of  metal  attached 
to  D  (fig.  I.)  and  soldered  to  the  bar.  Great  care  was  taken 
to  render  the  junction  perfectly  firm,  so  that  no  torsion  could 
possibly  take  place  at  this  point.  The  moment  of  inertia  was 
determined  as  before,  and  found  to  be  186653  (C.G.S.). 

The  first  fiict  which  was  evident  from  the  experiments  was 
that,  although  the  apparatus  when  suspended  in  water  oscil- 
lated isochronously,  it  did  not  do  so  when  suspended  in  the 
saponine  solution.  The  following  table  gives  the  results  of  a 
number  of  experiments  on  the  time  of  two  long  and  two  short 
swings  respectively  in  that  solution: — 

Large  amplitude. 
10-90  sec. 
10-70    „ 
10-75    „ 
10-52    „ 

With  a  thicker  rod: — 

10-42  sec. 
10-52    „ 
10-33    „ 

Similar  experiments  in  the  case  of  water  gave  for  two  long 
oscillations,  10*25;  for  two  short,  10*30;  for  three  long  oscil- 
lations, 15*5  and  15*75 ;  and  for  three  short,  15*6  and  15-75 
seconds. 

The  amplitudes  denoted  long  and  short  are  not  all  of  equal 


Small  amplitude. 

10*28 

sec. 

10-28 

j> 

10-35 

>j 

10-35 

J) 

9-85 

360. 

9-73 

)j 

9-90 

j» 
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size;  and  as  those  called  "  large  "  are  mncli  larger  than  those 
actually  used  in  the  experiments,  the  correction  which  might 
otherwise  have  been  necessary  has  been  neglected. 

The  following  are  the  results  of  the  experiments  on  saponine 
solution: — 


Position  of  plate.     Upper 
surface 

Time  of  oscillation. 

Log.  decrement. 

•14  millim.  above  liquid... 
level 

9  51  sec. 
9-50    „ 
9-55    „ 
9-60    „ 
9-63    „ 
9-58    „ 
9-55    „ 
9-62    „ 
9-63    „ 
9-62    „ 
9-59    „ 

■I960 
•2520 
•0067 
•0045 
•0039 
•0034 
•0030 
•0025 
•0022 
•0020 
•0019 

•2            „             

•3             „             

•4             „             

•6             „             

1-0            „             

1-4             „             

2-4            „            

3-65          „            

These  results  are  shown  on  the  accompanying  curve  (p.  412). 

With  regard  to  the  first  two  observations,  in  which  the  plate 
was  oscillating  in  the  surface  of  the  liquid,  only  two  complete 
oscillations  were  obtainable  for  each  determination  ;  and  as 
the  logarithmic  decrement  was  found  to  diminish  considerably 
as  the  amplitude  increased,  a  number  of  observations  at  dif- 
ferent amplitudes  were  taken.  These  were  plotted  down  in 
the  form  of  a  curve,  showing  the  amplitudes  and  logarithmic 
decrement;  and  from  these  curves  the  logarithmic  decrement 
for  an  arbitrary  standard  initial  amplitude  of  500  divisions 
was  taken.  The  slope  of  these  curves  was  so  considerable  that 
our  observations  can  only  be  considered  as  giving  an  inferior 
limit  to  the  resistance  of  the  surface  of  the  saponine  solution. 
When  the  plate  was  once  immersed  below  the  surface,  it  was 
found  that  twenty  or  more  oscillations  were  readily  obtained, 
and  that  the  magnitude  of  the  original  amplitude  had  little 
or  no  effect.  The  variations  of  temperature  were  small  (the 
difference  being  only  0°'7  C);  and  as  their  effect  on  the  surface- 
viscosity  is  unknown,  no  correction  was  made  for  them.  The 
error  thus  introduced  would,  however,  as  the  regularity  of  the 
curve  shows,  be  small. 

These  observations,  then,  enable  us  to  compare  the  resistance 
offered  to  a  disk  when  oscilating  in,  or  just  below,  the  surface 
of  a  saponine  solution  and  of  water. 

Thus  we  get  for  the  surface  of  saponine, 


MX 
T 


186653  X -252 
9-5 


=  4951; 
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and  for  the  surface  of  water, 

MX  _  753  X -0266     ^  ^^- 

At  '1  milliin.  below  the  surface  these  numbers  change  to  131 

and  4  respectively.     At  the  surface,  therefore,  the  ratio  of  the 

resistances  is  1261 ;  and  at  "1  millim.  below  it  is  33;  while  in 

8*42 
the  interior  it  is,  as  has  been  shown,  -rrr?,,  or  1"2.     Althoucfh. 

b'dS  *=   ' 

therefore,  these  numbers  can  only  be  taken  as  approximations 
to  the  truth,  we  think  that  they  enable  us  to  make  an  esti- 
mate of  the  magnitude  of  the  resistance  offered  to  a  body 
oscillating  in  the  surface  of  saponine  solution,  for  which  no 
previous  experiments  afforded  the  required  data. 

They  show  that  whereas  the  resistance  offered  to  an  oscilla- 
ting disk,  2  millim.  thick,  in  the  surface  of  water  is  only 
about  half  what  it  is  in  the  interior,  at  the  surface  of  a  2-per- 
cent, saponine  solution  it  is  at  least  600  times  greater  than  in 
the  interior,  but  that  this  ratio  is  reduced  to  16  by  immersing 
the  upper  surface  of  the  disk  to  a  depth  of  O'l  millim. 

Special  experiments  proved  that  the  logarithmic  decrement 
in  air  was  so  small  that  the  resistance  of  the  air  might  safelv 
be  neglected  when  the  comparisons  of  the  various  resistances 
were  made  as  above  described. 

Eaylanation  of  the  Curves. 

Fig.  III.  is  the  curve  given  by  the  logarithmic  decrements 
obtained  from  the  experiments  on  water.  The  abscissae  are 
expressed  in  terms  of  hundredths  of  a  millimetre;  they  repre- 
sent the  distance  of  the  upper  edge  of  the  plate  from  the  sur- 
face, and  are  negative  Avhen  it  is  above  it.  The  ordinates 
represent  the  logarithmic  decrement  in  terms  of  •0001,  the 
lowest  horizontal  line  corresponding  to  the  value  of  '0250. 

The  gradual  increase  in  the  value  of  the  logarithmic  decre- 
ment as  the  plate  is  more  deeply  immersed  is  clearly  shown. 

Fig.  IV.  refers  to  the  observations  made  on  the  saponine 
solution.  In  this  case  the  values  of  the  ordinates  are  to  bo 
taken  from  the  small  figures.  The  positions  corresponding 
to  the  numbers  obtained  when  the  disk  was  in  the  surface 
cannot  be  shown  on  the  scale  of  the  diagram.  Fig.  V.  there- 
fore has  been  drawn  on  one  tenth  of  the  scale  of  fig.  IV. 
To  avoid  confusion  it  has  been  displaced  to  a  convenient  dis- 
tance along  the  line  of  abscissae.  The  enormous  increase  of 
resistance  as  soon  as  the  disk  touches  the  surface  is  verv  stri- 
kingly shown;  and  it  must  be  remembered  that  the  increase 
lor  a  vei-y  small  oscillation  v>'ould  be  very  much  greater. 
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The  conclusion  may  be  drawn  from  figs.  III.  and  IV.,  that 
both  in  water  and  in  the  saponine  solution  the  effect  of  the 
surface  disappears  when  the  edge  of  the  disk  is  about  a  milli- 
metre and  a  half  below  it. 

We  cannot  conclude  without  expressing  our  sincere  thanks 
to  Prof.  Riicker  for  his  kind  assistance  in  our  experiments. 

LXII.  On  Curved  Diffraction-gratings.  By  R.  T.  Glaze- 
BROOK,  M.A.,  F.R.S.,  Felloio  and  Lecturer  of  Trinity  Col- 
lege, Demonstrator  at  the  Cavendish  Laboratory,  Cambridge* . 

PROF.  ROWLAND  has  described  the  appearances  pre- 
sented when  a  beam  of  light,  after  passing  through  a 
slit,  falls  on  a  grating  ruled  on  a  cylindrical  surface,  and  has 
given  a  very  elegant  construction  for  determining  the  position 
of  the  diffracted  foci  in  the  case  in  which  the  principal  section 
of  the  grating  is  a  circle  and  the  source  of  light  is  placed  at 
its  centre  of  curvature.  The  mathematics  of  the  subject  have 
been  dealt  with  still  more  recently  by  M.  Mascart  {Journal  de 
Physique,  January  1883)  and  Mr'.  W.  Baily  (Phil.  Mag. 
March  1883).  The  object  of  the  present  paper  is  to  carry  the 
discussion  somewhat  further. 

Prof.  Rowland  claims  for  his  gratings  that  they  enable  him 
to  form  a  pure  spectrum  without  the  use  of  lenses,  and  hence 
have  an  immense  advantage  over  those  hitherto  employed.  It 
must,  however,  be  remembered  that  the  formulae  obtained  to 
give  the  position  of  the  diffracted  spectra  are  only  true  to  a 
first  approximation,  that  the  spectra  formed  and  the  source  of 
light  are  to  one  another  in  the  relation  of  the  conjugate  geo- 
metrical foci  of  a  lens  or  mirror.  All  the  waves  which  arrive 
at  any  one  point  of  the  spectrum  are  not  in  exactly  the  same 
phase.  Aberration  effects  are  produced,  and  have  to  be  con- 
sidered just  as  in  the  ordinary  theory  of  lenses  or  mirrors.  Now, 
if  a  plane  wave  of  light  fall  on  a  plane  grating,  and  the  effects 
be  oljserved  on  a  screen  at  an  infinite  distance  behind  the  gra- 
ting, the  spectrum  formed  is  perfectly  pure  ;  all  the  red  light, 
after  passing  the  grating,  is  definitely  brought  to  a  focus  at 
one  point ;  there  is  no  aberration,  so  far  at  least  as  the  gra- 
ting is  concerned.  Of  course  the  difficulty  is  to  obtain  the 
plane  wave  and  the  screen  at  an  infinite  distance.  If  the 
source  of  light  be  placed  at  the  principal  focus  of  a  col- 
limating  lens,  the  emergent  wave  differs  from  a  plane  by 
quantities  depending  on  the  aberration  of  the  lens  ;  while  if 
the  diffracted  beam  is  received  on  a  second  lens  and  a  screen 

*  Communicated  by  the  Physical  Society;  read  April  14,  1883. 
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Fig.  1. 


be  placed  in  the  focal  plane  of  that  lens,  the  screen  would 
practically  be  at  an  infinite  distance  from  the  grating  but  for 
the  aberration  produced  by  the  lens. 

So  far,  then,  as  definition  merely  is  concerned,  we  have  to 
compare  the  aberration  effects  produced  by  these  lenses  with 
those  caused  by  the  curvature  of  the  grating.  Of  course  a 
reflexion  grating  used  without  lenses  has  an  immense  advan- 
tage for  experiments  on  the  violet  or  ultra-violet  rays  which 
are  absorbed  by  glass. 

In  considering  the  aberration,  then,  we  shall  follow  the 
method  adopted  by  Lord  Rayleigh  in  his  paper  on  "  Investi- 
gations in  Optics,  with  special  reference  to  the  Spectroscope. 
Aberration  of  Lenses  and  Prisms  "  (Phil.  Mag.  January  1880). 
Let  QA,  QP  be  two 
adjacent  rays  diverging 
from  a  point  Q  and  fall- 
ing on  the  concave  side 
of  a  circle  A  P,  centre 
0.  Let  QAO  =  </), 
AOP  =  ft),  QA  =  n, 
OA  =  a.     Then 

QAP  =  0+^-H, 


AP  =  2asin -• 

Hence 

QP2  =  w2  +  4«2gi^2|_4^,^sin|gi„^|_^^.        ,     ^1) 

and,  expanding  as  far  as  &)',  we  find 

^1-.                   •     I      cioy^  {         .      a       o ,  \ 
QF  =  w  +  (7G)  sm  9 ^  (  cos  9 cos  9  1 

aa)^sin<f>/l       a         ,      <^       ■>  ,\  /^^x 
^^(3--^cos<^+-,cos^c/,)+...     (2) 

Again,  let  Qj  be  another  point  on  the  other  side  of  the  normal 
OA,  and  let  QiA  =  ?/,  QiAO  =  '«/r.     Then 

QjP  =  m'  —  atusini/r — (  COSi/r jCOS^i|r  j 

aco^sin^/l       a  ,    ,    a^       2  »\  /q\ 

+  — 2-^(3-^cos^+^-,,cos^t}     •    .    (3) 

Suppose  now  that  A  is  a  point  on  one  line  of  the  grating,  and 
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P  a  corresponding  point  on  some  other  line.  Then  waves 
from  Q  diffracted  at  A  and  P  respectively  will  reach  Qi  in  the 
same  phase  if  QP  +  QiP  =  QA  +  QiA  +  nA,  X  being  the  wave- 
length.   That  is,  if 

aa>(sin  (f^—smyp) 

aoy^  (         ,  ,         /cos^  (b      cos^  '^\} 

___|eos(/,+  cos./.-a(^^^  +  -^^j| 

-smylr(j^-^,cosylr+~cos''y}rjj  =  +)i\.       .      (4) 

This  is  equivalent  to  Mr.  Baily's  formula  carried  to  the  next 
degree  of  approximation;  and  his  results  are  obtained  by  neg- 
lecting  the  term  in  co^   and  taking  cf)  and   i/r   to   satisfy   the 

sm  (p  —  sm  y- =  H (o) 

and  then  u  and  u'  to  satisfy 

/C0S^(f)       cos^tItX      ^  ,^^ 

cos  (f)+  cos  yjr—al ^  +        ,  ^  )  =  0.       .      .       (6) 

To  consider  the  aberration  we  have  two  cases  before  us. 
Let  us  suppose  (1)  that  equation  (5)  holds,  and  determine  the 
value  u\,  say  of  m',  considering  the  terms  in  &)^  in  equation  (4). 
This  will  give  us  what  we  may  call  the  longitudinal  aberration. 

In  the  second  case  we  shall  suppose  equation  (6)  to  hold, 
and  determine  the  value  for  i/r  which  satisfies  (4)  to  the  same 
approximation.     This  will  give  us  the  lateral  aberration. 

In  the  general  case  equation  (4),  as  it  stands,  really  deter- 
mines the  locus  of  the  image  of  Q  formed  by  diffraction  at  the 
two  lines  A  and  P;  and  this  locus  is  clearly  an  hyperbola, 
with  A  and  P  as  foci.  Waves  diffracted  at  A  and  P  respec- 
tively will  arrive  in  the  same  phase  at  any  point  of  this  hyper- 
bola. For  every  point  such  as  P  on  the  grating  an  hyperbola 
possessino-  similar  properties  can  be  drawn.  If  all  the^^e  hy- 
perbolas meet  in  a  point,  then  that  point  is  really  a  focus  for 
waves  diverging  from  Q;  they  all  are  in  the  same  phase  when 
they  meet  there.  This  is  the  case  if  the  grating  be  plane  and 
Q  and  Qi  infinitely  distant.  If,  however,  the  hyperbolas  do 
not  all  meet  in  a  point,  there  is  really  no  focus  in  its  strict 
sense,  only  a  geometrical  focus.  If  we  neglect  oo^  and  higher 
terms,  then  the  point  given  by  (5)  and  (G)  is  to  this  approxi- 
mation common  to  all  the  hyperbolas  :  it  is  the  geometrical 
focus. 
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To  discuss,  then,  the  aberration  in  this  case.  Let  u\  =  u'  +  8?/, 
where  u'  satisfies  (6),  and  suppose  we  neglect  hu'^,  act)Si/,and 
such  terms.     Then 


f  cos 

cos(p+  cosvr  —  a\  — 


d)       cos"  -ylr 
-  + r- 


Thus 


(-"')} 

a  sin  d)  cos  (f> / ^       a  ,\ 

u  \        u  / 

(l-^cost)}=0. 

cu  — ^r-i  \  ±  .^i sni  0  cos  <i)  1 1 cos  i>  \ 

aco6  Y  (.       oaoj       u  ^\        ii       ^  / 


nX 
'daco 
a  sin  yj/  cos  i/r 


+  aQ)i   + 


+ 


a  C06^  yjr 
+  ^,  sin ->|r  cos -»/r  (^1  -  ^  cos  0  j  I , 


(7) 


Equation  (7)  determines  the  aberration  in  the  general  case. 
To  determine  the  effect  of  this  in  practice,  let  us  suppose  that 
Ave  are  considering  the  spectrum  of  the  first  order,  so  that  the 
retardation  of  the  light  coming  from  two  consecutiA^e  lines  is 
just  one  waA-e-length  ;  and  hence,  if  P  be  on  the  ^th  line  from 
A,  and  a  the  distance  between  two  lines,  then  the  arc  AP  = 
ka  =  a(o,  and  7i  =  k. 

Let  us  suppose,  further,  that  the  origin  of  light  is  at  the 
centre  of  curvature  of  the  grating,  so  that  u  =  a,  ^  =  0,  and 
hence,  taking  the  — ve  sign  in  (6), 


sini^=  -,  cos 
Thus 


t  =  \/(l-  ^i),^^'  =  «cost  =  aV^(l^). 


oao)  ^ 


(8) 
\ 


Let  Qi  (fig.  2)  be  the  point  on  the  line  given  hy  sini/r=-' 

which  is  determined  by  t/  =  a  cos  yfr,  Qf  being  the  point  on 

Fig.  2. 
R  VP 


that  line  at  which  light  arrives  in  exactly  the  same  phase  from 
A  and  P.     Then  QT^Q'  =  ^k\.   And  the  angle  PQiA  differs  by 
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only  a  small  quantity  from  w;  while,  since  Q'Qi  is  small  com- 
pared with  PQ',  the  angle  QjPQ'  is  small  compared  with  &>. 
Hence,  if  Q'R  be  drawn  at  right  angles  to  PQi,  the  light  from 
P  arrives  at  R  in  the  same  phase  as  at  Q',  and  the  ditference 
in  phase  at  Qj  between  the  waves  coming  from  A  and  P  is 
QiQ'  — QiR=  QiQ'(l  —  cos  (o)  ;  and  to  the  same  approximation 
this  is  equal  to  ^kXco'.  So  that  if  we  consider  as  well  the  light 
coming  from  a  point  ^''  lines  below  A,  the  extreme  difference 
of  phase  in  the  various  waves  which  reach  the  point  Qi  is 
^{k  +  k')X(ii^;  k  +  k'  will  be  the  total  number  of  lines  in  the 
grating. 

Thus  in  one  of  Prof.  Rowland's  gratings  we  have 

a  =  213  centim., 
37 


G)  = 


about. 


2iao 

^  +  ^•'  =  14250; 

and  hence  the  difference  in  phase  is  about  7\/10.  Hence  tbe 
aperture  of  the  grating  is  too  large  to  give  the  best  defini- 
tion :  for  that  purpose  the  difference  of  phase  in  the  various 
secondary  waves  arriving  at  the  point  in  question  should  not 
be  greater  than  X/-4. 

We  may  conveniently  express  this  difference  of  phase  in 
terms  of  the  number  of  lines,  the  radius  of  the  grating,  and 
the  distance  between  the  lines.  Let  a  be  the  distance  between 
the  lines;  then 

(k  +  k') 
za 
and  the  difference  of  phase  is 

For  good  definition  this  difference  of  phase  must  not  be  greater 
than  \/4.  Since  in  the  case  above  the  difference  of  phase  is 
TX/IO,  we  must  reduce  the  number  of  lines,  keeping  the 
distance  between  them  the  same,  in  the  ratio  of  ^10  to  ^28,  or 
rather  more  than  2  to  3.  Hence  by  covering  up  rather  less 
than  one  third  of  the  grating  we  should  expect  to  produce 
better  definition. 

In  anothergrating  of  Rowland's,  <r=-y-j—  centim.,  a  =  520 

centim., /:  +  /•'=  160,000;  and  in  this  case  the  difference  of 
phase  comes  out  to  be  about  4*8  x  \.     The  grating  is  much  too 
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wide  ;  it  will  require  reducing  in  the  ratio  of  1  :  \/\\^"l,  or 
about  3  :  8. 

To  consider  now  the  lateral  Fig.  3. 

aberration,  using  the  same 
notation,    describe   a  circle 
(fig.  3)  through  Q,  with  A 
as  centre.      Light  from   A    q  / 
ari'ives  in  the  same  phase  at 
all  points  on  this  circle.    Let 
Q'  be  the  ]ioint  on  the  circle 
at  which  the  light  arriving 
from  P  is  in  the  same  phase     o" 
as    that   from   A,    and    let 
■x/r  +  ST/r  be  the  angle  OAQ', 
and  let  y^,  cj),  «,and  ?/  satisfy        q' 
(5)  and    (6).     Our    funda- 
mental equation  (4)  becomes,  neglecting  terms  like  (o'^Byjr, 

ao)    sin  0  —  sin  yjr  —  Syjr  cos  a^ 

ft)  r         ,  ,         /cos"(6  ,   cos^'\|r\ 

-  - 1  cos  (/>  +  cos  ^/.-a  (^-^  +  -^^  j 

-sin  f  Sa/t  ^  1  - -^^"^  j  I 

-  yj  sin  (/)  (l-  ~  cos  <^+  -^  cos^  </)) 
t(i-^7C0SA|r+^,C0s2>|r)  j]  =  +nX.    (9) 

jj     /                ft)   .        /        2acosA/r\  I 
oyjr  \  cos  Afr  —  —  sm  y  |  1  —  -^ — ^  j   > 

+  ^[sin  (/)|  1  -  %oscf>(l-  ^'cos (f))^ 

-  sin  A/r  1 1  -  ^,  cos  A/r  (^1  -  ^,  cos  i/r  j  I J  =  0  ; 

and,  to  the  approximation  adopted  in  considering  the  longitu- 
dinal effect, 

X  r  ^^  t   S    ,     ^   ''^^        a    .  /  <7  COS  <f)\ 

dylr=: ~  sec  ylr<  +  \ sm  <p  cos  (p  (  1 '■ — -  ) 

2  '    I  —  '^  ao)      u        ^         ■  \  u      J 

+  ^^,sinA|rC0S'»/r(l-^^,  COSA/rj  j.  .        .       (10) 

If,  as  before,  Q  coincide  with  0,  then  u  =  0,  ^  =  0,  //  =  a  cos  y^; 


—  sm 
Hence 
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nX 


and  taking  the  negative  sign,  so  that  sin'\jr  =  —  > 


and 


-.  ,       0)  sec  -dr  X7i\  , , , . 

^^= 6a ' ^^^> 


nX  CO 


Thus,  carrying  our  approximation  as  far  as  terms  in  w^  in 
equation  (4),  we  find  that  the  position  of  the  image  formed, 
considering  only    two  of  the  lines  as  producing   diffraction 

7lX(0 


effects,  is  not  at  Qi  but  Q',  where  QiQ'  = 


6 


Hence,  if  we 


consider  the  whole  grating,  using  the  same  notation  as  before, 
the  breadth  in  a  direction  normal  to  AQi  of  the  image  formed 

will  be  comparable  with  ^ —^ ,  co  being  the  whole  semi- 
aperture.  Expressing  this  in  terms  of  the  radius  of  the  gra- 
ting a  and  the  distance  between  the  lines  o-,  we  find  the  value 

^(k  +  I/y  — .     Thus  the  breadth  of  the  image  will  depend  on 

the  square  of  the  number  of  lines.  In  the  grating  first  con- 
sidered this  quantity,  ^(^  4- //)^(»,  is  about  g-i^Q  of  a  centimetre 
for  yellow  light,  while  the  distance  between  the  D  lines  is  about 
■^Q  centim.,  or  ten  times  as  much;  while  in  the  second  grating 
this  lateral  aberration  is  Jq  centim.,  the  distance  between  the 
D  lines  being  about  seven  times  as  great.  If  the  size  of  this 
last  grating  be  reduced  to  |  of  what  it  actually  is,  the  extreme 
lateral  aberration  will  be  reduced  to  -^^  or  about  4-  of  its 
actual  value,  thus  becoming  about  gig  of  a  centimetre,  and 
the  extreme  difference  of  phase  in  the  light  of  a  given  wave- 
length X  reaching  any  point  of  the  diffracted  spectrum  Avill  never 
exceed  X/4:,  the  dispersion  will  remain  unaltered,  the  defini- 
tion and  the  brightness  of  the  spectrum  will  both  be  increased. 
It  is  clear  that  in  both  cases  the  outer  portion  of  the  grating 
not  merely  impairs  the  definition,  but  actually  renders  it  less 
bright  than  before.  For 
consider  two  points  Pj,  P2 
(fig.  4)  equidistant  from 
A,  such  that  the  difference 
in  phase  in  the  waves 
coming  from  Pj  and  P2  to 

Qi  is  X-  (since  the  differ- 
ence of  phase  for  the  ex- 
treme rays  is  in  both  cases 

greater  than  T^,these  points 

can  be  found).     Then  the  light  reaching  Qi  from  above  Pj  is 
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opposite  in  phase  to  some  of  that  which  reaches  Q,  from  be- 
tween P2  and  A,  and  tends  to  neutrahze  the  effect  of  this;  while 
similar  results  hold  for  light  coming  respectively  from  below  P2 
and  between  A  and  IV  Thus  a  large  aperture  does  not  ne- 
cessarily mean  that  there  is  a  large  quantity  of  light  at  the 
focus.  Exactly  the  same  may  happen  in  the  case  of  a  lens. 
Lord  Rayleigh  has  shown  that  if  a.  be  the  angular  semi-aperture 
of  the  lens  as  viewed  from  the  focus,  and  the  curvatures  of  the 
lens  be  adjusted  to  reduce  the  longitudinal  aberration  to  a 
minimum,  a*  should  not  exceed  \Jf.  A  similar  coui'se  of  rea- 
soning shows  us  that  if  u^  is  greater  than  2X/f,  the  light  from 
the  outer  annulus  of  the  lens  will  be  opposite  in  phase  to  that 
from  the  central  portions. 

To  compare,  finally,  the  definition  of  the  curved  grating 
with  that  produced  by  a  plane  grating,  and  two  lenses  of  equal 
focal  length  used  as  a  collimator,  and  the  object-glass  of  a 
telescope  respectively,  we  can  show  (Parkinson,  '  Optics,' 
§  130),  that  if  a  is  the  semi  angular  aperture  of  either  of  these 
lenses  seen  from  its  principal  focus, /its  focal  length,  and  the 
curvatures  are  adjusted  to  make  the  aberration  of  each  lens  a 
minimum,  then  the  aberration  is,  for  light  of  refractive  index 

15 
1*5,  ~^fcn';  but,  as  quoted  above,  Lord  Hayleigh  has  shown 

that  the  aberration  should  not  be  greater  than  X/«*.     Hence  a* 

7    A, 
must  not  be  greater  than  ^  -7- 

In  the  case  of  the  first  of  Prof.  Rowland's  gratings  discussed 
above,  the  slit  and  eyepiece  are  at  a  distance  of  about  200  cen- 
tim.  from  the  grating.  Let  us  suppose  we  are  using  two  lenses 
of  200  centim.  focal  length,  and  inquire  w^hat  their  aperture 
may  be  to  allow  the  condition  above  given  to  be  satisfied.  If 
y  be  the  radius  of  the  lens,  we  have 

,       ,        ,,         7  X  8  X  10*^  X  6 

11   not  >  tlian :^. zttte • 

■^  lo  X  lO"* 

Thus  y  must  not  be  greater  than  3'8  centim.  A  lens  of  this 
aperture  would  just  about  admit  the  light  from  the  whole  of 
the  actual  grating  5  centim.  x  7  centim.  in  area  if  it  were 
plane;  whereas,  without  the  lens,  to  obtain  the  best  definition 
we  are  restricted  to  the  use  of  about  tw  o  thirds  of  the  grating. 
In  the  case  of  the  other  grating,  we  may,  without  increasing 
the  size  of  the  apparatus,  use  a  lens  of  500  centim.  focal  length; 
for  good  definition  its  aperture  should  not  be  more  than 


<f 


7  x  125  X  10^'  X  6 


15  X  10'^ 
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or  about  7*6  centim.  A  lens  of  this  aperture  would  enable  us 
to  use  with  the  best  advantage  the  whole  of  the  grating  if  it 
were  plane ;  whereas  in  the  concave  grating,  for  good  defini- 
tion we  should  only  use  about  three  eighths  of  the  whole.  It 
.would  seem,  then,  that  in  cases  in  which  there  is  no  objection 
to  the  use  of  glass  (because  of  its  absorbing  qualities),  a  large 
grating  may  be  used  to  greater  advantage  if  it  be  ruled  on  a 
flat  surface  and  properly  chosen  lenses  be  employed  with  it^ 
than  if  the  grating  be  curved. 

It  may  be  instructive  to  consider  the  subject  briefly  in  an- 
other manner.     Let  Q,  Qi  (fig.  5)  be  any  two  points,  and 

Fig.  5. 


with  Q  and  Qi  as  foci  describe  a  series  of  confocal  ellipses;  let 
the  major  axes  of  these  ellipses  increase  in  arithmetical  progres- 
sion, and  let  the  common  difference  be  X.  Consider  a  sphe- 
rical wave  diverging  from  Q  and  reflected  at  any  point  of  any 
one  of  these  ellipses  ;  all  the  reflected  light  will  reach  Q^  in  the 
same  phase.  Take  any  surface  Pj,  P2,  &c.  cutting  the  ellipses 
in  Pi,  P2  (fee,  and  suppose  it  capable  of  reflecting  light  at  these 
points  and  incapable  of  so  doing  elsewhere.  All  the  light  from 
Q  which  falls  on  this  surface  at  these  points  will  be  reflected 
to  Qi,  and  the  various  waves  will  reach  Qi  in  the  same  phase. 
If  now  Q  be  the  section  of  a  slit  normal  to  the  paper,  Pj  Pg 
&c.  that  of  a  polished  cylindrical  surface  whose  generators  are 
normal  to  the  paper,  and  lines  be  ruled  on  this  surface  to  block 
out  the  spaces  Pj  Pg,  P2  P3,  &c.,  the  lines  also  being  normal  to 
the  paper,  we  shall  obtain  a  diffraction-grating  which  will  give 
an  image  of  Q  without  aberration  at  Q^. 

We  can  thus  determine  the  law  according  to  which  lines 
must  be  ruled  on  any  cylindrical  surface  to  give  an  aplanatic 
diffraction-image  of  a  slit ;  for  we  require  only  to  write  dowu 
the  equations  to  the  ellipses  and  the  surface  and  determine  the 
points  of  intersection.  We  will  solve  the  simple  case  when 
the  curve  Pi  P2  &c.  is  a  straight  line  parallel  to  Q  Qi.  Take 
Q  Qi  as  axis  of  x  ;  let  a  and  b  be  the  semi-axes  of  one  of  the 
ellipses,  suppose  that  which  touches  the  lino  Pi  Pg . . . ;  then 


Sir  John  Conroy  on  a  new  Photometer.  423 

the  semi  major  axes  of  the  other  ellipses  are 

,    ^  ,  ?.  ,  wX     „ 

a+  -,     a  +  b ...a+ ~,  &0.', 

while  to  find  hn,  the  semi  minor  axis  of  the  (ji  +  l)th  ellipse, 
we  have 

{<^+'^)'-hl=a'-h\A.bl=h''  +  na\+'^.     .    (12) 

Let  Q  Qi  =  2c,  then  we  have 

a2  =  ^2^c-, (13) 

and  the  equation  to  the  (n  +  l)th  ellipse  is 

^2  2 

4  4 

Let  A'„  be  the  abscissa  of  the  point  in  which  this  is  cut  by  the 
line  y  =  h,  then 

(a^  +  ncCk  H .— )  ( naX  +  '-^  ) 

" 1 7^ ■     *     •      ^^^ 

h'^-\-naX-\ — T— 
4 

Substituting  for  a  and  giving  n  the  values  0,  1,  2,  3,  &c.  in 
order,  we  can  obtain  values  for  a'q,  x^,  x.2  &c.,  and  determine 
thus  the  position  of  the  lines.  A  plane  grating  ruled  in  this 
manner  would  form  at  Qi  without  aberration  an  image  of  Q  for 
light  of  the  given  wave-length  X.  Of  course  it  would  be  open 
to  the  objection  which  holds  against  all  such  aplanatic  arrange- 
ments, viz.  that  they  are  only  good  for  light  of  one  definite 
wave-length.  If  the  grating  were  used  for  light  of  a  different 
refrangibility,  the  image  formed  would  suffer  from  aberration. 


LXIII.  A  new  Photometer. 
By  Sir  John  Coneoy,  Bart.,  M.A.* 

HAVING  recently  made  a  considerable  number  of  photo- 
metric observations,  and  learnt  by  experience  the 
difficulty  which  attends  all  such  determinations,  I  venture  to 
bring  before  the  Society  the  description  of  a  new  form  of 
photometer  which  appears  to  possess  certain  advantages  over 
those  in  use.  All  such  instruments,  with  the  exception  of  the 
wedge-photometer,  are  essentially  arrangements  for  comparing 
the  illuminating-power  of  two  lights,  and  therefore  do  not 

*  Commimicated  by  the  Physical  Society ;  read  April  28, 1883. 
2H2 


424  Sir  John  Couroy  07i  a  new  Photometer. 

give  absolute  measures ;  the  one  I  propose  describing  is  no 
exception  to  tliis  general  rule. 

I  had  intended  to  use,  in  some  experiments  on  the  amount 
of  light  reflected  by  metallic  surfaces,  the  ordinary  Bunsen's 
disk  ;  but  I  found  that,  owing  to  the  small  size  of  the  beam  of 
reflected  light,  it  was  impossible  to  make  any  satisf^ictory 
measiirements  with  the  disks  in  common  use,  and  after  trying 
various  photometric  arrangements  I  finally  adopted  a  modifi- 
cation of  Ritchie's  photometer. 

The  various  forms  of  shadow-photometers  work  well  ;  but 
as  the  accuracy  of  the  determination  de])ends  on  the  edge  of 
the  two  shadows  coinciding  and  yet  not  overlapping,  it  is 
necessary  to  have  some  arrangement  for  altering  the  distance 
between  the  screen  and  the  shadow-producer,  which  adds  to 
the  complexity  of  the  apparatus,  except  indeed  when,  as  in 
Mr.  Harcourt's  photometer  for  gas-w^ork,  the  variation  in  the 
relative  intensities  of  the  two  lights  is  caused  by  the  size  of 
one  of  the  flames  being  altered,  and  not,  as  in  those  arrange- 
ments heretofore  in  use,  by  altering  the  distance  of  the  flame 
from  the  screen  whilst  the  size  is  kept  constant. 

Ritchie's  photometer,  as  is  well  known,  consists  of  two 
pieces  of  white  pa})er  fastened  to  the  adjacent  sides  of  a  trian- 
gular block  of  wood,  each  being  illuminated  by  one  only  of 
the  lights  which  are  to  be  compared.  Finding  it  impossible 
so  to  arrange  the  apparatus  that  the  illuminated  surfaces  should 
be  actually  in  contact,  the  bend  in  the  paper  along  the  edge 
of  the  block  separating  the  two  illuminated  areas,  and  therefore 
interfering  with  the  accuracy  of  the  determination,  I  placed 
one  of  the  pieces  of  paper  slightly  in  front  of  the  other,  and 
overlapping  it  to  a  small  extent,  so  that,  whilst  both  were 
visible  to  the  observer,  each  was  illuminated  by  one  only  of 
the  sources  of  light ;  when  equally  illuminated,  the  edge  of  the 
front  paper  vanished. 

It  was  originally  intended  that  the  light  should  be  incident 
upon  the  surfaces  of  the  paper  at  an  angle  of  45°;  but  it  was 
found  that  when  the  light  regularly  reflected  by  the  paper 
reached  the  observer  {%.  e.  when  the  line  of  sight  and  the 
direction  of  the  incident  light  formed  equal  angles  with  the 
normal  to  the  paper)  it  was  not  possible  to  make  satisfactory 
measurements. 

After  various  positions  had  been  tried,  it  was  found  that  the 
best  results  were  obtained  when  the  light  was  incident  upon 
the  ])aper  at  an  angle  of  about  30°  and  the  line  of  sight 
formed  an  angle  of  60^  with  the  normal. 

Two  triangular  blocks  of  wood,  4  centim.  high,  were  screwed 
to  a  rectangular  board  about  15  centim.  by  10  centim.,  in  the 
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J  actual  size. 


position  shown  in  the  figure,  and  pieces 
of  white  paper,  3  centim.  by  3  centini. 
(filter-paper  was  tried  ;  but  ordinary 
white  writing-paper  not  too  higlily 
glazed  seemed  most  suitable),  held 
against  the  hypotenuse  of  each  of  the 
triangular  prisms  by  india-rubber 
bands. 

It  is  of  course  essential  that  the  light 
should  be  incident  upon  both  papers 
at  equal  angles,  and  that  the  papers 
should  be  so  jdaced  that  no  light  can 
be  reflected  from  one  to  the  other.  It 
is  desirable  that  both  papers  should 
be  cut  from  the  same  sheet,  and  that  the  surfaces  on  which 
the  light  is  incident  should  originally  have  formed  one  side  of 
that  sheet. 

A  rectangular  board,  similar  to  that  to  which  the  prisms 
were  fixed,  was  fastened  to  the  top  of  the  prisms  by  two 
screws;  and  to  the  edges  of  this  board  four  strips  of  card,  in 
three  of  which  square  apertures  had  been  cut,  were  fixed,  and 
the  whole  arrangement  painted  both  externally  and  internally 
a  dead  black. 

In  order  to  adjust  the  papers,  or  replace  them  by  new  ones, 
it  is  merely  necessary  to  withdraw  the  two  screws  in  the  top 
board  and  lift  it  off,  together  with  the  sides  of  the  box. 

The  edge  of  the  front  paper  coinciding  with  the  middle  line 
of  the  box,  the  photometer  could  be  used  with  either  side 
uppermost;  and  in  order  to  be  certain  that  the  illumination  of 
both  papers  was  entirely  due  to  light  incident  directly  upon 
them,  measurements  of  the  relative  intensity  of  two  similar 
paraffin- lamps  were  made  with  the  photometer  in  both  posi- 
tions; and  it  was  found  that  the  readings  were  identical. 

The  photometer  was  compared  with  a  Bunsen's  disk  by 
placing  it  at  the  end  of  a  horizontal  board  furnished  with  a 
scale,  and  along  which  a  paraffin-lamp  was  arranged  to  slide. 
A  Bunsen's  disk,  in  an  ordinary  form  of  support  with  two 
inclined  looking-glasses,  could  be  screwed  to  the  end  of  the 
board,  to  which  three  stops  were  so  fixed  that,  when  the  disk 
was  removed  and  the  new  photometer  |)laced  against  the  stops, 
the  middle  line  of  the  box  was  in  the  same  vertical  plane  as 
the  disk  had  been. 

A  paraffin-lamp  was  placed  on  either  side  of  the  photo- 
meter, the  position  of  one  remaining  constant,  whilst  that  of 
the  other  was  altered  unlil  the  illumination  was  equal,  and  the 
distance  of  the  latter  read  off,  in  centimetres,  on  the  scale. 
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The  table  gives  the  results  of  eight  observations  made  with 
both  photometers,  the  differences  of  each  observation  from  the 
mean,  and  also  the  squares  of  these  differences. 

Bunsen's  Disk. 

Diiferences  from  Squares  of  the 

centim.  the  mean.  differences. 

85-7     +    -6  -36 

84-6     -   -5  -25 

84-9     -  -2  -04 

85-4     +   -3  -09 

86-2 +1-1  1-21 

84-8     -  -3  -09 

84-3     -  -8  -64 

85-2     +   -1  -01 

Mean  .  .  85-1  Sum  .  .  2-69 

New  Photometer. 

85-0  --4  -16 

85-7  +-3  -09 

85-0  --4  -16 

85-3  -•!  -01 

85-2  --2  -04 

85-4  --0  -0 

85-8  +-4  -16 

85-7  +-3  -09 

Mean  .  .  85-4  Sum  .  .  0-71 

The  probable  error  of  the  mean  result  and  the  probable  error 
of  a  single  observation  were  found  by  the  ordinary  formulae, 


0-fi745  .  /sum  of  the  squares  of  the  differences  ^^^  ^-^  ^  ^^^ 
V  n(n  —  Ti 

probable  err( 
observations. 


n{n  —  l) 
probable  error  of  the  mean   result,  n  being  the  number  of 


Bunsen's  New 

disk.  photometer, 
centim.  centiiu. 

Probable  error  of  mean  result   +0'J48  +0'076 

,,  ,,  single  observation    +0"418  +0*215 

The  new  photometer  therefore  appears  to  be  twice  as  accu- 
rate as  the  Bunsen's  disk  :  it  is  only  fair  to  add  that,  had  the 
measurements  been  made  by  an  observer  accustomed  to  work 
with  the  disk,  the  result  might  have  been  different. 
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LXIV.   On  a  Theory  of  the  Electric  Discharge  in  Gases.     By 
J.  J.  Thomson,  M.A.,  Felloio  of  Trinity  College,  Cambridge* . 

THE  aim  of  the  following  article  is  to  give  an  account  of 
a  theory  which  seems  to  explain  some  of  the  more  pro- 
minent phenomena  of  the  electric  discharge  in  gases,  and 
which  also  indicates  the  presence  in  the  electric  field  of 
stresses  consisting  of  tension  along  the  lines  offeree  combined 
with  pressures  at  right  angles  to  them.  Maxwell,  as  is  well 
known,  showed  that  stresses  of  this  character  would  explain 
the  mechanical  actions  between  electrified  bodies. 

I  shall  take  the  vortex-atom  theory  of  gases  as  the  basis  of 
the  following  remarks,  as  it  possesses  for  this  purpose  advan- 
tages over  the  ordinary  solid-particle  theory;  though  much 
of  the  reasoning  will  hold  whichever  theory  of  gases  be  as- 
sumed. As  the  vortex-atom  theory  of  gases  is  not  very  gene- 
rally known,  I  shall  begin  by  quoting  the  more  important 
consequences  of  this  theory  which  are  required  in  this  article. 
According  to  this  theory,  the  atoms  of  gases  consist  of  ap- 
proximately circular  vortex  rings.  When  two  vortex  rings 
of  equal  strength,  with  (as  we  shall  suppose  for  simplicity) 
their  planes  approximately  parallel  to  each  other  and  approxi- 
mately perpendicular  to  the  line  joining  their  centres,  are 
moving  in  the  same  direction,  and  the  circumstances  are 
such  that  the  hinder  ring  overtakes  the  one  in  front,  then  if, 
when  it  overtakes  it,  the  shortest  distance  between  the  circular 
axes  of  the  rings  be  small  compared  with  the  radius  of  either 
ring,  the  rings  will  not  separate,  the  shortest  distance  between 
their  circular  axes  will  remain  approximately  constant,  and 
these  circular  axes  will  rotate  round  another  circle  midway 
between  them,  while  this  circle  moves  forward  with  a  velocity 
of  translation  which  is  small  compared  with  the  linear  velocity 
of  the  vortex  rings  round  it.  We  can  prove  that  in  this  case 
the  product  of  the  momentum  and  velocity  of  the  rings  is 
greater  than  the  sum  of  the  products  of  the  same  quantities 
for  the  rings  when  they  were  separated  by  a  distance  great 
compared  with  the  radius  of  either.  We  may  suppose  that 
the  union  or  pairing  in  this  way  of  two  vortex  rings  of  dif- 
ferent kinds  is  what  takes  place  when  two  elements  of  which 
these  vortex  rings  are  atoms  combine  chemically;  while,  if  the 
vortex  rings  are  of  the  same  kind,  this  process  is  what  occurs 
when  the  atoms  combine  to  form  molecules.  If  two  vortex 
rings  paired  in  the  way  we  have  described  are  subjected  to 
any  disturbing  influence,  such  as  the  action  due  to  other 
vortex  rings  in  their  neighbourhood,  their  radii  will  be  changed 
*  Communicated  by  the  Author. 
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by  different  amounts;  thus  their  velocities  of  translation  will 
become  different,  and  they  will  separate.  We  are  thus  led  to 
take  the  view  of  chemical  comljination  put  forward  by  Clausius 
and  ^Villiamson,  according  to  which  the  molecules  of  a  com- 
pound gas  are  supposed  not  to  alwaj^s  consist  of  the  same 
atoms  of  the  elementary  gases,  but  that  these  atoms  are  conti- 
nually changing  partners.  In  order,  however,  that  the  com- 
pound gas  should  be  something  more  than  a  mechanical  mix- 
ture of  the  elementary  gases  of  which  it  is  composed,  it  is 
evidently  necessary  that  the  mean  time  during  which  an  atom 
is  paired  with  another  of  a  different  kind,  which  we  shall  call 
the  paii'ed  time,  should  be  large  compared  with  the  time 
during  which  it  is  alone  and  free  from  other  atoms,  which 
time  we  shall  call  the  free  time.  If  we  suppose  that  the  gas 
is  subjected  to  any  disturbance,  then  this  will  have  the  effect 
of  breaking  up  the  molecules  of  the  compound  gas  sooner  than 
would  otherwise  be  the  case.  It  will  thus  diminish  the  ratio  of 
the  paired  to  the  free  time;  and  if  the  disturbance  be  great 
enough,  the  value  of  this  ratio  will  be  so  much  reduced  that 
the  substance  will  no  longer  exhibit  the  properties  of  a  che- 
mical compound,  but  those  of  its  constituent  elements:  we 
should  thus  have  the  phenomenon  of  dissociation  or  decom- 
position. 

The  pressure  of  a  gas  in  any  direction  is,  according  to 
the  vortex-atom  theory  of  gases,  proportional  to  the  mean 
value  of  the  product  of  the  momentum  and  velocity  in  that 
direction,  just  as  in  the  ordinary  solid-particle  theory. 

Let  us  now  suppose  that  we  have  a  quantity  of  gas  in  an 
electric  field.  We  shall  suppose,  as  the  most  general  assump- 
tion that  we  can  make,  that  the  electric  field  consists  of  a  dis- 
tribution of  velocity  in  the  medium  whose  vortex-motion 
constitutes  the  atoms  of  the  gas;  the  disturbance  due  to  this 
distribution  of  velocity  will  cause  the  molecules  of  the  gas  to 
break  up  sooner  than  they  otherwise  would  do.  Thus  the 
ratio  of  the  paired  time  to  the  free  time  will  be  diminished. 
Now,  when  the  atoms  are  paired,  the  product  of  the  mo- 
mentum and  velocity  for  the  compound  molecule  is  greater 
than  the  sum  of  the  products  of  the  same  quantities  for  the 
constituent  atoms  when  free,  but  the  pressure  in  any  direc- 
tion is  proportional  to  the  mean  value  of  the  product  of  the 
momentum  and  velocity  in  that  direction.  Thus  each  atom 
will  contribute  more  to  the  pressure  when  it  is  paired  than 
when  it  is  free;  and  thus,  if  the  ratio  of  the  paired  to  the  free 
time  be  diminished,  the  pressure  will  be  diminished.  Now, 
according  to  any  conception  which  can  be  formed  of  the  dis- 
tribution in  the  medium  of  the  velocity  due  to  the  electric 
field,  the  variation  in  the  velocity  will  be  greater  along  the 


the  Eledric  Discharge  in  Gases.  429 

lines  of  force  than  at  right  angles  to  them;  and  thus  those 
molecules  which  are  moving  along  the  lines  of  force  will  be 
split  up  into  atoms  sooner  than  those  moving  at  right  angles 
to  them.  Thus  the  ratio  of  the  paired  to  the  free  time  will  be 
less  for  those  molecules  which  are  moving  along  the  lines  of 
force  than  for  those  moving  at  rioht  angles  to  them;  and 
therefore  the  pressure  will  be  less  along  the  lines  of  force  than 
at  right  angles  to  them.  Maxwell,  in  his  '  Treatise  on  Elec- 
tricity and  Magnetism,'  has  shown  that  a  distribution  of  stress 
of  this  character  will  account  for  the  mechanical  actions  between 
electrified  bodies. 

To  show  that  it  is  conceivable  that  this  cause  should  pro- 
duce effects  sufficiently  large  to  account  for  electrostatic 
attractions  and  n'pulsions,  it  may  be  useful  to  point  out  that 
the  electric  tension  along  the  lines  of  force  is  very  small  when 
compared  with  the  atmospheric  pressure;  for  air  at  the  atmo- 
spheric pressure  the  maximum  electric  tension  is  only  about 
2o'oo  ^^  ^^^  atmospheric  pressure.  The  theory  that  electro- 
static attractions  and  repulsions  are  due  to  stresses  in  the 
gaseous  dielectric  admits  of  an  experimental  test;  for  it  is 
evident  that,  according  to  this  theory,  the  tension  along  the 
lines  of  force  cannot  exceed  the  pressure  of  the  gas.  Thus,  if 
we  have  a  gas  sufficiently  rare  to  support  an  electric  field 
so  intense  that  the  pressure  of  the  gas  does  not  greatly  exceed 
the  electric  tension  along  the  lines  of  force  when  calcu- 
lated  by  the  ordinary  expression,  viz.  KH-  Svr  (where  K  is 
the  specific  inductive  capacity  of  the  gas,  and  H  the  electro- 
motive force),  then,  if  the  theory  of  stress  in  the  gas  be  correct, 
the  tension  along  the  lines  of  force  will  soon  reach  a  maximum 
value,  and  will  not  increase  with  an  increase  in  the  electro- 
motive force.  Thus  the  attraction  between  the  two  electrodes 
in  this  case  would  reach  a  maximum,  and  would  not  after- 
wards increase  with  an  increase  in  the  difference  of  potential 
between  them.  I  may  point  out  that,  for  this  to  happen,  the 
density  of  the  gas  would  have  to  be  much  less  than  the  density 
for  which  the  electric  strength  is  a  minimum,  which  the  re- 
searches of  Dr.  De  La  Rue  and  others  have  shown  to  be  at  a 
pressure  about  '6  millimetre.  For  down  to  this  pressure  the 
electric  force  necessary  to  produce  discharge  is,  speaking  very 
roughly,  proportional  to  the  pressure,  but  the  electric  tension 
is  proportional  to  the  square  of  the  electromotive  force.  Thus, 
down  to  the  pressure  of  minimum  strength,  the  ratio  of  the 
greatest  electric  tension  to  the  pressure  of  the  gas  diminishes 
with  the  pressure;  and  it  would  be  no  use  seeking  for  any 
effect  such  as  is  described  above,  except  at  pressures  very  much 
less  than  this.  Taking  the  formula  given  by  Dr.  Macfarlane 
in  the  Philosophical  Magazine  for  December  1880,  for  calcu- 
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lating  the  electromotive  force  necessary  to  produce  discharge 
from  the  pressure  when  this  is  less  than  that  giving  the  mini- 
mum electrical  strength,  \\z.  Y  =  'G7  /  \/p  (where  V  is  the  dif- 
ference of  potential  per  centimetre,  and  p  the  pressure  in 
millimetres  of  mercury),  I  find  that  at  a  pressure  of  about 
•0001  of  a  millimetre  of  mercury  the  electric  tension  just 
before  discharge  would  equal  the  pressure  of  the  gas;  so  that 
it  is  at  j)ressures  comparable  with  this  that  the  experiment 
ought  to  be  tried. 

Let  us  now  pass  on  to  the  case  where  the  intensity  of  the 
electric  field  is  so  great  that  the  dielectric  can  no  longer  insu- 
late, and  the  electricity  is  discharged. 

It  will  be  instructive  to  consider  for  a  moment  what  hap- 
pens when  a  compound  gas  is  raised  to  such  a  temperature 
that  it  is  dissociated,  or  an  elementary  one  until  its  molecules 
are  split  up  into  atoms.  If  the  gas  is  at  a  low  temperature, 
say  0°  C,  when  heat  is  first  applied,  so  far  as  we  can  tell  the 
whole  of  the  heat  is  employed  in  raising  the  temperature  and 
increasing  the  radiation,  and  no  heat  is  rendered  latent;  in 
other  words,  the  alteration  in  the  molecular  structure  of  the 
gas  absorbs  no  work.  This  state  of  things  continues  until  we 
approach  the  temperature  at  which  the  gas  begins  to  be  dis- 
sociated ;  then  a  large  fraction  of  the  heat  supplied  to  the  gas 
is  used  up  in  altering  the  molecular  structure,  and  only  a  part 
of  it  is  spent  in  raising  the  temperature  and  increasing  the 
radiation. 

If  we  look  on  this  from  the  point  of  view  of  chemical  com- 
bination which  we  took  before,  we  may  regard  it  as  showing 
that,  if  any  energy  be  supplied  to  the  gas  when  the  ratio  of  the 
paired  to  the  free  time  is  so  large  that  the  gas  exhibits  none 
of  the  phenomena  of  dissociation,  th^  consequent  diminu- 
tion in  the  ratio  of  the  paired  to  the  free  time  does  not 
absorb  any  of  the  energy;  but  if  the  ratio  of  the  paired  to  the 
free  time  be  so  small  that  the  gas  exhibits  some  of  the  phe- 
nomena of  dissociation,  then  a  diminution  in  the  ratio  of 
the  paired  to  the  free  time  will  absorb  a  considerable  amount 
of  energy.  The  same  statements  will  apply  to  an  elementary 
gas,  except  that  in  this  case  the  change  of  structure  consists 
in  splitting  the  molecules  up  into  atoms  of  the  same  kind, 
while  in  the  compound  gas  they  were  split  up  into  atoms  of 
different  kinds. 

Let  us  now  apply  these  considerations  to  the  case  of  the 
electric  discharge.  The  disturbance  to  which  the  gas  in  an 
electric  field  is  subjected  makes  the  molecules  break  up  sooner 
into  atoms  than  they  otherwise  would  do,  and  thus  diminishes 
the  ratio  of  the  paired  to  the  free  times  of  the  atoms  of  the 
gas;  as  the  intensity  of  the  electric  field  increases,  the  dis- 
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turbance  in  some  places  may  become  so  yiolent  that  in  these 
regions  the  ratio  of  the  paired  to  the  free  times  approaches 
the  value  it  has  when  the  gas  is  about  to  be  dissociated. 
At  this  point  any  diminution  of  this  ratio  consequent  upon 
an  increase  in  the  intensity  of  the  field  will  absorb  a  large 
amount  of  energy^  this  energy  must  come  from  the  electric 
field;  and  we  should  thus  get  the  phenomenon  of  the  electric 
discharge.  The  disturbance  to  which  the  gas  is  subjected 
might  very  well  account  for  the  luminosity  of  the  discharge; 
whilst  the  heat  produced  by  the  recombination  of  the  disso- 
ciated gas,  which  would  occur  as  soon  as  the  disturbance  due 
to  the  electric  field  was  withdrawn,  would  account  for  the  heat 
produced  by  the  discharge.  Only  a  very  small  amount  of  gas 
would  have  to  be  decomposed  in  order  to  absorb  the  electrical 
energy  of  the  field.  Taking  the  values  of  the  electric  force 
necessary  to  produce  discharge  given  by  Dr.  A.  Macfarlane 
(Phil.  Mag.  Dec.  1880),  w-e  find  that  if  the  dielectric  be 
hydrochloric-acid  gas  and  the  gaseous  layer  be  a  centimetre 
thick  or  more,  the  electric  energy  per  cubic  centimetre  will  be 
less  than  1000  in  C.G.S.  units;  while  the  amount  of  energy 
necessary  to  decompose  1  cub.  centim.  of  hydrochloric-acid 
gas  is  more  than  4  x  10^  in  the  same  units.  Thus  only  about 
one  four-millionth  part  of  the  gas  would  have  to  be  decom- 
posed in  order  to  exhaust  the  energy  of  the  electric  field.  This 
quantity,  though  so  small,  is  yet  probably  much  larger  than 
would  in  reality  be  required,  as  the  work  which  absorbs  the 
energy  of  the  electric  field  is  the  splitting- up  of  the  molecules 
of  the  hydrochloric-acid  gas  into  hydrogen  and  chlorine 
atoms.  These  atoms  will  combine  with  each  other  to  form 
molecules  of  hydrogen  and  chlorine  respectively,  and  will  give 
out  heat  in  so  doing,  which  will  heat  the  gas,  but  will  not 
restore  the  electric  energy.  Now  the  heat  of  combination  of 
hydrogen  and  chlorine  when  they  form  hydrochloric  acid  is 
not  the  same  as  the  heat  required  to  split  up  hydrochloric  acid 
into  atoms  of  hydrogen  and  chlorine,  but  is  equal  to  the  latter 
quantity  minus  the  heat  given  out  when  the  atoms  of  hydro- 
gen and  chlorine  combine  to  form  molecules  of  hydrogen  and 
chlorine  respectively.  The  determinations  by  Prof.  E.  Wiede- 
mann of  the  heat  given  out  when  hydrooen  atoms  combine  to 
form  molecules,  and  by  Prof.  Thomsen  of  the  same  quantity 
for  carbon  atoms,  seem  to  show  that  these  quantities  are  greater 
than  the  heat  given  out  in  ordinary  chemical  reactions,  and 
thus  that  these  latter  quantities  are  the  dift'erences  of  quanti- 
ties each  much  greater  than  themselves.  Thus  to  decompose 
hydrochloric  acid  into  hydrogen  and  chlorine  would  require 
much  more  energy  than  the  mechanical  equivalent  of  the  heat 
of  combination  of  hydrogen  and  chlorine. 
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This  view  of  the  electric  discharfre  indicates  a  relation 
between  the  electric  stren^^th  of  a  gas  and  its  chemical  pro- 
perties; for  in  order  to  make  the  s})ark  pass  througli  an  ele- 
mentary gas  we  have  to  decompose  the  molecules  into  atoms: 
thus  the  stronger  the  connexion  between  the  atoms  in  the 
molecnle,  the  greater  the  electric  strength.  Thus,  for  example, 
Ave  should  expect  that  the  atoms  of  nitrogen  are  much  more 
fii'mly  connected  together  in  the  molecule  than  the  atoms 
of  hvdrogen,  as  the  electric  strencrth  of  nitroofen  is  much 
greater  than  that  of  hydrogen.  Unfortunately'  we  seem  to 
know  very  little  about  the  strength  of  connexion  between  the 
atoms  in  the  molecule;  it  would,  however,  be  interesting  to 
try  whether  a  gas  whose  molecules,  like  those  of  iodine  vapour, 
are  easily  dissociated  into  atoms  would  be  electrically  weak. 
In  many  cases,  of  course,  the  decomposition  of  the  gas  on  the 
passage  of  the  spark  is  verj-  evident;  a  common  way  of  decom- 
posing a  gas  being  to  pass  sparks  through  it.  We  might, 
however,  have  chemical  decomposition  without  being  able  to 
detect  the  products  of  it ;  for  these  might  recombine  as  soon 
as  the  disturbance  produced  by  the  electric  field  was  removed. 
In  the  case  of  an  elementary  gas,  the  splitting-up  of  the  mo- 
lecules into  atoms  will  effect  the  same  purpose  as  the  decom- 
position of  the  compound  gas — i.  e.  the  exhaustion  of  the 
electric  field.  Thus,  according  to  the  view  we  are  now  dis- 
cussing,  chemical  decomposition  is  not  to  be  considered  merely 
as  an  accidental  attendant  on  the  electrical  discharge,  but  as 
an  essential  feature  of  the  discharge,  without  which  it  could 
not  occur. 

Let  us  now  consider  what  effect  rarefying  the  gas  would 
have  upon  its  electrical  strength.  In  a  I'are  gas  the  mean 
distance  between  the  molecules  is  greater  than  in  a  dense  one; 
and  if  the  temperature  be  the  same  in  both  cases,  and  conse- 
quentlj^  the  mean  velocity  of  the  molecules  the  same,  the  ratio 
of  the  free  to  the  paired  time  will  be  greater  for  the  rare  than 
for  the  dense  gas;  for  the  free  atoms  will,  on  an  average,  be 
longer  in  meeting  with  fresh  partners.  Thus  the  rare  gas  will 
be  nearer  the  state  in  which  it  begins  to  sufier  dissociation 
than  the  dense  gas,  and  thus  it  will  not  require  to  be  disturbed 
so  violently  as  the  dense  gas  in  order  to  increase  the  ratio  of 
the  free  to  the  paii-ed  time  to  its  dissociation  value ;  and  thus 
the  intensity  of  the  field  necessary  to  produce  discharge 
would  be  less  for  the  rare  gas  than  for  the  denser  one: 
in  other  words,  the  electric  strength  would  diminish  with  the 
density;  and  this  we  know  is  the  case.  It  is  now  genei-aiiy 
admitted  that  rare  gases  are  more  easily  dissociated  than 
denser  ones.  In  fact  Sir  C.  W.  Siemens  takes  this  as  the  basis 
of  his  theory  of  the  Conservation  of  Solar  Radiation,  as  he 
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supposes  that  the  rays  of  the  sun  are  able  to  dissociate  the 
compound  gases,  chiefly  hydrocarbons,  which  in  a  very  rare 
state  he  supposes  distributed  throuohout  the  universe;  while, 
when  these  gases  exist  at  pressures  comparable  with  that  of 
the  atmosphere,  they  are  able  to  transmit  tlie  sun\s  rays  with- 
out suffering  dissociation.  These  considerations  would  seem 
at  first  sight  to  indicate  that  the  electric  strength  of  gases 
would  continually  decrease  with  the  density  ;  whereas  we 
know  that  it  only  does  so  to  a  certain  point,  and  that  after- 
wards the  electric  strength  increases  as  the  density  decreases. 

We  have  in  the  above  reasoning,  however,  supposed  that 
whenever  we  got  chemical  decomj)osition  at  all  we  had  alwavs 
sufficient  energy  absorljed  to  exhaust  the  electric  field.  In 
consequence  of  the  great  absorption  of  energy  in  chemical 
decomposition,  this  is  legitimate,  unless  the  gas  be  very  rare  ; 
but  for  a  very  rare  gas  it  will  be  necessary  to  decompose  a 
larger  proportion  of  the  molecules  of  the  gas,  and  it  will 
require  a  more  intense  electric  field  to  do  this.  If  the  gas 
were  very  rare,  it  might  bo  that  the  energy  required  to  decom- 
pose all  the  gas  was  not  sufhcient  to  exhaust  the  energy  of  the 
electric  field.  In  this  case  all  the  electricity  could  not  be  dis- 
charged at  once;  while  in  an  absolute  vacuum  there  would  be 
no  chemical  decomposition  to  lessen  the  energy  of  the  electric 
field,  and  there  would  be  no  electrical  discharge  at  all.  Thus 
there  are  two  causes  at  work  which  produce  opposite  effects 
on  the  electric  strength  as  we  rarefy  a  gas.  The  first  is  that 
the  gas  is  more  easily  dissociated  as  we  rarefy  it ;  this  dimi- 
nishes the  electric  strength  of  the  gas.  The  second  is  that,  as 
there  are  fewer  molecules,  a  larger  proportion  of  them  must 
be  decomposed  in  order  to  exhaust  the  same  amount  of  energy, 
and  it  will  require  a  more  intense  electric  field  to  separate  the 
larger  proportion ;  tliis  will  tend  to  increase  the  electric 
strength  of  a  gas  as  we  rarefy  it.  The  second  of  these  consi- 
derations is  not  important  at  pressures  comparable  with  that 
of  the  atmosphere,  as  in  this  case  the  percentage  of  the  gas 
which  has  to  be  dissociated  in  order  to  exhaust  the  energy  of 
the  electric  field  is  extremely  small;  so  that,  starting  from  the 
atmospheric  pressure,  we  should  expect  the  gas  to  get  electri- 
cally weaker  as  it  gets  rarer.  With  very  rare  gases,  on  the 
other  hand,  the  second  consideration,  as  the  extreme  case  of  a 
perfect  vacuum  shows,  is  the  more  important;  and  thus  with 
very  rare  gases  the  electric  strength  should  increase  as  the 
gas  gets  rarer.  Both  of  these  results  agree  with  the  results 
of  experience. 

It  may  be  worth  while  to  point  out  that,  according  to  the 
view  taken  in  this  paper,  a  perfect  vacuum  possesses  infinite 
electric  strength  ;  and  thus  it  is  in  opposition  to  the  theories 
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put  fonvard  by  Prof.  Edlund  and  Dr.  Grold  stein,  in  both  of 
which  a  vacuum  is  regarded  as  a  perfect  conductor. 

In  a  future  paper  I  hope  to  explain  other  phenomena  of  the 
electric  discharge  by  means  of  this  theory,  and  also  to  apply 
it  to  the  case  of  conduction  through  metals. 

LXV.  A  new  Form  of  Horse-power  Indicator. 
Bij  Feedeeick  JoHJsr  Smith,  B.A* 

N  transmission-d}-uamometers  and  other  instruments  used 
to  measure,  say,  engine-power,  it  is  very  convenient  (in 
addition  to  taking  the  final  result  by  an  integrating  apparatus, 
such  as  that  shown  at  page  87,  Phil.  Mag.  Feb.  1883,  by  the 
author  of  these  lines)  to  be  able  to  see  on  a  dial  at  a  glance 
without  any  calculation  the  rate  at  which  at  any  instant  energy 
in  foot-pounds  is  being  transmitted.  In  the  communication 
just  cited  it  was  shown  how  the  velocity  at  any  instant  could 
be  determined.  Now,  supposing  that  the  velocity  could  be 
kept  uniform,  then  the  tension  of  the  belt,  as  shown  by  the 
dynamometer  spring,  would  only  have  to  be  read  and  multi- 
plied by  the  velocity  of  the  belt  in  feet  per  second;  and  thus 
after  a  trial  lasting,  it  might  be,  for  two  minutes  the  horse- 
power could  be  determined.  The  object  of  the  instrument 
now  to  be  described  is  to  do  away  with  making  different  obser- 
vations and  calculations,  and  to  enable  the  observer  to  see  at 
a  glance  the  rate  at  which  horse-power  is  being  transmitted  at 
any  instant.  The  instrument  in  its  most  simple  form  is  shown 
at  fig.  1,  where  K  P  is  a  square  dial  divided  into  little  squares 
(not  shown);  in  each  little  square  the  product  of  the  numbers 
at  the  top  and  side  appear.  A  B  C  D  and  E  F  G  H  are  two 
frames  carrying  the  wires  AD  and  HE.  KL  is  the  line  of 
velocities;  K  M  the  line  of  tensions.  Now,  by  means  of  a  cen- 
trifugal speed-indicator,  such  as  that  of  Young,  and  the  intro- 
duction of  certain  mechanism,  the  wire  H  E  is  caused,  by  its 
movement  across  the  dial,  to  indicate  the  velocity,  in  feet  per 
second,  at  any  instant;  at  the  same  time  A  D  indicates  the 
tension  of  the  belt  trausmiting  the  energy,  in  pounds;  and  at 
the  point  of  intersection  of  the  two  wires  we  find  these  two 
quantities  multiplied  together;  and  thus  at  a  glance  we  can 
see  what  is  going  on  in  the  dynamometer.  E.  g.  suppose  the 
wire  H  E  cuts  ^50,  it  then  indicates  the  rate  of  80  feet  per 
second;  if  at  the  same  moment  A  D  cuts  40,  it  shows  that  the 
tension  of  the  belt  is  40  pounds;  if,  then,  we  look  at  the  point 
of  intersection  of  the  two  wires,  we  find  3200,  i.  e.  the  rate  of 
3200  foot-pounds  per  second  at  the  instant  when  the  observa- 
tion was  made.  Fig.  2  shows  another  form  of  the  same 
*  Communicated  by  tlie  Author. 
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instrument;  in  it  we  have  the  dial  in  a  cylindrical  shape.  This 

cylindrical  dial  is  mounted  on  a  speed-indicator  N;  and  the 

Flo-.  1.  Fig.  2. 
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pointer  M  is  controlled  by  the  tension  spring-rod  P  Q;  and 
thus  M  points  directly  to  the  figures  indicating  the  rate 
at  which  energy,  in  foot-pounds  per  second,  is  being  trans- 
mitted. In  order  that  the  speed-indicators  may  be  calibrated 
with  great  accuracy,  they  are  attached  to  wheelwork  driven  by 
a  water-wheel  of  large  power  in  comparison  with  that  required 
to  drive  the  indicator  ;  if  the  water-wheel  be  well  balanced 
and  fed  by  a  constant  head,  very  good  results  can  be  obtained. 
The  velocity  of  the  water-wheel  is  measured  by  means  of  a 
counter  read  after  short  periods  of  time. 
Taunton,  May  18,  1883. 

LXVI.    On  Polarizing  Prisms. 
To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 
Gentlemen, 

IN  the  very  able  paper  of  Mr.  R.  T.  Glazebrook,  F.E.S., 
which  appears  in  your  May  issue,  a  polarizing  prism  is 
described  which,  according  to  the  description,  "  differs  from 
the  one  described  by  Professor  S.  P.  Thompson  (Phil.  Mag. 
Nov.  1881)  only  in  the  fact  that  its  ends  are  normal  to  its 
length  instead  of  being  inclined  obliquely  to  it." 

I  was  not  aware  that  in  my  paper  "  On  a  New  Polarizing 
Prism,"  which  you  did  me  the  honour  to  print  in  the  Philo- 
sophical Magazine  for  November  1881,  I  had  anywhere 
limited  myself  to  any  one  special  angle  for  terminal  faces  to 
the  prism.     I  did  discuss  in  general  terms  what  the  result 
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would  be  if  the  tenninal  planes  were  i?iclined  at  angles  the 
same  as  those  of  a  Nieol  prism,  or  if  more  oblique.  And,  as  a 
matter  of  fact,  I  have  had  prisms  constructed  with  faces  both 
more  oblique  and  less  olilicjue  than  those  of  the  ordinary  Nicol, 
and  some  also  with  end-faces  normal  to  the  axis  as  in  the  flat- 
ended  Nicol  prisms.  My  suggestion,  of  which  the  main  point 
was  the  orientation  of  the  reflecting  fllm  in  a  principal  plane 
of  section  of  the  crystal,  included  the  particular  case  which 
has  claimed  Mr.  Glazebrook's  attention.  And  in  the  conclu- 
ding paragraph  of  my  paper  of  1881  I  claimed,  for  the  con- 
struction which  1  suggested,  one  of  the  two  further  advantages 
which  Mr.  Glazebrook  has  so  skilfully  worked  out,  viz.  "  the 
advantage  of  producing  a  field  in  which  the  rectilinear  polari- 
zation approximates  more  uniformly  and  symmetrically  to  a 
polarization  in  one  plane  than  is  the  case  in  the  ordinary 
Nicol,"  As  this  was  a  point  to  which  Mr.  Glazebrook  took 
exception  on  the  occasion  when  my  paper  was  read  to  the 
British  Association,  I  am  the  more  gratified  to  find  his  ele- 
gant analytical  demonstration  of  this  very  feature. 

I  ha\e  only  to  add  tliat,  thanks  to  a  small  grant  from  the 
Wollaston  fund  of  the  lloyal  Society,  I  have  been  able  to  pro- 
secute some  further  investigations  on  polarizing  prisms,  which 
will,  I  trust,  be  shortly  ready  for  publication. 
I  am,  Gentlemen, 

University  College,  Bristol,        Your  obedient  servant, 

May  19,  1883.  SlLV.lJS^US  P.  THOMPSON. 

LXVII.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 
[Continued  fi-om  p.  368.] 
April  25, 1883.    J.  W.  Hulke,  Esq.,  F.E.S.,  President,  iu  the  Chair. 
^PHE  following  communications  were  read: — 
J-      1.  "  OnthoSkuU  of  JJegahsaurus."     By  Prof.  R.  Owen,  C.B., 
F.II.S.,  F.G.S. 

2.  "  Notes  on  the  Eag.shot Sands."  ByH.  W.Moncktou,Esq.,F.G.S. 

The  aiithor  explained  that  his  paper  related  to  the  series  of 
Bao'shot  Sands  on  and  around  Bagshot  Heath,  which  forms  what  is 
termed  "  the  main  mass  "  of  the  13agshot  beds  iu  the  memoirs  of  the 
Geological  Survey. 

The  railway-cutting  at  Goldsworthy  Hill,  described  in  1847  by 
Prof.  Prestwich,  is  still  the  best  type  section  of  the  Middle  Bagshot 
Sands ;  and  the  succession  of  strata  seen  there  was  illustrated  by 
reference  to  newer  sections  near  Ascot  and  Wellington  CoUege.  It 
was  pointed  out  that  the  most  marked  feature  in  this  i)art  of  the 
series  is  very  pure  greensand,  containing  casts  of  shells  of  Bracklcs- 
ham  species,  that  a  pebble-bed  is  found  at  nearly  the  same  relative 
level  over  a  large  area,  and  that   this  pebble-bed  forms  the  most 


Intelligence  and  Miscellaneous  Articles.  437 

convenient  and  natural  line  of  division  between  the  Upper  and 
Middle  Bagshot. 

The  Upper  Bagshot  Sands  were  then  described,  and  attention  was 
drawn  to  the  abundance  of  fossils  in  some  of  the  higher  beds. 

The  author  then  referred  to  the  correlation  of  the  Bagshot  beds 
with  the  Hampshire  series,  and  stated  his  conclusion  that  the  Middle 
Bagshot  beds  are  of  Middle  Bracklesham  age,  whilst  the  Upper 
Bagshjt  Sands  are  nearly  equivalent  to  the  Lower  Barton  of  Hamp- 
shire, and  are  in  no  way  equivalent  to  the  so-called  Upper  Bagshot 
Sands  of  Long  Mead  End. 

3.  "Additional  Xote  on  Boulders  of  Hornblende  Picrite  near  the 
western  coast  of  Anglesey."'  Bv  Prof.  T.  G.  Bonnev,  M.A.,  F.R.S., 
Sec.  G.S. 

In  the  37th  volume  of  the  '  Qnai'terly  Journal '  the  author  de- 
scribed a  large  boulder  of  Hornblende  picrite  which  he  had  dis- 
covered near  Pen-y-carnisiog.  During  an  excursion  last  summer  to 
Porth-nobla  he  had  found  in  that  neighbourhood  at  least  eight 
more.  The  rock  then  clearly  was  not  very  rare  in  this  part  of 
Anglesey.  These  exhibited  some  varietal  differences.  The  author 
gave  some  details  of  their  microscopic  structure,  and  an  analysis  of 
one  identical  with  the  Pen-y-carnisiog  rock,  kindly  made  for  him  by 
Mr.  J.  A.  Phillips,  F.R.S.,  from  which  it  appeared  that  this  British 
picrite  corresponds  fairly  well  with  the  picrite  of  Schricsheim  in  the 
Odenwald,  to  which  in  other  respects  it  bears  so  close  a  resemblance. 
Mr.  J.  J.  H.  Teall  recently  called  the  author's  attention  to  a  rock 
which  he  had  collected  on  Little  Knott,  east  of  Bassenthwaite,  which 
appeared  to  him  to  resemble  the  description  of  the  Anglesey  picrite. 
The  author  had  examined  a  series  of  specimens  from  that  locality, 
and  found  that  macroscopically  and  microscopically  there  was  a 
marked  resemblance,  while  the  percentages  of  silica  and  magnesia 
were  not  very  different.  He  thought,  then,  it  was  very  probable 
that  the  Anglesey  boulders  came  from  the  Little-Knott  district. 

LXVIII.  Intelligence  and  Miscellaneous  Articles. 

MICA  FILMS  FOR  POLARIZING-PURPOSES. 
To  tJie  Editors  of  the  Phihsojyhical  Magazine  and  Journal. 

TT  may  be  worth  while  to  mention,  in  connexion  with  Mr. 
-'-  Wright's  paper  on  Crystalline  Films  published  in  the  Philoso- 
phical Magazine  for  this  month,  that  very  good,  clear,  uniform 
mica  films  may  be  found  among  the  thin  sheets  of  mica  used  by 
photographers  for  protecting  prints,  and  sold  under  the  name  of 
•'  crystal  medium." 

The  very  best  and  clearest  mica  (chiefly,  I  believe,  from  Italy 
and  America)  is  sought  for  by  those  who  prepare  these  sheets  ;  and 
the  accuracy  and  uniformity  of  the  splitting  is  very  great. 

Out  of  a  dozen  films,  10  x  6  centim.  (carte-de-visite  size),  I  have 
found  at  least  four  which  are  approximately  |-wave  films,  uniform 
in  thickness  throughout ;  and  most  of  the  others  were  so  even  and 
clear  that  they  were  worth  the  trouble  of  splitting  into  thinner  ones. 

Phil.  Mag.  S.  5.  Vol.  15.  No.  96.  June  1883.  2  I 
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For  splitting  the  films  I  kuow  of  no  better  plan  than  the  old 
device  foi*  splitting  a  sheet  of  paper  in  two,  viz.  to  glue  the  mica 
between  two  pieces  of  fine  cambric  and  (when  they  are  dry)  tear  them 
asunder ;  a  film  remains  attached  to  each,  and  can  be  separated  by 
immersing  the  whole  in  hot  water. 

It  is  easy  in  this  way  to  get  films  so  thin  that  they  only  give  two 
"  Talbot's  bands  "  between  the  Frauuhofer  lines  D  and  F,  when 
the  light  reflected  from  them  at  an  angle  of  45°  is  examined  in  the 
spectroscope ;  and  I  have  obtained  many  (but  not  very  large)  films 
thinner  than  this,  showing  brilliant  colours  of  Newton's  first  order. 
Such  films  are,  of  course,  very  fragile ;  but  they  can  with  care  be 
floated  upon  a  glass  plate  immersed  in  the  water,  and  then  lifted 
out  and  dried.  H.  G.  Madan. 

Eton  College,  May  15, 1883. 

TO  CUT  A  MILLIMETRE-SCEEW.      BY  CHARLES  K.  WEAD. 

To  the  Editors  of  tlie  FJiilosojjJiical  Magazine  and  Journal. 
Gentlemen, 

The  simple  method  that  Mr.  Bosanquet  has  used  in  his  "  Ar- 
rangement for  dividing  Inch-  and  Metre-Scales,"  described  in  the 
March  number  of  this  Magazine,  seems  to  me  of  so  much  value 
that  I  send  you  a  brief  description  (communicated  to  _^Silliman's 
Journal,  March  1882)  of  another  application  of  the  same  prjnciple, 
i.  e.  of  the  use  of  a  wheel  of  127  teeth  or  divisions. 

In  this  connexion  two  points  may  be  worthy  of  record  here : — 
First,  that  Rogers's  measurements,  reported  at  the  Montreal  Meeting 
of  the  American  Association,  and  confirmed  in  a  general  way  by 
E.  S.  Pierce,  make  the  metre  =  39*37015  inches;  this  is  longer 

than  what  I  have  called  the  "mechanical"  metre  (=^ — ^t^  inches  ) 
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by  only  1  part  in  560,000.  Secondly,  the  absolute  error  of  some 
fine  screws  is  many  hundred  times  this  theoretical  error :  the 
screw  of  my  dividiiig-engine  is  too  short  by  1  part  in  700 ;  of  a 
screw  from  Perreaux  at  Johns  Hopkins  University,  Eowland  states 
that  the  "thread  is  |  millim.,  and  the  head  has  250  divisions  ;  501 
divisions  give  1  millim.  almost  exactly."  The  screw  of  the  engine 
on  which  Rutherford's  well-known  gratings  were  cut  furnishes 
17,296  lines  to  the  inch  instead  of  17,280  (=48x360):  so  the  error 
here  is  about  1  part  in  1100.  In  all  these  cases,  and  in  some  others 
that  I  have  noticed,  the  screw  is  too  fine.  From  the  details  given 
about  the  Rutherford  screw  in  the  article  "  Spectrum "  in  '  The 
American  Cyclopedia,'  it  would  seem  that  the  shortening  here  was 
due  to  the  hardening  of  the  taps  and  dies  used  in  making  the  screw. 
In  the  mechanical  journals  methods  have  been  described  for  giving 
to  a  lathe  feed-screw  a  slow  lojigitudinal  motion  to  correct  for  any 
error  of  pitch  ;  but  such  methods  could  hardly  prove  useful  on  phy- 
sical apparatus.  I  am,  3^ours  respectfully, 

Ann  Arbor,  Mich.,  C.  K.  AVead. 

April  14,  1883.       

The  increasing  attention  paid  to  the  metric  system  renders  it 
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more  and  more  desirable  to  put  the  relations  between  this  and  the 
English  system  of  weights  and  measures  in  as  simple  a  light  as 
possible.  If  a  screw  is  to  be  cut  on  an  ordinary  lathe  with  its 
pitch  a  convenient  number  of  teeth  to  the  millimetre,  centimetre, 
or  metre,  the  change-wheels  are  not  adapted  to  the  purpose.  The 
only  reference  I  have  ever  found  to  the  subject  is  in  Chambers's 
'  Encyclopedia/  article  "  Wheelwork,"  where  the  problem  is  given 
to  compute  the  gears  needed  to  cut  a  screw  of  200  threads  to 
1  metre  on  a  lathe  whose  feed-screw  has  4  threads  to  the  inch.  By 
continued  fractions  the  number  of  teeth,  beginning  with  the  spindle, 
is  found  to  be  50,  48,  89,  73;  L  e.,  if  a;= number  of  threads  to 

50  X  89 
1  inch,  x=  ^g^^  X  4=5-08,  or  in  1  metre  are  5-08  x  39-37  =  200 

threads.     This  requires  two  gears  with  a  prime  number  of  teeth. 

A  simpler  method  than  this  I  suggested  four  years  ago  to  Messrs. 
Buff  and  Berger,  of  Boston ;  and  by  it  they  cut  me  some  very  satis- 
factory screws  with  1  thread  to  the  millimetre,  using  their  new 
lathe  with  two  dead  centres.  As  it  was  new  to  them  and  to  all  my 
friends  familiar  with  mechanical  work  to  whom  I  have  spoken  of 
it,  I  venture  to  publish  it,  though  it  seems  too  simple  to  have 
escaped  previous  notice. 

The  method  is  based  on  the  fact  that  1  inch  equals  very  nearly 
25-4  millimetres  ;  it  would  equal  it  exactly 

If  1  metre  equalled  .  39-37008  inches. 
Clarke's  value  equals  39-37043     „ 
Kater's       „         „       39-37079     „ 

This  "mechanical"  metre  differs  from  the  best  determination 
yet  made  (Clarke's)  by  no  more  than  that  differs  from  the  next  best 
one,  viz.  one  110,000th  part,  though  in  the  opposite  direction.  The 
form  in  which  the  direction  was  given  to  Buff  and  Berger  was  : — 
"  Gear  the  lathe  so  as  to  cut  a  screw  with  20  threads  to  the  inch 
with  a  gear  of  100  teeth  on  the  feed-screw ;  replace  the  100  by 

/      254\ 
127  [  =  -^ ),  and  the  pitch  will  be  1  millimetre,  the  theoretical 

error  being  much  less  than  the  mechanical  error  of  cutting.     Thus, 

127 
on  the  lathe  above  referred  to,  x=  ——  x  4  =  25-4  to  the  inch,  or 

127 
1  to  the  millimetre  ;  again,  i*;=——  x4  -^25-4=i,  ^.  e.  1  thread 

to  5  millimetres. 

On  small  lathes  it  may  often  be  necessary  to  put  the  127  gear  on 
the  arm  (because  the  screw  and  spindle  are  too  near  together),  and 
perhaps  to  get  a  longer  arm  than  usual ;  but  neither  this  nor  the 
calculation  for  any  whole  number  of  threads  to  the  millimetre, 
centimetre,  or  decimetre  will  present  any  great  difficulty  to  any 
one  familiar  with  the  principle. 

Physical  Laboratory,  University  of  Michigan, 
December  15,  1881,' 
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ON  THE  CONDENSATION  OF  FLXTIDS  ON  SOLID  BODIES. 
BY  EILHARD  WIEDEMANN. 

Wilhelmy*,  from  experiments  on  capillarity,  concluded  that 
upon  glass  surfaces  which  clip  into  water  the  latter  is  condensed 
in  large  quantity.  Later  experiments,  however,  by  Rontgenf, 
Schleiermacher  J,  and  Yolkmanu§,  who  ascertained  the  specific 
graA'ity  of  the  same  body  first  in  whole  pieces  and  then  in  a  state 
of  fine  division,  showed  that  the  weight  of  the  condensed  layer  is 
extremely  slight,  and  not  determinable.  The  latter  result  is  also  in 
perfect  accordance  with  what  the  newer  investigations  of  Van  der 
Waals  li  on  the  magnitude  of  the  molecular  forces  have  taught  us, 
as  I  intend,  in  what  follows,  to  show. 

The  condensation  of  the  liquid  upon  the  side  is  owing  to  this — 
that  the  forces  emanating  from  the  side,  and  rapidly  diminishing 
with  the  distance  from  it,  compress  the  fluid  within  a  layer  the 
thicl^uess  a  of  which  is  equal  to  the  sphere  of  action  of  the  mole- 
cular forces.  We  can  conceive  the  layer  in  question  resolved  into 
thinner  ones,  each  of  the  thickness  dx,  within  which  the  moleculiir 
force  K  can  be  regarded  as  constant.  If  we  further  assume  that 
the  coefficient  «  of  compressibility  is  independent  of  the  pressure, 
if  s  is  the  specific  gravity  of  the  fluid,  upon  the  unit  of  surface 
a  quantity  ro 

c?=  j   Kusctv 
is  condensed.  •-« 

If  we  put  the  force  k  exerted  by  the  side  upon  the  fluid 
equal  to  the  pull  K  exerted  by  a  fluid,  in  consequence  of  the  mole- 
cular forces,  upon  its  superficial  parts,  we  assume  a  force  at  any 
rate  of  the  same  order  of  magnitude  as  that  which  acts  between 
the  fluid  and  the  side  at  the  surface  of  contact.  But  if  in  the 
above  ex])ression  we  substitute  K  for  k,  we  obtain  much  too  high 
a  value  for  the  amount  d  condensed,  since  k  diminishes  very  quickly 
with  increasing  distance  from  the  wall.      Consequently  we  have 

cZ<KoSrt. 
For  water,  K=10000  atmospheres,  a=about  5  x  10-^,  and,  accord- 
ing  to    Quinckell,    rt  =  0-0000005   centim. ;  so  that  (^<10000x 
0-00005  .  O-OOOOOOog.  =25  x  lO-^g.     Accordingly  even  Khsa,  and 
therefore  more  certainly  d,  is  a  completely  inappreciable  quantity. 

Volkmanu's**  value  for  the  thickness  of  the  bounding  layer,  on 
the  assumption  of  which  the  laws  of  the  heights  to  which  fluids 
ascend  in  capillary  tubes  and  on  solid  plane  sides  are  valid,  cannot 
be  applied  to  these  reasonings,  because  the  real  existence  of  so  thick 
a  boundary  layer  difi^erent  in  constitution  from  that  of  the  free 
fluid  has  not  actually  been  verified. — Wiedemann's  ^nnaZ<?n,  vol.  xvii. 
pp.  988-990  (1882). 

*  Po°-g.  Ann.  cxix.  p.  117  (1863),  cxxii.  p.  1  (18G4). 
t  Wied.  Ann.  iii.  p.  321  (1878). 
X  Wied.  Ann.  viii.  p.  52  (1H79). 
§  Wied.  A7in.  xi.  p.  182  (1880). 

II  '  The  Continuity  of  the  Gaseous  and  Liquid  States,'  German  trans- 
lation by  F.  lioth. 

ll  Voc^s.  Ann.  cxxxvii.  p.  402  (1869). 

•*   Wied.  Ann.  xi.  p.  117  (1880).  \ 
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Wr  Wr 
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I.    On  the  Constant  of  Dielectricity  and  tlie  Double  Refraction 
of  Insulating  Fluids.     By  G.  Quincke*. 

ACCORDING  to  the  views  of  Faradayj,  we  must  assume 
that  in  every  point  of  an  insulating  fluid  which  is  elec- 
trified like  the  glass  of  a  Leyden  jar  there  is  a  pulling  force 
in  the  direction  of  the  lines  of  force,  and  a  pushing  force  per- 
pendicular to  those  lines.  According  to  Maxwell^,  these 
pushing  forces  are  given  by  the  equation 

if  P  denotes  the  difference  of  electric  potentials,  a  the  dis- 
tance between  the  plane  metallic  faces,  or  electrodes,  between 
vfhich  the  fluid  is  situated.  Ki  would  have  for  the  forces 
parallel  and  perpendicular  to  the  lines  of  electric  force  the 
same  value  and  would  be  equal  to  the  dielectricity-constant  K, 
or  the  number  which  represents  the  increase  of  the  capacity 
of  a  condenser  when  the  plates  are  separated  from  one  another 
by  another  insulating  substance  instead  of  air.  >  According  to 
the  most  recent  theoretic  investigations  by  Helmholtz§,  the 
ratio  between  the  amounts  of  the  pressures  and  tensions  per- 

*   TraDslated  from  tlie   Sitzungsherichte  der  Km.  Preuss,  Akad.  der 
Wissensch.  Berlin,  18b3,  Apiil  5,  pp.  413-420. 
t  Experimeutal  Researches,  §§  1224  &  1297. 
X  Electricity  aud  Magnetism,  i.  §§  111  &  124. 
§  Berlin  Monatshei:  xvii.  2,  188L 

Phil.  Mag.  S.  5.  VoL  16.  No.  97.  July  18«3.  B 
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pendicular  and  parallel  to  the  lines  of  electric  force  may  vary 
according  to  the  nature  of  the  insulating  substance. 

I  have  measured,  for  a  series  of  insulating  fluids,  the  value 
of  K  and  K^  for  the  pulling  and  pushing  forces  parallel  and 
perpendicular  to  the  lines  of  electric  force.  I  will  denote  Kj 
by  K^;  or  Kj,  according  to  whether  the  action  of  the  forces  is 
parallel  or  perpendicular  to  the  lines  of  electric  force. 

I  employed  in  those  measurements  an  electric  balance  with 
plane  horizontal  condenser-plates  of  nickel-coated  brass  8*530 
centim.  in  diameter  and  distant  0*1597  centim.,  which  stood 
in  a  larger  glass  vessel  filled  with  air  or  the  insulating  fluid. 
The  lower  condenser-plate  was  connected  with  the  inner  coat- 
ing of  a  large  Leyden  battery  of  eight  flint-glass  jars,  the  outer 
coating  of  which,  as  well  as  the  upper  plate  of  the  condenser, 
was  conducted  to  earth. 

The  plates  of  the  condenser  and  the  coatings  of  the  battery 
were  charged  by  a  Holtz  machine,  and  were  maintained  at  a 
constant  difference  of  potentials.  The  latter  could  be  con- 
trolled by  a  reflecting  electrometer  described  by  M.  Righi*, 
or  measured  by  a  screw-electrometer  (long-range  electrometer) 
of  Sir  William  Thomsonf.    ■ 

A  comparison  of  the  indications  of  the  screw-electrometer 
with  the  measurements  in  an  electric  balance  in  air,  with  con- 
denser-plates of  85  millim.  diameter  and  at  from  1  to  2  millim. 
distance,  showed  that  to  one  turn  of  the  screw  of  the  electro- 
meter (of  which  0*001  revolution  could  be  determined  by 
estimation)  corresponded  an  alteration  of  the  electric  potential 
amounting  to  1*1415  C.G.S.,  or  the  electromotive  force  of  a 
Daniell  battery  of  305  cells. 

With  the  screw-electrometer  I  determined  the  difference  of 
electric  potentials  at  which  the  condenser-plates  in  air  attracted 
each  other  with  a  force  Gi  of  20  or  10  grammes. 

I  next  sought  to  ascertain  the  weights  which,  with  equal 
difference  of  electrical  potentials,  exactly  counterbalanced  the 
electric  attraction  of  the  condenser-plates  (parallel  to  the  lines 
of  electric  force)  w^hen  the  plates  were  entirely  surrounded  by 
the  insulating  fluid  instead  of  air.  These  weights,  Gn,  varied 
between  21  and  100  grammes,  and  could  be  determined  with 
precision  to  0*01  grm.  by  a  sensitive  balance.  The  ratio  of 
the  weights  Gn  and  Gi  found  for  the  fluid  and  air,  with  equal 
electric  potential-difference,  gives  Kp. 

When  the  condenser-plates  of  the  electric  balance  were 
charged  up  to  the  same  difference  of  electric  potentials,  and 

*  Memorie  dell  Accademia  ddle  Scienze  delV  Istituto  di  Bologna,  [3]  vii. 
2,  p.  1U3  (187G). 

f  Papers  ou  Electrostatics  and  Magnetism,  p.  300,  pi.  ii.  fig.  16. 
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discharged  while  in  the  insulating  fluid  or  in  air  by  a  sensitive 
multiplier,  the  ratio  of  the  deflections  of  the  multiplier  gave 
the  ratio  of  the  capacities  of  the  condenser,  or  the  dielectricity- 
constant  K. 

Finally  the  upper  condenser-plate  was  removed,  and  replaced 
by  a  plate  of  equal  dimensions  with  a  short  vertical  metal  tube 
in  the  centre,  which  was  connected  with  a  sulphide-of-carbon 
manometer  and  a  long  tube  of  caoutchouc  furnished  with  a 
cock. 

While  both  plates  of  the  condenser  were  conducted  to  earth, 
dry  air  was  blown  through  the  caoutchouc  tube  into  the  space 
between  the  condenser-plates,  and  a  flattened  air-bubble  pro- 
duced, touching  the  plates  in  two  equal  surfaces  of  from  2  to 
5  centim.  diameter.  Then,  with  the  cock  closed,  the  separa- 
ting fluid  showed  in  the  two  legs  of  the  manometer  a  differ- 
ence of  heights  that  was  constantly  less  than  1  centim.  and 
depended  on  the  hydrostatic  and  capillary  pressure  of  the 
fluid  upon  the  air-bubble. 

If  the  two  plates  were  now  brought  to  the  difference  of 
electric  potentials  for  which  the  weights  Gri  and  Gn  had  been 
determined,  the  electrical  transverse  pressure  in  the  interior 
of  the  fluid  counteracted  the  electrical  transverse  pressure  in 
the  interior  of  the  air-bubble,  and  the  difference  of  heights  of 
the  fluid  in  the  manometer  received  an  increment  h.  This 
increase  was  independent  of  the  diameter  of  the  air-bubble, 
and  proportional  to  the  square  of  the  electric  potential-differ- 
ence. It  varied,  with  the  different  fluids,  between  0*15  and 
1  centim. 

If  a  denotes  the  specific  gravity  of  the  separating  fluid,  the 
difference  of  the  electric  transverse  pressures  upon  unit  sur- 
face in  the  interior  of  the  fluid  and  of  the  air-bubble  is 

I\  —  1    P^ 
ha=\^-\ (2) 

For  the  same  potential-difference  P  and  the  same  distance 
a  of  the  plates  of  the  condenser  from  the  surface  0,  the  pulling 
force  parallel  to  the  lines  of  electric  force  in  the  interior  of  the 
fluid,  for  the  unit  of  surface,  had  been  found, 


Oii^K^    I« 

0  .StT  '  €?  ' 

or,  by  division  of  both  equations, 

/lo-.O 


(3) 


l^.=  -^-K, (4) 


B2 
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This  determines  K^,  since  K^  has  been  ascertained  by  means 
of  the  electric  balance. 

Special  experiments  showed  that  the  amount  of  the  surface- 
tension  of  the  insulating  fluids  did  not  change  during  pro- 
longed action  of  electric  forces. 

With  the  same  fluid  and  at  the  same  temperature  the  refrac- 
tion-index for  Fraunhofer's  line  D  was  measured  by  means  of 
a  Steinheil  hollow  prism  and  an  Oertling  circle,  permitting 
readings  of  2^'. 

According  to  Maxwell*,  for  light- waves  of  infinite  length 
the  constant  K  would  be  equal  to  the  square  of  the  index  of 
refraction.  This  relation  is  not  confirmed  by  my  observations 
collected  in  the  opposite  Table.  On  the  contrary,  K^  is  nearly 
equal  to  Kj,  and  constantly  greater  than  K.  Colza  oil  forms 
the  only  exception. 

All  the  fluids  were  as  pure  and  free  from  dust  and  contained 
as  little  water  as  possible,  and  insulated  excellently.  As,  how- 
ever, the  observations  took  some  time,  a  portion  of  the  fluid 
evaporated,  the  temperature  fell,  and  on  opening  the  balance- 
case  some  water  condensed  on  the  surface  of  the  fluid,  through 
which  the  numbers  found  for  the  dielectricity-constants  were 
too  high.  This  source  of  error  was  especially  great  in  the 
case  of  ether.  Four  successive  determinations  with  ether 
which  had  stood  for  a  long  time  over  calcined  marble,  and 
was  filtered  as  quickly  as  possible  through  a  fan  filter  into  the 
glass  vessel  of  the  electric  balance,  gave 

Kp=4-399     4-516    4-739    4-891. 

The  numbers  in  the  Table  therefore  refer  to  ether  which  had 
already  absorbed  a  trace  of  water. 

In  order  to  investigate  the  alteration  of  the  optical  proper- 
ties of  fluids  by  electric  forces,  I  employed  condensers  with 
plane  electrodes,  or  with  electrodes  consisting  of  two  concen- 
tric cylinders.  The  electrodes  or  coatings,  of  nickel-co^■ered 
brass,  were  insulated  by  flint-glass  rods  froin  one  another,  and 
from  the  wider  glass  tubes  closed  by  plane-parallel  glass  plates 
which  contained  the  fluid  as  pure  and  free  from  dust  as  pos- 
sible. The  wires,  insulated  by  flint  glass,  which  connected 
the  electrodes  with  the  earth  or  Avith  the  inner  coating  of  a 
large  battery  of  eight  Leyden  jars  of  flint  glass,  passed  through 
two  side  tubes.  The  coatings  of  the  fluid  condenser  and  the 
Leyden  battery  were  charged,  as  in  the  experiments  with  the 
electric  balance,  by  a  Holtz  machine,  and  maintained  at  a  con- 
stant difference   of  potentials,  which  was  controlled  by  the 

*  Electricity  and  Magnetism,  ii.  §  788. 
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reflection  electrometer  and  measured  by  the  screw-electro- 
meter. 

These  fluid  condensers,  alone  or  with  a  Babinet  compensator 
(employed  by  me  in  previous  investigations*),  placed  between 
Nicol  prisms,  permitted  the  electric  double  refraction  found 
by  Mr.  Kerrf  to  be  measured. 

If  we  name  d  the  difierence  of  rate,  measured  in  wave- 
lengths, by  which  the  light  polarized  parallel  is  accelerated 
with  respect  to  the  light  polarized  perpendicular  to  the  electric 
lines  of  force,  P  the  electric  difference  of  potential  (in  the 
C.G.S.  system)  of  the  plane  electrodes,  I  their  length,  and  a 
the  distance  between  them,  then 

The  quantity  B  diminishes  as  the  wave-length  increases, 
and  is  in  general  found  to  be  smaller  in  proportion  as  the 
length  of  the  electrized  liquid  is  greater.  Slight  mixtures  of 
foreign  substances,  even  water  condensed  from  the  air,  have 
a  considerable  influence  on  B. 

As  the  means  of  a  rather  large  number  of  series  of  experi- 
ments with  plane  electrodes  of  nickel  of  10,  20,  46  centim. 
length  and  at  from  0"1615  to  0"3230  centim.  distance,  I  found 
for  light  corresponding  to  Frauuhofer's  line  D  the  following 
values  of  the  constant  B  : — 

Amount  of  the  Electric  Double  Refraction  for  different  Fluids 
between  Plane  Nickel  Electrodes,  measured  by  a  Babinet 
Compensator.     (Fraunhofer's  line  D.)  B.IO^. 

X. 
Sulphide  of  carbon  (Kahlbaum)  .     .     .     .     32*798 
„  „         (Heidelberg)      .     .     .     31-984 

3  vol.  sulphide  of  carbon  +  1  vol.  ether     .     27*252 
1     „  „  .,  +1    „       „    .     .     19-476 

1     „  „  „  +5    „       „    .     .     .4-422 

Heavy  benzol  (from  coal-tar)       ....       4-460 
Pure  benzol  (from  benzoic  acid)       .     .     .       3-842 

Light  benzol 2-970 

Oil  of  turpentine 0-109 

Colza  oil —2-273 

Ether  (fresh  distilled)  -6-400 

„      (having  stood  over  calcined  marble)   —6-685 
Sulphur  dissolved  in  sulphide  of  carbon  )       o,i  nr- 
(19-0  per  cent.)       j 

*  Pogg.  Ann.  cxxvii.  p.  206,  pi.  1,  figs.  4,6(1860). 
t  Phil.  Mag.  [4]  1.  pp.  337,  440(1875);  [5]  viii.  pp.  85,229  (1879),  ix. 
p.  159  (1880). 
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In  sulphide  of  carbon  the  electric  double  refraction  remained 
the  same  when  the  temperature  varied  10°. 

When  insulating  fluids  are  examined  between  two  concen- 
tric cylinders  with  a  Babinet  compensator,  so  that  the  dark 
streak  in  the  compensator  appears  parallel  to  the  lines  of  elec- 
tric force,  on  the  electrification  of  the  fluid  the  dark  streak  is 
the  more  displaced  the  nearer  it  lies  to  the  inner  cylinder.  It 
frequently  at  the  same  time  forms  a  curve  with  a  turning- 
point,  running  to  different  sides  according  to  whether  the  fluid 
possesses  positive  or  negative  double  refraction.  I  have  some- 
times observed  this  turning-point  even  with  strong  electric 
forces  between  plane  electrodes. 

The  difference  of  rate  of  light  polarized  parallel  and  that 
polarized  perpendicular  to  the  lines  of  electric  force,  at  the 
surface  of  two  cylinders  with  internal  radius  R^  and  external 
radius  R25  fi^I  length  I,  is  given  approximately  by  the  equa- 
tions 


(k.  log  .at.  I)" 


d^^B 


2— JJ2 


^100 

I 

100    /^  .  ,  R 


(6) 


(R2lognat.|j)^ 


Bi  is  mostly  found  smaller,  Bg  greater,  than  the  constant  B, 
under  otherwise  like  conditions.  Bj  and  B2  are  likewise  in 
general  found  to  be  smaller  the  greater  the  length  of  fluid 
through  which  the  light  passes. 

For  a  series  of  fluids  with  cylindrical  electrodes  of  10-47 
centim.  length  and  0"3-0*5  centim.  internal,  0*7  centim.  ex- 
ternal radius,  I  obtained,  as  means  of  several  series  of  experi- 
ments, the  following  results  : — 

Electric  Double  Refraction  for  various  Fluids  between  Cylin- 
drical Electrodes,  measured  with  a  Babinet  Compensator. 

(Fraunhofer's  line  D.)                                B, .10'^  Bo.W. 

^  X.  "x. 
Iodine  and  sulphide  of  carbon   .     .     .      53*69 

1  part  sulphur  +  4  parts  sulphide  of  1    oq.kk  Aq-OfS 

carbon        / 

Sulphide  of  carbon 22-50  33-65 

Heavy  benzol 4*21  6-49 

Oil  of  turpentine 3*15  4*55 

Petroleum 0-60 

Colza  oil -2-81  -7-00 

Oil  of  rape-seed — 2'07 

Ether        4*17  -Q->i2 
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Petroleum  and  oil  of  rape-seed  show  great  variations  of 
electric  double  refraction,  according  to  the  sort  of  oil  examined. 
In  a  certain  description  of  petroleum,  dy  at  first  increased  with 
the  increase  of  P,  and  then  remained  constant  while  P  was 
raised  from  55  to  72  C.G.S. 

In  rape-seed  oil  the  diflFereuce  of  phases  of  the  light  pola- 
rized parallel  and  perpendicular  to  the  lines  of  electric  force 
was  greater  at  the  first  moment  after  the  sudden  entrance  of 
the  electric  forces  than  subsequently.  At  the  same  time  the 
field  appeared  darkened  for  about  half  a  minute.  The  phase- 
difference  therefore  consists  of  a  vai-iable  and,  on  the  action  of 
the  electric  forces  continuing,  a  constant  portion.  The  former 
appears  to  arise  from  an  electrical  unequal  expansion  of  the 
oil,  in  like  manner  as  double  refraction  results  from  unequal 
heating. 

The  phenomena  of  double  refraction  are  very  striking  when 
from  any  cause  the  electric  forces  in  the  interior  of  the  insu- 
lating fluid  undergo  periodical  variations  and  at  the  same  time 
the  dark  streak  in  Babinet's  compensator  is  displaced  a  little 
or  starts.  The  greater  the  difference  of  the  electric  potentials 
of  the  electrodes  the  more  frequent  were  these  startings  or 
pulsations.  With  cylindrical  electrodes  the  dark  streak  in  the 
Babinet  compensator  then  appeared  displaced  to  the  same 
extent  on  the  inner  and  outer  faces  of  the  cylinder.  The 
constants  Bj  and  Bg  increased  as  the  difference  of  potentials 
rose  ;  and  only  with  high  potential-differences  did  they  reach 
the  value  ordinarily  found  for  them  without  pulsations.  At 
the  same  time  numerous  air-bubbles  are  evolved  from  the 
fluid,  and  a  clicking  sound  is  heard  proceeding  from  the  ap- 
paratus, the  pitch  of  which  falls  as  the  potential-difference 
diminishes. 

In  order  to  examine  whether  the  mean  index  of  refraction 
of  insulating  fluids  is  altered  by  electric  forces,  the  fluid  con- 
densers were  inserted  in  an  interference-apparatus*,  in  which 
two  pencils  of  rays  reflected  from  two  plane-parallel  glass 
plates  of  equal  thickness  interfere  and  form  a  pure  spectrum 
with  Fraunhofer's  lines,  which  is  traversed  by  dark  inter- 
ference-streaks. One  of  the  pencils  passed  through  the  fluid 
inside,  the  other  outside  the  electrodes. 

On  the  electrification  of  the  fluid  a  displacement  of  the 
interference-streaks  was  observed,  now  in  the  direction  of  an 
increase,  and  now  in  the  direction  of  a  diminution  of  the  re- 
fraction-index by  the  electric  forces.  Outcurvings  or  waves, 
as  it  were,  rise  above  the  interl'erence-streaks.  These  wave- 
like displacements  appear  to  point  to  periodic  discharges  or 
*  Quincke,  Pogg.  Ann.  cxxxii.  p.  53,  pi.  2.  f.  11  (18<)7). 
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a  periodic  variation  of  the  electric  forces  within  the  insulating 
fluid  between  the  electrodes. 

The  displacement  in  the  direction  of  a  diminution  of  the 
refraction-index  corresponds  to  a  raising  of  the  temperature 
of  the  insulating  fluid  from  0°"0001  to  0"*1  C.  ;  it  increases 
with  the  difference  of  electric  potentials  of  the  electrodes  and 
the  viscosity  of  the  fluid,  and  may  be  owing  to  a  heating  of 
the  fluid  by  friction,  since  the  fluid-particles  are  moved  to  and 
fro  and  stirred  round  by  the  electric  forces  between  the  elec- 
trodes. 

The  increase  of  the  refraction-index  occurs,  in  some  fluids, 
only  at  the  commencement  of  the  electric  action  ;  in  others  it 
alternates  with  a  diminution  at  short  intervals  durino;  the 
entire  continuance  of  the  electric  action. 


II.  Upon  a  Photo-chemical  Method  for  the  Determination  of 
Organic  Matter  in  Potable  Water.  By  Dr.  Albert 
R.  Leeds*. 

WITHOUT  attempting  to  revive  at  this  moment  the  dis- 
cussion as  to  the  sources  of  error  inherent  in  the  pre- 
sent methods  employed  for  the  estimation  of  organic  matter 
in  potable  waters,  or  as  to  the  relative  value  of  the  inferences 
drawn  from  the  results  arrived  at  by  the  various  analytical 
methods,  I  shall  proceed  to  state  the  outlines  of  the  new  pro- 
cess, and  the  experiments  thus  far  made  to  test  its  accuracy 
and  applicability.  The  process  is  founded  on  the  fact  of  the 
ready  decomposability  of  certain  salts  of  silver  when  exposed, 
in  the  presence  of  organic  matter  aud  in  the  state  of  solution, 
to  the  action  of  light.  As  a  preliminary  step  it  was  needful 
to  determine  whether  these  salts  were  likewise  reduced,  even 
when  organic  matter  was  not  ])resent ;  and  to  this  end  the  fol- 
lowing experiments  were  tried  : — 

1.  To  100  cubic  centim.  of  ammonia-free  distilled  water, 
5  cubic  centim.  of  a  decinormal  solution  of  nitrate  of  silver 
was  added,  and  the  liquid  exposed  to  the  sunlight  for  48  hours 
in  a  well-stoppered  comparison-tube. 

2.  The  same,  but  after  addition  of  ammonia  just  sufficient 
to  redissolve  the  precipitate  first  formed. 

3.  Same  as  1,  but  the  silver  first  precipitated  as  chloride, 
and  then  redissolved  by  ammonia. 

4.  Same  as  1,  but  the  silver  precipitated  as  cyanide,  and 
then  redissolved  in  cyanid(^  of  potassium. 

5.  Same  as  1,  but  the  precipitate  first  formed  with  sodium 
hyposulphite  just  redissolved  in  excess  of  reagent. 

*  Communicated  bv  the  Author. 
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After  two  days'  exposure,  no  precipitation  of  reduced  silver 
occurred  in  the  neutral  solution  of  argentic  nitrate,  nor  in  that 
of  the  amraonio-argentic  oxide,  nor  in  the  ammonio-argentic 
chloride,  nor  in  the  sodio-argentic  hyposulphite. 

Having  thus  established  the  fixct  that  no  reduction  of  silver 
occurs  in  case  organic  matter  is  rigidly  excluded,  even  after 
prolonged  exposure  to  sunlight,  the  next  point  of  inquiry  was 
to  determine  which  of  these  five  solutions  was  most  affected 
by  such  organic  matters  as  are  ordinarily  present  in  potable 
water.  The  inquiry  as  to  the  relative  energy  of  action  of 
different  kinds  of  organic  matter  in  general  did  not  neces- 
sarily form  a  part  of  the  present  investigation. 

In  the  study  of  this  point,  a  sample  of  potable  water  was 
made  use  of  from  the  river  Schuylkill,  the  water-supply  of  the 
city  of  Philadelphia.  This  drinking-water  had  been  affected 
by  a  sudden  cachexy  in  the  month  of  January,  becoming 
most  offensive  to  taste  and  smell ;  and  the  authorities  of  the 
city  had  requested  me  to  investigate  the  causes  of  its  non- 
potability.  The  scope  of  the  inquiry  being  thus  narrowed  to 
the  finding  of  specific  causes,  I  was  necessitated  to  tax  the 
capabilities  of  the  methods  at  present  possessed  by  water-ana- 
lysts, and  was  furthermore  led  to  test  this  new  one.  Now  on 
adding,  to  the  five  silver  solutions  prepared  as  in  the  first 
series  of  experiments,  100  cubic  centim.  of  this  Schuylkill 
water,  it  was  found,  after  5  hours'  exposure  to  sunlight,  that 
the  ammonio-argentic  oxide  was  slightly  changed,  the  potassio- 
argentic  cyanide  was  unaffected.  Of  the  remaining  three, 
the  sodio-argentic  hyposulphite  threw  down  the  heaviest  pre- 
cipitate, the  ammonio-argentic  chloride  a  precipitate  nearly 
as  great,  and  the  neutral  solution  of  argentic  nitrate  the 
least. 

From  these  experiments  it  would  appear  that  the  solution 
of  argentic  hyposulphite  in  excess  of  sodium  hyposulphite  is 
the  reagent  best  adapted  for  use  in  this  actinic  method.  But 
subsequent  experiments  showed  that  the  neutral  solution  of 
argentic  nitrate  fulfilled  all  needed  requirements,  and  that  the 
labour  of  ])reparing  a  special  reagent  was  uncalled  for.  The 
method  finally  adopted  is  as  follows : — 

250  cubic  centim.  of  the  natural  water  is  treated  with  10 
cubic  centim.  of  decinormal  silver  solution  in  the  tall  glass- 
stoppered  cylinders  or  bottles.  The  waters  become  turbid  and 
frequently  coloured  ;  but  after  a  moderate  interval,  usually 
less  than  two  days,  the  turbidity  entirely  disappears  and  the 
entire  precipitate  collects  at  the  bottom  of  the  vessel.  In  case 
sufficient  silver  has  been  employed  (^and  the  amount  recom- 
mended is  ordinarily  a  large  excess),  this  clarification  indicates 
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an  end-reaction,  and  it  is  useless  to  expect  a  renewed  precipi- 
tation in  case  the  filtrate  be  submitted  to  second  exposure. 
The  precipitates  are  collected  on  asbestos  filters,  similar  to 
those  usecl  in  the  determination  of  carbon  in  steel,  washed 
first  with  water,  then  with  strong  ammonia  to  redissolve  co- 
precipitated  chloride,  dissolved  in  nitric  acid,  evaporated  to 
dryness,  redissolved  in  nitric  acid,  and  the  silver  determined 
by  Pisani^s  method.  All  these  washings  are  but  the  work  of 
a  few  minutes  with  the  aid  of  a  water-pump.  The  metallic 
silver  may  be  weighed  directly  ;  but  the  method  indicated  is 
more  rapid  and  equally  accurate. 

Six  samples  of  the  Philadelphia  water  (Nos.  230-235)  were 
so  treated  ;  and  duplicate  determinations  of  the  oxygen  re- 
quired to  oxidize  the  organic  matters  were  made  by  potassium 
permanganate.  Finding  that-  the  results  better  accorded  with 
the  information  imparted  by  the  other  data  of  water-analysis 
than  those  obtained  by  the  permanganate,  the  method  was 
systematically  applied  to  the  examination  of  the  Passaic 
water  (water-supply  of  Newark  and  Jersey  City). 

The  results  were  as  follows  : — 

Schuylkill  River.    Corre- 

Silver  spouding  Oxygen  by 

precipitate,  to  Oxygen.  Pennanganate 

mgrm.  mgrm.  mgTm. 

Laboratory  No.  230    1'47  0-218  O'lS 

„             „    231    1-65  0-244  0-19 

„            „    232    1-91  0-283  0-18 

„             „    233    2-02  0-299  0*18 

„             „    234    1-56  0-231  0-16 

„             „    235    1-39  0-206  0-16 

Passaic  River. 

„  „  242  2-26  0-33  0-34 

„  „  243  2-596  0-37  0-58 

„  „  244  2-3  0-34  0-56 

„  „  245  1-184  0-17  0-57 

„  „  246  2-296  0-34  0-59 

„  „  247  3-59  0-53  1-05 

„  „  248  2-074  0-31  0-33 

„  ,,249  3-333  0-49  1-33 

„  „  250  2-592  0-37  0-37 

„  „  251  3-55  0-52  0-37 

„  „  252  3-2  0-47  0-38 

„  „  253  2-82  0-42  0-30 

„  „  255  2-29  0-34  0-35 

„  „  256  2-67  0-39  0-36 

„  257  2-29  0-34  0-36 
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It  will  be  noted  that  whilst  there  is  a  close  agreement  in 
many  cases  between  the  results  obtained  by  these  utterly  di- 
verse methods,  yet  in  others  there  is  a  striking  difference — the 
higher  result  being  uniformly  obtained  by  the  actinic  method 
with  the  Schuylkill  waters,  but  generally  by  the  permanga- 
nate with  the  Passaic  waters.  Now  investigation  revealed 
that  the  non-potability  of  the  former  was  connected  with  a 
state  of  retarded  or  arrested  oxidation,  the  ice-covered  stream 
having  a  striking  deficiency  of  oxygen  as  compared  with  its 
normal  percentage,  and  being  laden  with  products  of  organic 
decomposition.  In  the  Passaic,  besides  the  sewage  there  is  a 
great  volume  of  trade  pollution ;  and  it  is  in  connexion  with 
such  samples  (like  Nos.  247  and  249,  which  show  the  points 
where  the  refuse  of  the  great  manufacturing  city  of  Paterson 
is  discharged  into  the  Passaic)  that  the  discrepancy  is  greatest, 
and  the  oxygen  as  determined  by  the  permanganate  most  ex- 
ceeds the  amount  as  determined  by  reduction  of  silver.  The 
general  inference  from  these  experiments  was  that,  while  po- 
tassium permanganate  at  the  boiling-point  (the  determinations 
were  made  at  98°  C.)  was  decomposed  to  a  greater  or  less 
extent  by  most  organic  substances  soluble  in  water,  the  re- 
duction of  the  silver  was  to  be  ascribed  to  easily  decompo- 
sable organic  bodies  akin  in  their  nature  to  sewage. 

To  test  this  point  some  weak  hay-infusion  and  highly  di- 
lute urine  were  added  to  two  portions  of  silver  solution  and 
exposed  to  sunlight.  A  dense  mirror  quickly  formed  on 
sides  and  bottom  of  vessels.  Solutions  of  cane-sugar,  moist 
sugar,  and  clear  starch  were  added.  No  darkening  of  the 
liquid  occurred  in  the  first  two  cases,  and  after  a  short  while 
the  slight  grey  precipitate  ceased  to  increase.  This  faint 
action  was  not  due  to  the  sugar,  but  to  a  minute  amount  of 
foreign  organic  matter  contained  in  it.  Starch  produced  no 
change,  neither  did  nitrobenzol.  Urea  caused  a  scarcely 
perceptible  precipitate.  The  powerful  base  aniline  decom- 
posed the  silver  salt,  forming  aniline  nitrate  ;  and  afterwards 
the  liberated  argentic  oxide  was  decomposed,  its  silver  forming 
a  beautiful  mirroi-  and  the  solution  becoming  dyed  with 
rosaniline.  This  reduction  by  organic  bases  might  indeed  be 
employed  for  the  silvering  of  mirrors  and  the  interior  of  glass 
ornaments.  But  such  bodies  would  be  rarely  present,  even  in 
trade-polluted  streams  ;  and  if  they  were,  would  be  readily 
detected,  and  their  influence  allowed  for. 

Of  course,  the  reduction  of  ammoniacal  solution  of  silver  in 
presence  of  alcohol,  naphtha,  and  essential  oils  like  cassia, 
caraway,  cloves,  &c.,  will  occur  to  the  reader  ;  so  also  will 
the  reduction  of  the  alkalized  silver  liquid  by  alcoholic  solu- 
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tion  of  grape-sugar,  or  of  milk-  or  cane-sugar,  or  by  alde- 
hydes &c.  But  the  reductions  thus  effected  bear  little  analogy 
to  that  occurring  in  a  neutral  solution,  otherwise  permanent, 
under  the  influence  of  light.  In  conclusion,  I  desire  to  add 
that  this  publication  is  in  one  sense  premature;  for  while  the 
process  has  been  constantly  employed  in  my  own  laboratory 
during  the  past  four  months,  I  have  not  as  yet  had  the  oppor- 
tunity to  apply  it  to  so  great  a  variety  of  waters  as  I  had  in- 
tended. But  finding  that  various  chemists  to  whom  I  have 
communicated  it  have  always  adopted  the  method,  I  publish 
it  in  order  to  obtain  the  benefit  of  wider  and  more  severe 
criticism. 

III.    On  Mr.  Ferrel's  Theory  of  Atmospheric  Currents. 
By  D.  D.  Heath,  Esq.* 

IT  has  recently  come  to  my  knowledge  that  teachers  of 
Physical  Science  who  have  not  had  a  mathematical  train- 
ing (and  the  specialism  of  the  day  must  be  increasing  the 
class)  trust  to  Mr.  Ferrel,  of  Cambridge  in  the  United  States, 
as  a  sound  and  accepted  authority  for  dynamical  principles 
and  conclusions  relating  to  atmospheric  currents;  and,  not  to 
quote  other  confirmations  of  this  fact  from  communications 
to  '  Nature '  and  elsewhere,  I  find  that  Dr.  Haughton,  of 
Dublin,  thus  speaks  of  him  in  some  lectures  on  Physical  Geo- 
graphy (1880): — 

"  We  are  not  able,  in  the  present  state  of  our  knowledge,  to 
form  a  complete  mathematical  theory  of  atmospheric  currents 
caused  by  the  unequal  expansion  of  the  air  by  solar  heat.  .  .  . 
But  we  are  able  to  satisfy  the  equations  of  motion  by  a  special 
arrangement  of  all  the  atmospheric  currents  and  barometric 
pressures,  which  gives  us  a  solution  of  the  problem  that  ex- 
plains every  important  fact. . .  .  This  solution  is  due  to  Mr.  W. 
Ferrel,  of  the  United-States  Coast  Survey,  '  The  Motions  of 
Fluids  and  Solids  relative  to  the  Earth's  Surface  '  (New  York, 
I860)." 

This  is  a  cautiously  worded  passage;  and  I  suspect  Dr. 
Hanghton  has  not  exam'ned  very  carefully  the  connexion 
between  Mr.  FerreFs  premises  and  conclusions.  I  only  quote 
it  as  a  justification  for  my  thinking  it  must  be  Avorth  while 
to  show  the  unsoundness  of  his  work  and  the  baselessness  of 
his  conclusions,  if  I  am  right  in  the  estimate  I  have  made  of 
them.  I  may  as  well  premise,  however,  that  I  possess  no 
familiarity  with  the  facts  of  meteorology,  on  which  Mr.  Ferrel 
may  have  every  claim  to  speak  ;  I  only  address  myself  to  his 
principles  and  methods  of  proof. 

*  Communicated  by  the  Author. 
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If  I  were  mainly  writing  for  mathematicians,  I  should  at 
once  begin  on  his  treatise  of  1860,  on  which  Mr.  Ferrel's 
other  papers  and  commmiications  to  'Nature'  are  founded; 
and  my  paper  would  not  be  long.  But  having  rather  in  view 
readers  who  are  not  generally  familiar  with  partial  differential 
equations,  and  wishing  to  carry  them  along  with  me  without 
impediment  as  far  as  I  can,  I  will  begin  with  a  communica- 
tion to  '  Nature  '  (March  14th,  1872),  which  is  in  fact  what 
was  first  brought  to  my  notice  and  led  me  to  further  inquiry. 

It  is  headed  "  Ocean  Currents,"  and  forms  part  of  a  discus- 
cussion  on  the  Gulf-stream  and  similar  phenomena,  in  which 
Dr.  Croll,  Professor  Everett,  and  a  Dane,  Professor  Colding, 
are  concerned.  But  it  includes  atmospheric  motions  in  its 
scope. 

He  begins  with  warninors  against  takino-  on  trust  "  all  the 
principles  and  theories  based  upon  hypothetical  forces  which 
have  come  down  to  us  from  preceding  generations,  however 
plausible  and  however  much  sanctioned  by  authority  they 
appear  to  be,"  with  more  in  the  same  strain.  But,  after  all, 
he  adduces  no  example  of  such  hypothetical  assumptions  of 
forces  from  older  writers;  and  we  shall  see  that  it  is  he  who 
is  rather  obnoxious  to  such  a  charge. 

He  goes  on  to  lament  that  Professor  Colding  has  been 
"unsuspectingly  led  into  error"  by  accepting  from  old  text- 
books the  statement  that  "  if  a  particle  of  air  at  the  equator, 
relatively  at  rest  and  therefore  having  a  linear  velocity  in 
space  of  about  1000  miles  an  hour,  is  forced  to  move  towards 
the  pole,  it  will,  on  arriving  at  the  parallel  of  latitude  where  the 
earth's  surface  has  a  velocity  of  only  900  miles,  still  have  its 
velocity  of  1000  miles  m  the  case  of  no  friction''''  (which,  here 
and  elsewhere,  I  understand  to  include  pressure  of  the  sur- 
rounding air),  "  and  consequently  have  a  relative  velocity  of 
100  miles;  and,  on  arriving  at  the  parallel  of  60°,  will  have  a 
relative  velocity  of  500  miles." 

I  should  agree  that  a  bare  statement  like  this  in  a  text-book 
would  be  objectionable  as,  at  the  least,  misleading.  Matter  at 
the  equator  can  no  doubt  be  "  forced  "  to  move  all  the  way  to 
the  pole.  But  the  velocity  and  direction  with  and  in  which 
it  arrives  there  will  depend  upon  the  means  taken  to  force  it. 
It  would  never  get  there  by  any  natural  impulse  or  pressure 
originating  in  the  equatorial  regions.  For  it  is  one  of  the 
plainest  of  fundamental  facts  in  Dynamics  (though  wq  shall 
see  that  Mr.  Ferrel  denies  it)  that,  taking  gravity  to  be  directed 
to  the  centre  of  the  earth,  as  it  is  very  nearly,  a  mass  situated 
anywhere  near  the  surface,  but  unconnected  with  it  and  un- 
resisted by  the  air,  if  put  in  motion,  will  begin  to  move  infixed 
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space,  in  a  straight  line,  in  a  direction  and  with  a  velocity 
compounded  of  the  velocity  it  had  in  common  with  the  sur- 
face at  that  place  and  that  of  the  impulse  given  to  it,  in  ac- 
cordance with  the  principle  of  the  Parallelogrcmi  of  Veloci- 
ties, and  will  be  drawn  out  of  that  line  only  downwards,  by 
the  force  of  gravity  at  the  centre  of  the  earth;  and  therefore 
it  will  never  leave  the  plane  of  the  great  circle,  fixed  in  space, 
M'^hich  comprises  the  original  direction  and  this  centre.  From 
this  it  will  be  seen  that,  if  started  due  north  from  the  equator 
with  a  velocity  of  even  1000  miles  an  hour — the  same  as  the 
eastward  velocity  of  the  surface  there — it  will  only  reach  the 
latitude  of  45°.  Up  to  that  culminating  point  it  will  gain 
apparent  or  relative  velocity,  compared  with  the  surface 
it  is  passing  over,  as  explained  in  Mr.  Ferrel's  "  text- 
book," and  then  will  begin  its  descent,  losing  relative  velo- 
city, cross  the  equator  at  the  point  opposite  to  the  one  it 
started  from,  and  complete  its  circuit  in  the  other  hemisphere, 
just  as  the  moon  does  at  a  greater  distance — that  is,  supposing 
gravity  does  not,  long  before  then,  pull  it  doAvn  to  the  earth^s 
surface.  This  effect  of  equable  motion  combined  with  passage 
over  different  latitudes  is  precisely  one  part  of  the  explanation 
of  that  variability  of  the  sun's  apparent  motion  which  gives 
rise  to  ihQ  "  Equation  of  Time,^'  or  difference  between  solar  and 
clock  time. 

Sir  J.  Herschell,  I  may  remark,  in  his  '  Meteorology,'  does 
not  thus  mislead  his  readers.  He  takes  the  lower  current  of 
cold  m.v  from  the  north,  and  traces  it  downwards  towards  the 
equator;  and  this,  if  unimpeded,  it  will  reach  with  ever  so 
little  original  impulse  southward;  and  even  with  the  actual 
resistance  the  impelling  force  arising  from  the  difference  of 
temperature  will  always  be  helping,  and  may  prevail.  When 
he  comes  to  consider  the  upper  northward  current,  he  only 
conducts  it  "  beyond  the  tropics,"  and  there  brings  it  down 
to  earth. 

I  have  gone  at  length  into  this  very  elementary  exposi- 
tion, because  a  clear  concejDtion  of  the  facts  will  prevent  a 
great  deal  of  confusion  from  Mr.  Ferrel's  papers.  But  this  is 
by  no  means  the  objection  which  he  in  this  place  goes  on  to 
bring  against  the  "  mischievous  "  teaching  of  the  text-books. 
What  lie  says,  after  the  passage  I  have  quoted,  is: — ''But 
this  is  at  variance  with  a  fundamental  and  well-established 
principle  in  mechanics.  The  force  in  this  case  is  a  central 
force  J  or  at  least  the  compound  perpendicular  to  the  earth's 
axis  \_sic,  I  do  not  understand  what  resolution  of  the  force  he 
has  in  his  mind]  can  be  neglected,  since  it  can  have  nothing  to 
do  with  any  east  or  west  motion.     This  being  the  case,  the 
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principle  of  the  conservation  of  areas  must  be  satisfied;  and 
consequently,  when  it  arrives  at  the  parallel  of  60°,  where  the 
earth's  surface  has  a  velocity  of  500  miles,  it  must  have  a 
velocity  of  2000  miles." 

My  first  impression  on  reading  this  was  that  Mr.  Ferrel 
could  not  mean  to  propound  it  as  his  own  doctrine ;  but  must 
have  intended  some  arf/umextum  ad  hominem  against  Professor 
Colding,  though  I  could  not  see  it.  But  it  appears  to  be  his 
serious  belief,  stated  in  his  treatise  of  1860  (parag.  22),  and 
repeated  and  made  the  basis  of  calculation  in  a  summary 
of  his  doctrine,  by  himself,  in  Silliman's  Journal  (2nd  ser. 
vol.  xxxi.).  Now  this  "  principle,"  as  applicable  to  this  case, 
is  that,  when  a  body  is  moving  subject  only  to  the  action  of  a 
force  directed  to  a  fixed  centre,  the  imaginary  line  which  joins 
it  with  that  centre  sweeps  out  equal  areas  round  it  in  equal 
times,  however  much  the  body  may  approach  to  or  recede 
from  it  in  the  course  of  its  orbit.  Here,  the  centre  of  force  is 
the  centre  of  the  earth;  and  the  body  moving  over  the  surface 
is  always  very  nearly  at  the  same  distance  from  it;  and  so,  to 
preserve  the  equality  of  areas,  it  must  preserve  very  nearly  an 
equable  velocity.  Mr.  Ferrel  seems  to  imagine  that  the  force 
shifts  along  the  axis  of  the  earth  so  as  always  to  keep  abreast 
of  the  moving  body,  and  so  to  give  it  a  corkscrew  motion  round 
the  axis,  but  drawing  it  into  continually  narrower  and  nar- 
rower circles,  and  so  giving  it  greater  and  greater  velocities. 
What  gravity  really  does  is  to  keep  the  moving  body,  together 
with  air  and  sea  and  all  loose  matter,  from  flying  olf  into 
space,  leaving  the  solid  part  to  spin  by  itself. 

Mr.  Ferrel  goes  on  with  his  charge  against  Professor  Col- 
ding  : — "  Adopting,  thoughtlessly  and  very  naturally,  the 
erroneous  principle  which  is  usually  taught "  (that,  namely, 
which  he  impugned  above,  that  a  body  will  keep  the  velocity 
and  direction  once  given  to  it  until  interfered  with)  "  he  esti- 
mates the  amount  of  dejiecting  force  due  to  the  earth's  rotation-, 
and  the  result  is  that  his  force  is  just  one  half  of  what  it  really 
is."  I  have  not  read  Professor  Colding's  paper,  and  so  can- 
not say  whether  he  has  made  any  mistake.  And  Mr.  Ferrel 
seems  to  me  to  have  confused  himself  about  these  "  deflecting 
forces,"  and  so  not  to  be  very  intelligible  to  others.  But  1 
undei'stand  the  charge  to  mean  that  the  Professor  has  here 
estimated  the  relative  eastward  or  westward  motion  as  due  to 
the  earth^s  spinning  under  the  moving  body  which  keeps  its 
original  velocity,  instead  of  donbliny  the  effect  by  the  imagi- 
nary "  conservation  of  areas  "  principle.  If  so,  he  has  cer- 
tainly so  far  done  the  right  thing. 

But  then  he  adds  that  the  Professor  has  "  entirely  neglected 
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one  component  of  the  force  due  to  the  earth's  rotation,"  which 
Mr.  Ferrel  and  Professor  Everett  have  (independently  as  I 
understand  it)  discovered.  "  If  he  had  taken  in  this  latter  com- 
ponent also,  and  resolved  it  in  the  direction  of  the  line  of 
motion  and  perpendicular  to  it,  as  he  did  the  former  he  would 
have  found  that  the  parts  in  the  direction  of  the  motion  arising 
from  both  components  exactly  cancel  one  another  n  all  cases, 
and  that  the  resultant  of  both  components  is  a  force  perpendi- 
cular to  the  direction  of  motion," — which  of  course  "tends  only 
to  change  the  direction  of  the  motion  and  never  to  accelerate  or 
retard  it,  in  lohatever  direction  it  may  ?>^." 

So  that,  on  Mr^  FerreFs  own  showing,  a  body  set  in  relative 
motion,  towards  the  pole  or  in  any  other  direction,  will,  after 
all,  neither  be  accelerated  nor  retarded,  in  virtue  of  the  "prin- 
ciple of  conservation  of  areas,"  but  will  maintain  its  velocity 
and  be  deflected  from  (that  is,  never  come  near  to)  the  pole. 
In  truth  it  will,  when  supposed  free  in  its  motion,  move 
equably  in  a  great  circle,  as  I  have  already  explained,  in  oppo- 
sition to  Mr.  Ferrel,  who,  not  here  only  but  in  Silliman's 
Journal,  explicitly  denies  it*.  For  these  two  forces  which 
combine  to  "deflect"  the  moving  body  (that  is,  to  alter  the 
apparent  direction  of  its  motion)  are  the  merely  "hypothe- 
tical" forces  which,  I  have  above  said,  are  introduced  by  Mr. 
Ferrel  himself — -justifiably  enough,  if  he  understood  them  to 
be  such.     To  explain — 

If  a  body  moving  uniformly  in  a  straight  line  is  viewed 
from  an  observatory  itself  in  motion,  it  will  appear  to  be 
moving  in  some  curve  and  with  varying  velocity.  And  the 
observer  may  express  this  fact  by  saying  that,  relatively  to 
him,  it  moves  as  if  acted  on  by  such  and  such  forces.  And 
this  is  our  case.  We  are  carried  along  by  the  earth's  rotation 
from  west  to  east;  and  if  a  mass  is  set  moving,  in  space, 
equably  along  a  great  circle,  it  moves,  as  we  estimate  it,  away 
from  our  latitude  and  our  longitude,  and  unequabiy.  "Great- 
circle  sailing  "  is  really  straight  sailing  ;  but  I  dare  say  that 
many  an  uneducated  steersman,  when  following  the  rules 
given  him  for  that  opei'ation,  thinks  he  is  altering  the  straight 
course.  I  should  here  add  that  Mr.  Ferrel  does,  in  Silliman's 
Journal,  when  speaking  of  the  resultant  "  force,"  remark  that 
it  "  is  not  an  absolute  force,  but  relative  ;  somewhat  in  the 
nature  of  centrifugal  force."  But  this  seems  to  have  been  a 
fleeting  thought  not  duly  followed  out ;  or  he  would  not,  a 
dozen  years  later,  have  written  what  I  have  quoted. 

I  do  not  know  what   Professor   Everett  has  written,    or 

*  "  If  a  body  were  set  in  motion  upon  the  surface  of  the  earth,  it  would 
not  in  general  move  in  the  circumference  of  a  great  circle." 
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whether  he  makes  any  claim  to  a  discovery  in  this  matter. 
When  the  mathematical  investigation  of  the  motions  of  a  fluid 
surrounding  the  rotating  earth  is  made  to  commence,  as  by 
Laplace  and  Airy,  and  by  Mr.  Ferrel  in  his  paper  of  1860, 
with  the  most  general  equations,  it  is  at  once  evident  to  in- 
spection that  the  terms  which  suggest  these  "deflecting  forces" 
really  express  the  effect  of  passing  from  formulas  adapted  to 
a  fixed  to  those  adapted  to  a  revolving  observatory,  as  I  will 
point  out  more  clearly  below.  But  1  have  to  confess  that  this 
simple  interpretation  had  not  occurred  to  me  till  I  had  pon- 
dered for  some  time  over  Mr.  Ferrel's  papers. 

I  Avrote  a  paper  in  the  Philosophical  Magazine  (March 
1867)  on  Deep-Sea  Tides,  based  on  Airy's  "Tides  and  Waves" 
in  the  Encycl.  Metrop.,  but  intended  to  be  less  abstruse  and 
formidable.  And  I  deduced  these  two  terms  in  the  way  indi- 
cated by  Airy  (par.  87  and  88,  where  he  also  calls  them  the 
representatives  of  "forces"),  making  one  term  the  expression 
of  the  alteration  of  relative  motion  by  the  mere  passage  north 
or  south,  as  explained  in  the  passage  first  quoted  from  Mr. 
Ferrel  above,  and  the  other  the  expression  of  the  effect  of  the 
impressed  east  or  west  velocity  by  virtue  of  which  the  mass  is 
carried  outward  or  inward  in  the  plane  of  the  small  circle  of 
latitude  (a  so-called  "  centrifugal  force  "),  and  so  throwing  it 
southward  or  northward  along  the  surface.  And  though  I 
had  to  prove  in  the  course  of  the  investigation  that  "  these 
forces  counteract  each  other"  as  regards  acceleration  and 
retardation,  I  did  so  without  further  reflection  or  inference. 

I  hope  I  have  made  it  sufficiently  plain  that  the  two  points 
Mr.  Ferrel  insists  on  in  this  communication — the  positive  one, 
that  the  principle  of  the  conservation  of  areas  requires  an 
accelerated  spiral  motion  in  bodies  impelled  northwards,  and 
the  negative  one,  that  an  impulse  given  to  a  free  body  along 
the  surface  of  the  earth  will  not  generally  send  it  along  a  great 
circle — are  utterly  unfounded  and  erroneous.  I  now  proceed 
to  the  paper  of  1860  referred  to  by  Dr.  Haughton;  and,  still 
addressing  myself  mainly  to  the  same  class  of  readers,  I  will 
first  notice  some  prominent  points  in  the  treatment  and  results, 
and  then  say  a  few  words  on  the  mathematical  working*. 

1.  His  purpose  is  not  to  trace  the  course  and  effect  of  any 
accidental  disturbance  in  the  atmosphere  or  ocean,  but  the 
pei'manent  and  necessary  motions,  pressures,  and  shapes  Avhich 
must  arise  and  subsist  in  virtue  of  the  causes  of  motion  which 
are  permanently  at  work.     In  an  ideally  "  perfect"  fluid,  and 

*  It  appear?  that  the  sub.^tance  of  this  paper  was  distributed  in  pamphlet 
form  by  the  Smithsonian  Institute  in  Europe  and  America ;  which  I 
suppose  has  helped  Mr.  Fen-el's  reputation. 
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with  no  surface  frictionj  any  motion  once  started  might  indeed 
alter  its  character,  but  would  never  cease,  and  would  blend 
with  and  affect  the  permanent  phenomena.  But  with  fluids 
and  surfaces  as  they  are,  each  such  accidental  disturbance  will 
sooner  or  later  be  exhausted;  and  we  may  reasonably  endea- 
vour to  find  what  minimum  of  motion  is  consistent  with  the 
existence  of  the  permanent  forces,  and  assume  that  this  will 
be  the  average  state.  This  Mr.  Ferrel  himself  states.  Now, 
as  he  takes  no  notice  of  tides,  these  permanent  causes  of 
motion  are  gravity  and  the  unequal  action  of  the  sun^s  heat, 
according  to  season,  latitude,  and  longitude  (as  fixing  the  time 
of  day  and  night  at  each  place),  and  height  above  the  surface. 
And  gravity  of  itself  requires  no  permanent  relative  motion; 
for  the  '  Theory  of  the  Figure  of  the  Earth  '  shows  that,  where 
there  is  no  inequality  of  temperature,  the  fluids  can  arrange 
themselves  in  a  permanent  shape  adapted  to  a  uniform  rota- 
tion round  the  earth^s  axis.  There  will  be  relative  motion  of 
the  parts  until  this  shape  be  reached;  afterwards,  relative  rest. 
Mr.  Ferrel  accordingly  begins  with  supposing  the  heat  does 
vary  according  to  latitude,  longitude,  and  height,  though  he 
takes  no  notice  of  seasons.  But  he  is  quite  entitled  to  say  the 
complete  ];)roblem  is  too  difficult,  and  to  simplify  it  down  as 
far  as  he  thinks  it  necessary.  If  he  could  give  us  a  satisfac- 
tory solution  on  the  supposition  that  the  localized  and  moving 
sun  was  replaced  by  a  uniform  equatorial  ring  of  heat,  I 
suppose  he  would  have  performed  a  great  feat.  But  he  does 
not  start  in  any  such  way.  He  at  first  supposes  the  tempe- 
rature to  vary  somehoiv:  for  aught  that  appears  in  his  formula, 
the  torrid  zone  might  be  the  coolest,  and  the  polar  regions  the 
warmest  portions  of  the  earth,  and  the  air  hotter  7  miles  high 
than  at  the  surface.  But  when  he  begins  to  get  results 
(Sect.  II.),  he  first  supposes  temperature  to  vary  only  with 
latitude,  allowing  no  difierence  for  height,  and  finally  "  sup- 
poses the  density,"  and  of  course  the  temperature  with  it, 
"  to  be  independent  of  the  latitude."  But  this  supposition 
amounts,  as  I  have  already  pointed  out,  to  supposing  that 
there  is  no  force  at  all  to  sustain  any  motion,  and  that  conse- 
quently there  are  no  permanent  tendencies  in  the  winds — that 
the  average  state  is  one  of  relative  rest,  the  air  arranging 
itself  in  conformity  to  the  Theory  of  the  Figure  of  the  Earth. 
Thus  all  his  work  should  be  all  to  no  purpose  I 

2.  But  he  fancies  he  does  get  results.  And  this  is  the 
principal  one: — ''The  ^aid, hoicever  deep  it  may  he  at  the  Equator, 
cannot  exist  at  the  Poles."  And  he  draws  a  picture  of  the  atmo- 
spuere  as  it  should  be,  banked  up  from  somewhere  near  the 
arctic  circle  towards  the  middle  latitudes,  but  with  a  depression 

C2 
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about  the  equator.     Is  this  one  of  the  results  which  please 
Dr.  Haughton  as  conformable  to  facts  ? 

Some  other  curious  results  might  be  deduced  from  his  nu- 
merical formulas;  but  I  will  not  dwell  on  them.  Mr.  Ferrel 
himself  is  conscious  that  all  this  is  not  very  like  nature,  and 
so  suggests  "  the  resistance  of  the  earth's  surface  "  may  con- 
siderably modify  the  state  of  things.  And  having  once  called 
in  aid  this  agency,  like  the  god  on  the  Athenian  stage,  he  is 
free  from  all  restraint  from  formulas,  and  rearranges  all  his 
shapes  and  currents — for  aught  I  know  in  fair  conformity 
with  facts,  but  with  hardly  any  resemblance  to  his  first  picture. 
One  would  think  that  friction  would  rather  hinder  than  help 
the  air's  spreading  towards  the  poles. 

3.  Another  (a  minor)  point  to  observe  is  that,  on  commen- 
cing his  investigations,  he  does  not  prove,  but  at  once  assumes 
that  the  upward  and  downward  motions  of  the  air,  due  to 
changes  of  temperature,  which  I  suppose  undoubtedly  play  a 
large  part  in  these  phenomena,  are  themselves  everywhere 
insensible  as  wind. 

4.  I  should  mention  that  in  his  Fourth  Section,  long  after  he 
has  deduced  these  results  from  the  supposition  of  absolute 
uniformity  of  temperature,  he  does  make  a  supposition  of  its 
varying  with  latitude  ;  and  from  this,  combined  with  deduc- 
tions from  barometrical  observations,  he  draws  some  inferences 
as  to  the  strength  of  the  average  east  or  west  components  of 
the  wind  at  different  places  and  different  heights.  How  near 
they  may  be  to  actual  fact  I  do  not  know  ;  but  I  must  warn 
my  readers  (not  to  go  into  more  abstruse  criticisms)  that,  no 
doubt  from  mere  inadvertence,  he  works  on  the  supposition 
that  the  hotter  the  air  the  smaller  the  pressure  for  a  given 
density*,  and,  moreover,  will  not  allow  that  the  variation  of 
temperature  with  the  height  of  the  strata  can  "  produce  any 
sensible  effect"  on  the  difference  of  velocity  of  the  wind  at 
different  heights. 

I  hope  I  have,  so  far,  succeeded  in  showing  to  those  I  have 
in  view  that  they  had  better  trust  to  the  old  text-books  than 
to  Mr.  Ferrel,  as  far  as  fundamental  principles  are  concerned, 
though  I  dare  say  his  stoi-e  of  facts  may  be  greater.  I  will 
now  say  a  few  words  about  his  use  of  his  mathematical  tools- 
Putting  P  for  pressure,  k  for  density,  and  O  for  the  gravity 
potential,  he  begins,  as  Laplace  and  Airy  do,  with  the  equa- 

.     r-      ■,        .         1  T     .      (P^      dD.       1  cW      ^ 

tions  m  hxed  rectangular  coordmates  -j-^  +    ,—  -I —  -r~  ={), 

*  He  puts  K  (density)  =  xP.  aiid  tlien  supposes  a  to  vary  directly  as 
the  "absolute  temperature,"  usually  written  (     -\-t'\. 
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and  so  on,  making  the  ti'ue  remark  that,  "putting  P  =  0, 
they  are  the  equations  to  a  projectile." 

And  he  might  have  observed  that  (assuming  symmetry 
round  the  axis  of  rotation)  these  equations  are  the  same 
"whether  the  earth  is  revolving  or  not,  and  that,  when  we 
put  P  =  0,  we  get  the  path  of  the  projectile  in  fixed  space  the 
same  for  a  stone  or  for  the  moon. 

He  then,  as  Laplace  and  Airy  do,  transforms  the  equations 
for  polar  coordinates.  And  if  he  and  they  retained,  for  a 
while,  (o  for  the  fixed  celestial  longitude,  we  should  have 
equations  equally  independent  of  rotation.     Writing  —g  for 

-J—,  thev  would  be 
dr  ' 

Id?  cPr  ,      /cWV  .      ,  ..  ^,._/d<o\^ 

K  dr 


d?r         rdeV        ,  .    a..(dw\^ 


IrfP  ,d'd      ^    drdd    .     o    .     ^        n 

-  "TTT  =  —r--r^  —zr-r  -, — hr"smc/cost^ 
K  dd  dt-  dt  dt 


Kdco  ^         ^   dt'  ^         ^  dt  dt 

a  "  '    n        odd  dw 
—  zr"smc/cosc/^ — ;— 

dt  dt 

But  when  we  put  o)=nt  +  (f),  we  get  equations  adapted  to  a 
terrestrial,  revolving  meridian.  And  when  we  make  n  =  the 
actual  angular  rotation,  and  suppose  the  figure  of  the  earth, 
with  the  undisturbed  sea  and  atmosphere,  such  as  are  adapted 
for  keeping  the  whole  system  in  relative  rest  (see  Airy,  para- 
graph 79),  then  we  can  separate  what  belongs  to  the  undis- 
turbed system  and  what  to  the  motions,  shapes,  and  pressures 
arising  from  the  extraneous  forces  (here  those  due  to  change 
of  temperature).  And  then  the  terms  in  question  make  their 
appearance.  Mr.  Ferrel  makes,  substantially,  the  same  sim- 
})lifications  which  Laplace  and  Airy  make  in  the  Tidal  theorv. 
They  do  not  seem  quite  so  legitimate  here*,  where  there  is  no 
a  prio7'i  ground  for  supposing  the  motions  very  small ;  but  I 
am  not  quarrelling  Avith  this.  His  next,  his  first  original 
step  is  to  lay  it  down  that  "  For  a  stratum  of  equal  pressure 

d?  d? 

P  is  constant,  and  hence  -ttt  =0  and  ^-r  =0  :"  and  of  course, 
^  do  d(p  ' 

d? 
by  parity  of  reasoning,  — -  =  0.     And  all  his  formulas,  I  be- 
lieve without  exception,  till  he  comes  to  those  in  the  Fourth 

*  In  my  paper  I  ventured  to  suggest  some  doubts  on  the  subject  even 
as  regards  tidal  motion  near  the  poles. 
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Section,  where  he  connects  pressure  and  wind,  are  derived  from 
these  equations  !  He  gives  no  equation  of  continuity.  And 
in  truth  he  does  not  want  it.  For  his  equations,  as  he  had 
himself  begun  with  observing,  are  the  equations  to  the  motion 
of  a  free  projectile,  not  oi' a  continuous  fluid. 

Or,  rather,  this  is  what  they  would  have  been  but  for  his 
fantastic  treatment  of  them.  Taking  the  case  of  an  elastic 
fluid,  he  puts  /c=«P  (in  connexion  with  which  I  have  men- 
tioned  the   blunder   he    subsequently   makes);  and  then  he 

1  dV 

separates  the  right-hand  side  of  the  equation  for  —  -j-  into 

two  parts  (sayU  — r/);  and  then  the  three  equations  become 

1  clV       jj  1  f/P       ,      ...      1  dF       ,„ 

P^=*^-"^'    P^  =  (^'^y)«^^    P,7^=«^- 

Then  he  supposes  H  to  be  the  complete  integral  of 

aUdr  +  uVdd  +  aWd(i>, 

without  attempting  to  prove  that  it  is  a  complete  differential ; 
and  then  he  asserts  that  1^  =  11—  \  [/ex  dr,  or  say  H  +  K  ;  and 
ihen  he  applies  his  proposition  as  to  the  consequence  of  making 
P  constant,  and  gets  his  wonder-working  equations 

in  Avhich,  moreover,  we  find  that  the  r  which  maybe  involved 
in  a,  and  so  in  K,  is  treated  as  a  function  of  6  and  of  ^  in  the 
differentiation,  though  6  and  (f)  are  not  treated  as  similarl}^ 
interdependent. 

I  think  this  is  a  sufficient  specimen  of  Mr.  Ferrel's  way  of 
dealing  with  symbols  as  soon  as  he  leaves  the  beaten  track, 
and  that  no  one  need  attemj)t  to  follow  him  further. 

Kitlands,  Dorking. 

Postscript. — Just  as  I  was  about  to  send  this  communication 
to  the  Philosophical  Magazine  I  became  acquainted  with  Mr. 
Scott's  'Elementary  Meteorology;'  and  I  find  from  a  passage 
in  it  that  my  warning  against  the  misleading  phraseology  of 
the  "  old  text-])Ook,"  as  quoted  from  Mr.  Fei-rel,  is  by  no 
means  superfiuous.  After  explaining  how  the  heated  siirfaces 
in  the  equatorial  regions  must  cause  an  overflow  of  rai-efied 
air  northward  and  southward,  he  goes  on  (p.  241): — "As  the 
form  01  the  earth  is  sj)herieal,  the  circumference  of  the  equator, 
a  great  circle,  exceeds  that  of  the  smaller  circles  of  latitude, 
which  gradually  diminish  to  a  ])oint  at  the  })ole.     The  mori- 
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dians  therefore  converge  as  the  latitude  increases  ;  and  the  air, 
jioimng  jioleioards,  is  moving  in  a  bed  continually  becoming 
narrower  and  narrower,  and  is  finally /orc^^  doum  to  the  sur- 
face of  the  earth  long  before  the  pole  is  reached." 

T  do  not  understand  this  process  of  "'  forcing  down."  But 
this  description  of  the  air  racing  and  crowding  towards  the 
pole  is  entirely  imaginary.  A  mass  of  air,  or  anything  else, 
pressed  or  impelled  northwards  in  the  equatorial  regions  is 
not  in  the  least  tending  towards  the  pole,  but  does  begin  to 
move  in  a  great  circle  slightly  inclined  to  the  equator.  I  am 
no  meteorologist ;  but  I  presume  that  the  northward  motion  is 
reinforced  while  it  still  moves  in  hot  regions  ;  and  so  the 
great  circle  in  which  the  motion  is  supposed  to  take  place  may 
become  more  and  more  divergent ;  and  the  northward  motion 
may  be  sensible  up  to  the  latitudes  of  30°  or  40°  mentioned 
by  Mr.  Scott.  But  a  general  flow  of  air  in  the  upper  regions 
from  west  to  east  within  a  certain  tropical  belt  is  all  that  I  can 
infer  from  the  data. 

I  have  also  found  that  Professor  Everett,  in  his  latest  edi- 
tion of  the  '  Natural  Philosophy,''  at  p.  525  accepts  Mr.  Ferrel's 
theory  of  the  Conservation  of  Areas,  and  at  p.  527  refers  to 
Mr.  FerreFs  paper  of  1860  as  "  the  most  complete  exposition 
we  have  seen  of  the  general  atmospheric  circulation." 


IV.    On  Metal  Microphones  in  vacuo. 
By  S.  '^i\jm\o,  A.S.T.E* 

THE  consideration  that  a  metal  microphone  would  not 
oxidize  to  any  serious  extent  in  a  vacuum,  and  also  a 
desire  to  see  how  it  Avould  operate  in  exhausted  air,  led  me  to 
construct  the  apparatus  illustrated  below. 


It  consists  of  a  tubular  bulb  of  glass,  M,  into  which  the 


*  Commuuicated  bv  tlie  AiitLor. 
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microphone  is  sealed  by  means  of  electrodes  of  stout  pla- 
tinum wire,  g,  g,  g'.  The  two  wires  g,  g  have  a  plate  or  strip 
of  iron-wdre  gauze,  of  about  80  meshes  to  the  lineal  inch, 
stretched  tightly  between  them.  This  gauze  forms  the  fixed 
contact  of  the  microphone.  The  movable  contact  is  formed  of 
a  smaller  square  of  similar  gauze  hung  or  hinged  on  the  third 
electrode,  g' ,  in  such  a  manner  that  it  rests  lightly  against  the 
fixed  piece  behind.  This  metal  piece  is  so  light  that  it  forms 
a  microphonic  contact  with  the  fixed  piece  below  ;  and  when 
a  circuit  is  made  by  a  battery  (B)  and  a  telephone  (T)  through 
the  gauze,  the  ticking  of  a  watch,  ic,  laid  on  the  base-board  is 
heard  in  the  telephone. 

The  sensitiveness  of  the  microphone  is  increased  by  bring- 
ing up  the  pole  of  a  magnet  in  front  of  \\\q  movable  piece  so 
as  to  lighten  the  pressure  of  that  piece  on  the  fixed  plate 
behind,  and  tend  to  draw,  b}^  the  inductive  attraction  of  the 
pole  upon  the  iron,  the  movable  piece  away  from  the  piece  on 
which  it  rests.  I  have  not  been  able  to  ascertain  whether  the 
movable  piece  is  actually  separated  from  the  back  ])iece  by 
the  approaching  magnet,  because  in  the  case  of  metals,  when 
the  microphonic  contacts  are  separated  by  an  extremely  minute 
space,  the  current  is  interrupted,  whereas  in  the  case  of  a  car- 
bon microphone  Mr.  Stroh  has  observed  an  actual  separa- 
tion of  the  contact-points  by  means  of  a  microscope^  whilst 
the  current  continued  to  flow  and  the  microphone  to  act.  It 
is  certain,  however,  that  as  the  poleof  the  magnet  is  gradually 
brought  nearer  to  the  movable  gauze  the  ticking  of  the  w^atch 
becomes  gradually  louder  and  better  defined,  as  if  the  contact- 
points  were  able  to  vibrate  in  a  freer  manner  and  with  a  longer 
range.  At  last  there  comes  a  point  at  which  the  sonorous 
current,  which  had  evidently  increased  till  then,  suddenly 
fails,  and  a  sharp  click  in  the  telephone  announces  the  fact  that 
the  electric  flow  is  interrupted. 

If,  on  the  other  hand,  the  pole  of  the  magnet  be  brought  up 
behind  the  fixed  gauze,  the  sound  in  the  telephone  dies  off', 
apparently  because  the  movable  gauze  is  pulled  by  its  attrac- 
tion into  closer  contact  with  the  fixed  piece  behind. 

On  exhausting  this  bulb  Avith  a  mercury-pump  of  the  im- 
proved kind  used  for  making  electric  incandescence  lamps, 
the  ticking  of  the  watch  becomes  singularly  clear  and  metallic 
in  quality,  the  very  ring  of  the  hair-s})ring  seeming  to  be 
audible.  In  fact  a  vacuum  microphone  of  this  kind  is  pecu- 
liarly sensitive;  and  the  effect  appears  to  be  due,  in  part  at 
least,  to  the  rarity  of  the  air  within  the  bulb.  Another  form 
of  the  instrument,  having  loose  iron  grains  contained  in  a 
vacuum-bulb  between  two  electrodes  of  platinum,  exhibits  the 
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same  clearness  of  tone  wliicli  distinguishes  the  same  arrange- 
ment  in  aii*  at  the  orcUnary  pressure  from  that  in  a  vacuum. 
The  deoree  of  vacuum  existing  in  the  bulbs  is  that  of  the  usual 
incandescence  lamp,  or  about  one  millionth  of  an  atmosphere. 
It  might  be  thought  from  M.  Edlund's  researches,  recently 
referred  to  in  the  Philosophical  Magazine,  that  polarization  of 
the  metal  contacts  would  prevent  the  microphonic  action  in 
vacuo;  but  this  is  evidently  not  the  case. 
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V.  On  the  Determination  of  Chemical  Aifinity  in  terms  of 
Electi'omotive  Force. — Part  VII.  By  C.  R.  Alder  Wright, 
D.Sc.  (^LoncL),  F.R.S.,  Lecturer  on  Chemistry  and  Physics, 
and  C.  Thompson,  Demonstrator  of  Chemistry,  in  St.  Mary\s 
Hosjntal  Medical  School*. 

On  the  Electromotive  Force  of  Clark's  Mercia'ous-Suljjhate 
Cell ;  and  on  the  Work  done  during  Electrolysis. 

On  the  E.M.F.  of  Clark's  Cell. 

133.  ~ri^  the  course  of  the  series  of  experiments  partly  de- 
J-  scribed  in  Parts  V.  and  VI.  a  large  number  of 
observations  have  been  made  with  various  cells  after  Clark's 
construction  (Proc.  Roy.  Soc.  xx.  p.  444),  in  all  cases  com- 
pared with  one  another  and  with  other  cells  by  means  of  the 
quadrant-electrometer  only,  so  that  they  never  generated  any 
current  other  than  the  minute  leakage  current  through  the 
not  mathematically  absolutely  insulating  materials  between 
their  poles. 

In  some  instances  the  mercurous  sulphate  was  purchased 
(from  Messrs.  Hopkin  and  Williams),  and  Avas  well  washed 
before  use  by  numerous  boilings  with  distilled  water  and  de- 
cantations.  In  other  cases  the  mercurous  sul])hate  was  pre- 
])ared  by  heating  twice-distilled  mercury  (previously  purified 
by  nitric  acid)  Avith  ]3ure  suljjhuric  acid  at  as  low  a  tempera- 
ture as  possible  consistent  with  any  action  taking  place,  and 
thoroughly  Avashing  the  resulting  sulphate  by  repeatedly  boil- 
ing A\nth  distilled  water  and  decantation.  The  action  AA\as 
never  allowed  to  go  on  until  more  than  a  fraction  of  the  mer- 
cury used  Avas  couA-erted  into  sulphate,  in  order  to  reduce  the 
amount  of  mercuric  sulphate  formed  to  a  minimum. 

The  cells  Avere  made  out  of  pieces  of  ordinary  combustion- 
tubing  (selected  on  account  of  the  absence  of  lead  in  the  glass) 

*  Communicated  by  the  Plnsical  Society,  haying  been  read  May  12, 
1883. 


26    Messrs.  Wriglit  and  Thompson  on  the  Determination  of 

drawn  out  before  the  blowpipe  into  the  U-shape  represented 
on  about  two  thirds  scale  in  the  cut  (fig.  1).     The  glass  being 
perfectly  dry  and  hot,  pure  recently-boiled 
still  hot  mercury  was  poured  into  them  so 
as  to  form  a  layer  about  half  an  inch  (10 
to  15  millimetres)  deep,  «;  on  the  top  of 
this  was  then  pouz'ed   a  boiling  paste  of 
thoroughlywell-washedmercurous-sulphate 
and  zinc-sulphate  solution,  containing  so 
much  of  the  latter  salt  as  to  be  slightly  su- 
persaturated when  cold,  so  as  to  crystallize 
on  standing.      It  was  found  convenient  to 
make  the  paste  not  too  thick,  and  to  let  the 
solid  matter  subside  in  the  cell,   the  su- 
pernatant comparatively  clear  fluid  being 
sucked    out    by    a    clean    pipette,    so    as 
finally  to  leave  on  the  top  of  the  mercury 
a  layer  of  particles  of  mercurous  sulphate  wetted  with  zinc- 
sulphate  solution  some  15  to  20  millimetres  deep,  h.     Pieces 
of  zinc  rod  (cast  in  glass  tubes  from  pure  metal  fused  in  a 
porcelain  crucible),  well  brightened  by  a  file  that  had  never 
touched  any  other  metal,  were  then  placed  in  the  cells  so  as 
to  dip  into  the  paste  some  4  or  5  millimetres,  and  project  out 
of  it  about  twice  as  much,  c.    The  zincs  were  kept  from  falling 
by  pieces  of  cork,  d,  cut  as  represented  in  fig.  2,  and  pre- 
viously immersed  in  hot  paraffin-wax  so  as  to  expel 
air  and  moisture  ;  to  the  ends  projecting  from  the 
paste   were    previously  soldered  copper    wires,   e. 
Melted  paraffin-wax  was  then  poured  into  the  cell 
so  that  all  air  was    expelled,   rising   through  the 
perforations  in  the  edges   of  the   cork   disks,    and 
the  upper  two  thirds  of  the  zinc  and   the  soldering   were 
completely  covered,/.    Finally,  a  piece  of  platinum  wire,^,  or 
a  strip  of  foil  was  passed  down  the  narrow  limb  of  the  cell  so  as 
to  make  contact  with  the  mercury  :  it  was  found  convenient 
to  amalgamate  the  tip  of  the  platinum  by  moistening  it  and 
immersing  it  in  freshly  made  sodium  amalgam,  all  sodium 
being  removed  from  the  adherent  film  of  mercury  by  subse- 
quent immersion  in  water  for  some  hours.     The  cells  thus 
prepared,  being  wanted  for  use  only  and  not  being  required 
to  be  externally  well  finished,  were  not  mounted  in  the  neat 
brass  cases  with  ebonite  tops  and  binding-screws  usually  em- 
ployed, but  were  simply  fixed  in  a  beaker,  or   any   other 
convenient  holder,  by  pouring  in  melted  paraffin-wax  around 
them.     When  used  in  connexion  with  the  electrometer,  the 
copper  wire  soldered  to  the  zinc  and  a  similar  wire  soldered 


so 


that 
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to  the  strip  of  platinum  (and  secured  by  a  turn  round  the 
upper  end  of"  the  narrow  limh  and  a  drop  of  seahng-wax) 
were  bent  over  so  as  to  dip  into  mercury-cups,  a  number  of 
which  were  arranged  in  the  arc  of  a  circle  round  two  others, 
like  those  figured  in  Part  V. ;  so  that  any  consecutive  pair 
of  cups  could  at  will  be  connected  with  the  electrometer  by 
the  double  switch. 

Either  through  a  natural  repulsion  between  bright  zinc  and 
the  mercurous-sulphate  paste,  or  through  the  formation  of  a 
faint  film  of  grease  &c.  on  the  zinc  from  the  file  used  to 
brighten  it,  it  sometimes  happened  that  the  cell  when  finished 
would  not  work,  contact  not  existing  between  the  zinc  and 
paste.  It  was  found  that  this  never  occurred  when  the 
brightened  zincs  w^ere  washed  successive!}"  with  ether,  alcohol, 
and  saturated  zinc-sulphate  solution  just  before  immersion  in 
the  paste. 

134.  On  comparing  together  a  moderately  large  number  of 
cells  (upwards  of  fifty)  thus  prepared  Avith  different  specimens 
of  mercurous  sulphate,  readings  being  taken  two  or  three 
times  a  week  for  some  three  months,  the  following  results 
were  obtained  : — A  slight  rise  in  E.M.F.  was  often  observed 
during  the  first  few  days  after  construction  ;  but  at  the  end 
of  a  week  at  most  the  values  hecame  constant,  and  remained  so 
(the  ter)iperature  heing  constant^  for  long  periods  of  thne.  The 
maximum  variations  observed  between  the  average  results  of 
the  series  of  observations  for  any  two  given  cells  were  slightly 
less  than  that  found  to  exist  by  Clark  (whose  highest  and 
lowest  values  are  respectively  1'4651  and  1"4  517  volt,  giving 
a  difference  of  0134  volt,  or  upwards  of  0*9  per  cent.).  Taking 
the  average  of  the  whole  set  as  100*00,  the  maximum  variation 
between  two  single  cells  did  not  exceed  "010  volt,  or  0*7  per 
cent.,  each  cell  possessing  a  value  lying  between  99*65  and 
100*35.  Even  amongst  cells  set  up  at  the  same  time  from 
absolutely  the  same  materials,  extreme  differences  of  as  much 
as  0*005  volt  =  0*35  per  cent.  Avere  sometimes  observed, 
although  usually  the  difference  did  not  exceed  "002  or  '003 
volt  and  was  frequently  almost  inappreciable. 

Much  greater  differences,  however,  were  found  to  exist 
when  the  zinc-sulphate  solution  was  not  completely  saturated 
with  that  salt,  the  variation  produced  being  of  this  kind,  that 
the  iceaker  the  solution  the  higher  the  E.M.F.  of  the  cell,  the 
difference  being  approximately  proportionate  to  the  amount 
of  dilution,  and  amounting  to  upwai'ds  of  2*0  per  cent,  of  the 
value  when  considerably  dilute  zinc-sulphate  solution  was 
used.  The  details  of  these  observations  will  be  discussed  in  a 
future  paper,  along  with  those  of  similar  experiments  made 
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with  other  cells.  It  may,  however,  be  here  noticed  that,  so 
long  as  a  cell  containing  unsaturated  zinc-sulphate  solution  was 
protected  against  concentration  by  evaporation,  and  was  only 
used  in  connexion  with  a  quadrant-electrometer,  its  indica- 
tions remained  perfectly  constant  for  many  months  (the  tem- 
perature being  the  same),  precisely  as  was  found  with  cells 
set  up  with  saturated  zinc-sulphate  solution. 

Efect  of  Dissolved  Air  on  the  E.M.F.  of  Clark's  Cell. 

135.  Two  series  of  experiments  were  made  with  the  object 
of  finding  out  how  far  the  boiling  of  the  mercurous-sulphate 
paste  (as  recommended  by  Clark)  in  order  to  remove  dissolved 
air  is  essential.  In  one  series  a  number  of  cells  were  set  up, 
using  full}^  aerated  zinc-sulphate  solution  and  unboiled  mer- 
cury (exposed  to  the  air  under  a  glass  shade  for  several  days 
since  preparation  and  distillation  respectively);  in  the  other 
the  paste  was  boiled  in  a  S])rengel  vacuum  produced  in  the 
cell  itself  for  some  time,  the  cell  being  then  hermetically 
sealed,  so  as  to  reduce  the  amount  of  residual  air  to  a  mini- 
mum. In  each  case  the  average  E.M.F.  of  the  combination  teas 
sensibly  identical  zcith  that  of  an  average  ordinary  Clark  cell 
prepared  as  above  described  and  containing  zinc-sulphate  solu- 
tion of  the  game  strength  as  that  contained  in  the  combination. 

In  order  to  prepare  these  hermetically-sealed  cells  a  rather 
troublesome  process  was  employed.  First  a  piece  of  glass 
tubing,  about  10  or  12  millim.  in  bore,  was  blown  into  a 
Y- shape,  and  the  two  limbs  of  the  Y  drawn  out  as  represented 
in  fig.  3;  a  zinc  rod  was  then  cast  so  that  a  thin  platinum  wire 
was  imbedded  in  one  end  ;  this  zinc  rod  was  brightened  and 
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sealed  up  on  ihe  tube   so  that  the  platinum  Avire  projected 
(fig.  4,  a).     Vi\  the  aid  of  a  glass  funnel  with  a  tiexiblo  capil- 
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lary  stem  (made  by  drawino;  out  a  piece  of  tuhing-  before  the 
blowpipe)  paraffin-wax  was  introduced  into  the  sealed-up  limb 
so  as  to  cover  up  completely  the  platinum  wire  and  lower  half 
of  the  zinc,  leaving  the  other  half  exposed,  h.  In  a  similar 
way,  recently  boiled  mercury  was  run  into  the  other  limb, 
previously  sealed  up  with  a  second  platinum  wire  passing 
throuo;h  the  glass,  c.  The  stem  of  the  inverted  Y-tube  was 
then  carefully  drawn  out  before  the  blowpipe  (fig.  5,  m),  and 
connected  by  means  of  a  short  piece  of  india-rubber  tubing,  n, 
with  the  end  of  a  glass  tube  projecting  from  the  little  flask,  p, 
containing  mercurous  sulphate  paste,  and  connected  with  the 
Sprengel  pump. .  When  a  fairly  good  vacuum  was  obtained, 
the  paste  was  made  to  boil  by  applying  a  very  gentle  heat ; 
after  about  half  an  hour's  boiling  (the  pump  being  at  work 
the  whole  time)  the  connexion  between  the  pump  and  flask 
was  suddenly  sevei'ed,  when  the  sudden  access  of  atmos[)heric 
pressure  drove  the  paste  into  the  cell,  completely  filling  it  : 
the  pump  was  then  again  connected,  and  the  boiling  carried 
out  again  in  the  cell  itself,  and  so  on  as  before.  Finally,  by 
means  of  a  blowpipe  the  drawn-out  stem  was  sealed  at  m.  To 
prevent  the  paste  blocking  up  this  drawn-out  part,  it  was  found 
necessary  to  use  levigated  particles  of  mercurous  sulphate  with 
a  large  proportion  of  zinc-sulphate  solution;  so  that  ultimately 
the  cell  contained  much  more  fluid  than  solid  matter.  In 
order  to  use  the  cell,  copper  wires  were  soldered  to  the  plati- 
num wires  projecting  from  the  sealed  ends  of  the  inverted  Y 
and  bent  over  so  as  to  dip  into  mercury-cups,  the  Y  being 
either  held  by  a  clamp  or  imbedded  in  paraffin- wax,  and  of 
course  being  ne\er  allowed  to  be  upset  or  shaken  up  so  that 
the  mercury  could  pass  into  the  limb  containing  the  zinc, 
which  is  otherwise  liable  to  occur  and  spoil  the  cell. 

186.  The  following  numbers  may  be  quoted  as  illustrations 
of  the  practical  absence  of  any  effect  on  the  E.M.F.  of  the  cell 
caused  by  the  presence  or  otherwise  of  dissolved  air.  The 
values  cited  are  the  average  readings,  during  a  period  of 
several  months,  of  a  dozen  cells  set  up  with  cold-saturated  zinc- 
sulphate  solution  well  aerated,  and  not  sealed  up  with  melted 
paraffin-wax,  but  only  loosely  corked  to  avoid  entrance  of 
dust.  Each  cell  during  this  period  remained  sensibly  constant. 
All  the  values  are  reduced  to  the  average  reading  (taken  as 
100*00),  during  the  same  period,  of  a  yet  larger  number  of 
cells  prepared  hot  and  sealed  up  precisely  in  accordance  with 
Clark's  directions — this  average  reading  being  the  standard 
employed  in  the  previous  portions  of  these  experiments,  and 
especially  in  Parts  V.  and  VI. 
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Batch  of  four  cells  made  from  mercurous  l  i"     uq.q/i 

sulphate  purchased  from  Messrs.  Hop-  1    "    „'     ^  „  ^_ 
km  and  Williams )    "    ,       nana 

C         5      99*75 
Batch  of  four  cell  made  from  mercurous  i     '■       '     qQ.(,- 

sulphate  prepared  specially  by  ourselves  /    "    ^'     nn  aq 

for  this  purpose     .     .     .     .^    .     .     .      ^   ^'^    ^;  ^^^:^^ 

Batch  of  four  cells  made  from  another  i  "in*  iaa.h 
specimen  of  mercurous  sulphate  pre-<'  "-i-f'  iaa.iq 
pared  by  ourselves I    "19'  1 00-1 9 

General  average     ....     99*995 

Precisely  analogous  figures  were  obtained  with  several 
vacuum-prepared  cells,  no  one  of  Avhich  gave  a  value  outside 
of  the  limits  99*7  and  100*3,  i.  e.  outside  of  the  limits  of  fluc- 
tuation of  the  ordinary  Clark's  cells  compared  with  them. 
On  opening  one  of  these  vacuum-cells  so  as  to  admit  air,  a 
distinct  fall  in  E.M.F.,  amounting  to  0"25  volt,  was  observed  ; 
this  behaviour,  however,  was  not  shown  by  other  similar  cells 
on  opening. 

Influence  of  Mercuric  Sulphate  in  the  Mercurous  Sulphate. 

137.  However  carefully  the  mercurous  sulphate  may  be 
prepared,  it  is  almost  impossible  to  obtain  it  without  some 
admixture  of  mercuric  sulphate.  During  the  boiling  and  wash- 
ing by  decantation  this  latter  becomes  a  basic  salt,  the  so-called 
"  turpeth  mineral,"  which  possesses  a  bright  yellow  tint,  and 
communicatps  to  the  mercurous  sulphate  a  more  or  less  pro- 
nounced yellowish  tinge.  In  order  to  see  how  far  the  presence 
of  varying  quantities  of  this  compound  might  possibly  affect 
the  E.M.F.  of  Clark's  cell,  several  cells  were  set  up  in  the 
same  way  as  the  hot-prepared  cells  described  above,  but  using 
turpeth  mineral  only  instead  of  mercurous  sulphate.  Two 
samples  of  turpeth  mineral  were  employed: — one  purchased 
(from  Messrs.  Hopkin  and  Williams),  and  well  washed  by 
boiling  up  many  times  with  water  and  decantation  before  use; 
the  other  prejjared  by  boiling  mercury  with  a  large  excess  of 
pure  sulphuric  acid,  evaporating  off  most  of  the  acid  (which 
process  converts  all  mercurous  sulphate  present  into  mercuric), 
adding  to  a  large  bulk  of  boiling  water  and  washing  many 
times  the  yellow  heavy  i)Owder  formed,  by  boiling  up  with 
water  and  decanting,  so  as  to  remove  all  traces  of  free  sul- 
phuric acid,  and  of  the  soluble   acid  mercuric  sulphate  also 
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formed.  On  taking  a  long  series  of  readings  of  these  cells,  it 
was  found  that  whilst  the  E.M.F.  was,  when  the  cell  was 
newly  set  up,  close  to  that  of  an  average  mercurous-sulphate 
cell,  on  standing  a  few  days  a  distinct  fall  was  observable, 
which  went  on  progressively  until,  after  some  weeks,  a  dimi- 
nution in  the  E.M.F.  of  between  3  and  4  per  cent,  was 
brought  about,  after  which  the  fall  ceased  or  became  very 
languid.  Thus  the  following  average  readings  were  obtained 
as  before,  the  average  E.M.F.  of  the  hot-prepared  cells  con- 
taining saturated  zinc-sulphate  solution  being  taken  as  100 
when  at  the  same  temperature  as  the  cells  examined:  cells  A, 
B,  C,  and  D  were  set  up  simultaneously  with  turpeth  mineral 
prepared  by  ourselves  ;  cells  E  and  F  simultaneously  with 
the  purchased  substance.  The  zinc,  zinc  sulphate,  and  mer- 
cury used  were  the  same  as  those  used  for  the  hot-prepared 
cells.  Notwithstanding,  however,  that  all  the  cells  were  as 
alike  as  possible,  yet  the  rate  of  fall  during  the  first  few  weeks 
was  by  no  means  identical. 


Age  of  cell... 

1  day. 

2  to  6 
days. 

lto2 
weeka. 

6  weeks. 

2  to  4 
months. 

6  to  20 
months. 

CeUA    

„     B    

„     0    

„     D    

100-6 
100-3 
100-4 
100-6 

100-12 
100-31 
100-22 
100-46 

90-95 

100-11 

99-90 

99-80 

98-35 
99-65 
99-19 
97-88 

97-04 
98-18 
97-38 
97-39 

97-00 
97-64 
96-96 
97-44 

Ayerage 

100-5 

100-28        99-93 

98-77 

97-50 

97-26 

CellE    

„     F    

99-4 
99-5 

98-85 
99-41 

97-27 
98-13 

96-78 
9711 

95-80 
96-00 

Average 

99-45      99-13        9770 

96-95 

95-90 

It  is  evident  from  these  figures  that  the  effect  of  the  pre- 
sence of  turpeth  mineral  in  the  mercurous  sulphate  used  for 
Clark's  cells  is  in  the  direction  of  decreasing  the  value  ;  but 
inasmuch  as  the  decrease  is  progressive,  whilst  no  such  altera- 
tion was  observed  in  the  Clark's  cells  examined,  at  any  rate 
during  several  months  after  construction,  it  appears  doubtful 
whether  the  variations  in  the  E.M.F.  of  dift'erent  Clark's  cells 
set  up  at  various  times  can  be  attributed  to  this  cause. 

Permanence  of  Clark'' s  Cella. 

138.  A  number  of  cells  prepared  in  various  ways  (paste 
boiled  and  cells  sealed  with  parafiin-wax;  paste  boiled  in  vacuo 
and  cells  hermetically  sealed  ;  set  up  with  saturated  zinc-sul- 
phate solution,  or  with  weaker  solutions)  were  kept  for  periods 
of  time  ranging  from  a  few  months  to  two  or  three  years,  and 
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checked  against  one  another  from  time  to  time,  or  compared 
with  Daniell  cells  set  up  as  described  in  Part  V.,  with  amal- 
gamated pure  zinc  and  electro-copper  plates,  and  pure  zinc- 
and  copper-sulphate  solutions  of  the  same  molecular  strength*. 
No  permanent  changes  in  the  values  were  observed  (outside 
of  the  limit  of  the  errors  of  observation)  in  the  case  of  those 
cells  which  were  so  well  sealed  that  neither  evaporation  took 
place,  nor  passage  outwards  of  the  fluid  by  capillary  action 
through  cracks  in  the  sealing  material.  Vacuum-cells  were 
thus  kept  unchanged  for  upwards  of  two  years,  as  also  were 
some  normal  Clark  cells  that  were  completely  imbedded  in 
paraffin-wax.  In  several  cases,  however,  where  the  cells  were 
not  completely  imbedded,  but  were  only  sealed  up  by  a  plug 
of  paraffin-wax  poured  in  at  first  round  the  zinc  plate  and  the 
cork  &c.  supporting  it,  cracks  formed  sooner  or  later  either  in 
the  paraffin-wax  itself  or  between  the  glass  and  the  wax,  so 
that  the  fluid  passed  out  through  the  cracks  by  capillary  action 
and  formed  an  efflorescence  outside  the  cell.  In  some  cases 
the  action  went  on  to  such  an  extent  as  to  leave  the  zinc 
wholly  exposed,  no  contact  finally  existing  between  it  and  the 
■I)aste  :  such  cells  were  of  course  utterly  spoilt.  In  other  in- 
stances the  zinc  was  only  partially  bared  :  in  these  cases  the 
E.M.F.  of  the  cell  remained  almost  unaltered  when  saturated 
zinc-sulphate  solution  was  employed  in  the  first  instance,  but 
was  lessened  when  unsaturated  solution  was  originally  used, 
owing  to  the  evaporation  and  concentration  which  went  on 
simultaneously  with  the  capillary  action,  or  subsequently  to 
the  commencement  thereof.     For  example,  two  cells  set  up 

*  A  large  number  of  observations  on  the  E.M.F.  of  Daniell  cells  have 
shown  that,  when  proper  precautions  are  taken  in  setting-  up  the  cells,  a 
verv  considerable  degree  of  constancy  in  value  is  attainable,  so  that  such 
cells  serve  as  good  practical  standards  ;  but  that  if  these  precautions  are 
ueo-lected,  variations  amounting  to  5  per  cent.,  and  even  more,  may  ensue. 
The  essential  precautions  are : — first,  that  pure  solutions  of  zinc  and  copper 
sulphates  containing  no  free  acid  should  be  used,  each  being  of  the  same 
molecular  t^trength  {i.  e.  practically  of  the  same  specific  gravity ;  conve- 
niently tlie  molecular  strength  may  be  near  to  MSO,,  oOHgO)  ;  secondly, 
that  tiie  solutions  should  be  in  separate  vessels,  united  when  required  by 
an  inverted  U-tube,  the  mouths  of  which  are  covered  with  thin  bladder 
(Raoult's  form  of  cell)  ;  thirdly,  that  the  plates  should  be  pm-e  zinc  amal- 
o-amated  with  pure  mercury,  and  copper  recently  electro-deposited  from 
pure  sulphate  solution — the  wires  serving  as  electrodes,  and  their  junctions 
with  the  plates  being  coated  with  gutta-percha,  so  that  no  part  of  the  plate 
or  wire  is  simultaneously  in  contact  with  both  Huid  and  atmosphere  ;  and 
fourthly,  that,  if  used  to  generate  a  current,  the  current-density  must  not 
exceedsome  5  microamperes  per  square  centimetre,  so  that  with  plates 
exposing-  20  square  centimetres  the  total  resistance  in  circuit  must  be  at 
least  ld,OUO  ohms,  if  exposing  10  square  centimetres  20,000  ohms,  and 
so  on. 
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with  zinc-sulphate  solution  about  two  thirds  saturated  gave 
the  values  101"07  and  100*92  during  the  first  few  weeks 
after  construction  ;  cracks  then  formed,  and  efflorescence  and 
evaporation  took  place,  so  that  the  zincs  became  partially 
bared,  during  which  time  the  electromotive  forces  gradually 
sank.  After  some  months  the  paste  became  covered  with  crys- 
tals of  zinc  sulphate,  indicating  that  the  residual  solution 
moistening  the  mercurous  sulphate  was  saturated:  the  elec- 
tromotive forces  were  then  lOO'lo  and  99'73  respectively, 
which  values  were  subsequently  retained  almost  constant  for 
several  months  lonoer,  notwithstanding  that  a  considerable 
portion  of  each  zinc  rod  was  out  of  the  paste  and  exposed 
to  the  air. 

A  number  of  observations  made  with  cells  containing  zinc 
rods  parti}'  immersed  in  the  paste  and  partly  exposed  to  the 
air,  gave  sensibly  the  same  average  result  as  another  series  of 
observations  made  with  the  same  cells  when  the  zinc  rods  were 
pushed  down  so  as  to  be  wholly  immersed  (the  upper  end  and 
the  wire  serving  as  electrode  being  protected  from  contact 
with  the  paste  by  gutta-percha). 

It  is  specially  to  be  noticed,  in  connexion  with  the  question 
of  the  permanence  of  Clark's  cells,  that  the  cells  experimented 
with  were  only  used  in  connexion  with  the  quadrant-electro- 
meter; so  that  from  first  to  last  they  7i€ver  generated  any  con- 
tinuous current,  nor  had  any  current  (Jioioever  small)  sent 
through  in  the  inverse  direction — conditions  impossible  com- 
pletely to  realize  in  practice  when  working  by  the  "  method 
of  opposition  "  or  with  the  potentiometer. 

Effect  of  Temperature  on  the  E.M.F.  of  Clark'' s  Cell. 

139.  According  to  Clark  (Proc.  Roy.  Soc.  xx.  p.  444),  the 
E.M.F.  of  a  hot-prepared  mercurous  zinc-sulphate  cell  dimi- 
nishes at  an  approximately  constant  rate  of  0"06  per  cent,  per 
degree  rise  in  temperature  between  15°*5  and  100°  ;  he  states, 
hoAvever,  that  this  figure  might  be  verified  vnih.  advantage. 
A  number  of  observations  having  indicated,  as  a  preliminary 
result,  that  this  value  is  considerably  too  high  between  the 
temperature-range  (10'^  to  25°)  most  frequently  obtaining  in 
practice,  and  that  fairly  constant  results  are  given  with  dif- 
ferent cells,  the  following  experiments  were  made  in  order  to 
determine  more  exactly  the  mean  coefficient  of  alteration  per 
degree  between  these  temperature-limits,  with  the  result  of 
showing  that,  instead  of  Clark's  number  (0"0006)  being  de- 
duced, a  value  but  httle  above  two  thirds  of  this  figure  was 
obtained,  viz.  "000411,  as  the  average  often  experiments  with 
five  cells. 
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Let  the  E.M.F.  of  a  given  cell,  taken  temporarily  as  a 
standard,  be  1  at  temperature  ^i  (near  to  15°),  and  let  the 
E.M.F.  of  a  second  cell  compared  therewith  be  a^  when  the 
cell  compared  is  at  a  temperature  t^^  the  standard  being  still 
at  ti.  In  another  experiment,  when  the  standard  is  at  a  tem- 
perature ^3  not  far  from  ^^,  let  the  E^M.F.  of  the  second  cell 
be  «25  this  cell  being  at  the  temperature  t^.  Now  let  x  be  the 
mean  coefficient  of  variation  for  1°  between  ^2  and  t^  for  the 
second  cell,  whilst  x'  is  the  analogous  coefficient  between  ^j 
and  ^3  for  the  temporary  standard.  Then,  since  the  E.M.F.  of 
the  standard  at  ^1  is  unity,  its  E.M.F.  at  ^3  is  l  —  {t^—t])x'j 
whence  the  E.M.F.  of  the  second  cell  at  t^^is,  a2\l  —  {t^  —  t-^x'  ^ . 
The  E.M.F.  of  this  second  cell  at  t^,  however,  is  also 

a^\l-{t^  —  t2)x\; 
SO  that 

a-^\l  —  {ti—tx)x\  =a2\l  —  {t^  —  ti)x'\. 

Now,  from  Clark's  experiments  and  certain  preliminary  ob- 
servations made  by  ourselves,  it  results  that  x  is  approximately 
equal  to  x' ;  whilst  if  the  temperatures  are  suitably  chosen  so 
that  the  mean  of  ti  and  ^3  is  sensibly  the  same  as  the  mean  of 
^2  and  ^4,  it  must  result  that  the  difference  between  x  and  x' 
is  very  small ;  and,  finally,  if  t-^  and  t^  differ  but  little  in  com- 
parison with  the  difference  between  t^  and  t^,  any  errors  in 
the  valuation  of  x'  will  be  but  small  relatively.  Hence,  taking 
x-=-x',  it  results  that 

ai  —  a2 

In  order,  then,  to  determine  x,  it  is  only  necessary  to  determine 
the  relative  readings  of  two  cells,  first  when  one  is  at  ^1 
and  the  other  at  t^  (say  at  15°  and  0°  respectively),  and 
secondly  when  the  first  is  at  ^3  and  the  second  at  t^  (say  at 
14°  and  30°  respectively),  the  temperatures  being  such  that 
^1  +  ^3  approximately  equals  ^2  +  ^4  (as  in  the  case  of  the  sup- 
posed numbers). 

To  carry  out  this  principle  two  water-jacketed  metal  cham- 
bers were  constructed,  furnished  with  delicate  thermometers 
reading  to  0°*01  C,  and  containing  respectively  the  sets  of 
cells  to  be  compared,  the  poles  of  the  cells  being  connected 
with  the  mercury-cup  arrangement  applied  to  the  electro- 
meter by  means  of  covered  Avires  passing  through  narrow 
glass  tubes  fixed  in  the  double  lids  of  the  chambers,  so  that 
no  conducting  contact  between  the  wires  themselves  or 
between  the  wires  and  lids  &c.  was  possible.  One  of  the 
water-jackets  was  filled  with  water  at  near   15°,  the  other 
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with  water  either  at  or  near  0°  or  at  or  near  30°^  as  the 
case  might  be  ;  the  masses  of  fluid  (agitated  from  time  to 
time  with  a  peculiar  stirrer)  were  so  large  that  the  tempera- 
ture of  the  chamber-spaces  varied  but  little  during  the  pro- 
gress of  the  series  of  readings  ultimately  made.  The  mean 
temperatures  indicated  by  the  thermometers  during  the  series 
were  taken  as  the  mean  temperatures  of  the  cells  (placed  in 
the  chambers  some  time  before  the  readings  were  commenced, 
so  as  to  attain  sensibly  the  temperatures  of  the  chamber-spaces). 
The  readings  were  carried  out  in  systematic  order;  so  that  the 
average  reading  for  each  cell  should  be  exactly  comparable 
with  that  of  any  other,  notwithstanding  any  possible  running- 
down  of  the  electrometer-scale  during  the  progress  of  the 
readings.  For  instance,  if  in  the  first  chamber  two  cells  (A 
and  B)  were  placed,  and  in  the  second  two  others  (C  and  D), 
the  readings  were  alternately  taken  in  the  orders  A,  B,  C,  D 
and  D,  C,  B,  A,  or  C,  D,  A,  B  and  B,  A,  D,  C ;  so  that  the 
average  reading  for  each  cell  was  identical  with  that  which 
would  have  been  observed  had  the  electrometer-scale  value 
been  absolutely  constant  throughout  at  its  mean  value  (the 
actual  variation  of  the  electrometer-scale  during  any  set  of 
readings  was  considerably  under  1  per  cent.). 

Thus,  for  instance,  the  following  numbers  were  obtained  in 
two  experiments,  in  each  of  which  the  same  two  cells  A  and  B 
were  placed  in  the  first  chamber,  and  the  same  two  (C  and  D^ 
in  the  second: — 

1st  experiment. 

16"-84 

l°-08 

9°-72 

26°-02 

Average  scale-reading  for  A  1  -.  cn.q^ 

and  B  taken  together  at  t^  J 
Average  reading  for  C  at  t^      161  "00 
Average  reading  for  A  and")  iko.aa 

B  taken  together  at  ^3    .    J 
Average  reading  of  C  at  ^4       152*25 

ai      .     .     .     ^iSr,  =1-0066 


02 


159-94 

152-25 

153 


=  -9951 


%  — ^2 


•000358 


2nd  experiment. 

17°-04 

3°-30 

10^-98 

25°-12 

159-62 

160-75 

152-56 

152-00 


160-75 


159-62' 
152 
152-56 


1-0071 


=   -9963 


Mean  value  of*-  =  -000372. 
D2 


•000386 


1st  experiment. 

2nd 

experiment. 

Mean. 

.     -000358 

•000386 

-000372 

.     -000439 

-000428 

-000434 

.     -000480 

-000481 

•000481 

.     -000436 

•000397 

•000417 

.     -000364 

•000336 

•000350 
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Similarly  the  values  ^000439  and  -000428  (mean  ='000434) 
were  obtained  for  x  in  the  case  of  cell  D  simultaneously  ex- 
amined. The  following  Table  exhibits  in  brief  these  figures 
and  those  obtained  in  six  other  experiments  with  three  other 
diflPerent  cells: — 

1st  cell  . 
2nd  „  . 
3rd  „  . 
4th  „  . 
5th    „       . 

General  average     .     .     .     -000411 

Hence,  finally,  it  results  that  the  E.M.F.  of  a  Clark's  cell 
set  up  with  saturated  zinc-sulphate  solution  is,  at  a  tempera- 
ture t  not  more  than  10°  or  12°  above  or  below  15°-5  C, 
l-457{l-(^-15°-5)x 0-00041}  volt; 

it  being  admitted  that  Clark's  valuation  is  exact,  viz.  1-457 
voltat  15°-5. 

On  the  Work  done  during  Electrolysis. 

140.  The  experiments  described  in  the  previous  portions  of 
these  researches  have  shown  that,  when  a  current  is  passed 
through  an  electrolytic  cell,  the  amount  of  energy  expended 
(positively  or  negatively)  during  the  passage  in  performing  a 
given  amount  of  chemical  work  (apart  from  that  transformed 
into  heat  in  consequence  of  the  resistance  proper  of  the  cell  in 
accordance  with  Joule's  law)  is  not  constant,  but  increases 
algebraically  loith  the  current-density,  in  such  wise  that  when 
the  cell  is  an  ordinary  decomposing  cell  {e.  g.  a  voltameter) 
the  "  counter  electromotive  force  "  of  the  cell  increases  in 
arithmetical  value  with  the  current-density,  whilst  when  the 
cells  is  an  electromotor  (i.  e.  such  a  cell  as  to  yield  a  negative 
counter  E.M.F.),  the  arithmetical  value  of  the  negative  counter 
E.M.F.  {i.  e.  the  direct  E.M.F.  of  the  cell)  decreases  with  the 
current-density.  The  extra  work  done  by  a  stronger  current 
as  compared  with  a  weaker  one  in  the  former  case,  and  the 
deficiency  of  work  corresponding  with  the  fall  in  direct  E.M.F. 
in  the  latter  case,  make  their  appearance  in  the  form  of  sen- 
sible heat  in  the  cell. 

Experiments  have  been  published  by  Favre  (vide  Part  I. 
§§14  and  15)  which  appear  to  show  that  certain  forms  of 
electromotor-cells  can  generate  currents  caj^able  of  doing  ir  ore 
work  externally  to  the  cell  than  corresponds  with  the  net  che- 
mical action  taking  place,  this  extra  work  being  gained  at 
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the  expense  of  the  sensible  heat  of  the  cell,  which  becomes 
cooled  by  the  passage  of  a  current  of  too  small  magnitude  to 
generate,  in  accordance  with  Joule's  law,  sufficient  heat  in  the 
cell  to  overpower  this  cooling  action.  Inasmuch,  however,  as 
the  mercury-calorimeter  was  employed  in  these  experiments 
of  Favre,  whilst,  from  the  nature  of  the  case,  but  feeble  cur- 
rents passed,  so  that  the  total  amount  of  chemical  action  in  a 
given  time  could  be  but  small,  it  seems  not  unlikely  that  an 
excessively  large  probable  error  attends  the  numerical  values 
obtained.  In  point  of  fiict,  one  of  the  cells  found  by  Favre 
to  behave  in  this  way  was  Grove's  cell;  and  his  results  in  this 
repect  are  totally  at  variance  with  all  other  experiments  on 
the  subject  (compare  H.  F.  Webc,  Phil.  Mag.  1878,  v.  p.  195), 
leading  to  the  conclusion  that  the  supposed  cooling  action  was 
not  a  real  effect,  but  simply  the  result  of  the  accumulation  of 
experimental  errors.  In  order  to  see  whether  this  was  also  the 
case  with  the  other  cells  examined  by  Favre,  the  following 
experiments  were  made. 

These  other  cells  were  simple  voltaic  couples  of  zinc  and 
platinum  or  cadmium  and  platinum  immersed  in  dilute  hj'dro- 
chloric  acid  ;  the  numbers  obtained  by  Favre  as  the  cooling 
effects  per  gramme  equivalent  of  metal  dissolved  were  respec- 
tively 1051  and  1288  gramme-degroos,  corresponding  with 
•046  and  '057  volt*.  On  the  other  hand,  with  dilute  sulphuric 
acid  in  lieu  of  hydrochloric,  Favre  found  that  no  cooling  action 
was  traceable,  but  that  the  cells  were  always  warmed  by  the 
passage  of  a  current.  Now  these  results,  if  correct,  must 
imply  that  the  E.M.F.  of  a  zinc-platinum  or  a  cadmium- 
platinum  cell,  when  generating  only  a  minute  current,  is  above 
the  value  corresponding  with  the  heat-development  due  to  the 
net  chemical  action  taking  place  when  hydrochloric-acid  solu- 
tion is  the  exciting  fluid,  and  be^.ow  that  value  when  dilute 
sulphuric  acid  is  used  instead;  i.  e.  the  electromotive  forces  of 
cells  containing  dilute  hydrochloric  acid  must  be  above  "754 
and  '388  volt  respectively  with  zinc-platinum  and  cadmium- 
platinum  couples,  and  the  electromotive  forces  of  cells  con- 
taining dilute  sulphuric  acid  must  be  below  "835  and  '470  volt 
respectively  with  these  same  couples,  these  being  the  values 
in  E.M.F.  corresponding  respectively  with  the  heat-develop- 
ments per  gramme-equivalent  in  the  reactions 

*  For  the  sake  of  comparison  .  witli  the  experiments  described  in  the 
previous  portions  of  these  researches,  the  factor  4410  for  converting 
gramme-degrees  into  volts  is  adhered  to,  notwithstanding  that  the  balance 
of  evidence  now  seems  to  indicate  that  the  value  of  J  hitherto  assumed 
(42  megalergs)  is  somewhat  too  high,  and  that  the  B.A.  unit  of  resistance 
is  upwards  of  1  per  cent,  below  its  intended  value,  instead  of  being  exact 
as  mtherto  assumed. 
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Zn  +  2HC1    =  ZnCla    +  Hg, 

Cd-+  2HC1    =  CdCls    +  H2, 

Zn  +  H2S04=  ZnS04  +  Hg, 

Cd  +  H2S04=  CdS04  +  H2, 

these  heat-developments  being,  per  gramme-molecule,  as  fol- 
lows*:— 

Zn,  CI2,  aq.  .  .  .  =  112840  Cd,  CI2,  aq.  .  .  .  =9625( 
H2,  CI2,  aq.   ...  =  78640  H2,  CI2,  aq.  .  .  .   =7864( 

DifFerence    .     .  34200  Difference    .     .         1761( 

Diff.  per  gramme-eqiii- ")     1 71  aa  Diff.  per  gramme-equi-  ■)    c,q^^ 

valent     .     .     .     .      j  1     valent     ....      J 

Corresponding  with  volt         -754  Corresponding  with  volt      "38i 

Zn,  0,  S03,aq.  .  .  =106090 
H2,  0 =  68200 

Difference     .     .  37890 

Diff.  per  gramme-equi- ")    1  qq^k 

Corresponding  with  volt        '835 


Cd,0,  S03,aq.     .     .    =8950( 
H2,  0 =6820( 

Difference     .     .        2130( 

Diff.  per  gramme-equi-  )  lApK/ 

valent     ....      J 
Corresponding  with  volt      •47( 


141.  In  order  to  see  whether  the  electromotive  forces  actu- 
ally developed  by  these  four  voltaic  combinations  are  really 
above  the  calculated  values  in  the  first  two  cases  and  below  in 
the  second  two  instances,  when  the  disturbing  effects  of  dis- 
solved air  are  eliminated,  cells  were  set  up  like  those  described 
in  §  85,  and  caused  to  generate  feeble  currents  by  employing 
large  external  resistances.  In  all  cases  it  was  found  that  when 
the  errors  due  to  dissolved  air  were  eliminated  and  the  read- 
ings became  constant,  the  E.M.F.  actually  developed  invariably 
fell  short  of  the  value  corresponding  ivith  the  net  chemical  action 
by  an  amount  which  increased  with  the  current-density  until 
the  reduction  became  a  large  fraction  of  the  E.M.F.  observed 
with  the  smallest  possible  densities.  With  hydrochloric-acid 
cells  the  deficiency  was  not  so  great  in  the  first  instance,  and 

*  These  figui'es  are  deduced  from  Julius  Thomsen's  thermocliemical 
data  and  the  mean  vahie  for  the  heat  of  formation  of  water  arrived  at  in 
§  31.  Thomsen's  values  relate  to  the  degree  of  dilution  MCU,  400  H^O, 
and  MSO4,  400  H^  O.  Some  experiments  made  by  us  on  the  amounts  of 
heat  evolved  on  diluting-  stronger  solutions  of  zinc  and  cadmium  chlorides 
and  sulphates  indicate  that  these  values  require  sliglit  corrections  for 
stronger  solutions  than  those  used  by  Thomsen  ;  but  the  alterations  thus 
produced  in  the  net  heat-development  and  in  the  E.M.F.  corresponding 
thereto  is  but  small. 
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the  rate  of  increase  in  deficiency  was  not  so  rapid,  as  with 
sulphuric-acid  cells.  Thus  the  following  four  experiments 
may  be  cited  as  illustration's  of  the  results  obtained  in  nume- 
rous cases : — 


Hydrochloric  Acid  :  Zinc  and  Platinum. 

Current-den- 

Observed 

Current,  in 

sity,  in  micro- 

diiferences of 

E.M.F.  of  cell, 
e=E-|-CR. 

microamperes, 

amperes,  per 

potential  be- 

Value of  CE. 

=0. 

square  centi- 

tween plates 

metre. 

=B. 

12-6 

1-6 

•633 

•633 

23-4 

2-9 

•628         1         -001 

•629 

55-1 

6-9 

-609         1         002 

•611 

102-4 

12-8 

-585                  -003 

•588 

224-5 

28-1 

-.545                 ^007 

•552 

Calculated  E.M.F =  -754 

Hydrochloric  Acid  :  Cadmium  and  Platinum. 

6-5 

0-8 

•347 

•347 

11-0 

1-4 

•291 

•001 

•292 

14-8 

1-85 

•249 

■001 

•250 

33^7 

4-2 

•161 

•003 

•164 

54-3 

6-8 

•1.30 

•005 

•135 

97-8 

19-0 

•103 

■010 

•113 

Calculated  E.M.F =  ^388 

Sulphuric  Acid  :  Zinc  and  Platinum. 

12-6 

1-6 

•626 

•626 

23^4 

2-9 

•540 

■001 

•541 

55-1 

6-9 

■492 

•002 

■494 

102^4 

12-8 

■439 

■003 

■442 

224-5 

28^1 

•353 

■007 

•360 

Calculated  E.M.F =  •SSS 

Sulphuric  Acid  :  Cadmium  and  Platinum. 

6-5 

0-8 

•301 

•301 

110 

1-4 

•259 

■001 

■260 

14-8 

1-85 

•211 

•001 

■212 

33-7 

4-2 

•080 

•003 

•083 

54-3 

6-8 

•033 

•005 

•038 

97-8 

12-2 

•010 

•      ■010 

■029 

f!a,1r>iila,t,pd  E 

M.F.  —   470 

In  each  of  these  experiments  the  plate-surface  was  con- 
stantly 8  square  centimetres  ;  the  hydrochloric-acid  solution 
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was  close  to  2HC1,  5OH2O  and  2HC1,  IOOH2O  in  the  first 
and  second  experiments  respectively,  and  the  sulphuric-acid 
Hs  SO4,  50  H2  0  and  Hg  SO4, 100  Hg  0  in  the  third  and  fourth 
experiments  respectively.  The  zinc  plates  were  amalgamated, 
the  cadmium  ones  not. 

142.  The  experiments  described  in  Parts  IV.,  V.,  and  VI. 
indicate  that  the  amount  of  diminution  brought  about  in  the 
E.M.F.  of  an  electromotor  (either  a  simple  cell,  or  one  after 
Daniell's  construction)  by  an  increase  in  the  current-density 
may  readily  greatly  exceed  any  possible  effect  due  to  the  accu- 
mulation round  the  two  plates  of  fluids  of  widely  different 
molecular  strength,  and,  further,  that,  as  a  general  rule,  the 
effect  of  diminishing  the  area  of  the  plate  on  which  the  metal 
is  deposited  is  considerably  greater  than  that  of  a  similar 
diminution  in  the  area  of  the  other  plate,  although  this  is  not 
invariably  the  case.  It  is  hence  evident  that  the  chief  source 
of  nonadjuvancy  especially  lies  in  the  incomplete  manifesta- 
tion as  electricity  of  the  energy  due,  after  the  elimination  by 
the  action  of  the  current  of  the  deposited  metal  (or  body 
equivalent  thereto)  in  the  nascent  form,  to  the  subsequent 
transformation  thereof  into  the  permanent  form.  Clearly  the 
same  kind  of  thing  must  be  equally  true  for  the  other  products 
of  electrolysis  evolved  at  the  other  electrode.  Hence  the  reason 
why  a  less  rmount  of  non-adjuvancy  is  brought  about  at  this 
side  is  presumably  the  greater  amount  of  attraction  exercised 
by  the  material  of  the  electrode  for  the  nascent  product  ("  sul- 
phion"  of  Daniell  in  the  case  of  cells  containing  sulphates)  here 
evolved,  owing  to  their  opposite  chemical  characters,  than  is 
observable  at  the  other  electrode.  Admitting  this  to  be  so,  it 
should  result  that  the  more  oxidizable  the  metal  dissolved  {i.  e. 
the  greater  the  heat  of  formation  of  the  compound  produced 
by  its  solution),  the  less  will  be  the  amount  of  nonadjuvancy 
due  to  the  incomplete  conversion  into  electricity  at  this  plate 
of  the  energy  due  to  transformation  of  nascent  into  final 
products.  The  results  of  the  experiments  hitherto  described, 
however,  being  complicated  by  the  formation  of  solutions  of 
different  strengths  around  the  two  plates,  are  not  sufficiently 
precise  to  show  that,  under  given  conditions,  a  zinc  plate,  for 
example,  causes  less  nonadjuvancy  than  a  cadmium  one,  and 
so  on.  Accordingly  the  following  experiments  on  the  point 
were  made,  the  result  of  which  is  to  show  indisputably  that 
the  more  oxidizable  the  metal  the  less  the  nonadjuvancy. 

An  electrolytic  cell  was  constructed,  consisting  of  a  wide 
glass  tube  closed  by  india-rubber  bungs  through  which  passed 
wires  terminating  interiorly  in  the  plates  to  be  experimented 
with,  the  opposed  plate-surfaces  being  perpendicular  to  the 
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axis  of  the  tube  and  therefore  parallel  to  one  another,  and  the 
anterior  portions  of  the  plates  and  the  wires  being  thickly 
coated  with  gutta-percha.  The  tube  was  then  filled,  for  in- 
stance, with  concentrated  zinc-sulphate  solution,  with  plates 
of  zinc  at  an  accurately  known  distance  apart,  and  was  kept 
at  a  temperature  sensibly  uniform.  A  series  of  currents  of 
varous  strengths  was  then  passed  through  the  cell,  and  the 
difference  of  potential  subsisting  between  the  plates  deter- 
mined in  each  case.  These  values  represented  the  numerical 
values  of  e-^  +  CR,  where  e-^  is  the  counter  E.M.F.  set  up  during 
the  electrolysis,  C  the  current,  and  Rthe  resistance  of  the  cell; 
and  from  them  the  values  of  this  expression  for  definite  values 
of  C  (50,  100,  200  microamperes,  &c.)  A\ere  readily  calculated 
by  interpolation.  The  +  zinc  electrode  was  then  removed, 
and  a  copper  plate  exposing  exactly  the  same  area  placed  in 
precisely  the  same  position.  The  observations  were  then 
repeated,  the  temperature  being  the  same  as  before,  and  a 
new  series  of  values,  ^2  +  CR,  calculated,  ^2  being  the  counter 
E.M.F.  now  set  up  for  a  given  value  of  C.  Since  R  is  con- 
stant throughout,  it  is  evident  that  the  difference  between  the 
two  values  for  a  given  current  obtained,  first  with  a  zinc,  and 
secondly  with  a  copper  +  electrode,  represents  e^  —  e^.  Now 
necessarily  both  e^^  and  e^  increase  with  the  value  of  C  in 
accordance  with  the  general  law  to  that  effect  deduced  from 
all  the  previous  observations  (§  133):  but  if  it  be  true  that  a 
less  production  of  heat  instead  of  electricity  is  brought  about 
when  nascent  sulphion  is  liberated  in  contact  with  zinc  than 
when  in  contact  with  copper,  e-^  must  increase  less  rapidly  with 
the  current  than  e^,  and  hence  the  value  of  e^  —  ei  must  rise 
loith  the  current-strength.  Precisely  this  result  was  observed 
in  every  case:  for  example,  the  following  numbers  were  ob- 
tained in  a  pair  of  sets  of  observations  carried  out  as  described, 
the  area  of  the  plates  being  0*50  square  centim.  throughout. 


4-  Zinc  electrode. 

4-  Copper  electrode. 

C.G.S. 
current. 

Observed 
potential- 
difference. 

C.G.S. 
current. 

Observed 
potential- 
difference. 

•00000436 
•00000866 
■00001432 
•00002130 
•00004160 

■018 
■039 
•062 
•091 
•174 

00000466 
00000883 
00001460 
00002275 
00004450 

ro73 
ro89 

1^127 
1-159 
1-251 
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From  these  figures  the  following  are  obtained  by  interpola- 
tion:— 


Current. 

Potential-difference. 

+  Zinc. 

-f-  Copper.    ' 

e^-e^. 

•000005 

•021 

1-075       j 

r054 

•00001 

•045 

1101 

1-056 

•00002 

•085 

M47 

1-062 

•00004 

•168 

1-232 

1^064 

Precisely  similar  results  were  obtained  in  numerous  other 
analogous  experiments.  Thus  the  following  Table  illustrates 
some  of  the  figures  obtained,  the  +  zinc  plate  originally 
employed  being  replaced  by  a  plate  of  the  same  size,  I.  of 
bright  copper,  II.  of  electro-copper.  III.  of  amalgamated 
copper,  IV.  of  bright  cadmium,  V.  of  bright  silver. 


C.G.S. 
current. 

Values  of  e^— ^1  obtained. 

I. 

II. 

in. 

lY. 

V. 

•000005 

r063 

1^054 

1-065 

1^486 

•00001 

\mi 

I-Obi 

1076 

r498 

•0(J002 

1^073 

1-061 

ro84 

•315 

1-503 

•00004 

1-075 

1-068 

1-099 

•324 

1-512 

143.  A  still  better  illustration  of  the  regular  rise  in  value 
of  62  — e^  with  the  current  is  afforded  by  the  following  series  of 
numbers  obtained  as  the  average  results  of  several  sets  of 
observations  veiy  carefully  made — A  with  a  bright  zinc  + 
electrode,  B  with  one  of  bright  cadmium,  C  with  one  of 
bright  copper,  and  D  with  one  of  bright  silver.  In  every  case 
the  mean  temperature  was  the  same  within  two  or  three  tenths 
of  a  degree  (varying  from  17°*55  to  17°"9  throughout).  In 
the  last  case  it  was  found  that,  whilst  perfectly  steady  readings 
could  be  obtained  with  current-strengths  up  to  something  like 
•0007,  with  higher  strengths  this  was  no  longer  the  case,  silver 
peroxide  being  apparently  formed  instead  of  silver  sulphate. 
In  these  experiments  all  the  plates  exposed  an  area  of  1*5 
square  centim.,  the  solution  electrolyzed  being  a  nearly  satu- 
rated one  of  ]3ure  zinc  sulphate,  renewed  for  each  series  ;  the 
plates  were  about  5  centim.  apart,  the  tube  holding  them  being 
3  centim.  in  internal  diameter. 
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C.G.S. 
current. 

Difference  of  potential  set  u 

P- 

A. 

B. 

0. 

D. 

•00002 

•029 

•317 

r069 

P490 

•00005 

•044 

•334 

rose 

1^509 

•0001 

■063 

•3.54 

M07 

1^530 

•0002 

•084 

•381 

1-139 

1^562 

•0005 

•146 

•451 

r2io 

1-636 

•001 

•230 

■547 

1310 

•0015 

•311 

•636 

1-403 

•002 

•389 

•730 

b498 

•0025 

•476 

•830 

1^598 

These  figures  yield  the  following  six  sets  of  values  of  ^2— ^i 
for  the  corresponding  pairs  of  -f  electrodes  compared. 


Current, 

Zinc- 
cadmium. 

Zinc- 
copper. 

Zinc- 
silver. 

Cadmium- 
copper. 

Cadmium- 
i     silver. 

Copper- 
silver. 

•00002 

•288 

1^040 

1461 

-752 

1-173 

•421 

•00005 

•290 

r042 

r465 

•752 

M75 

•423 

•0001 

•291 

rQ44 

1^467 

•753 

'      1176 

•423 

•0002 

•297 

1-055 

1-478 

-758 

1^181 

•423 

•0005 

•305 

r064 

1-490 

-759 

M85 

•426 

•001 

•317 

roso 

-763 

•0015 

•325 

1^092 

-767 

•002 

•341 

1^109 

-768 

•0025 

•354 

M22 

•768 

Not  only  does  the  value  of  62—^1  increase  with  the  current- 
density  in  every  case,  but,  further,  the  rate  of  increase  is 
greater  when  zinc  is  compared  with  silver  than  with  copper, 
and  greater  then  than  when  compared  with  cadmium  ;  simi- 
larly the  rate  of  increase  Avith  cadmium  and  silver  is  greater 
than  with  copper  and  silver,  and  so  on.  It  is  further  notice- 
able that  in  each  case  a  value  of  <?2~^i  with  some  particular 
current-strength  is  deducible  which  is  sensibly  the  same  as 
the  E.M.F.  of  a  cell  after  Daniell's  construction  containing 
the  same  metals  and  sulphate  solutions  of  equal  molecular 
strength  ;  so  that  in  general  it  may  be  said  that,  for  a  current- 
density  below  a  particular  limit,  the  value  of  ?2~^i  is  less  than 
that  of  the  corresponding  Daniell  form  of  cell,  whilst  for  a 
current-density  above  this  limit  it  is  greater. 

144.  The  following  experiment  seems  to  show  that  the  sub- 
stitution of  dilute  sulphuric  acid  for  zinc-sulphate  solution  as 
the  electrolyte  makes  no  material  difference  in  the  end  result, 
the  —  electrode  being  made  of  platinum,  and  the  disturbing  in- 
fluence of  dissolved  air  being  eliminated .  Two  precisely  similar 
U-tube  cells  (§  85)  were  filled  with  recently  boiled  dilute  sul- 
phuric acid  (ir5  grammes  H2  SO4  per  100  cubic  centim.),  and 
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fitted  with  uniformly  sized  plates  (8  square  centim.  total  surface 
in  eaoh  case)  at  an  equal  distance  asunder,  so  that  the  resistance 
of  the  cell  should  be  sensibly  the  same  in  each  case.  In  the 
first  cell  the  plates  were  of  zinc  (amalgamated)  and  platinum, 
and  in  the  second  of  copper  and  platinum  respectively;  the 
two  were  arranged  in  series  with  a  couple  of  Leclanche  cells, 
so  that  the  platinum  plates  were  necessarily  the  —  electrodes; 
a  large  variaole  resistance  being  included  in  the  circuit,  the 
current  could  be  regulated  at  pleasure.  A  current  of  some 
fifty  microamperes  being  sent  through  for  three  days,  the 
readings  became  steady  when  all  the  dissolved  air  around  the 
platinum  plates  was  eliminated;  the  current  was  then  varied 
from  time  to  time,  and  a  series  of  readings  of  the  potential- 
difference  between  each  pair  of  plates  taken.  By  interpola- 
tion as  before,  the  following  figures  were  then  deduced  from 
the  averaofe  values. 


Current  in 
micro- 
amperes. 

Micro- 
amperes per 
square 
centim. 

Difference  of  potential. 
+  zinc.            -^  copper. 

«2-«i- 

20 
40 
80 

2-5 

5-0 

10-0 

-■552 
-•558 
--498 

+  -449 
+  -448 
+•521 

+1-001 
+1-006 
+  1-019 

The  value  of  ^2 — ^1  consequently  increases  with  the  current- 
density  as  before.  The  numerical  values  observed  in  this  expe- 
riment are  somewhat  lower  than  those  found  in  the  experi- 
ments above  described,  as  might  be  expected,  since  the  largest 
current-density  employed  in  this  case,  being  only  10  micro- 
amperes per  square  centim.,  is  considerably  below  the  smallest 
cited  in  the  previous  observations,  in  the  last  of  which  a  mini- 
mum current  of  "00002  C.G.S.  units  (or  200  microamperes) 
was  employed  with  plate-surfaces  of  1*5  square  centim.,  giving 
a  den.sity  of  133"3  microamperes  per  square  centim.,  in  which 
case  the  value  of  ^2~^i  ""'^s  1*040;  whilst  in  the  former  expe- 
riments a  minimum  current  of  '000005  C.Gr.S.  unit  (50  micro- 
amperes) was  employed  with  a  plate- surface  of  '50  square 
centim.,  giving  a  density  of  100  microamperes  per  square 
centim.,  when  values  of  from  1*054  to  1"065  were  observed. 

145.  Some  experiments  were  also  made  with  analogous 
pairs  of  cells  in  which  the  +  electrodes  were  made  of  metals 
not  attacked  by  the  nascent  products  arising  from  the  electro- 
lysis of  sulphates,  e.  g.  gold  and  platinum.  In  these  instances 
it  was  found  that  platinum  behaved  in  reference  to  gold  just 
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as  a  more  readily  to  a  less  readily  oxidizable  metal,  this  result 
being  evidently  brought  about  by  the  superior  surface  con- 
densing-power  possessed  by  platinum,  in  yirtue  of  which  a 
greater  proportion  of  the  energy  due  to  the  transformation 
of  the  nascent  into  the  final  products  of  electrolysis  evolved 
at  the  +  electrode  becomes  adjuvant.  For  instance,  the  fol- 
lowing numbers  were  obtained  with  a  pair  of  precisely  similar 
cells  containing  the  same  copper-sulphate  solution  and  copper 
—  electrodes. 


Current- 
density,  mi- 
croamperes 

Difference  of  potential 
between  plates. 

Difference. 

centimetre. 

-I- Platinum. 

4-Gold. 

30 

7-0 
110 

1-500 
1-534 
1-570 

1-555 
1-591 
1-630 

■055 
-057 
•060 

Even  with  the  lowest  current-density  and  with  platinum  as 
-\-  electrode  the  total  amount  of  nonadjuvancy  was  here  con- 
siderable ;  for  the  E.M.F.  corresponding  with  the  net  che- 
mical action  i^  only  1-234  volt  (i[Cu,  0,  SOgaq]  =  27,980 
gramme-degrees  =  l'2o4  volt);  and  the  minimum  difference  of 
potential  set  up,  after  correction  for  the  resistance  of  the  cell 
{i.  e.  the  counter  E.M.F.  set  up,  or  the  value  of  the  term  e  in 
the  expression  E=e  +  CR),  exceeds  1*490,  since  the  term  CR 
in  this  case  was  much  less  than  '010  volt. 

In  just  the  same  kind  of  way,  when  platinum  and  gold  were 
respectively  made  the  —  electrodes  in  similar  pairs  of  cells 
containing  dilute  sulphuric  rcid  and  a  constant  oxidizable  + 
electrode,  the  superior  surface  coudensing-power  possessed  by 
platinum  caused  a  less  degree  of  nonadjuvancy  during  the 
transformation  of  nascent  into  free  hydrogen.  Thus,  for 
example,  the  following  numbers  were  obtained  with  a  copper 
+  electrode  and  acid  containing  10  per  cent,  of  H2  SO4. 


Current- 
density, micro- 
amperes per 

square 
centimetre. 

Difference  of  potential 
between  plates. 

Difference. 

—  Platinum. 

-Gold. 

2-5 

5-0 

10-0 

-449 

■488 
■521 

•575 
■619 
•661 

■126 
•131 
-140 
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Here  again,  even  in  the  most  favourable  instance,  with  the 
smallest  current-density  and  platinum  as  —  electrode,  a  con- 
derable  amount  of  nonadjuvancj  subsisted;  for  the  value  of 
CE.  in  this  case  was  not  greater  than  '001;  so  that  the  mini- 
mum counter  E.M.F.  set  up  was  at  least  '448  volt,  whilst  the 
B.M.F.  corresponding  to  the  net  chemical  action  is  only  *270 
volt,  the  heat-development  being  per  gramme  equivalent 

^(Ho,  0)     .     .     =   34100  gramme-degrees. 

KCu,0,S03aq)  =   27980        „ 


6120        „  „      =-270  volt. 

It  is  hence  evident,  a  fortiori,  that  when  acidulated  water  is 
decomposed  with  two  gold  electrodes,  the  counter  E.M.F.  set 
up  must  be  much  greater  for  a  given  current-density  than 
when  two  platinum  electrodes  are  used,  the  deficiency  in 
condensing-power  being  then  manifest  at  both  electrodes  simul- 
taneously. The  experiments  described  in  Part  IV.  §  90  have 
shown  that  this  is  the  case. 

146.  In  addition  to  the  experiments  above  described  as 
examples,  a  large  number  of  analogous  observations  have  been 
made  with  varying  kinds  of  electrolytic  solutions  and  elec- 
trodes, and  with  varying  strengths  of  solutions.  The  general 
results  of  these  experiments,  so  far  as  at  present  completed, 
may  be  thus  summarized. 

(1)  When  an  electrolytic  cell  is  of  such  a  nature  that  the 
counter  E.M.F.  set  up  is  negative  {i.  e.  when  the  cell  is  an 
electromotor),  it  is  always  found  that  the  E.M.F  developed  is 
less  the  greater  the  density  of  the  current  generated.  With  very 
small  current-densities  the  E.M.F.  has  a  maximum  value 
which  in  certain  cases  (e.  g.  Daniell's  cell  and  the  analogous 
zinc-cadmium  and  cadmium-copper  cells  described  in  Part  VI.) 
is  substantially  identical  with  the  E.M.F.  corresponding  with 
the  heat-development  due  to  the  net  chemical  action  taking 
place  in  the  cell,  i.  e.  with  the  E.M.F.  representing  the  alge- 
braic sum  of  the  chemical  affinities  involved.  In  certain 
other  cases  {e.  g.  the  zinc-silver,  cadmium-silver,  and  copper- 
silver  cells  described  in  Part  VI.)  the  maximum  E.M.F.  de- 
veloped is  sensibly  heloio  that  due  to  the  net  chemical  action. 

(2)  Some  kinds  of  combinations  have  been  found  to  be 
capable  of  existing  which  can  develop  a  greater  E.M.F.  than 
that  due  to  the  net  chemical  action  (although  the  particular 
cells  described  by  Favre  as  possessing  this  property  are  not 
really  cases  in  point,  Favre's  results  being  due  to  experi- 
mental errors);  amongst  such  combinations  may  be  mentioned 
several  where  lead  is  the  metal  dissolved,  i.  e.  lead-copper  cells 
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charged  with  solutions  of  acetates.  It  is  noticeable  that  in 
such  cases  Volta's  law  of  summation  holds,  the  sum  of  the 
electromotive  forces  of  two  cells,  one  containing  zinc  and  lead 
and  the  other  lead  and  copper,  being  equal  to  the  E.M.F.  of  a 
zinc-copper  cell,  the  E.M.F.  of  the  first  cell  being  just  as  much 
below  the  amount  calculated  from  the  heat-development  as 
that  of  the  second  is  above  the  amount  similarly  calculated. 
This  class  of  cells  is  now  undergoing  careful  examination, 
and  will  be  dealt  with  in  a  subsequent  paper.  Unfortunately, 
progress  in  this  direction  during  the  last  fifteen  months  has 
been  greatly  retarded  by  the  refusal  of  the  Administrators  of 
the  Government  Fund  of  £4000  to  continue  the  grants  by  the 
aid  of  which  the  previous  portions  of  these  researches  have 
mainly  been  made,  on  account  of  which  circumstance  nume- 
rous other  points  of  interest  that  have  cropped  up  have  neces- 
sarily remained  uninvestigated  *. 

(3)  When  the  electrolytic  cell  is  not  an  electromotor,  the 
counter  E.M.F.  set  up  (positive)  always  increases  in  amount 
loith  the  current-density.  When  the  +  electrode  is  of  such  a 
nature  as  to  combine  with  the  products  of  electrolysis  evolved 
thereat,  other  things  being  the  same,  the  rate  of  increase  is  sloioer 
the  greater  the  chemical  affinity  between  the  nascent  products 
of  electrolysis  evolved  at  the  +  electrode  and  the  material  of 
which  that  electrode  is  composed;  i.  e.  the  greater  the  affinity, 
the  less  the  degree  of  nonadjuvancy  brought  about  at  the  -f 
electrode. 

(4)  Whether  the  cell  be  an  electromotor  or  not,  there  is 
always  (with  currents  not  so  small  as  to  be  practically  infini- 
tesimal) a  greater  or  less  degree  of  nonadjuvancy  brought 
about  at  the  —  electrode,  owing  to  the  development  of  heat  in 
lieu  of  electricity  during  the  transformation  of  nascent  into 
ultimate  permanent  products  of  electrolysis.  In  many  cases 
this  source  of  nonadjuvancy  decidedly  predominates  over  that 
at  the  +  electrode. 

(5)  The  particular  extent  to  which  the  nonadjuvancy  reaches 
at  either  electrode  appears  to  be  a  complex  function  not  only 
of  the  chemical  nature  of  the  electrode,  the  physical  conditions 
of  its  surface,  and  the  character  of  the  nascent  products  of 
electrolysis  evolved  thereat,  but  also  of  the  temperature,  and 
the  degree  of  concentration  of  the  solution  electrolyzed,  and 

*  Since  the  presentation  to  the  Physical  Society  of  Part  VI.  of  these 
researches,  a  paper  has  appeared  by  F.  Braun  (Annalen  der  Phys.  u.  Chem. 
xvi.  p.  561j,  in  which  the  author  shows  that  various  comhiuatious  exa- 
mined \}\  him  give  electromotive  forces  sensibly  the  same  as  those  calcu- 
lated from  thermochemical  data,  whilst  others  fall  short  of,  and  some 
exceed,  the  calculated  values. 
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possibly  of  other  conditions  besides.  Other  things  being 
equal,  it  appears  to  be  a  general  rule  that  tJie  weaker  the  solu- 
tion, the  greater  the  degree  of  nonadjuvancy.  When  a  gas  is 
one  of  the  permanent  products  of  electrolysis  at  either  elec- 
trode, the  greater  the  surface  condensing-power  of  the  material 
ofivhich  the  electrode  is  composed,  the  less  is  the  degree  of  non- 
ad  juvancy . 

VI.    On  a  Phenomenon  of  Molecular  Radiation  in  Incandescence 
Lamjys.     By  J.  A.  Fleming,  B.A.,  D.Sc* 

"IVrOT  long  ago  a  curious  phenomenon  came  under  my 
-i-^  notice  in  connexion  with  the  burning  of  Edison  incan- 
descence lamps,  which  presents  sufficient  interest  to  warrant 
my  drawing  the  attention  of  physicists  to  it. 

As  is  well  known,  the  carbon  filament  in  the  Edison  lamp 
is  of  a  horse-shoe  form.     The  two  extremities  of  the  loop  are 


l/A/E  OF 
I         'M    DEPOSIT 


clamped  into  small  copper  clamps  on  the  ends  of  the  platinum 
wires,  which  are  sealed  through  the  glass.  The  ends  of  the 
carbon  loop  are  electroplated  over  with  copper  at  the  place 
where  they  are   connected   to  the  clamp  in  order  to  make  a 

*  Communicated  by  the  Physical  Society,  haTin^r  been  read  at  the 
Meeting  on  May  26,  1883. 
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good  contact.  If  this  precaution  is  omitted,  a  loose  contact 
may  be  formed,  the  result  of  which  will  be  a  generation  of 
heat  at  that  point. 

In  the  ordinary  working  the  life-history  of  a  carbon  fila- 
ment is  somethino;  as  follows: — 

At  some  point  or  other  the  filament  is  probably  thinner 
than  at  other  places.  At  this  place  there  will  be  a  greater 
generation  of  heat  and  a  higher  temperature;  volatilization  of 
the  carbon  ensues,  and  the  vapour  condenses  on  the  sides  of 
the  glass  bulb,  as  far  as  I  have  observed,  uniformly.  If,  how- 
ever, the  point  of  greatest  resistance  occurs  on  the  copper 
clamp,  then  it  is  found  that  copper  volatilizes  and  deposits  on 
the  inside  of  the  glass. 

But  what  is  most  curious  is,  that  in  this  case  an  examina- 
tion of  the  glass  envelope  shows  that  there  is  a  narrow  line 
along  which  no  copper  has  been  deposited.  This  is  seen  best 
by  holding  the  lamp  up  before  the  light  and  slowly  turning  it 
round.  In  one  particular  position,  easily  found,  it  is  best 
seen.  Now,  on  examining  carefully  the  position  of  the  line 
of  no  deposit  as  compared  with  the  position  of  the  carbon  fila- 
ment, it  will  be  seen  that  it  lies  in  the  plane  of  the  loop,  and 
on  the  opposite  side  to  that  nearest  to' which  the  break  of  the 
loop  has  occurred.     It  is  in  fact  a  shadoio  of  the  loop. 

The  conclusion  which  must  be  arrived  at,  then,  is  that  the 
copjjer  molecules  are  shot  off  in  straight  lines;  otherwise  it  is 
impossible  that  there  should  be  this  line  of  no  deposit. 

The  most  noticeable  thing  is,  that  it  occurs  only  when  the 
deposition  of  copper  takes  place;  I  have  never  noticed  it  in 
an  ordinary  carbon  deposit. 

Hence  there  must  be  some  essential  difference  between  the 
vaporization  of  the  carbon  and  that  of  the  copper.  The  car- 
bon deposit  resembles  more  the  condensation  of  a  vapour  and 
is  uniformly  distributed  ;  but  the  copper  deposit  exhibits  the 
character  of  a  molecular  radiation  or  shower  taking  place  from 
a  certain  point. 

The  whole  phenomenon  calls  at  once  to  mind  the  beautiful 
researches  of  Mr.  Crookes  with  vacuum-tubes.  Here,  how- 
ever, we  are  dealing  not  with  an  induction-coil  discharge,  but 
with  a  comparatively  low  potential. 

I  have  never  fViiled  to  see  the  effect  in  any  lamp  which  has 
had  a  deposition  of  copper  on  its  interior. 

It  is  interesting  to  note  how  nearly  the  colour  of  transpa- 
rent copper  resembles  that  of  transparent  gold.  The  simi- 
larity of  the  surface-colour  of  pure  unoxidized  copper  and  of 
gold  is  accompanied  by  a  near  resemblance  in  colour  of  the 
two  metals  in  thin  films. 
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VII.  On  the  Crispations  of  Fluid  resting  npon  a  Vibrating  Sup- 
port. By  Lord  Rayleigh,  D.  C.L.^  F.R.S.,  Cavendish  Pro- 
fessor of  Physics  in  the  Univei'sity  of  Cambridge* . 

IF  a  glass  plate,  held  horizontally,  and  made  to  vibrate  as 
for  the  production  of  Chladni's  fioures,  he  covered  with 
a  thin  layer  of  water  or  other  mobile  liquid,  the  phenomena 
in  question  may  be  readily  observed.  Over  those  parts  of  the 
plate  which  vibrate  sensibly  the  surface  of  the  liquid  is  ruffled 
by  minute  waves,  the  degree  of  fineness  increasing  with  the 
frequency  of  vibration.  The  same  crispations  are  observed  on 
the  surface  of  liquid  in  a  large  wine-glass  or  finger-glass 
which  is  caused  to  vibrate  in  the  usual  manner  by  carrying 
the  moistened  finger  round  the  circumference.  All  that  is 
essential  to  the  production  of  crispations  is  that  a  body  of 
liquid  with  a  free  surface  be  constrained  to  execute  a  vertical 
vibration.  It  is  indifferent  whether  the  origin  of  the  motion 
be  at  the  bottom,  as  in  the  first  case,  or,  as  in  the  second,  be  due 
to  the  alternate  advance  and  retreat  of  a  lateral  boundary,  to 
accommodate  itself  to  which  the  neiohbourino-  surface  must 
rise  and  foil. 

More  than  fifty  years  ago  the  nature  of  these  vibrations  was 
examined  by  Faraday  with  great  ingenuity  and  success.  His 
results  are  recorded  in  an  Appendix  to  a  paper  on  a  Peculiar 
Class  of  Acoustical  Figuresf,  headed  "  On  the  Forms  and 
States  assumed  by  Fluids  in  Contact  with  vibrating  Elastic 
Surfaces."  In  more  recent  times  Dr.  L.  Matthiessen  has 
travelled  over  the  same  ground  |,  and  on  one  very  important 
point  has  recorded  an  opinion  in  opposition  to  that  of  Faraday. 
In  order  more  completely  to  satisfy  myself,  I  have  lately 
repeated  most  of  Faraday's  experiments,  in  some  cases  with 
improved  appliances,  and  have  been  able  to  add  some  further 
observations  in  support  of  the  views  adopted. 

The  phenomenon  to  be  examined  is  evidently  presented  in 
its  simplest  form  when  the  motion  of  the  vibrating  horizontal 
plate  on  which  the  liquid  is  spread  is  a  simple  up-and-down 
motion  without  rotation.  To  secure  this,  Faraday  attached 
the  plate  to  the  centre  of  a  strip  of  glass  or  lath  of  deal,  sup- 
ported at  the  nodes,  and  caused  to  vibrate  by  friction.  In 
my  experiments  an  iron  bar  was  used  about  1  metre  long  and 
•0064  metre  thick  (in  the  plane  of  vibration) .  The  bar  was 
supported  horizontally  at  the  nodes  ;  and  to  its  centre  a  glass 
plate  was  attached  by  gutta-percha  and  carefully  levelled. 

*  Commuiiicatod  by  the  Author. 

t  PhU.  Trans.  1881. 

t  Poj,'g.  Ann.  t.  cxxxiv.  1808,  t.  cxli.  1870. 
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The  vibrations  of  the  bar  were  maintained  electromagneticallj, 
as  in  tuning-fork  interrupters,  with  the  aid  of  an  electro- 
magnet phiced  under  the  centre,  the  circuit  being  made  and 
broken  at  a  mercury-cup  by  a  dipper  carried  at  one  end  of  the 
bar.  By  calcukition  from  the  dimensions*,  and  without 
allowance  for  the  load  at  the  centre,  the  frequency  of  (com- 
plete) vibration  is  33.  Comparisons  with  a  standard  tuning- 
fork  gave  more  accurately  for  the  actually  loaded  bar  a  fre- 
quency of  31. 

The  vibrating  liquid  standing  upon  the  plate  presents  ap- 
})earances  which  at  first  are  rather  difficult  to  interpret,  and 
which  vary  a  good  deal  with  the  nature  of  the  liquid  in 
respect  of  transparency  or  opacity,  and  with  the  incidence  of 
the  light.  The  vibrations  of  the  liquid,  whether  at  the  rate  of 
31  per  second,  or,  as  in  fact,  at  the  rate  of  15^  per  second,  are 
too  quick  to  be  followed  by  the  eye  ;  and  thus  the  effect  ol)- 
served  is  an  average,  due  to  the  superposition  of  an  indefinite 
number  of  components  corresponding  to  the  various  phases  of 
vibration. 

The  motion  of  the  liquid  consists  of  two  sets  of  stationary 
vibrations  superposed,  the  ridges  and  furrows  of  the  two  sets 
being  perpendicular  to  one  another,  and  usually  parallel  to  the 
edges  of  the  (rectangular)  plate.  Confining  our  attention  for 
the  moment  to  one  set  of  stationary  waves,  let  us  consider 
what  appearance  it  may  be  expected  to  present.  At  one 
moment  the  ridges  form  a  set  of  parallel  and  equidistant  lines, 
the  interval  being  the  wave-length.  Midway  between  these 
are  the  lines  which  represent  at  that  moment  the  position  of 
the  furrows.  After  the  lapse  of  \  period,  the  surface  is  flat; 
after  another  ^  period,  the  ridges  and  furrows  are  again  at 
their  maximum  development,  but  the  positions  are  exclianyed. 
Now,  since  only  an  average  effect  can  be  perceived,  it  is  clear 
that  no  distinction  can  be  recognized  between  the  ridges  and 
the  furrows,  and  that  the  observed  effect  must  be  periodic 
within  a  distance  equal  to  half  a  wave-length  of  the  real 
motion.  If  the  liquid  on  the  plate  be  rendered  moderately 
opaque  by  addition  of  aniline  blue,  and  be  seen  by  diffused 
transmitted  light,  the  lines  of  ridge  and  furrow  will  appear 
bright  in  comparison  with  the  intermediate  nodal  lines  whei-e 
the  normal  depth  is  preserved  throughout  the  vibration.  The 
gain  of  light  when  the  thickness  is  small  will,  in  accordance 
with  the  law  of  absorption,  outweigh  the  loss  of  light  which, 
occurs  half  a  period  later  when  the  furrow  is  replaced  by  a 
ridge. 

The  actual  phenomenon  is  more  complicated  in  consequence 
*  '  Theory  of  Sound;  §  171. 
E2 
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of  the  coexistence  of  the  two  sets  of  ridges  and  furrovvs  in  par- 
pendicular  directions  {x,y).     In  the  adjoining  fioure  tie  thick 


lines  represent  the  ridges,  and  tlie  thhi  lines  the  furrows,  of 
the  two  systems  at  a  moment  of  maximum  excursion.  One 
quarter  period  later  the  surface  is  flat,  and  one  half  a  period 
later  the  ridges  and  furrows  are  interchanged.  The  places  of 
maximum  elevation  and  depression  are  the  intersections  of  the 
thick  lines  and  of  the  thin  lines,  not  distinguishable  by  ordi- 
nary vision ;  and  these  regions  will  appear  like  holes  in  the 
sheet  of  colour.  The  nodal  lines,  where  the  normal  depth  of 
colour  is  preserved,  are  show^n  dotted  ;  they  are  inclined  at 
45°,  and  pass  through  the  intersections  of  the  thick  lines  wath 
the  thin  lines.  The  pattern  is  recurrent  in  the  directions  of 
both  X  and  y,  and  in  each  case  with  an  interval  equal  to  the 
real  wave-length  (A,).  The  distance  between  the  bright  spots 
measured  parallel  to  x  or  y  is  thus  A. ;  but  the  shortest  dis- 
tance between  these  spots  is  in  directions  inclined  at  45°,  and 
is  equal  to  ^  s/  2  .  X. 

In  order  to  determine  the  relation  of  the  frequency  of  the 
liquid  vibrations  to  that  of  the  bar,  an  aj)paratus  \vas  fitted  up 
capable  of  giving  an  intermittent  view  of  the  vibrating  system. 
This  consisted  of  a  blackened  paper  disk  pierced  Avith  three 
sets  of  holes,  mounted  upon  an  axle,  and  maintained  in  rota- 
tion by  a  small  electromagnetic  engine  of  Apps's  construction. 
The  whole  was  fastened  to  one  base-  board,  and  could  be  moved 
about  freely,  the  leading  wires  from  the  battery  being  flexible. 
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The  current  was  somewhat  in  excess;  so  that  the  desired  speed 
could  be  attained  by  the  application  of  moderate  friction.  At 
a  certain  speed  of  rotation  the  appearances  were  as  follows. 
Through  the  set  of  four  holes  (giving  four  views  for  each 
rotation  of  the  disk)  the  bar  was  seen  double.  Through  the 
set  of  two  holes  the  bar  was  seen  single,  and  the  water-waves 
were  seen  double.  Through  the  single  hole  the  bar  was  seen 
single,  and  the  waves  also  were  seen  single.  From  this  it 
follows  that  the  water  vibrations  are  not,  as  Matthiessen  con- 
tends, synchronous  with  those  of  the  bar,  but  that  there  are 
two  complete  vibrations  of  the  support  for  each  complete  vi- 
bration of  the  water,  in  accordance  with  Faraday's  original 
statement. 

An  attempt  was  made  to  calculate  the  frequency  of  liquid 
vibration  from  measurements  of  the  wave-length  and  of  the 
depth.  The  depth  (A),  deduced  from  the  area  of  the  plate  and 
the  whole  quantity  of  liquid,  was  '0681  centim.;  and  by  direct 
measurement  X,=  "848  centim.  Sir  W.  Thomson's  formula 
connecting  the  velocity  of  propagation  with  the  wave-length, 
when  the  effect  of  surface-tension  is  included,  is 

where  a  =  2'7rh/X.  With  the  above  data  we  find  for  the  fre- 
quency of  vibration  (t~')  20*8.  This  should  have  been  15*5; 
and  the  discrepancy  is  probably  to  be  attributed  to  friction, 
whose  influence  must  be  to  diminish  the  efficient  depth,  and 
may  easily  rise  to  importance  Avhen  the  total  depth  is  so  small. 
Another  method  by  which  I  succeeded  in  determining  the 
frequency  of  these  waves  requires  a  little  preliminary  expla- 
nation. If  n  =  2'jr  /  T,  and  «  =  27r/X,  the  stationary  waves 
parallel  to  y  may  be  expressed  as  the  resultant  of  opposite 
progressive  weaves  in  the  form 

cos(KX  +  nt)+ cos  {Kx  —  nt)  =  2  cos  KX cos nt.     .     .    (J) 

This  represents  the  state  of  things  referred  to  an  origin 
fixed  in  space.  But  now  let  us  refer  it  to  an  origin  moving 
forward  with  the  velocity  (u/k)  of  the  progressive  waves,  so  as 
to  obtain  the  appearance  that  would  be  presented  to  the  eye, 
or  to  the  photographic  camera,  carried  forward  in  this  manner. 
Writing  kx'  +  nt  for  kx,  we  get 

cos  {kx' -'t  2^)+  cos  KOl/ (2) 

Now  the  average  effect  of  the  first  term  is  independent  of  a/, 
so  that  w^hat  is  seen  is  simply  that  set  of  progressive  waves 
which  moves  with  the  eye.     In  this  way  a  kind  of  resolution 
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of  the  stationary  wave  into  its  progressive  components  may 
be  effected. 

In  the  actual  experiment  two  sets  of  stationary  waves  are 
combined;  and  the  analytical  expression  is 

cos(KX  +  nt)  + cos  (Kx  —  nt)  + cos  {Kt/  +  nt)  + cos  (ic7/—nt),  .  (3) 

which  is  equal  to 

2  cos  Kx  cos  nt  + 2  cos  Ki/ cos  nt,     ....     (4) 

or  to 

.         K(a;  +  y)       K{x  —  y)  ^  ,_. 

4  cos  ^-^  cos       n       c^s  nt.     .     .     .     .      (5) 

If,  as  before,  we  write  kx'  +  nt  for  kx,  we  get 

cos{kx' +  2nt')-\- cos  Kx' -{2  cos  Ky  cos  nt.    .     .  (6) 

The  eye,  travelling  forward  with  the  velocity  n/K,  sees  mainly 
the  corresponding  progressive  waves,  whose  appearance,  how- 
ever, usually  varies  with  y,  i.  e.  along  the  length  of  a  ridge  or 
furrow.  If  the  effect  could  be  supposed  to  depend  upon  the 
mea7i  elevation  only,  this  complication  would  disappear,  as  we 
should  be  left  with  the  term  cos  kx'  standing  alone.  With  the 
semi-opaque  coloured  Avater  the  variation  along  j/  is  evident 
enough;  but  the  experiment  may  be  modified  in  such  a  manner 
that  the  ridges  and  furrows  appear  sensibly  uniform.  For 
this  purpose  the  coloured  water  may  be  replaced  by  milk, 
lighted  from  above,  but  very  obliquely.  The  appearance  of  a 
set  of  (uniform)  ridges  and  furrows  varies  greatly  with  the 
direction  of  the  light.  If  the  light  fall  upon  the  plate  in  a  direc- 
tion nearly  parallel  to  the  ridges,  the  disturbance  of  the  surface 
becomes  almost  invisible  ;  but  if,  on  the  other  hand,  the  inci- 
dence be  perpendicular  to  the  line  of  ridges,  the  disturbance 
is  brought  into  strong  relief.  The  application  of  this  principle 
to  the  case  before  us  shows  that,  when  the  eye  is  travelling 
parallel  to  x,  the  ridges  and  furrows  will  look  nearly  uniform 
if  the  incidence  of  the  light  be  also  nearly  parallel  to  x  ;  but 
if  the  incidence  of  the  light  be  nearly  parallel  to  y,  the  ridges 
will  show  marked  variations  along  their  lenfrth,  and  in  fact  be 
resolved  into  a  series  of  detached  humps.  The  former  con- 
dition of  things  is  the  simplest,  and  the  most  suitable  as  the 
suljject  of  measurement. 

In  order  to  see  the  progressive  waves  it  is  not  necessary  to 
move  the  head  as  a  whole,  but  only  to  turn  the  eye  as  when 
we  look  at  an  ordinary  object  in  motion.  To  do  this  without 
assistance  is  not  at  first  very  easy,  especially  if  the  area  of  the 
plate  bo  somewhat  small.  By  moving  a  pointorat  various  speeds 
until  the  right  one  is  found,  the  eye  may  be  guided  to  do  what 
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is  required  of  it;  and  after  a  few  successes  repetition  becomes 
easy.  If  ^^  e  wish  not  merely  to  see  the  progressive  waves, 
but  to  measure  the  velocity  of  propagation  with  some  approach 
to  accuracy,  further  assistance  is  required.  In  my  experi- 
ments an  endless  string,  passing  over  pulleys  and  driven  by  a 
small  water-engine,  travelled  at  a  small  distance  above  the 
plate  so  that  its  length  was  in  the  direction  of  wave-propaga- 
tion. A  piece  of  wire  was  held  at  one  end  by  the  fingers,  and 
at  the  other  rested  upon  the  travelling  string  and  was  carried 
forward  with  it.  In  this  way,  by  adjusting  the  water  supply, 
the  speed  of  the  string  could  be  made  equal  to  that  of  wave- 
propagation;  and  the  former  could  easily  be  determined  from 
the  whole  length  of  the  string,  and  from  the  time  required  by  a 
knot  upon  it  to  make  a  complete  circuit.  Thus  (on  February  7) 
the  velocity  of  propagation  was  found  to  be  5*4  inches  per 
second.  At  the  same  time,  by  measurement  of  the  pattern  as 
seen  by  ordinary  vision,  14X  =  4^  inches.     Hence  frequenc}'- 

5"4 
=  -r—  =15*5  per  second;  exactlv  one  half  the  observed  fre- 

qnency  of  the  bar,  viz.  31. 

In  addition  to  the  phantoms  which  may  be  considered  to 
represent  the  four  component  progressive  waves,  others  may 
be  observed  travelling  in  directions  inclined  at  45°.  If  we 
take  coordinates  ^,  r)  in  these  directions,  (5)  may  be  written 

4  cos —f-:  cos — (cos?i<; (7) 


in  which  if  we  put 


V2  =  V2^'' 


(i.  e.  if  we  suppose  the  eye  to  travel  with  velocity  ^/2  .  n/K), 
we  get 

2  cos  -~  cos  — ^  +  terms  in  2nt. 

The  non-periodic  part  may  be  supposed  roughly  to  represent 
the  phenomenon. 

In  order  if  possible  to  settle  the  question  beyond  dispute,  I 
made  yet  another  comparison  of  the  frequencies  of  vibration 
of  the  fluid  and  of  the  support,  using  a  plan  not  very  different 
from  that  originally  employed  by  Faraday.  A  long  plank 
was  supported  on  trestles  at  the  nodes,  and  could  be  tuned 
within  pretty  wide  limits  by  shifting  weights  which  rested 
upon  it  near  the  middle  and  ends.  At  the  centre  was  placed 
a  beaker  A:\  inches  in  diameter,  and  containing  a  little  mer- 
cury.    The  plank  was  set  into  vibration  by  properly  timed 
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impulses  with  the  hand,  and  the  weights  were  adjusted  until 
the  period  corresponded  to  one  mode  of  free  vibration  of  the 
pool  of  mercury.  When  the  adjustment  is  complete,  a  very 
small  vibration  of  the  plank  throws  the  mercury  into  great 
commotion,  and  unless  the  vessel  is  deep  there  is  risk  of  the 
fluid  being  thrown  out.  The  question  now  to  be  decided  is 
whether,  or  not,  the  vibrations  of  the  mercury  are  executed  in 
the  same  time  as  those  of  the  plank. 

On  March  18  the  plank  was  adjusted  so  as  to  excite  that 
mode  of  vibration  of  the  mercury  in  which  there  are  two  nodal 
diameters.  Two  other  diameters  bisecting  the  angles  between 
these  give  the  places  of  maximum  vertical  motion.  At  one 
moment  the  mercury  is  elevated  at  both  ends  of  one  diameter 
and  depressed  at  both  ends  of  the  perpendicular  diameter ; 
half  a  period  later  the  case  is  reversed.  The  frequency  of  the 
fluid  vibrations  could  be  counted  by  inspection,  and  was  found 
to  be  30  (complete)  vibrations  in  15  seconds,  or  exactly  two 
vibrations  per  second.  The  vibrations  of  the  plank  were 
counted  by  allowing  it  to  tap  slightly  against  a  pencil  held  in 
the  hand.  In  five  seconds  there  were  21  complete  vibrations, 
i.  e.  4^  vibrations  per  second,  almost  exactly  twice  as  many 
as  was  found  for  the  mercury.  The  measurements  were  re- 
peated several  times;  and  the  general  result  is  beyond  question. 

On  another  occasion  the  mode  of  fluid  vibration  was  that  in 
which  there  is  but  one  nodal  diameter,  the  fluid  being  most 
raised  at  one  end  of  the  perpendicular  diameter  and  most  de- 
pressed at  the  other  end.  The  frequency  of  fluid  vibration 
was  30  /  22  =  1-36;  while  that  of  the  plank  was  27  /  10  =  2-7. 
Here  again  the  fluid  vibrations  are  proved  to  be  only  half  as 
quick  as  those  of  the  support. 

The  mechanics  of  the  question  are  considered  in  a  commu- 
nication to  the  Philosophical  Magazine  for  April  1883,  to 
which  reference  must  be  made.  Merely  to  observe  the  phe- 
nomenon, it  is  sufficient  to  take  a  porcelain  evaporating-dish 
containing  a  shallow  pool  of  mercury  2  or  3  inches  in  dia- 
meter, and,  holding  it  firmly  with  both  hands,  to  impose  upon 
it  a  vertical  vibratory  motion.  After  a  few  trials  of  various 
speeds  it  is  possible  to  excite  various  modes  of  vibration,  in- 
cluding those  referred  to  in  connexion  with  the  plank.  The 
first  (with  two  nodal  diameters)  is  more  interesting  in  itself, 
and  is  more  certainly  due  to  a  vertical  as  opposed  to  a  hori- 
zontal vibration  of  the  support.  The  gradually  shelving  l)ank 
presented  by  the  dish  adds  to  the  beauty  of  the  experiment 
by  its  tendency  to  prevent  splashing. 

Dr.  Matthiessen,  in  the  papers  referred  to,  records  a  long 
series  of  measurements  of  the  wave-lengths  of  crispations  cor- 


resting  upon  a  Vibrating  Support.  57 

responding  to  various  frequencies  of  vibration,  not  only  in  the 
case  of  water,  but  also  of  mercury,  alcohol,  and  other  liquids. 
He  remarks  that  the  nature  of  the  liquid  affects  the  relation 
in  a  marked  manner,  contrary  to  the  theoretical  ideas  of  the 
time,  which  recognized  gravity  only  as  a  "  motive  "  for  the 
vibrations.  In  the  following  year  Sir  W.  Thomson  gave  the 
complete  theory  of  wave-propagation*,  in  which  it  is  shown 
that  in  the  case  of  wave-lengths  so  short  as  most  of  those  ex- 
perimented  upon  by  Matthiessen,  the  influence  of  cohesion,  or 
capillary  tension,  far  outweighs  that  of  gravity.  In  general, 
if  T  be  the  tension,  /c  =  27r/X,  the  velocity  of  propagation  (r) 
is  given  by 

.=  ^{2+T«}; (8) 

or,  when  X  is  small  enough, 

^'=n/(T/c) (9) 

Since  \-=vT,  the  relation  between  t  and  X  is,  by  (9), 

27rTT2  =  X3; (10) 

or,  if  N  be  the  frequency  of  vibration, 

N2X=  constant (11) 

Dr.  Matthiessen's  results  agree  pretty  well  with  (11),  much 
better  in  fact  than  with  the  formula  proposed  by  himself. 

There  is  another  point  of  some  interest  on  which  the  views 
expressed  by  Matthiessen  call  for  correction.  It  was  observed 
by  Lissajous  some  years  ago,  that  if  two  vibrating  tuning- 
forks  of  slightly  different  pitch  are  made  to  touch  the  surface 
of  water,  the  nearly  stationary  waves  formed  midway  between 
the  sources  of  disturbance  travel  slowly  towards  the  graver. 
We  may  take  as  the  expression  for  the  two  progressive  waves 

cos  (Kx—nt)  +  cos  {K\x  +  7l't), 

or,  which  is  the  same, 

2  cos  {l{K  +  K'):c  +  ^{n'  —  n)f}  x  cos  {^(k' —  K)x  +  l(n' +  n)f}. 

The  position  at  any  time  of  the  crests  of  the  nearly  stationary 
waves  is  given  by 

1  (/c  +  K')a;  +  ^  {n'  —  n)t  =  ^mir, 

where  m  is  an  integer.  The  velocity  of  displacement  V  is 
thus 

_^      71— n' 

^=,7W' (^2) 

*  Phil.  Mag.  Nov.  1871. 
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from  which  it  appears  that  in  every  case  the  shifting  is  in  the 
direction  of  propagation  of  waves  of  higher  pitch,  or  towards 
the  source  of  graver  pitch. 

According  to  Matthiessen,  the  shifting  takes  place  with  a 
velocity  equal  to  half  the  difference  of  velocities  of  the  com- 
ponent trains,  i.  e. 

(13) 


2V  =  "- 

K 


k" 


and  in  the  direction  of  that  component  train  which  moves  with 
greatest  velocity.  So  far  as  regards  the  direction  merely,  the 
two  rules  come  to  the  same  thing  for  the  range  of  pitch  used 
by  Lissajous  and  Matthiessen,  since  over  this  range  the  velo- 
city increases  with  pitch.  If,  however,  we  have  to  deal  with 
waves  longer  than  the  critical  value  {VI  centim.  for  water), 
the  two  rules  are  at  issue,  since  now  the  velocity  increases  as 
the  pitch  diminishes.  The  following  are  a  few  corresponding 
values,  in  C.Gr.S.  measure,  of  wave-length,  velocity,  and  fre- 
quency of  vibration  calculated  by  Thomson's  formula  (A). 


Wave-length.., 

Velocity    , 

Frequency    . . , 


•5 

1-0 

1-7 

2-5 

3-0 

5-0 

31-48 

24-75 

23-11 

23-94 

24-92 

29-54 

62-97 

24-75 

13-60 

9-579 

8-306 

5-908 

I  have  examined  the  matter  experimentally  vn\h  the  aid  of 
vibrators  making  from  12  to  7  complete  vibrations  per  second, 
and  therefore  well  below  the  critical  point,  with  the  result  that 
the  transference  is  towards  the  source  of  graver  pitch,  although 
this  is  the  direction  of  propagation  of  the  component  which 
travels  with  the  smaller  velocity.  I  reser^^e  for  the  present  a 
more  detailed  description  of  the  apparatus,  as  I  propose  to 
apply  it  to  the  general  verification  of  Thomson^s  law  of  ve- 
locities. 


VIII.  An  Illustration  of  the  Crossing  of  Rays. 
By  Waltee  Baily*. 

[Plate  I.] 

WHEN  rays  of  light  are  passing  through  a  point,  the  re- 
sultant motion  of  the  a3ther  is  in  general  far  too  com- 
plicated to  be  conceived;  but  if  the  light  is  homogeneous,  it 
can  readily  be  shown  that  the  motion  at  each  point  is  simply 
harmonic    motion  in   an  ellii)se ;    so  that  in    that    case    the 

*  Communicated  by  tlae  Physical  Society ;  read  ISIay  2G,  18.33. 
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complication  consists  only  of  the  change  in  this  ellipse  in  pass- 
ing from  one  point  to  another.  Hence  a  model  might  be  con- 
structed to  represent  the  crossing  of  homogeneous  rajs  by 
placing  a  number  of  ellipses  to  represent  the  motion  at  a 
number  of  separate  points,  through  which  the  light  might  be 
supposed  to  be  passing.  If  we  further  simplify  the  case  by 
considering  only  rays  parallel  to  one  plane,  and  suppose  them 
to  be  plane-polarized  so  that  the  vibrations  are  parallel  to  the 
same  plane,  the  whole  motion  will  be  parallel  to  that  plane, 
and  might  be  represented  by  means  of  diagrams. 

The  case  worked  out  in  this  paper  is  that  of  three  rays  of 
equal  intensity  parallel  to  one  j)lane,  plane-polarized  so  that 
the  vibrations  are  parallel  to  that  plane,  and  meeting  one 
another  at  equal  angles. 


Take  any  point  0,  and  let  F  0  P,  Q'  0  Q,  R'  0  R  be  the  rays 
through  0.  Take  any  other  point  T  in  the  same  plane;  draw 
TX,  TY  perpendicular  and  parallel  respectively  toP'OP. 
Let  77,  q,  r  be  the  distances  from  0  of  the  feet  of  the  perpen- 
diculars drawn  from  T  on  F  0  P,  Q'O  Q,  F  0  R  respectively; 
these  distances  being  considered  positive  if  drawn  towards 
P,  Q,  R,  and  negative  if  drawn  towards  P',  Q',  R^  Then  it 
may  be  shown  that 

2)  +  g  +  r=0 (1) 

_  The  position  of  T  may  be  defined  by  any  two  of  these  quan- 
tities.   The  equations  p  =■.  const.,  q  =  const.,  r  =  const.,  are  equa- 
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tions  to  straight  linos  perpendicular  to  P'O  P,  Q'O  Q,  R'O  R 
respectively;  and  the  equations  9  —  ?'  =  const,  '/•—^:»  =  const., 
p — 5-  =  const,  are  equations  to  lines  parallel  to  P'O  P,  Q'O  Q, 
R^O  R  respectively.  When  the  constant  is  zero,  the  lines  pass 
through  0. 

If  we  take  any  point  in  Q'Q  and  move  perpendicularly  to 
Q'Q  from  this  point,  we  can,  without  altering  the  phase  of 
the  vibration  of  the  ray  Q,  reach  a  point  at  which  the 
phase  of  the  vibration  of  the  ray  R  is  the  same.  If  we 
now  move  from  this  latter  point  in  a  direction  parallel  to 
P'  P,  we  shall  keep  the  phases  of  Q,  R  equal  to  one  another, 
and  we  can  reach  a  point  at  which  the  phase  of  the  ray  P  is 
equal  to  either  of  them.  Take  this  point  as  the  origin,  and  let 
the  phases  be  zero  at  the  initial  time.  Then  at  a  time  t  the 
displacements  due  to  the  three  rays  at  the  point  T  will  be 
sin  27r(i— ^;»),  sin27r(^  — ^),  sin  27r(/ —  7'),  the  wave-length 
being  taken  as  the  unit  of  length,  and  the  period  as  the  unit 
of  time. 

Let  X  be  the  amount  of  displacement  along  TX  and  y  that 
along  TY,  at  the  time  t.     Then 

•    "^  •    c\    /         \        •    l'^      27r\    .    c\    /■         \ 
x=-  sm  ^  sin  Z7r{t—p)  +  smi  ^  -f  -^  I  sm  zirit  —  q) 

.    /IT      27r\  .    ,-, 
+  snii  ^ ^  Jsm  27r( /  —  ?■), 

73-  /7J-      27r\ 

y=  cos;^  sin  27r(^— /i)+  cos(  _t  +  ~^- jsin  2'7r{t  —  q) 

(IT      27r\   .    „    ,         V 
o rT  )si"  2.TT{t—r). 

By  means  of  (1)  these  equations  may  be  written 

x—9-\n'2,'n{t—p)—cos'iT{q—r)&m2'ir{t^-\\,     .     (2) 

?/=  ^3sin7r(9  — '/')cos27r  ( ^  +  ^  j (3) 

In  general  the  calculation  of  the  phase  and  the  ellipse  would 
be  laborious;  but  it  may  be  readily  effected  along  lines  parallel 

to  P'OP,  Q'OQ,  R'OR  at  distances  — -^  from  one  another  as 

follows  : — We  have  as  equation  to  such  lines  parallel  toP'OP, 
q  —  r-=-n^  where  n  is  an  integer.     Hence 

^  =  0,   . (4) 

x=  sin  27r  (/  —p)  —  sin  27rf  /  +  '  j  cos  nir. 
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IfH 


If  n.  is  odd, 


'=-^/'■2■ 


•  2  cos  Sttj)  .  cos  27r  [  ^  —  2  )•     •     •     (5) 


X  =  \/^2  +  2  cos  'dirp  .  sin  27r  |  f  —  ^  |. 


(fi) 


Equation  (4)  shows  that  along  these  lines  the  vibrations  are 
rectilinear,  and  perpendicular  to  direction  of  the  raj. 

Putting  j9=  ^>,  m  beina;  an  integer,  we  see  from  (5)  and 

'       .         " 

(6)  that  there  are  points  of  no  motion  when  m  and  n  are  both 

even  or  both  odd.  These  conditions  will  be  satisfied  if  ^p,  q, 
and  r  are  multiples  of  ^.  In  order  to  satisfy  (1),  one  of  the 
quantities  must  be  an  even  multiple,  and  the  other  two  must 
be  both  even  or  both  odd. 

We  may  obtain  similar  equations  in  relation  to  Q'OQ  and 
H'OR;  and  the  points  of  no  motion  will  be  the  same  as  those 
already  obtained.  If  we  draw  the  three  sets  of  lines  above 
considered,  we  shall  form  a  series  of  triangles  whose  sides  are 
parallel  to  the  rays,  each  side  being  equal  to  §.  These  tri- 
angles will  have  the  properties,  that  their  angles  will  be  nodes, 
and  that  the  vibrations  along  their  sides  will  be  perpendicular 
to  the  sides,  the  displacement  being  given  by  equations  (5) 
and  (6)  and  the  corresponding  equations  for  the  rays  Qand  R. 
The  form  of  these  triangles  under  displacement,  when  ^  =  0, 
is  shown  in  PI.  I.  fig.  1. 

The  motion  may  be  also  readil}'  obtained  along  lines  per- 
pendicular to  the  direction  of  the  rays,  at  distances  J  from 
each  other,  one  of  each  set  passing  through  the  origin,  p  must 
be  a  multiple  of  ^;  and  there  are  six  ditferent  forms  of  equa- 
tions (2)  and  (3)  for  six  consecutive  values  of  y^,  which  are 
given  in  the  following  Table  i^n  being  an  integer): — 


p- 

X. 

y- 

2ri+l 

(1+A)sin27r^ 

—  B  cos  27r^ 

2n  +  l 

(1-A)sin27r(f  +  1) 

+  Bcos27r(^  +  J) 

2«  +  i 

(1+A)sin27ra-L) 

-Bcos27r(^— 1) 

2n 

(1— A)sin27r^ 

+  B  cos  2/ri 

2/i-i 

(1+A)sin27r(^  +  1) 

—  Bcos27r(^  +  -J) 

2n-2 

(1  -  A)  sin  27r  («-_!) 

+  Bcos27r(«-ij 

where         A=  cos7r(g  — r),     ^— Vo&\i\7r{q  —  r). 
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These  lines  intersect  the  triangles  (fig.  1)  at  their  angles,  and 
also  at  the  bisection  of  their  sides.  At  these  points  the  mo- 
tion has  been  already  determined.  The  motion  is  circular  if 
]j  is  an  even  multiple  of  ^,  at  the  points  for  which  1  — A=  +  B 
— that  is,  where  q — r=2m+  §  (m  being  an  integer);  and  if 
p  is  an  odd  multiple  of  ^,  at  the  points  for  which  l+A=  +B 
— that  is,  where  q — 7'  =  2m+3- 

These  conditions  are  satisfied  at  the  middle  points  of  the 
triangles.  In  fio-.  2  are  shown  the  nodes  and  the  circular 
points,  the  arrows  indicating  the  phase  when  ^  =  0.  It  will  be 
noticed  that  at  adjacent  circular  points  the  motion  is  in  oppo- 
site directions. 

It  would  be  possible  to  construct  a  piece  of  apparatus  to 
exhibit  the  motion  approximately.  A  piece  of  elastic  mem- 
brane, sufficiently  stretched  in  all  directions,  should  be  fastened 
at  a  set  of  points  corresponding  to  the  points  of  rest,  and  the 
middle  points  of  the  triangles  should  then  be  displaced  accord- 
ing to  the  phase  (see  fig.  2),  and  carried  round  their  original 
jjositions  in  circles  of  equal  size  and  period,  the  adjacent  mo- 
tions being  in  opposite  directions — an  arrangement  which 
might  easily  be  effected  by  a  series  of  cogged  wheels.  We 
should  then  have  a  number  of  points  fixed,  and  the  correct 
motion  given  at  other  points  where  the  motion  is  greatest. 
The  motion  of  the  rest  of  the  membrane  except  near  the  edges 
would  then  be  approximately  correct. 

In  fig.  3  is  given  an  enlarged  view  of  one  of  the  triangles, 
showing  some  of  the  points  where  the  motion  is  elliptic,  and 
the  displacement  of  the  lines  through  the  nodes  parallel  and 
perpendicular  to  the  rays. 


IX.    On  the  Conservation  of  Solar  Energy. 
Reply  by  Sir  William  Siemens  to  Mr.  E.  H.  Cook*. 

ARTICLE  LX.  in  the  June  Number  of  the  '  Philosophical 
Magazine,''  by  E.  H.  Cook,  B.Sc,  calls  for  a  reply  to 
some  of  the  objections  raised  against  my  Solar  hypothesis, 
which  I  am  the  more  readily  disposed  to  give,  inasmuch  as 
they  differ  from  those  already  raised  by  others^  and  involve 
moreover  questions  of  general  interest.  Mr.  Cook  proves 
that  CO2  is  distributed  uniformly  throughout  our  atmosphere; 
and  concludes  that  the  power  of  gaseous  diffusion  is  such  that, 
admitting  (as  he  does)  a  universal  plenum,  the  same  gaseous 
proportion  must  prevail  throughout  space — that,  in  short, 
there  must  be  as  large  a  proportion   of  CO2  and  N  in  space 

*  Communicated  by  the  Aullior. 
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and  in  the  solar  photosphere  as  in  our  atmosphere,  and  for 
the  same  reason  no  more  hydrogen  in  those  regions  than  we 
can  detect  in  the  atmosphere. 

While  admitting  the  uniform   distribution  of  CO2  in  our 
atmosphere,  which  is  subject  to  powerful  circulating  currents, 
I  cannot  as:ree  with  Mr.  Cook  in  ascribing  to  o^iseous  diffu- 
sion  any  considerable  influence  upon   the  constitution  of  a 
great   solar  inflow  and  outflow  current.     Mr.  Cook  points 
out  very  properly  that  the  density  of  some  of  the  metallic 
vapours  known  to  exist  in  the  sun  is  either  inferior  to,  or 
does  not  materially  exceed  that  of,  carbon  dioxide;  and  these, 
he  concludes,  would  mix  rapidly  by  diifusive  action  with  the 
photospheric  current,  doing  away  with  its  distinctive  character; 
regarding  stellar  material,  he  says,  towards  the  end  of  his  article, 
"any  difference  in   composition  would   be  rapidly  removed 
by  the  action  of  gaseous  diffusion. "     Mr.  Cook  here  appears 
to  ftill  into  a  conunon  error  of  interpreting  Dalton's  expression, 
that  "  one  gas  diffuses  into  the  space  occupied  by  another  as 
though  the  latter  had  no  existence,"  into  an  action  comparable 
to  the  rush  of  a  gas  into  a  vacuum;  whereas  in  reality  the  rate 
of  the  diffusion  of  gases  at  equal  pressures  does  not  exceed  a 
few  feet  per  hour,  and  that  of  fluids  not  a  few  feet  per  annum, 
as  proved  by  Sir  William  Thomson's  experiments  now  going 
on  at   Glasgow  University.     The  effect  of  such   slow  action 
must  be  inappreciable  upon  gaseous  currents  depending  upon 
solar  rotation,  amounting  to  23,7(j0,()00  feet  per  second,  or 
4500  miles  an  hour.     The  metallic  vapours  in  the  photosphere 
must  therefore  be  attributable  chiefly  to  mechanical  intermix- 
ture, which  no  doubt  is  considerable,  not  indeed  on  the  polar 
surfaces,  where  the  tangential  motion  is  not  great,  nor  at  the 
equator,  where  the  photosphere  has  acquired  the  solar  rotation, 
but  in  the  intei-mediate  zones  of  great  difl'erential  velocity, 
rendered  visible   to  ns  by  the  occurrence  of  sun-spots,  the 
result,  as  is  now  largely  admitted,  of  cyclonic  action.    The 
metallic  vapours  thus  introduced  into  the  photospheric  current 
will  be  burnt  and  projected  outwards  into  space,  not  indeed 
in  the  vaporous  condition  as  supposed  by  Mr.  Cook,  but  as  a 
metallic  dust  (several  thousand  times  denser  than   the   sur- 
rounding medium),  the  greater  portion  of  which  will  pro- 
bably soon  return  to  the  sun  by  virtue  of  solar  gravitation, 
there  to  be  dissociated  on  reaching  the  great  gaseous  metallic 
sea  underlying  the  photosphere. 

It  is  of  course  important  to  consider  to  what  extent  the 
density  of  this  metallic  sea  is  likely  to  exceed  that  of  the  pho- 
tosphere. Assuming  the  latter  to  contain,  besides  the  light 
combustible  gases,  a  Uu'ge  proportion  of  oxygen  and  nitrogen, 
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we  shall  be  safe  in  estimating  its  mean  density  as  equal  to  that 
of  nitrogen,  or  equal  to  14;  and  assuming  the  metallic  sea 
below  to  consist  of  both  the  heavy  and  light  metallic  vapours 
in  reasonable  proportions,  we  shall  probably  be  near  the  truth 
in  assumiug  its  mean  vapour-density  as  being  equal  to  that  of 
iron,  or  equal  to  56.  The  photospheric  current  would  there- 
fore sweep  over  an  ocean  only  four  times  denser  than  itself, 
which,  under  terrestrial  conditions,  would  give  rise  to  very 
active  mechanical  admixture;  but  this  tendency  is  counter- 
acted upon  the  solar  surface  by  a  force  of  gravity  27  times 
greater,  exercising  a  separating  influence  analogous  to  that 
upon  which  the  action  of  the  ingenious  cream-separator  de- 
pends, in  which  the  force  of  gravitation  is  replaced  by  cen- 
trifugal action.  To  get  the  parallel  of  terrestrial  conditions, 
we  should  have  to  assume  the  solar  ocean  to  be  4  x  27  =  108 
times  denser  than  the  atmospheric  current  sweeping  over 
it.  The  light  metallic  vapours  will  be  held  in  suspension  in 
the  vast  metallic  ocean  in  the  same  way  as  oxygen  and  car- 
bonic anhydride  are  retained  in  sea- water. 

Mr.  Cook  thinks  that  the  preponderance  of  hydrogen  and 
CO  in  meteorites  is  inconsistent  with  the  idea  that  the  me- 
teoric gases  have  been  absorbed  in  space;  and  he  puts  forward 
a  theory  making  them  the  result  of  decomposition  of  solid 
hydrocarbon  and  oxides  by  heat  while  passing  through  our 
atmosphere  perhaps  more  than  once,  A  shell  of  fused  mag- 
netic oxide  of  iron  is  supposed  to  be  formed,  retaining  these 
gases  bottled  as  it  were  ;  but  it  may  fairly  be  objected  that 
such  a  fused  shell,  if  it  were  really  formed,  would  crack  in 
cooling  and  allow  the  gas  to  escape  through  innumerable 
fissures.  It  is  sufficient  for  us  to  know,  I  think,  that  the  me- 
teorites contain  all  the  constituents  of  our  atmosphere  except 
hydrogen,  which  latter  occurs  in  our  atmosphere  combined 
with  oxygen,  whereas  in  space  and  in  the  solar  photosphere 
we  have  evidence  of  its  separate  existence  or  in  combination 
with  carbon — a  ditference  which  is  to  my  mind  the  necessary 
consequence  of  dissociation  of  carbonic  acid  and  aqueous 
vapour  in  space,  and  of  ignition  and  slow  combustion,  effecting 
their  oxidation  upon  our  earth. 

I  cannot  agree  with  Mr.  Cook  in  supposing  that  a  terrestrial 
polar  inflow  current  Avould  be  inconsistent  with  the  direction 
of  the  "return  trade '^  winds,  of  which  it  would  simply  form 
part,  the  direction  of  both  being  necessarily  from  the  north- 
east, in  the  northern  hemisphere. 

Mr.  Cook  has  evidently  not  followed  me  in  my  description 
of  the  equatorial  outflow  as  a  balanced  current  depending 
upon  solar  gravitation  only  for  its  density  and  rate  of  flow  ; 
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he  reintroduces  the  effect  of  projection  into  space  by  centri- 
fugal force,  and  makes  the  remarkable  statement  that  "  if 
owing  to  centrifugal  force  H  is  projected  x  miles  into  space, 
then  sodium  vapour,  which  is  23  times  as  heavy,  will  be  pro- 

jected  ^  miles."     Surely  a  pound  of  one  substance  is  as 

good  as  another  as  regards  vis  inertice  and  gravitation;  and  it 
seems  an  unfair  proceeding  on  the  part  of  the  latter  force  to 
recall  the  one  sooner  than  the  other  simply  because  it  is  the 
denser  of  the  two.  Considering,  however,  that  the  force  of 
gravity  is  46,800  times  greater  than  centrifugal  force  upon  the 
solar  equator,  no  substance  could  be  projected  outward  a  single 
inch  by  centrifugal  force,  although  that  force  is  capable  of  de- 
termining the  outflow  of  a  gaseous  column,  balanced  by  an 
inflowing  polar  current  of  nearly  the  same  density,  thus  giving 
rise  to  what  I  termed  the  solar  "  fan  action." 

Mr.  Cook  remarks  very  properly,  that  my  hypothesis,  if 
applicable  to  the  Sun,  must  be  equally  applicable  to  Sirius 
with  its  bluish-white  and  to  Arcturus  with  its  reddish  light; 
and  he  says  "it  is  difficult  to  see  how  these  differences  are 
to  be  accounted  for  "on  the  principle  of  combustion,  "the 
same  atmosphere  supplying  them  all."  But  surely  the  tem- 
perature of  terrestrial  coal-furnaces  is  not  always  the  same, 
depending,  as  they  do,  upon  the  intensity  of  the  draught  and 
the  density  of  the  fuel  employed.  In  the  case  of  the  photo- 
sphere the  richness  of  the  gaseous  fuel  is  determined  by  its 
density  (that  is,  by  the  magnitude  of  the  solar  body),  and  the 
intensity  of  the  combustion  by  the  draught  (that  is,  by  its 
tangential  velocity),  both  of  which  may  vary  between  wide 
limits ;  and  the  latter^may  be  slowly  diminishing,  thus  giving 
force  to  Dr.  Huggins's  suggestion  of  the  effect  of  age.  The 
brilliancy  of  a  fixed  star  must  depend  moreover  upon  our  I'ela- 
tive  position  towards  it,  being  partially  obscured  perhaps,  if 
seen  equatorially,  by  planetary  matter. 

In  conclusion,  allow  me  to  refer  Mr.  Cook  to  the  last  issue 
of  the  Proceedings  of  the  Berlin  Academy.  In  it  one  of  its 
members  (my  brother,  Dr.  Werner  Siemens)  gives  a  full 
investigation  of  the  nature  and  causes  of  the  electric  potential 
supposed  to  exist  between  the  Sun  and  our  planet.  After 
some  hesitation,  my  brother  has  arrived  at  the  conclusion  that 
this  electrical  connexion  cannot  be  satisfactorily  explained 
except  by  adopting  my  hypothesis  of  a  material  equatorial 
outflow,  sweeping  out  from  the  Sun  past  our  Earth,  and  car- 
rying with  it  particles  of  dust.  When  writing  this  article, 
my  brother  appears  to  have  overlooked  the  most  interesting- 
observations  that  have  been  made  for  some  years  at  the  Green- 
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wich  observatory,  showing  a  remarkable  coincidence  between 
terrestrial  magnetic  storms  and  solar  disturbances  observable 
as  sun-spots.  These  observations  completely  confirm  my 
brother's  views  on  this  subject,  and  agree  also  with  those  I 
ventured  to  put  forward  in  my  original  paper. 


X.  Notices  respecting  New  Books. 

Sir  William  Hamilton  :  the  Man  and  Ms  P7iiloso2yhi/ .     Two  Lectures 
delivered  before  the  Edinburgh  Philosophical  Institution,  January 
and  February,  1883.     By  John  Veitch,  LL.D.     (W.  Blackwood 
and  Sons  ;  1883  :  pp.  68.) 
"  T  HAVE  got  but  one  hour  this  evening  to  put  before  you  the 
-■-    method  and  the  main  results  of  a  great  philosophy,  the  work 
of  a  man's  lifetime."     So  opens  the  second  lecture,  \^'hich  gives  a 
rapid  sketch  of  a  philosophy,  admittedly  put  forth  to  the  world 
in  fragments  ;   but  "  from  the  stately  parts  "  of   which    "  we   can 
imagine  the  greatness  of  the  whole,  had  the  master's  hand  given 
them   union   and   cohesion."     Lectures   written   under   the   con- 
dition indicated  above  cannot  be  expected  to  go  deep  down  into 
the  subject ;  and  all  the  reader  can  reasonably  look  for  is  a  dear 
and  accurate  presentment  of  facts.     This  he  will  find  furnished 
in  this  interesting   sketch.     Students  who  want  fuller  details  will 
find  these  in  the  same  writer's  larger  work  in  Messrs.  Blackwood's 
'  Philosophical    Classics    for   English    Readers.'        With    one    of 
Hamilton's  opponents  we  say,  "  Long  live  the  memory  of  William 
Hamilton,  good,  learned,  acute,  and  disputatious." 

On  the  Motion  of  a  Projectile  in  a  Resisting  Medium,  and  particidarly 

when  the  Resistance  varies  as  the  Cube  of  the  Velocity.     By  A.  G. 

Geeenhill.     (Woolwich ;    printed  at  the  Eoyal  Artillery  Li- 

stitution,  1882  :  pp.  32.) 

Mr.  Bashforth's  "  Motion  of  Projectiles  ''  contains  a  lengthy  set 
of  tables  from  which  by  laborious  processes  the  path  of  the 
projectile  may  be  constructed  with  almost  any  desired  amount  of 
accuracy*.  Prof.  Greenhdl  comes  to  the  consideration  of  the 
problem  with  his  almost  unequalled  mastery  of  ellipric-fimction 
methods,  and,  as  a  result  inter  alia,  appears  to  have  simplified 
the  calculation  of  some  of  j\L".  Bashforth's  tables.  At  the 
close  are  appended  some  practical  tables,  drawn  up  by  Captaui 
P.  A.  Macmahou,  E.A.,  worked  out  from  values  given  in  Mr. 
Bashforth's  "final  report  on  experiments  with  the  Bashforth  chrono- 
graph," 1880.  Though  we  cannot  pronomice  upon  the  technical 
applications  of  the  paper,  we  have  read  Prof.  Greenhill's  elegant 
analysis  with  interest. 

*  Encycl.  Met.,  art.  Gimnery.  The  term  laborious  does  uot,  of  course, 
imply  that  blame  restt>  upon  the  wiiter  of  this  classical  treatise :  even  the 
cubic  law,  the  simplest  tc  -work  Avith,  is  fraught  with  difficulty. 
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M:ay  9,  1883.— J.  W.  Hulke,  Esq.,  F.R.S.,  President, 
in  the  Chair. 

'T^HE  following  communications  were  read  : — 
-*-    1.  "The  Age  of  the  newer  Gneis.sic  Rocks  of  the  Northern  High- 
lands.""     By  C.  Callaway,  Esq.,  D.Sc,  F.G.S.    With  N'otes  on  the 
Lithology  oi'  the  specimens  collected  by  Prof.  T.  G.  Boimey,  M.A., 
E.RS.,^Sec.  G.S. 

The  object  of  the  author  was  to  prove  that  the  eastern  Gneiss  of 
the  Northern  Highlands,  usually  regarded  as  of  "  Lower  Silurian  " 
age,  was  to  be  placed  in  the  Archaean.  While  admitting  that  this 
gneiss  frequently  overlies  the  quartzo-dolomitic  group  of  Eribol  and 
Assynt,  he  held  that  this  relation  was  due  to  dislocation  accompanied 
by  powerful  thrust  from  the  east,  which  had  squeezed  both  forma- 
tions into  a  series  of  folds  thrown  over  towards  the  west,  so  as  to 
cause  a  general  easterly  dip.  As  a  preliminary  to  his  demonstra- 
tion, the  author  gave  the  following  classification  of  the  quartzo- 
dolomitic  series,  which,  in  the  absence  of  rlear  proof  of  its  age,  he 
called  the  "  Assynt  Group,"  the  subdivisions  being  taken  in  ascend- 
ing order : — 

C,.  Torridon  Sandstone  and  Ben  More  Grit. 
C2.  Quartzite. 

C,  1.  Seamy.  C,  u.  Annelidan. 

C3.  Brown  Flags. 
C^.  SaltereUa  Grit  and  Quartzite. 
C.  Dolomite. 

C,  1.  Dark,  C.  u.  WHte. 

For  the  eastern  gneiss  the  author  proposed  the  term  "  Caledo- 
nian." 

Taking  the  country  examined  from  south  to  north,  Loch  Broom 
was  first  described.  Here  the  author  considered  there  was  clear 
proof  of  dislocation.  Between  the  Torridon  and  the  Caledonian 
there  were  several  subparallel  faults,  which  increased  in  throw  from 
west  to  east,  Torridon  Sandstone  being  first  brought  up  through  the 
quartzite,  then  further  east  through  the  dolomite,  while  still  further 
east  the  Hebridean  was  thrown  up,  the  Caledonian  appearing 
east  of  the  Hebridean.  This  Hebridean  was  the  "  porphyry "  of 
Nicol. 

In  Assynt  the  "  Upper  Quartzite  "  was  first  discussed.  The  author 
described  several  sections  which  ho  considered  to  prove  that  this 
band  was  the  ordinary  quartzite  repeated  east  of  a  great  fault 
which   brought   up  the   Hebridian,  in  one  place   (Glen  Coul)  the 
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quartzite  being  conformably  succeeded  by  the  brown  flags  and 
dolomite. 

The  •'  igneous  rocks  "  of  Nicol  ("  Logan  Rock  "  of  Dr.  Heddle) 
were  regarded  as  the  old  gneiss  brought  up  by  a  fault  and  thrown 
over  onto  the  Assynt  group  to  the  maximum  breadth  of  more  than 
a  mile. 

The  "  Upper  Limestone  "  of  authors  was  described  as  either  out- 
liers of  the  dolomite  or  a  part  of  the  Caledonian  series. 

The  Caledonian  rocks  were  seen  in  Glen  Coul  to  be  immediately 
overlying  the  Hebridian,  the  Assj-nt  group  being  caught  in  the 
angle  between  the  two  gneisses,  and  bent  back  in  overthrown 
folds. 

The  mountain-groups  of  Assj-nt  were  described  as  usually  consist- 
ing of  cores  of  Hebridian  gneiss  swathed  in  or  capped  by  sheets 
of  quartzite.  In  the  former  case  the  quartzite  on  the  western 
slopes  was  contorted  into  overthrown  folds  by  the  thrust  from  the 
east. 

In  the  Loch-Eribol  district,  the  "  granulite  "  of  Xicol  was  con- 
sidered to  be  a  lower  division  of  the  Caledonian  gneiss,  though 
bearing  some  resemblances  to  the  Hebridian.  In  other  respects, 
the  \"iews  of  Nicol  were  regarded  as  substantially  correct.  Along 
the  entire  length  of  Loch  Eribol,  a  distance  of  about  twelve  miles, 
the  thrust  from  the  east  had  bent  back  the  Assynt  group  into  over- 
thrown folds,  and  pushed  the  Caledonian  gneiss  onto  the  top  of  the 
inverted  quartzite.  This  had  produced  the  appearance  of  an 
"  ujjper "  quartzite  passing  "  conformablj^ "  below  the  eastern 
gneiss.  The  superior  antiquity  of  the  Caledonian  was  confirmed  by 
the  occui'rence  of  outliers  of  quartzite  upon  the  Amabel  (Lower 
Caledonian)  series,  and  by  the  fact  that  the  granite,  which  sent 
numberless  veins  into  the  gneiss,  never  penetrated  the  quartzite  and 
associated  rocks. 

2.  "  On  a  Group  of  Minerals  from  Lilleshall,  Salop."  By  C.  J. 
Woodward,  Esq.,  B.Sc,  F.G.S. 

The  minerals  noticed  in  this  paper  occur  in  a  bed  of  grey  lime- 
stone in  the  Carboniferous  Limestone  at  Lilleshall.  They  occur  in 
vertical  joints  in  the  upper  subdivisions  of  the  bed.  The  following 
list  gives  them  arranged  in  order  of  frequency,  the  least  common 
being  placed  first  : — quartz,  bornite,  towanite,  iron-pyrites,  hse- 
matite,  barytes,  calcitc,  dolomite  (ankerite "?).  Of  the  first,  the 
author  has  oulj"  met  with  a  single  minute  crystal.  Iron-pyrites  is 
by  no  means  common  ;  haematite  is  more  abundant.  Analyses  of  two 
specimens  of  the  "  dolomite,"  show  that  one  agrees  very  nearly  with 
ankerite,  while  another,  identical  in  aspect,  exhibits  considerable 
differences,  being  only  a  ferriferous  dolomite.  The  author  suggests 
that  it  is  doubtful  whether  ankerite  should  be  retained  as  a  mineral 
species. 

3..  "  Fossil  Chilostomatous  Bryozoa  from  Muddv  Creek,  Victoria." 
By  A.  W.  Waters,  Esq.,  E.G.S. 
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May  23.— J.  W.  Hulke,  Esq.,  F.R.S.,  President, 
in  the  Chair. 

The  following  communications  were  read: — 

1,  "On  the  Basalt-glass  (Tachylyte)  of  the  "Western  Isles  of 
Scotland."  By  Prof.  J.  W.  Judd,  F.R.S.,  Sec.  G.S.,  and  G.  A.  J. 
Cole,  Esq.,  E.G.S. 

Basalt-glass  or  tachylyte  is  a  rare  rock,  although  very  widely 
distributed. 

In  the  Western  Isles  of  Scotland  it  has,  by  the  authors  of  the 
paper,  been  detected  in  five  localities  only,  namely  Lamlash  (Holy 
Isle)  near  Arran,  the  Beal  near  Portree  in  Skye,  Gribun  and  Some 
in  Mull,  and  Screpidale  in  Raasay. 

Basalt-glass  is  always  found  in  the  Hebrides  as  a  selvage  to  dykes, 
though  elsewhere  it  has  been  described  as  occurring  under  other 
conditions,  where  rapid  cooling  of  basaltic  lava  has  taken  place. 
Some  of  the  varieties  of  basalt-glass  in  the  Hebrides  differ  from  any 
hitherto  described  by  their  high  specific  gravitj'  (2-8  to  2-9)  and  by 
their  low  percentage  of  silica  (45  to  50). 

This  basalt-glass  is  frequently  traversed  by  numerous  joints  ;  it 
is  occasionally  finely  columnar,  and  sometimes  perlitic  in  structure. 

Prom  the  acid  glasses  (obsidian)  it  is  distinguished  by  its  density, 
its  opacity,  its  magnetic  properties,  and  especially  by  its  easy 
fusibility,  from  which  the  name  of  tachylyte  is  derived.  By  its 
greater  hardness  it  is  readily  distinguished  form  its  hydrated  forms 
(palagonite,  &c.). 

In  its  microscopic  characters  basalt-glass  is  found  to  resemble 
other  vitreous  rocks  ;  thus  it  exhibits  the  porjAyritic,  the  banded 
and  fluidal,  the  spherulitic,  and  the  perlitic  structures.  In  the 
gradual  transition  of  this  rock  into  basalt,  all  the  stages  of  devitri- 
fication can  be  well  studied. 

The  difference  between  these  locally  developed  basalt-glasses  and 
the  similar  materials  forming  whole  lava-streams  in  the  Sandwich 
Islands  was  pointed  out  in  the  paper,  and  the  causes  of  this  difference 
were  discussed. 

It  was  argued  that  the  distinction  between  tachylyte  and  hyalome- 
lane,  founded  on  their  respective  behaviour  when  treated  with  acids, 
must  be  abandoned,  and  that  these  substances  must  be  classed  as 
rocks  and  not  as  mineral  species  ;  the  name  basalt-glass  was  adopted 
as  best  expressing  their  relations  to  ordinary  basalt,  the  term 
tachylyte  being  applied  to  all  glasses  of  basic  composition  and  being 
used  in  contradistinction  to  obsidian. 

2.  "  On  a  Section  recently  exposed  in  Baron  HiU  Park,  near 
Beaumaris."     By  Prof.  T.  G."Bonney,  M.A.,  F.R.S.,  Sec.  G.S. 

The  author,  about  three  years  since,  observed  some  imperfect  ex- 
posures of  a  felsitie  grit  in  the  immediate  vicinity  of  the  normal 
schists  of  the  district  in  a  road  which  leads  from  Beaumaris  cemetery 
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to  Llandegfan  :  but  last  summer  he  had  the  opportunitj-,  through  the 
courtesy  of  Sir  E,.  B.  Williams,  of  examining  the  cuttings  made  in. 
constructing  a  new  drive,  which  runs  thi'ough  Baron  Hill  Park  very 
near  the  above  outcrops.  After  tracing  the  normal  schists  along 
the  steep  scarp  of  the  hill,  he  came,  after  an  interval  of  about  60 
yards,  covered  by  soil  and  vegetation,  to  a  massive  grey  grit  con- 
sisting of  quartz,  felspar,  and  minute  fragments  of  compact  felsite, 
which  now  and  then  attain  a  larger  size,  being  an  inch  or  so  across. 
These  grits,  which  i)ass  occasionally  into  hard  compact  mudstones 
(probably  more  or  less  of  volcanic  origin),  can  be  traced  for  some 
3-50  yards  to  the  neighbourhood  of  the  above-mentioned  road, 
which  is  crossed  by  a  bridge ;  and  a  short  distance  on  the  other  side 
of  this  is  a  considerable  outcrop  of  the  grit,  which  in  places  becomes 
coarsely  conglomeratic,  containing  large  fragments  of  the  reddish 
quartz  felsite  so  common  on  the  other  side  of  the  straits  in  the  beds 
at  or  below  the  base  of  the  Cambrian  series.  The  schists  appear  to 
dip  about  20='  E.S.E.,  the  grits  about  2.5'  E. 

The  author,  after  describing  the  microscopic  structure  of  the 
various  rocks  noticed,  pointed  out  that  this  section,  though  the  junc- 
tion of  the  two  rocks  is  probably  a  faulted  one,  has  an  important 
bearing  on  the  question  of  the  age  of  the  Anglesey  schists,  mica- 
ceous and  chloritic.  The  Survey  regards  them  as  altered  Cambrian ; 
it  has  even  been  suggested  that  they  may  be  of  Bala  age ;  others 
have  regarded  them  as  Pebidian.  Xow  the  felsitic  grits  and  con- 
glomerates cannot  be  newer  than  the  Cambrian  conglomerate  of  the 
mainland,  regarded  by  Prof.  Hughes  as  the  base  of  the  true  Cam- 
brian, and  are  probably  older,  corresponding  with  some  part  of  the 
series  between  it  and  the  great  masses  of  quartz  felsite  which  are 
developed  near  Llyn  Padarn  and  Port  Dinorwig,  which  series  litho- 
logically  and  stratigraphicaUy  corresponds  with  the  typical  Pebi- 
dian of  Pembrokeshire.  Hence,  as  the  Anglesey  schists  are  in  the 
full  sense  of  the  tenn  metamorphic  rocks,  and  the  "  Pebidian  "  but 
shghtly  altered,  this  section  shows  that  the  former  must  be  much 
older  than  the  latter,  and  so  be  distincth'  Archaean. 

3,  •'  On  the  Eocks  between  the  Quartz  Felsite  and  the  Cambrian 
Series  in  the  neighbourhood  of  Bangor."  Bv  Prof.  T.  G.  Bonney, 
M,A.,  F.E.S.,  Sec.G.S. 

This  district  has  already  been  the  subject  of  papers  by  the  author 
(Q.  J.  G.  S.  vol.  sxxiv.  p.  137)  and  by  Prof.  Hughes  (vol.  xsxv. 
p.  682),  who  differs  from  him  in  restricting  the  series  between  the 
quartz  felsite  and  Cambrian  conglomerate  to  little  more  than  the  bas- 
tard slates  and  green  breccias  of  Bangor  mountain.  The  author  has 
traced  on  the  S.E.  side  of  the  Bangor-Caernarvon  road  a  well-marked 
breccia  containing  fragments  of  purple  slate  mixed  with  volcanic  mate- 
rials below  the  above-named  Bangor  series  for  more  than  a  mile  ;  at 
a  lower  level  he  has  traced  another  well-marked  breccia,  chiefly  of 
volcanic  materials,  for  half  a  mile,  and,  lastly,  a  grit  and  conglo- 
merate, apparently  resting  on  the  quartz  felsite  named  above,  com- 
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posed  of  materials  derived  from  it.  This  has  been  traced  on  both 
sides  of  the  road  mentioned  above  for  nearly  two  miles.  For  these 
and  for  other  reasons  given  in  the  paper,  the  author  is  of  opinion 
that,  as  he  formerly  maintained,  there  is  a  continuous  upward  suc- 
cession on  the  S.E.  side  of  the  road,  from  the  quartz  felsite  at 
Brithdir  to  the  Cambrian  conglomerate  on  Bangor  mountain.  The 
district  on  the  X.W.  side  of  the  road  is  so  faulted  that  he  can  come 
to  no  satisfactory  conclusions.  The  author  is  in  favour  of  incorpo- 
rating the  above-named  quartz  felsites  with  the  overlying  beds  as 
one  series,  corresponding  generally  with  the  Pebidian  of  South 
Wales — older  than  the  Cambrian,  though  probably  not  separated 
from  it  by  an  immense  interval  of  time.  An  analysis  of  the  Brithdir 
quartz  felsite  by  Mr.  J.  S.  Teall  was  given,  from  which  it  ap- 
peared that  the  rock  corresponds  very  closely  with  the  "  devitrified 
pitchstone "'  of  Lea  rock  in  the  Wrekin  district,  described  by  Mr. 
Allport,  but  differs  considerably  in  composition  from  those  in  the 
Ordovician  rocks  of  Xorth  Wales, 
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ON  THE  CRITICAL  POINT  OF  LIQUEFIABLE  GASES. 
BY  J.  JAMIN. 

4  TTENTIOX  having  been  called  to  the  Liquefaction  of  gases,  I 
■^-^  proceed  to  lay  before  the  Academy  the  reflections  which  the 
subject  has  suggested  to  me.  The  remarkable  paper  published  by 
Andrews  in  1870  *  demonstrated  that,  in  order  to  Liquefy  carbonic 
acid,  pressures  increasing  up  to  78  atmospheres  must  be  employed 
when  the  temperatiu'e  amounts  to  31°.  At  that  limit  the  phe- 
nomenon changes  :  certainly  a  rapid  diminution  of  volume  is  still 
seen,  and  undulating  and  moving  striae  are  observed  as  in  a 
mixture  of  two  liquids  of  different  densities  ;  but  there  is  no 
longer  any  liquefaction,  however  great  may  be  the  pressure  ex- 
erted. In  short,  below  3L°  the  gas  is  liquefiable  ;  above,  it  is  so 
no  longer.     This  is  the  critical  point. 

These  are  incontestable  facts  ;  and  the  notion  of  the  critical 
point  has  rendered  great  services ;  but  it  is  unexplained,  and 
perhaps  inacciu-ately  interpreted.  I  believe  that  gases  are  lique- 
fiable at  any  temperature  when  the  pressure  is  sufficient,  but  that 
an  uuperceived  circumstance  has  prevented  the  liquefaction  being 
seen.  To  make  this  intelligible,  let  us  take  the  experiments  of 
Cagniard-Latour. 

A  thick  glass  tube  was  half  or  two-thirds  filled  \vith  water 
under  the  pressure  of  its  vapour  only ;  it  was  hermetically  sealed, 
and  was  then  heated  to  300°  or  400°.  According  to  known 
laws  the  quantity  of   vapour  superposed  to  the  liquid   increases 

*  Aim.  de  Chiinit  et  de  Phyaique,  [4]  xxi.  p.  208. 
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rapidly  ;  its  density  increases,  in  the  same  ratio  as  its  weight, 
without  any  known  limit.  On  the  other  hand,  the  portion  which 
has  remained  liquid  undei'goes  an  expansion  that  increases  until  at 
last  it  exceeds  that  of  gases  (Thilorier).  It  is  clear  that,  by  the 
effect  of  these  reverse  changes,  a  limitiug  temperature  is  finally 
attained,  at  \^^hich  liquid  and  vapour  have  the  same  weight  under 
the  same  volume. 

At  that  moment  they  are  no  longer  separate  :  the  vapour  does 
not  escape  to  the  top  ;  the  liquid  does  not  sink  to  the  bottom. 
First  of  all  the  meniscus  is  seen  to  disappear,  the  surface  of 
separation  ceases  to  be  distinct  (Drion) ;  then  the  entire  mass  is 
mingled,  with  undulating  and  moving  streaks  giving  evidence  of  a 
mixture  of  different  densities ;  and  finally  the  whole  assumes  a 
homogeneous  state  which  is  supposed  to  be  gaseous.  The  critical 
point  is  reached,  which  may  be  defined  as  the  temperatiu-e  at  which 
a  liquid  and  its  saturated  vajjour  have  the  same  density.  But,  for 
all  that,  the  general  law  of  vaporization  is  not  suddenly  inter- 
rupted ;  the  liquid  continues  to  be  at  its  boiling-point  and  maxi- 
mum tension.  If  it  is  no  longer  visible,  that  is  because  it  is 
mixed  with  the  gas,  in  which  it  floats  on  account  of  the  equa- 
lization of  the  densities ;  and  when  the  temperature  continues  to 
be  augmented,  the  tension  continues  to  increase,  remaining  a 
maximum,  until  the  liquid  is  entirely  volatilized  ;  after  which,  but 
not  till  then,  the  space  ceases  to  be  satui'ated  and  the  pressure  to 
be  limited :  there  is  no  longer  any  thing  but  dry  vapour,  a  gas  far 
from  its  liquefying-poiiit. 

It  is  necessary  to  rightly  account  for  this  very  peculiar  state  of 
the  liquid  while  it  is  thus  invisible  and  floats  in  its  vapour.  In 
general  a  saturated  vapour  is  distinguished  from  the  generating 
liquid  bv  two  conditions — its  less  density,  and  its  latent  heat ; 
here,  as  we  have  seen,  the  densities  are  equal,  and  there  is  no 
latent  heat,  since  the  volume  is  unchanged  and  there  is  no  work  of 
expansion.  Hence  comes  it  that  in  Cagniard-Latour's  experi- 
ment the  Kquid  is  seen  so  suddenly  to  reappear  or  disappear 
through  the  least  depression  or  elevation  of  temperature.  In 
short,  at  its  critical  point  nothing  differentiates  the  liquid  from  its 
vapour — neither  tension,  nor  density,  nor  heat  of  constitution,  nor 
aspect,  nor  any  property  that  could  distinguish  them. 

If  iustead  of  Cagnaird-Latour's  experiment  we  follow  in  detail 
those  of  Andrews,  they  can  be  summed  up  as  follows  :-  — AVhen  a 
gas  confined  in  a  closed  space  is  gradually  compressed, 

(1)  Its  pressure  increases  up  to  a  fixed  limit,  the  maximum 
tension  ;  if  we  try  to  go  beyond  that,  the  gas  condenses  :  it  is  the 
liquefaction-point ;  it  is  the  hoiling-^point  under  that  pressure. 

(2)  The  liquefaction-pressure  augments  rapidly  with  the  tem- 
perature, without  any  known  limit,  but  without  ceasing  to  exist 
and  without  changing  its  character  at  any  critical  point  whatever. 

(3)  At  low  tempex-atures  the  density  of  saturated  vapour  is  less 
than  that  of  the  generating  liquid.     Starting  from  a  determined 
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limit,  it   becomes  and   remains  equal   to  the   latter :  this   is   the 
critical  point. 

(4)  At  the  critical  point  and  beyond  it  the  Liquid  is  mixed  and 
blended  with  its  saturated  vapour. 

(5)  At  the  critical  point  and  beyond  it  there  is  no  longer  any 
latent  heat. 

(6)  At  the  critical  point  and  beyond  it  the  liquid  and  gaseous 
states  are  blended. 

From  my  point  of  view  it  is  seen  that  all  the  laws  of  the 
formation  and  condensation  of  vapours  are  maintained,  and  that 
the  exception  of  the  critical  point  is  explained  by  the  equalization 
of  the  densities.  We  shall  see  that  the  same  theory  accounts  for 
facts  hitherto  incomprehensible,  and  enables  us  to  predict  others 
which  are  not  without  interest.  M.  Cailletet  in  1880  *  made  the 
following  experiment,  which  has  not  received  the  attention  it 
deserves,  and  has  been  forgotten  because  it  was  not  understood  : — 
Having  compressed  in  his  apparatus  a  mixture  of  1  part  air  and  5 
parts  carbonic  acid,  M.  Cailletet  first  saw  the  latter  gas  assume  the 
liquid  state  under  a  moderate  pressure  ;  then,  without  changing 
the  temperature,  but  I'aising  the  pressure  to  150  or  200  at- 
mospheres, he  saw  the  whole  of  the  liquid  which  had  been  formed 
disappear.  One  would  say  that  the  increase  of  pressure  gives  rise 
to  a  critical  point,  like  the  elevation  of  the  temperatures,  which  is 
scarcely  admissible.  The  theory  which  I  have  just  established 
accounts  for  this  curious  phenomenon  very  easily  as  follows  : — 

By  a  moderate  pressure  carbonic  acid  is  brought  to  its  con- 
densing-point  and  is  at  first  partially  liquefied.  If  the  reduction 
of  volume  is  continued,  the  pressure  of  the  carbonic  acid  is  no 
longer  augmented,  because  it  had  already  attained  its  maximum  : 
but  that  of  the  air  continues  to  increase  indefinitely,  and  with  it 
the  total  density  of  the  gaseous  atmosphere.  This  density  soon 
becomes  equal  to  that  of  the  liquid  already  formed,  which  then 
does  not  remain  at  the  bottom  of  the  vessel,  but  diffuses  into  the 
whole  space,  having,  according  to  the  principle  of  Archimedes, 
lost  all  its  weight. 

It  is  by  the  accuracy  of  its  previsions  that  the  truth  of  a  theory 
is  judged.  Now,  if  it  be  true  that  the  disappearance  of  the 
liquefied  acid  is  due  to  the  equalization  of  the  densities,  it  will  be 
retarded  by  substituting  for  the  air  of  the  mixture  a  gas  of  less 
density,  hydrogen. 

I  forwarded  this  conclusion  to  M.  Caillntet,  who  hastened  to 
submit  it  to  experiment.  He  made  two  mixtures,  the  first 
containing  5  volumes  of  carbonic  acid  to  1  volume  of  air,  and  the 
second  containing  5  volumes  of  carbonic  acid  to  1  volume  of 
hydrogen.  In  both  cases  he  obtained  the  liquefaction  of  the  car- 
bonic acid  under  moderate,  and  its  total  disappearance  with  more 
powerful  pressures.  In  both  cases,  first  the  meniscus  was  effaced  ; 
this  was  at  the  moment  when  the  densities  of  the  liquid  and 
•   Comptes  Rendus,  Feb.  2,  1880. 
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the  atmosphere  became  equal.  Afterwards  the  liquid  disappeared; 
and,  ill  conformity  with  the  theorv,  it  disappeared  at  very  different 
and  more  considerable  pressures  for  the  mixture  of  hydrogen  than 
for  that  of  air. 

Here  are  M.  Cailletet's  results  reduced,  by  a  graphic  con- 
struction, to  the  same  temperature.  It  will  be  seen  that  at  20°  it 
requires  about  200  atmospheres  for  hydrogen,  and  only  100  for 
air. 

Disappearance-pressure  for  the 
Temperature.  mixtures  of  carbonic  acid  and 

o  air.  hvdrogen. 

la    135  ' 24o 

]  (5    130  236 

17    125  227 

IS    120  218 

1{>    114  208 

20   10?  199 

21    102  190 

22  96  181 

23  90  172 

24  85  163 

25  79  153 

From  these  experiments,  which  shall  certainly  be  continued,  it 
will  be  easy  to  institute  a  comparison  between  the  densities  of  air 
and  hydrogen  at  different  temperatures  and  under  one  and  the 
same  pressure. 

When  the  mixture  is  less  rich  in  carbonic  acid,  M.  Cailletet  has 
remarked  that  the  liquefaction  of  this  gas  is  always  retarded,  and 
sometimes  impossible.  In  fact,  when  the  total  volume  is  reduced 
by  pressure  to  one  tenth  or  one  hundredth,  both  gases  undergo  the 
same  reduction  but  not  the  same  increase  of  pressure  :  that  of  the 
air  is  multiplied  by  10  or  100  ;  that  of  the  carbonic  acid  increases 
less  quickly,  since  Mariotte's  law  is  no  longer  applicable.  Hence 
results  a  retardation  of  liquefaction ;  and  when  at  length  the 
carbonic  acid  has  reached  its  maximum  tension  and  passes  into 
the  liquid  state,  its  density  may  have  become  equal  to,  and 
sometimes  less  than,  that  of  the  superposed  atmosphere.  In 
this  case  it  mixes  with,  floats  in  the  latter,  leading  one  to  believe 
that  it  has  lost  the  property  of  liquefying  under  pressure,  when  it 
has  only  lost  the  property  of  collecting  at  the  bottom  of  the  vessel 
from  excess  of  density. 

Is  it  not  permissible  to  expect  another  ending  to  this  experi- 
ment ?  If  the  total  pressure  were  augmented  indefinitely,  the 
carbonic  acid  would  continue  to  liquefy,  and  its  density  would 
change  but  little,  while  that  of  the  gaseous  atmosphere  would  be 
indefinitely  increased  and  would  become  superior  to  that  of  the 
liquid,  which  would  perhaps  separate ;  but  then  it  would  collect  at 
the  top  of  the  tube  instead  of  sinking  to  the  bottom.     This  second 
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essay  I  proposed  to  M.  Cailletet,  who  hastened  to  try  it.  He  did 
not  succeed  ;  but  I  do  not  despair. —  Comptes  Reiidun  de  V Academif 
des  Sciences,  May  21, 1883,  pp.  1448-1452. 


ON  THE   LIQUEFACTION  OF  OXYGEN   AND    THE    CONGELATION    OF 

CARBON   BISULPHIDE    AND    ALCOHOL.       BY  PROFESSORS  SIGM. 

VON  WROBLEWSKI  AND  K.  OLSZEWSKI. 

The  results  at  which  Cailletet  and  Kaoul  Pictet  arrived  in  their 
beautiful  investigations  on  the  liquefaction  of  gases  permitted  the 
hope  that  the  time  was  not  distant  when  liquid  oxygen  would  be 
observed  in  a  glass  tube  as  easily  as  liquid  carbonic  acid  now  is. 
The  only  condition  for  this  was  the  attainment  of  a  sufficiently 
low  temperature.  In  a  memoir  ])ublished  twelve  months  since*, 
Cailletet  recommended  liquid  ethylene  as  a  means  for  attaining  a 
very  low  temperature  :  for  the  liquefied  gas  boils  at  —  105°  C.  under 
the  pressure  of  the  atmosphere,  the  temperature  being  measured 
witli  a  carbon-disulphide  thermometer.  Cailletet  himself  compressed 
the  oxygen  in  a  very  narrow  glass  tube  which  was  cooled  in  that 
liquid  to  —105°  C.  At  the  moment  of  the  expansion  he  saw  "a 
tumultuous  ebullition,  which  persists  during  an  appreciable  time 
and  resembles  the  projection  of  a  liquid  into  the  cooled  portion  of 
the  tube.  This  ebullition  takes  place  at  a  certain  distance  from  the 
bottom  of  the  tube.  I  have  not  been  able  to  ascertain,"  he  con- 
tinues, "  if  this  liquid  preexists,  or  if  it  is  formed  at  the  moment  of 
the  expansion ;  for  I  have  not  yet  been  able  to  see  the  plane  of 
separation  of  the  gas  and  liquid." 

As  one  of  ust  had  recently  constructed  a  new  apparatus  for  high 
pressures,  with  which  comparatively  large  quantities  of  gas  can  be 
subjected  to  the  pressure  of  200  atmospheres,  we  employed  it  to 
study  the  temperatures  at  the  moment  of  the  expansion.  These 
experiments  soon  led  to  the  discovery  of  a  temperature  at  which 
carbon  disulphide  and  alcohol  congeal  and  oxygen  is  with  great 
facility  completely  liquefied.  This  temjperatvre  is  readied  u'Jiev 
liquid  ethylene  is  'permitted  to  boil  ?»  a  vantvm.  The  boiling-tempe- 
rature in  this  case  depends  on  the  goodness  of  the  vacuum  obtained. 
With  the  greatest  rarefaction  which  it  has  hitherto  been  possible 
for  us  to  attain,  the  temperature  descended  to  —  136°  C.  This,  as 
well  as  all  the  other  temperatures,  we  measured  with  the  hydrogen 
thermometer. 

The  critical  temperature  of  oxygen  is  lower  than  that  at  which 
liquid  ethylene  boils  under  the  pressure  of  one  atmosphere.  The 
latter  is  not  —105^  C.  (as  has  hitherto  been  assumed),  but  lies  be- 
tween —  102°  and  —103°  C.  (as  we  have  found  with  our  thermo- 
meter). 

From  a  series  of  observations  made  by  us  on  the  9th  April  of  this 

*  Comptes  Hendus,  t.  xciv.  pp.  1224-1226. 
t  S.  V.  "WroWe-wski. 
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year,  we  take  as  an  example  the  following  numbers  in  order  to  give 
an  idea  of  the  state  of  things  : — 


Temperature, 
Centigrade. 

-131-6 

Pressure  at  which  oxygen 

began  to  liquefy.' 

atmospheres. 

26-5 

-133-4 

24-S 

-135-8 

28-5 

We  reserve  the  communication  of  the  definitive  numbers. 

Liquid  oxygen,  like  liquid  carbonic  acid,  is  colourless  and  trans- 
parent.    It  is  very  movable,  and  forms  a  fine  meniscus. 

Carbon  disulphide  congeals  at  about  —116°  C.  Absolute  alcohol 
at  —129°  C.  becomes  viscid  like  oil,  and  congeals  to  a  solid  mass 
at  about  — 130°-5  C.  Of  these  also  we  reserve  the  communication 
of  the  definitive  numbers. — Anzeiger  der  kalserlichen  AJcademie  der 
Wissenscliaften  in  Wien,  1883,  no.  ix.  pp.  74,  75. 


ON    THE    LIQUEFACTION    OF     NITROGEN    AND    CARBONIC    OXIDE. 
BY  PROFESSORS  S.  VON  WROBLEWSKI  AND  K.  OLSZEWSKI. 

Having  succeeded  in  completely  liquefying  oxygen*,  we  tried  in 
the  same  manner  to  bring  nitrogen  and  carbonic  oxide  into  the 
liquid  state.  The  liquefaction  of  both  these  gases  is  considerably 
more  difficult  than  that  of  oxygen,  and  takes  place  under  conditions 
so  similar  that  it  is  at  present  impossible  for  us  to  say  which  of  the 
two  gases  liquefies  more  readily. 

At  the  temperature  of  about  — 136°  C,  and  under  the  pressure 
of  about  150  atmospheres,  neither  nitrogen  nor  carbonic  oxide 
Uquefies  ;  the  glass  tube  containing  the  gas  remains  perfectly  trans- 
parent, and  not  a  trace  of  liquid  can  be  perceived.  If  the  gas  is 
suddenly  released  from  the  pressure,  in  the  nitrogen-tube  is  seen  a 
violent  effervescence  of  liquid,  comparable  only  to  the  effervescence 
of  the  liquid  carbonic  acid  in  Natterer's  tube  when  the  latter  is  put 
into  a  glass  containing  hot  water.  With  the  carbonic  oxide  the 
ebullition  is  not  so  strong. 

But  if  the  expansion  is  not  effected  too  suddenly  and  the  pressure 
is  not  allowed  to  fall  below  50  atmospheres,  both  nitrogen  and  car- 
bonic oxide  are  liquefied  completely ;  the  liquid  shows  a  distinct 
meniscus,  and  evaporates  very  briskly.  Therefore  neither  of  the 
two  gases  can  be  kept  more  than  a  few  seconds  as  liquids  in  the 
static  condition ;  to  retain  them  longer  in  that  state  a  somewhat 
lower  temperature  would  be  necessary  than  the  minimum  which  up 
to  the  present  it  has  been  possible  for  us  to  attain. 

Nitrogen  and  carbonic  oxide  in  the  liquid  state  are  colourless  and 
transparent. — Anzeiger  der  kaiserlichen  Akademie  der  Wissenschaften 
in  Wien,  1883,  no.  xi.  pp.  91 ,  92. 

*  See  preceding  article. 
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^111.  Improved  Construction  of  the  Movahle-coil  Galvanometer 
for  determming  Current-strength  and  Electromotive  Force  in 
Absolute  Measure.     By  Dr.  Eugen  Obach*. 

SOME  years  ago  I  showed  that  the  tangent-galvanometer  of 
ordinary  dimensions  may  be  employed  as  a  measuring 
instrument  for  very  strong  currents  if  the  ring  is  made 
movable  around  its  horizontal  diameter  f,  a  principle  already 
adopted  before  that  time  by  Prof.  Trowbridge,  of  Harvard 
College,  Massachusetts  %',  a  little  later  I  described  a  galvano- 
meter based  upon  that  principle,  and  constructed  by  Messrs. 
Siemens  Brothers  § . 

I  now  propose  to  give  a  brief  account  of  several  alterations 
which  have  since  been  introduced  by  that  firm,  and  which  I 
venture  to  think  render  the  instrument  more  sensitive  and 
more  convenient  for  use,  besides  creating  for  it  a  wider  field. 
As  the  galvanometer,  in  the  complete  form  in  which  I  shall 
presently  describe  it,  is  not  so  much  destined  to  meet  the 
daily  want  of  the  practical  electrician,  but  is  rather  intended  for 
measurements  where  greater  accuracy  and  trustworthiness  than 
usual  is  necessary,  I  thought  myself  justified  in  bringing  the 
subject  before  the  Physical  Society,  particularly  as  the  kindness 

*  Communicated  by  the  Physical  Society  ;  read  June  9,  1883, 

t  '  Nature,'  xviii.  p.  707  (1878) ;  Repertor.  fur  Exper.  P/ii/sik.  xiv. 
p.  507  (1878). 

I  Amer.  Journ.  of  Arts  and  Science,  vol.  ii.  (August  1871). 

§  Zeitscliriftfiir  anqeu-andte  Electricitdtslehre,  i.  p.  4  (1879). 
Phil.  Mag.  S.  5.  Vol.  16.  No.  98.  August  1883.  H 
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of  Messrs.  Siemens  Bros.  &  Co.  at  the  same  time  enables  me 
to  place  the  instruments  before  you  for  inspection. 

Ere  proceeding  further,  allow  me  to  say  that  I  shall  not  on 
this  occasion  touch  upon  the  theory  of  the  instrument,  which 
is  already  given  elsewhere,  but  confine  myself  wholly  to  de- 
scribing the  recent  improvements  in  its  construction,  adding 
a  few  series  of  measurements  in  order  to  prove  the  high  degree 
of  accuracy  obtainable. 

I  propose  to  deal  with  the  different  parts  of  the  instrument 
under  separate  headings;  and  will  first  speak  of 

The  Magnetic  Needle  and  its  Pointer. 

The  older  instruments  had  a  flat  magnetic  needle  fixed  to  a 
light  vertical  axle,  pivotted  at  both  ends  between  jewels  to 
prevent  any  dipping,  which  the  needle  would  otherwise  expe- 
rience with  great  inclinations  of  the  ring.  This  arrangement 
answered  sufficiently  well  with  ordinary  care;  but  still  the 
delicate  pivots  were  likely  to  be  damaged,  thus  impairing  the 
sensitiveness  of  the  needle.  As  now  constructed,  the  dipping 
of  the  needle  is  completely  avoided  in  the  manner  illustrated 
by  the  annexed  figure.     The  needle,  n  s,  is  fixed  to  a  thin 


W 
Half  nat.  size. 


vertical  axle,  a  h,  near  its  upper  end,  the  lower  end  of  the 
axle  being  provided  with  a  cyfindrical  brass  weight,  lo.  This 
weight  offers  but  little  additional  momentujn  to  the  whole 
system  round  the  vertical  axis,  whereas  the  movement  round 
the  horizontal  axis  is  completely  prevented.     The  aluminium 
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pointer,  p  q,  is  situated  in  the  same  plane  as  the  scale;  the 
ends  are  flattened  and  provided  with  a  fine  slit,  which  serves 
as  an  index  for  reading  the  deflections,  the  bottom  of 
the  needle-box  beino;  blackened.  The  reading  can  thus  be 
taken  without  parallax,  and  therefore  very  accurately.  The 
magnetic  needle  has  a  biconical  shape,  which  entirely  prevents 
the  shifting  of  the  magnetic  axis  from  its  original  position, 
as  was  sometimes  found  to  be  the  case  with  the  old  broad 
needles.  Adjustments  are  provided  by  w^hich  the  cocoon- 
fibre,  /,  serving  to  suspend  the  needle,  can  be  raised  or 
lowered,  as  well  as  accurately  centred. 

The  Damping  of  the  Oscillations. 

Numerous  experiments  were  undertaken  to  ascertain  a  con- 
venient method  for  damping  the  oscillations  of  the  needle,  and 
to  arrive,  if  possible,  at  a  perfectly  aperiodical  movement. 
After  trying  large  masses  of  copper  placed  in  the  immediate 
neighbourhood  of  the  swinging  magnet,  as  well  as  liquid 
damping,  without  decided  success,  air-damping  was  resorted 
to,  and  finally  adopted.  It  will  be  remembered  that  Sir  Wil- 
liam Thomson  used  air-damping  for  the  light-mirror  of  his 
dead-beat  galvanometer,  and  Prof.  Topler*  for  other  galvano- 
metric  apparatus.  In  our  case  the  air-chamber  consists  of  a 
shallow  cylindrical  box,  about  8  centim.  in  diameter,  1^  centim. 
high,  provided  with  two  radial  partitions  which  can  be  slid  in 
or  out;  the  axle  of  the  needle,  passing  through  the  centre  of 
this  box,  carries  a  light  and  closely  fitting  vane.  By  sliding 
the  partitions  more  or  less  into  the  box  various  degrees  of 
damping  can  be  obtained ;  and  if  they  are  right  in,  the  motion 
is  practically  dead-beat. 

The  Scales. 

Declination-scale. — This  scale,  engraved  on  a  horizontal  ring, 
was  formerly  divided  into  degrees,  as  usually  done  ;  but  now 
one  semicircle  is  provided  with  divisions  corresponding  to  the 
natural  tangents.  The  interval  between  each  two  divisions 
must  of  course  vary  for  different  parts  of  the  scale,  and  is 
arranged  as  follows: — 

Table  I. 


Values  of  tangent. 

Interval 

0  to  1 

0-01 

1  ,,  2 

0-02 

2  „  3 

0-05 

3  „  5 

0-10 

Repot,  f.  exp.  Phys.  ix.  p.  259  (1873). 
H  2 
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It  will  be  noticed  that  the  value  of  the  interval  only  changes 
at  those  places  where  the  tangent  is  equal  to  a  whole  figure, 
thus  making  a  mistake  in  reading  less  likely.  Looking  at 
this  scale  no  gaps  are  conspicuous,  and  the  divisions  are 
everywhere  pretty  evenly  distributed.  Tangent-scales  have 
been  employed  by  Joule,  Sir  William  Thomson,  and  others; 
but  the  one  now  described  seems  well  to  satisfy  all  the  re- 
quirements. 

Inclination-scale. — This  scale,  engraved  on  a  vertical  qua- 
drant divided  into  degrees,  can  accurately  be  read  to  one  tenth 
by  means  of  a  vernier.  The  zero  division  was  formerly  that 
to  which  the  index  pointed  when  the  ring  was  horizontal.  In 
this  case  the  tangent  of  the  deflections  had  to  be  divided  by 
the  sine  of  the  angles.  For  convenience'  sake,  the  places 
were  specially  marked  on  the  scale  at  which  the  sines  corre- 
sponded to  whole  figures.  The  new  inclination-scale  has  the 
zero  at  the  vertical  or  normal  position  of  the  ring;  and  instead 
of  the  sines,  the  secants  are  specially  marked  which  are  repre- 
sented by  whole  figures.  With  these  secants  the  tangents  of 
the  deflections  must  be  multiplied;  and  they  can  therefore  be 
termed  imdt'qilying  powers,  analogous  to  the  multiplying 
power  of  shunts.  The  instruments  intended  only  for  the 
measurement  of  current-strength  have  the  quadrant  bearing 
the  secant- scale  fixed  outside  the  ring,  whilst  the  others,  mea- 
suring also  electromotive  force,  have  it  situated  between  the 
needle-box  and  the  ring,  where  itis  better  protected  frominjury. 

If  the  deflections  of  the  needle  are  read  on  the  tangent- 
scale  and  the  positions  of  the  ring  on  the  secant-scale,  the  aid 
of  trigonometrical  tables  may  be  entirely  dispensed  with,  as 
the  product  of  the  two  figures  represents  the  quantity  to  be 
measured,  irrespective  of  a  constant. 

The  Solid  Ring  and  the  Coil. 

If  the  galvanometer  has  to  serve  only  for  the  measurement 
of  currents,  the  gun-metal  ring  is  of  a  rectangular  cross 
section;  but  if  it  is  at  the  same  time  destined  to  measure  dif- 
ference of  potential,  the  cross  section  is  V-shaped,  the  groove 
being  filled  with  numerous  turns  of  G.S.  wire.  If  the  num- 
ber of  convolutions  is  known,  and  if  a  simple  relation  exists 
between  that  number  and  the  resistance  of  the  wire,  a  great 
advantage  may  be  derived  therefrom.  For  instance,  if  there 
are  one  thousand  convolutions  on  the  coil,  offering  a  resistance 
of  exactly  one  thousand  ohms,  the  current  due  to  the  difference 
of  potential  of  one  volt  at  the  ends  of  the  coil  would  produce 
the  same  deflection  of  the  needle  as  the  current  of  one  ampere 
flowing  through  the  solid  metal  ring.     That  this  must  be  so 
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is  evident,  if  it  is  remembered  that  the  weak  current  of  one 
thousandth  of  an  ampere  flows  round  the  needle  one  thousand 
times,  but  the  stronger  current  of  one  ampere  only  once.  The 
solid  ring  and  the  convolutions  are  thus  arranged  that  their 
cross  sections  have  a  common  centre  of  gravity,  thus  both 
acting  exactly  in  the  same  way  upon  the  magnetic  needle.  If 
this  simple  plan  is  adopted,  the  calibration  of  the  galvano- 
meter for  difference  of  potential  in  volts,  which  is  readily  per- 
formed with  a  few  cells  of  known  E.M.F.,  at  the  same  time 
gives  the  graduation  of  the  instrument  for  strength  of  current 
in  amperes.  I  have  been  using  various  modifications  of  the 
Daniell  cell  with  solutions  of  copper  and  zinc  sulphate 
of  equal  specific  gravity.  At  present  I  am  engaged  in  con- 
structing a  standard  cell  for  such  purposes,  which  is  always 
at  disposal;  and,  as  far  as  the  preliminary  experiments  show, 
the  E.M.F.  of  the  new  cell  will  closely  approach  one  volt. 
Further  on  I  shall  communicate  some  measurements,  by  which 
I  intend  to  show  how  accurately  the  calibration  of  the  fine-wire 
coil  in  volts  can  serve  for  that  of  the  solid  ring  in  amperes. 

The  CoNSTAis^T  Shunt  and  Leading  Wires. 

With  the  size  of  the  ring  usually  employed,  viz.  30  centim. 
diameter,  and  our  horizontal  component  of  the  earth's  magne- 
tism, currents  of  greater  strength  than  about  50  amptires 
would  require  the  ring  to  be  at  the  multiplying  powers  9  or 
10,  i.  e.  near  the  horizontal  position.  If,  as  a  rule,  such  cur- 
rents have  to  be  measured,  it  is  desirable  to  raise  the  con- 
stant of  the  galvanometer,  say  two  or  threefold,  without  a 
proportionate  increase  of  the  dimensions.  This  can  be  done 
by  the  use  of  a  so-called  "■  constant  slmnt^''  thereby  allowing 
only  half  or  one  third  of  the  current  to  flow  round  the  needle. 
In  our  case  the  shunt  is  made  of  exactly  the  same  metal  as 
the  solid  ring  itself;  it  has  no  soldering-places,  and  consists 
in  fact  of  three  or  four  little  bridge  pieces  left  standing 
instead  of  cutting  the  ring  quite  open  where  the  terminals  join. 
By  comparison  with  an  instrument  of  the  same  description 
having  an  open  ring,  the  shunt  can  be  adjusted  to  any  power 
desirable. 

However,  by  the  introduction  of  the  "  constant  shunt "  the 
accuracy  of  the  measurements  is  somewhat  impaired.  Expe- 
riments in  which  the  shunt-pieces  were  touched  with  a  thin 
stick  of  low-melting  material  during  the  passage  of  very  strong 
currents,  proved  that  they  did  not  become  hot,  on  account  of 
their  extremely  low  absolute  resistance  and  their  contact  with 
the  large  metallic  mass  of  the  ring  conducting  away  the  heat. 
Variations  of  temperature,  to  which  both  the  ring  and  the 
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sliuut  are  subjected,  do  not  of  course  in  the  least  disturb  the 
ratio  of  their  resistance,  since  they  both  consist  of  the  very 
same  alloy. 

As  the  current  only  passes  round  the  needle  once  and,  if 
powerful  enough,  produces  deflections  even  if  the  ring  is 
almost  horizontal,  it  is  hardly  necessary  to  call  attention  to 
the  fact  that  the  wires  leading  the  current  to  the  instrument 
should  be  so  arranged  that  they  cannot  act  upon  the  needle; 
still  I  have  seen  instances  where  this  simple  and  almost  self- 
evident  precaution  has  been  strangely  neglected.  I  thought 
it  therefore  best  to  have  special  leading  wires  provided  which 
are  absolutely  inactive  upon  the  needle,  and  may  therefore  be 
named  ^^  adynamic  leads."  These  leads  consist  of  a  number 
of  well-insulated  copper  wires  stranded  together  in  a  peculiar 
manner,  and  covered  with  a  cotton  braiding,  similar  to  the 
ordinary  speaking-tubes.  The  cable  thus  formed  is  quite 
flexible,  and  without  the  slightest  action  upon  a  magnetic 
needle.  I  sent  a  strong  curi'ent  through  several  turns  of  such 
a  cable,  and  held  it  close  to  a  delicately  suspended  magnetic 
needle,  but  could  not  detect  any  effect  whatever  upon  it. 
One  half  of  the  wires  is  covered  with  a  differently  coloured 
material  to  the  other  half  ;  and  the  wires  of  each  colour  are 
united  at  both  ends  of  the  cable,  and  there  soldered  to  a  stout 
piece  of  copper  wire.  The  adynamic  cable  can  be  made  in 
any  length  and  fordiff'erent  current-strengths;  and  as  it  offers 
only  a  small  resistance,  it  can  be  employed  to  convey  the 
current  to  be  measured  to  a  locality  where  the  needles  are  not 
disturbed  by  machines  or  wires. 

The  Adjustis'g  Parts  and  the  Compensatln-g  Magnet. 

With  regard  to  the  adjustment  of  the  instrument,  it  suffices 
to  say  that,  besides  the  necessary  levelling-arrangements,  it  is 
provided  with  clamp-rings  for  tightly  holding  the  pillar  as 
well  as  the  movable  coil  without  interfering  with  previous 
adjustments,  and  in  the  same  manner  as  is  often  done  with 
mathematical  apparatus.  The  final  adjustment  of  the  axis  of 
the  coil  into  the  meridian  is  performed  by  means  of  a  fine 
screw,  which  proves  very  useful  for  correcting,  during  a  series 
of  measurements,  the  occasional  variations  of  the  zero  position. 

As  long  as  the  galvanometer  stands  in  the  same  position, 
the  "  constant,'^  as  a  rule,  changes  but  little  even  from  day  to 
day.  If,  however,  the  instrument  is  taken  from  one  place  to 
another,  great  changes  in  that  respect  will  occur,  amounting 
sometimes  to  many  per  cents.  These  changes  do  not  of  course 
interfere  with  the  accuracy  of  the  measurements,  because  the 
"  constant  "  can  easily  be  redetermined  with  a  known  E.M.F. 
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at  any  place,  as  we  have  seen;  but  it  would  undoubtedly  be 
very  convenient  to  have  the  o-alvanometer  of  equal  sensihility 
everywhere.  For  that  purpose  an  auxiliary  magnet  is  placed 
east  or  west  from  the  needle  in  a  plane  parallel  to  the  meri- 
dian, which  can  turn  round  a  horizontal  axis  passing  through 
its  neutral  point  and  the  centre  of  the  needle,  and  being  at 
riffht  ang-les  to  the  diameter  on  which  the  coil  is  turned. 
This  magnet  does  not  affect  the  zero  position,  and  moreover, 
if  placed  exactly  vertical  with  its  magnetic  axis,  it  does  not 
alter  the  original  constant,  which  then  only  depends  upon  the 
horizontal  terrestrial  component,  more  or  less  modified  by  the 
surroundings;  but  if  it  is  dipped,  the  horizontal  force  acting 
on  the  needle  is  either  augmented  or  diminished,  according  to 
the  direction  in  which  the  magnet  is  turned  and  to  the  amount 
of  dip  given.  It  is  easily  seen  that  the  magnetic  influence  of 
the  surroundings  upon  the  needle  may  now  greatly  vary  from 
one  place  to  another  and  still  be  compensated  by  the  magnet, 
thus  keeping  the  so-called  "  constant  "  of  the  galvanometer 
actuaUy  at  a  constant  value,  adjusting  it,  for  instance,  always 
so  that  the  unit  deflection  of  45°  with  the  vertical  ring 
corresponds  to  a  round  number  of  volts  and  amperes,  say 
five  or  ten.  Under  such  conditions  the  deflection-scale  could 
at  once  give  the  current  or  E.M.F.  in  amperes  or  volts.  A 
gradual  change  of  magnetism  in  the  compensating  magnet 
does  not  affect  the  measurements.  I  shall  not  further  enter 
into  this  subject  here,  as  I  intend  discussing  it  more  fully  on 
a  future  occasion. 

Methods  of  Measijeement. 

For  measurino-  current-streno-th  or  electromotive  force 
either  of  the  following  four  methods  can  be  employed  accord- 
ing to  circumstances,  viz.: — 

I.  The  General  Method. — Applicable  under  almost  any 
conditions.  The  coil  is  placed  in  such  a  position  that  the 
deflection  attains  a  proper  value.  If  a  is  the  deflection  of  the 
needle,  and  6  that  of  the  coil  from  the  meridian,  the  formula  is 

.r  =  tan  a  x  sec  ^  x  const. ; 
or  in  case  the  multiplying  powers  P  on  the  quadrant  are  used, 
the  formula  becomes 

x  =  tan  a  X  P  X  const. 

II.  Method  of  Equal  it  ij. — With  this  method  the  coil  is  each 
time  placed  in  such  a  position  that  the  needle  is  deflected 
exactly  to  the  same  anyle  "^  to  which  the  coil  is  inclined, 
giving  the  formula 

.^;  =  tan  i/r  x  sec  -y^r  x  const. 


84 


Dr.  E.  Obach  on  an  Improved  Construction 


Having  then  only  to  deal  with  a  single  angle  for  a  particular 
measurement,  these  products  of  tangents  and  secants  may  be 
calculated  beforehand.     For  this  purpose  the  natural  sines  are 


sufficient,  because  tan  x  sec  = 


COS' 


The  following  Table  gives,  for  easy  comparison,  the  values 
of  tangents,  secants,  and  their  products  at  ten  and  mul- 
tiples of  ten  degrees.  These  products,  like  the  tangents, 
range  from  nil  to  infinity,  but  increase  more  rapidly. 


Table  II. 


Angle. 

0° 

10° 

20°       30° 

40° 

50° 

60° 

70° 

80° 

90° 

tan 

sec  

0 
1-0 

•176 
1015 

■364 
1-064 

•577 
1155 

•839 
1-305 

1-192 
1-556 

1-732 
2-000 

2-747 
2-924 

5-671 
6-759 

00 

00 

tan  X  sec 

0 

•1786 

•3873 

•6664 

1-095 

1-855 

3-464 

8032 

32-66 

00 

III.  Method  of  Constant  Deflection. — Here  the  coil  is  each 
time  inclined  until  the  needle  reaches  a  certain  deflection,  say 
26^°,  45°,  or  63^°,  of  which  the  corresponding  tangents  are  ^, 
1,  and  2  respectively.  This  figure  then  enters  the  constant, 
giving  the  simpler  formula 

,^=sec  ^  X  const., 

the  instrument  acting  as  a  secant-galvanometer.  For  a  given 
constant  deflection  the  secant-measurements  range  between 
unity  and  infinity,  as  the  above  little  table  shows.  This 
method  has  the  peculiarity  that  the  needle  occupies  a  fixed 
position  in  space  during  the  measurements,  which  in  some 
instances  may  be  found  of  advantage. 

lY.  Method  of  Constant  Inclination. — In  this  case  the  coil 
is  fixed  at  a  given  inclination,  and  sec  ^  enters  the  constant; 
thus  the  formula  is  reduced  to  that  of  the  ordinary  tangent- 
galvanometer, 

.2;  =  tan  aX  const. 

As  compared  with  other  galvanometers  proposed  for  a  similar 
purpose,  the  one  here  described  offers  the  great  advantage 
that  the  magnetic  needle  has  not  to  be  shifted  from  one 
measurement  to  another,  whereby  the  magnetic  field  may 
sometimes  considerably  alter;  furthermore  it  does  not  depend 
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upon  the  constancy  of  permanent  magnets,  wliich,  to  say  the 
least,  is  rather  precarious*. 

Numerical  Results  of  Measurements. 

I  shall  now  communicate  some  measurements  and  tests  to 
which  the  latest  forms  of  instruments  have  been  subjected,  in 
order  to  illustrate  the  degree  of  accuracy  obtainable.  The 
first  set  was  undertaken  to  ascertain  the  relation  actually 
existing  between  the  solid  ring  for  currents  and  the  coil  of 
wire  for  E.M.F.,  which,  it  will  be  remembered,  was  intended 
to  be  such  that  amperes  with  the  solid  ring  should  accurately 
correspond  to  volts  with  the  wire  coil.  The  experiment  was 
conducted  as  follows: — A  current,  from  my  constant  battery 
with  acid  flowf,  was  sent  through  the  solid  ring  and  a  copper 
voltameter  in  circuit  for  a  certain  time,  the  deflections  to  the 
right  and  left  being  observed  every  five  minutes.  The  mean 
of  these  deflections  was  taken  as  corresponding  to  the  amount 
of  copper  deposited.  The  copper-sulphate  solution  and  the 
electrodes  consisted  of  pure  materials.  The  mean  of  the  gain 
of  the  kathode  and  the  loss  of  the  anode  was  taken.  The 
amount  corresponding  to  one  ampere  per  hour  is  I'lGi 
gramme  of  copper  or  3"96  grammes  of  silver,  the  latter  figure 
being  that  adopted  by  Messrs.  Siemens  and  Halske,  of  Berlin  J. 
The  calibration  of  the  fine-wire  coil  for  volts  was  performed 
by  means  of  a  number  of  Daniells,  each  compared  with  a 
Raoult's  standard  cell  filled  with  pure  sulphate  solutions 
and  having  the  E.M.F.  I'llo  volt,  according  to  Dr.  Alder 
Wright^s  experiments  §.  The  figures  obtained  were  as  fol- 
lows:— 

a.  With  the  solid  Ring. 

Copper  obtained        =11'435  grammes. 
Time  of  electrolysis  =  60  minutes. 
Mean  deflection         =47°'3. 
Position  of  ring  P    =   2. 

Hence  the  current  corresponding  to  the  unit  deflection  of  45° 
with  the  ring  vertical  =4*531  amperes. 

b.  With  the  fine-wire  Coil. 

Number  of  Daniells  =   4. 
E.M.F.  thereof  =   4  x  1-109. 

Deflection  obtained    =44^*6. 
Position  of  coil  P      =1. 

*  Anotlier  advantage  undoubtedly  is  that  the  galvanometer  requires 
no  variable  shunt,  bv  which  errors  mav  very  easily  be  introduced, 
t  Bep.f.  exp.  Phys.  xviii.  p.  033  (1882).  "■ 
X  See  latest  instructions  for  use  of  their  torsion  galvanometers. 
§  Proc.  Phys.  See.  v.  p.  80  (1882). 
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Hence  the  E.M.F.  corresponding  to  the  deflection  of  45°  with 
the  ring  vertical  =4*525  roZ^  the  correction  for  the  resistance 
of  the  cells  being  applied. 

These  two  results  agree  very  closely  indeed,  showing  only  a 
difference  of  0"13  per  cent.  This  is  the  more  remarkable  as 
the  two  kinds  of  measurements  have  nothing  in  common, 
being  in  fact  based  upon  data  quite  independent  of  each  other, 
thus  proving  that  it  is  admissible  to  substitute  for  such  instru- 
ments the  calibration  in  volts  for  that  in  amperes. 

A  further  series  given  in  Tables  III.  and  lY.,  and  carried 
out  with  great  care,  clearly  show  that,  for  any  given  current- 
strength  or  E.M.F.,  the  result  of  the  measurement  is  almost 
identical  in  whatever  region  the  readings  are  taken. 

Table  III.  is  obtained  with  currents  from  my  constant  bat- 
tery passed  through  the  solid  ring.  The  six  different  current- 
strengths  were  obtained  by  the  insertion  of  suitable  resist- 
ances, and  Avere  as  nearly  as  possible  in  the  proportion  of  the 
whole  figures  1  to  6. 

Table  IV.  contains  measurements  with  the  fine-wire  coil, 
thereby  using  the  E.M.F.  of  ordinary  Bunsen  cells  connected 
in  series,  and  varying  in  number  from  2  to  12. 

From  these  Tables  it  will  be  seen  that,  on  the  one  hand,  the 
deflections  extend  over  the  greater  part  of  the  tangent-scale, 
i.  e.  from  3°'4  till  78°*2,  and,  on  the  other,  the  position  of  the 
coil  varies  from  the  multiplying  power  1  to  10 — the  quantities 
measurable  being  therefore  in  the  proportion  of  1  to  500,  yet 
the  accuracy  arrived  at  may  be  pronounced  fully  satisfactory. 
Combining  the  results  of  all  these  measurements  with  the 
solid  rino-  and  with  the  wire  coil,  the  mean  error  of  a  single 
reading  becomes  0'35  per  cent.,  and  the  probable  error  0"24 
per  cent. 

The  last  set  of  measurements  had  for  its  object  to  show  that 
a  compensating-magnet  of  the  description  proposed  does  not 
affect  the  readings.  The  results  are  embodied  in  Table  V.; 
they  were  obtained  with  one  of  the  older  forms  of  solid-ring 
galvanometers  provided  with  a  sine-scale.  The  curved  con- 
trolling magnet  of  a  mirror-galvanometer,  20  centim.  long 
and  2  centim.  broad,  was  strongly  jnagnetized  and  placed  at 
a  distance  of  24  centim.  in  the  manner  formerly  specified, 
and  so  arranged  that  it  could  be  turned  on  a  horizontal  axis. 
Three  different  positions  were  given  to  the  magnet — viz.  one, 
in  which  it  assisted  the  earth^s  magnetism,  another,  in  which 
it  did  not  act  upon  the  needle,  and  a  third,  in  which  the  earth's 
magnetism  was  partly  neutralized.  By  altering  the  resistance 
in  circuit,  the  deflections  with  the  vertical  ring  were  made 
equal  in  all  three  cases,  viz.  63°"5. 
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Table  V.  shows  that  the  degree  of  accuracy  did  not  mate- 
rially differ  under  the  three  varying  conditions.  The  magnet 
therefore  does  not  appreciably  interfere  with  the  measure- 
ments. The  mean  error  of  all  three  positions  of  the  magnet  is 
0"22  per  cent.,  which  is  very  low. 

In  conclusion,  I  may  mention  that  a  smaller  model  of  the 
galvanometer,  intended  for  practical  use,  is  now  being  made, 
which  will  contain  all  the  recent  improvements,  viz.  the  fine- 
wire  coil  besides  the  solid  ring,  the  tangent-scale,  the  secant- 
marks,  the  air-damping,  and  the  compensating-magnet.  The 
latter  will  be  so  arranged  that  the  "  constant "  will  be  consi- 
derably increased  as  compared  with  that  due  to  the  earth's 
magnetism  alone ;  thus  the  needle  should  be  much  less 
influenced  by  outer  disturbances  than  before. 

Woolwich,  June  1883. 

XIV.  The  Influence  of  Current,  Temjyerattire,  and  Strength  of 
Electrolyte  on  the  Area  of  Electrification.  By  Alfeed 
TmBii,  F.Inst. C,  Lecturer  on  Chemistry  in  Dulicich  College. 

IN  the  study  of  the  subject  of  this  paper  I  have  employed 
the  "electro-chemical  method"  described  by  me  in  the 
Philosophical  Magazine,  1881,  xi.  p.  446.  It  will  be  remem- 
bered that  by  this  method  images  of  the  electrifications  pro- 
duced on  metallic  plates  are  rendered  evident  to  the  eye,  and 
also  that  I  have  almost  invariably  employed  as  analyzers  plates 
of  silver,  and  as  the  electrolyte  a  solution  of  copper  sulphate. 
The  areas  of  the  electrifications  were  found  by  measuring  the 
copper  and  peroxide  of  silver  respectively  deposited  or  formed 
on  the  analyzing  plate,  the  copper  giving  the  area  of  the 
—  electrification,  and  the  silver  peroxide  that  of  the  +  elec- 
trification. The  sum  of  the  two  electrifications  subtracted 
from  the  total  area  of  the  plate,  it  will  be  seen,  gives  the  area 
of  non-electrification,  i.  e.  the  intermedial  space,  or  that  part 
of  the  plate  which  separates  the  +  and  — ,  and  where  the 
electromotive  force  is  incapable  of  initiating  electro-chemical 
action.     These  measurements  are  of  course  only  relative. 

The  following  conditions  were  common  to  the  several 
experiments  to  be  described: — an  electrolytic  cell  120  millim. 
broad,  128  deep  and  305  long,  filled  to  within  8  millim.  with 
copper-sulphate  solution ;  copper  electrodes  of  the  same  area 
as  the  ends  of  the  cell  ;  a  plate  (analyzer)  of  fine  silver, 
67  X  7  millim.,  weighing  0'75  gram,  placed  lengthwise  mid- 
way between  the  electrodes,  and  between  the  surface  of  the 
liquid  and  the  bottom  of  the  cell.  The  time  of  each  experi- 
ment was  six  minutes.      The    dia";ram   shows    the    general 
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arrangement — B  being  the  battery;  G^  tangent-galvanometer; 
R,  rheostat;  and  S,  switch. 


I.  Influence  of  Current. — In  this  series  of  experiments  a 
5-per-cent.  sohition  of  copper  sulphate  was  employed.  The 
results  obtained  and  the  current  employed  are  set  out  in  the 
following  table.  The  numbers  refer  to  lengths  in  millimetres 
of  the  several  electrifications  and  intermedial  spaces. 


Current  in 
amperes. 

—  electrifi- 
cation. 

Intermedial 
space. 

4-  electrification. 

+  referred  to 
—  as  luiity. 

0-1 

4 

nil. 

0-2 
0-4 

13 
18 

30 

signs  at  end  edges. 
19 

ro5 

()•(> 

18 

18 

31 

1-72 

0-8 

16 

16 

3.1 

2-19 

10 

17 

12 

38 

2-23 

1-2 

18 

11 

38 

211 

1-4 

19 

10 

38 

2-00 

la 

21 

8 

38 

1-81 

IS 

22 

7 

38 

1-72 

20 

23 

6 

38 

1-65 

The  usual  sign  of  +  electrification  was  invisible  on  the 
analyzer  in  the  first  experiment,  but  the  —  was  sufficiently 
marked  to  permit  of  measurement. 

The  relation  which  I  have  already  shown  to  exist  between 
the  magnitude  of  the  intermedial  space  on  an  analyzer  and 
the  force  required  to  separate  an  electrolyte  into  its  consti- 
tuent ions  (Phil.  Mag.  Oct.  1881)  naturally  led  me  to  look 
for  some  well-defined  relation  between  the  intermedial  space 
on  the  analyzers  and  the  current.  The  electromotive  force 
between  the  electrodes,  and  therefore,  as  it  may  be  supposed, 
of  the  molecules  of  the  electrolyte,  varied  of  course  with  the 
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strength  of  the  current;  and  the  electromotive  force  set  up 
on  the  analyzers  might  consequently  also  be  supposed  to  vary 
in  the  same  way.  Now  as  the  force  required  to  overcome 
the  affinity  of  the  ions  was  constant,  and  as  the  electromotive 
force  decreases  from  the  ends  of  an  analyzer  in  the  position 
of  the  ones  employed,  it  might  be  expected  that  the  inter- 
medial space  would  decrease  in  proportion  as  the  electro- 
motive force  increased  between  the  electrodes.  That  such  a 
relation  exists  Avould  appear  to  be  fairly  well  established  by 
the  results  of  this  series  of  experiments.  In  the  annexed 
table  the  intermedial  spaces  are  given  in  millimetres  side  by 
side  with  the  numbers  calculated  on  the  supposition  that  the 
spaces  vary  inversely  as  the  electromotive  force  of  the  elec- 
trolytic molecules. 


Current. 

Found. 

Calculated. 

0-4 

30 

30 

0-6 

18 

20 

0-S 

Ifi 

15 

10 

12 

12 

1-2 

U 

10 

1-4 

10 

8-5 

1-6 

8 

7-5 

1-8 

7 

6-7 

20 

6 

6 

There  are  two  other  points  brought  out  by  these  experi- 
ments to  which  I  would  direct  attention.  The  one  is  the 
want  of  uniformity  in  the  increase  of  the  opposite  electrifi- 
cations with  the  increase  of  current ;  and  the  other  is  the 
remarkable  constancy  of  the  +  electrification  from  one  to  two 
amperes. 

II.  Influence  of  Strength  of  Electrolyte. — In  this  series  of 
experiments  the  current  was  constant,  one  ampere  being 
employed.  The  strengths  of  copper  sulphate  used  for  the 
several  experiments  are  given  in  the  annexed  table  of  results. 


Percentage  of 

—  electrifi- 

Intermedial 

-f-  electrifi- 

4- referred  to 

CuSO,. 

cation. 

space. 

cation. 

—  as  unity. 

1 

27 

7 

33 

114 

2 

2.5 

8 

34 

1-36 

4 

18 

12 

37 

205 

6 

1.5 

14 

38 

2-53 

8 

14 

16 

37 

2-64 

10 

12-5 

18-5 

36 

2-88 

12 

12 

22 

33 

2-75 

14 

10 

28 

29 

2-9 

16 

9-5 

29-5 

28 

2-94 
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As  already  mentioned,  the  same  strength  of  current  flowed 
for  equal  times  in  the  several  experiments.  It  may  therefore, 
I  think,  be  assumed  that  the  same  quantity  of  electrification 
was  set  up  on  the  analyzers,  and,  further,  that  the  differences 
in  the  magnitude  of  the  electrifications  were  determined  by 
an  influence  or  influences  other  than  that  of  the  quantity  of 
electricity  which  flowed  into  the  electrolyte.  The  resistance  of 
a  solution  of  copper  sulphate  increases,  as  is  well  kno^^Ti, 
with  its  dilution;  and  as  the  current  was  constant  throughout, 
the  electromotive  force  of  the  molecules  of  the  several  solu- 
tions necessarily  increased  in  the  same  proportion  as  their 
resistances.  The  variations  in  the  electromotive  force  must 
therefore  again  be  reo-arded  as  the  chief  cause  of  the  differ- 
ences  in  the  magnitude  of  the  electrifications,  and  consequentl}" 
also  of  the  intermedial  spaces.  It  is  certain  that  the  electro- 
lytic radicals  of  sulphate  of  copper  were  separated  on  the 
analyzers  in  each  of  the  experiments;  but  it  by  no  means 
follows  that  the  molecular  decompositions  were  identical  in 
each  case;  for  it  is  known  that  the  molecular  constitution  of 
salts  in  solution  varies  within  certain  limits  with  variations  in 
the  proportion  of  water.  The  relation  already  shown  to  obtain 
between  the  intermedial  space  and  the  electromotive  force  of 
similarly  constituted  molecules  would  lead  to  the  conclusion 
that  the  intermedial  spaces  in  this  series  of  experiments  would 
be  inversely  proportional  to  the  resistances  of  the  solutions, 
supposing  that  their  molecular  constitutions  were  similar.  I 
have  not  the  resistances  for  the  exact  strengths  of  the  solu- 
tions ;  but,  taking  approximations  to  these,  I  find  the  rela- 
tion referred  to  holds  good  in  solutions  varying  from  6  to 
12  per  cent,  of  copper  sulphate — i.  e.  where  the  viscosity  on 
the  one  hand,  and  the  tendency  to  decomposition  of  the  me- 
tallic salt  on  the  other,  perhaps  differ  so  little  as  to  be  practi- 
cally inappreciable.  The  data  &c.  are  set  out  in  the  annexed 
table : — 


Strength  of  copper-  Approximate    Intermedial 
sulphate  solution. '   resistance.            space. 

Eesistance  X  by 
intermedial  space. 

6  per  cent. 

8 

10        „ 
12 

1-6 
1-3 
1-16 
1-04 

14 
16 
18-5 
22 

22-4 
20-8 
21-5 

22-8 

III.  Influence  of  Temperature. — In  this  series  of  experiments 
the  current  was  also  constant,  an  ampere  being  again  em- 
ployed.    The  strength  of  electrolyte  was  likewise  constant, 
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a  5  per  cent,  solution  of  copper  sulphate  being  employed. 
The  temperatures  are  given  in  the  annexed  table  of  results: — 


Tem)Derature. 

—  electrifi- 
cation. 

Intermedial 
space. 

+  electrifi- 
cation. 

4-  referred  to 
—  as  unity. 

4°C. 

19 

12 

36 

1-90 

8° 

17 

12 

38 

2-28 

16° 

16-6 

14-5 

36 

2-18 

24° 

16o 

16-5 

34 

206 

32° 

17 

18 

32 

1-88 

40° 

19 

20 

28 

1-47 

56^ 

21 

27 

19 

0-90 

72° 

22 

31 

14 

0-63 

88° 

25 

36 

6 

0-24 

As  a  rule,  the  boundaries  of  the  electro-deposits  are  nearly 
or  quite  straight;  the  peroxide-of-silver  boundaries,  however, 
in  the  experiments  above  32°  C.  were  concave.  Thinking 
that  this  concavity  arose  from  the  time  being  insufficient,  I 
repeated  some  of  the  experiments,  prolonging  the  time  to 
20  minutes  ;  but  the  results  were  practically  the  same.  The 
intermedial  spaces  in  the  higher-temperature  experiments  also 
exhibited  signs  of  slight  oxidation,  which  I  am  inclined  to 
attribute  to  the  disturbing  influence  of  convection-currents. 

It  will  be  observed  that  the  intermedial  space  increased  as 
the  temperature  increased.  This,  again,  agrees  with  the  prin- 
ciple connecting  the  area  of  the  spaces  with  electromotive 
force  ;  for  as  the  temperature  increased,  of  course  the  resist- 
ance of  the  solution  decreased  ;  the  electromotive  force  of  the 
molecules  necessarily  also  decreased;  and  the  magnitude  of  the 
intermedial  spaces  increased,  in  accordance  with  the  principle 
referred  to.  I  have  not  the  resistances  of  the  solutions  at  the 
temperatures  of  my  experiments,  and  cannot,  therefore,  institute 
a  numerical  comparison. 

The  A'ery  small  -f  electrifications  at  the  high  temperatures 
is  very  noticeable  ;  and  I  have  thought  tnat  this  may  be  not 
unconnected  with  differences  in  the  action  of  heat  itself  on  the 
opposite  electricities. 


It  will  be  noticed  that  one  feature  common  to  the  experi- 
ments described  is  the  inequality  in  the  magnitude  of  the  elec- 
trifications of  opposite  sign  on  the  several  analyzing  plates. 
This  fact  naturally  attracted  my  attention  some  years  ago 
(Proc.  Roy.  Soc.  no.  181,  1877);  and  the  work  of  this  paper 
was  undertaken  mainly  in  the  hope  of  throwing  light  on  the 
subject.  I  cannot  say  it  has  brought  about  the  desired  result. 
It  has,  however,  cleared  away  one  or  two  speculations,  sug- 
gested the  direction  of  further  inquiry,  and  sho'VMi,  among 
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other  things,  that  the  condition  of  the  electrolytic  field  affects 
not  only  the  area  of  the  electrifications,  as  this  Avas  to  be  fore- 
seen, but  also  the  ratio  of  the  —  to  the  +  electrification.  The 
numbers  in  the  fifth  columns  in  the  above  tables  show  the 
great  diversity  in  this  respect ;  and  in  my  recent  paper  (Phil. 
Mag.  June  1883)  I  referred  to  more  examples,  under  condi- 
tions, too,  where  it  appeared  very  difficult  to  imagine  the 
nature  of  the  difference  in  the  condition  of  the  surrounding 
molecules.  As  to  the  meaning  of  this  disparity  in  the  ratio  of 
the  electrifications,  I  am  unable  to  form  a  conception  satisfac- 
tory to  myself. 

The  work  has  moreover  established  the  definite  relation 
already  pointed  out  between  intermedial  space  and  electro- 
motive force.  And  on  an  examination  into  the  effects  of  what 
I  have  named  "  Dissymmetry  in  the  Electrolytic  Discharge," 
in  the  light  of  this  relation,  I  believe  I  observe  a  difference  of 
electromotive  force  of  the  molecules  where  the  dissymmetry 
manifests  itself,  i.  e.  on  the  +  and  —  sides  of  non-uniform 
fields.  The  evidence  consists  in  differences  in  the  area  of  the 
spaces  on  analyzers  in  corresponding  parts  of  the  field  relative 
to  the  electrodes,  or  sides  of  the  trough.  I  find  that  the  area 
of  the  intermedial  space  on  an  analyzer  on  the  +  side  is  inva- 
riably smaller  than  that  on  the  —  side,  from  which  it  would 
follow  that  the  electromotive  force  of  the  molecules  on  the  + 
side  is  invariably  the  greater.  This  conclusion  is  supported 
by  another  observation  of  a  somewhat  different  character.  On 
the  analyzers  c  and  d,  shown  in  fig.  1,  p.  393  of  my  paper  in 
the  June  number  of  the  Philosophical  Magazine,  it  is  evident 
that  a  greater  amount  of  electrochemical  action  was  set  up 
on  c  ;  and  c,  it  will  be  observed,  is  on  the  +  side  of  the  trough, 
where  it  has  been  inferred  that  the  electromotive  force  of  the 
molecules  is  the  greater.  I  think  it  not  improbable  that  this 
difference  in  electromotive  force  is  related  to  Faraday's  obser- 
vation ('  Experimental  Researches/  Series  xii.,  xiii.)  that 
"  Negative  electricity  discharges  into  air  at  a  somewhat  lower 
tension  than  positive  electricity."  The  molecules  surrounding 
the  electrode  discharging  +  electricity  would,  of  course,  be 
differently  affected  electrically  than  when  the  electrode  was 
discharging  —  electricity  ;  and  if  this  be  true  of  molecules  of 
air,  why  may  it  not  be  equally  true  of  the  molecules  of  a  solu- 
tion of  copper  sulphate  or  other  electrolyte.  A  difference  in 
the  electromotive  force  of  molecules  in  corresponding  posi- 
tions would  appear,  then,  to  be  a  feature  of  dissymmetry  in 
certain  electrolytic  fields ;  but  the  more  noteworthy  effect  of 
this  dissymmetry  is  seen  in  the  differences  in  the  area  of  like 
electrifications  on  the  correspondingly  placed  analyzers. 

June  25, 1883. 
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XY.    On  tJte  Change  in  the  Double  Befraction  of  Quartz  pro- 
duced hy  Electrical  Force.     By  W.  C.  Eontgen*. 

IN  a  previous  paper  f  I  have  described  the  electro-optical 
behaviour  of  plates  of  quartz  cut  parallel  to  the  optical 
axis,  through  which  the  rajs  of  light  passed  at  right  angles 
to  this  axis ;  this  I  proposed  to  supplement  by  a  descrip- 
tion of  experiments  with  plates  cut  at  right  angles  to  the 
optical  axis.  I  had  already  observed  most  of  the  optical  phe- 
nomena described  in  the  following  paper  ;  but  the  explanation 
of  them  was  not  clear.  This  is  noAv  given  by  a  piezoelectric 
examination  of  the  quartz  which  I  have  carried  out.  The 
present  paper  therefore  consists  of  two  parts — the  first  descri- 
bing the  piezoelectric,  the  second  the  electro-optical  expe- 
riments. 

Two  pieces  of  quartz  were,  for  the  most  part,  employed  for 
the  piezoelectric  experiments.  The  one  is  a  circular  plate  cut 
exactly  at  right  angles  to  the  optical  axis,  ha^■ing  a  thickness  of 
0"58  centim.  and  a  diameter  of  1*8  centim.;  the  other  is  a 
sphere  of  3  centim.  diameter.  Both  are  of  good  quality,  as 
shown  by  optical  examination.  It  will  be  clearly  seen,  in 
what  follows,  how  advantageous  it  is  to  employ  pieces  of  quartz 
of  this  form,  and  not  crystals  with  natural  faces. 

The  plate  was  employed  to  subject  the  piezoelectric  beha- 
viour of  quartz  described  in  the  first  paper  to  a  direct  experi- 
mental proof.  The  result  obtained  was  that  there  are  in  reality 
three  directions  in  quartz,  all  at  right  angles  to  the  principal 
axis,  and  making  angles  of  120°  with  each  other,  which  possess 
the  property  that  pressure  exerted  upon  the  crystal  in  any  one 
of  these  directions  produces  no  electricity  at  the  points  of 
pressure:  these  are  the  three  axes  of  no  piezoelectricity.  A 
pressure  exerted  in  any  other  direction  at  right  angles  to  the 
principal  axis  produces  electricity  at  the  points  of  pressure, 
the  greatest  manifestation  taking  place  in  the  lines  bisecting 
the  angles  between  the  axes  named.  These  lines  I  called  axes 
of  maximum  piezoelectricity.  The  sign  of  the  electricity  pro- 
duced is  in  accordance  with  the  previous  description. 

In  order  to  exert  a  pressure  upon  the  plate  in  a  definite 
direction  a  compression-apparatus  of  ordinary  construction 
was  employed,  the  opposing  steel  cheeks  of  which  were  faced 
with  ebonite  plates  upon  which  pieces  of  silver  wire  0*06 
centim.  thick  were  cemented.  These  silver  wires  were  exactly 
opposite  and  parallel  to  each  other,  and  the  quartz  plate  was 

*  Translated  from  the  Ber.  der  Oberh.  Ges.fiir  Natur-  wid  Heilkunde, 
t  Phil.  Mag.  [5]  xv.  p.  132. 


Electrical  Effect  on  the  Double  Refraction  of  Quartz.     97 

compressed  between  them.  This  arrangement  ensured  that 
the  points  of  pressure  formed  a  narrow  line  upon  the  plate, 
parallel  to  the  axis  of  the  disk,  and  that  the  pressure  was 
exerted  upon  the  disk  exactly  in  the  direction  of  a  diameter. 

The  disk  was  attached  by  means  of  a  straw  about  4  centim. 
long-  to  a  divided  circle,  so  that  its  axis  coincided  with  the 
axis  of  rotation  of  the  divided  circle.  Consequently  by 
rotating  the  circle  the  direction  in  which  the  pressure  was 
exerted  upon  the  disk  could  be  changed  and  the  angle  of 
rotation  read  off  on  the  divided  circle. 

The  frame  of  the  compression-apparatus  and  the  mounting 
in  which  the  divided  circle  turned  were  rigidly  attached  by 
means  of  clamps  to  a  stand.  To  ensure  that  the  pressure 
was  always  applied  in  the  direction  of  a  diameter  the  following 
plan  was  adopted.  The  quartz  plate  was  covered  with  a  thin 
layer  of  wax,  in  which,  by  means  of  a  fine  needle,  a  considerable 
number  of  diameters  were  traced.  With  the  aid  of  these  lines 
it  was  easy  to  ensure  that  the  direction  of  jiressure  coincided 
with  a  diameter.  One  of  the  two  silver  wires  was  connected 
with  the  delicate  electroscope  previously  mentioned;  the  other 
was  put  to  earth.  The  experiment,  then,  consisted  in  deter- 
mining the  direction  of  no  piezoelectricity.  The  results  of  a 
single  series  of  experiments  will  serve  as  example  : — 


Reading  of  Divided 

Circle. 

o 

0 
20 
35 

27 


Piezoelectricity  due  to 
increased  pressure. 

Strongly  negative. 
Less  strongly  negative. 
Feebly  positive. 
Feebly  negative. 


Having  thus  found  that  one  of  the  directions  sought  lies 
between  the  last  two  positions  of  the  disk,  the  following  ex- 
periments were  made  : — 


Reading 
of  circle. 

o 

29 

Piezoelectricity  due  to  in- 
creased pressure. 

Reading 
of  circle. 

Piezoelectricity  due  to  in- 
creased pressure. 

Trace  of  negative  electricity. 

209 

Trace  of  positive  electricity. 

30 

Nothing. 

210 

Nothing. 

31 

Trace  of  positive  electricity. 

211 

Trace  of  negative  electricity 

89 

Trace  of  positive  electricity. 

269 

Trace  of  negative  electricity . 

90 

Nothing. 

270 

Nothing. 

91 

Trace  of  negative  electricity. 

271 

Trace  of  positive  electricity. 

149 

Trace  of  negative  electricity. 

329 

Trace  of  positive  electricity. 

150 

Trace  of  positive  electricity. 

330 

Nothing. 

151 

Trace  of  positive  electricity. 

331 

Trace  of  negative  electricity. 
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On  releasing  the  compressing-screw  electricity  of  the  opposite 
kind  was  obtained  in  every  case. 

These  experiments  leave  no  doubt  that  the  angle  between 
the  three  axes  of  no  piezoelectricity  is  120°  ;  the  single  devia- 
tion observed,  which  did  not  amount  to  1°,  may  very  well  be 
set  down  to  experimental  error. 

Pressures  exerted  upon  the  plate  in  directions  lying 
between  the  axes  of  no  piezoelectricity  produced  a  powerful 
evolution  of  electricity.  Since  the  electroscope  employed  was 
not  adapted  for  quantitative  experiments,  I  was  not  able 
to  determine  how  the  quantity  of  piezoelectricity  varied 
with  the  direction  ;  it  is,  however,  certain  that  the  largest 
quantity  was  produced  in  these  intermediate  directions.  For 
an  accurate  quantitative  determination  it  would  be  absolutely 
necessary  to  take  account  of  the  inductive  action  which  the 
electricity  excited  on  the  surfaces  near  the  points  of  pressure 
would  exert  upon  the  electrode  connected  with  the  electro- 
scope.    This  action  mil  be  considered  later  on. 

The  experiments  with  the  sphere  of  quartz  required  a 
somewhat  more  complicated  apparatus.  Here  also  it  was 
necessary  that  pressure  should  be  exerted  upon  the  sphere  as 
nearly  as  possible  along  a  diameter,  and  that  the  resulting 
piezoelectricity  should  be  observed.  After  numerous  experi- 
ments with  different  forms  of  apparatus,  the  following  arrange- 
ment was  adopted  as  the  most  convenient.  The  sphere  was 
placed  upon  the  stage  of  an  old  and  large  microscope,  and 
pressure  exerted  upon  it  by  lowering  the  heavy  body  of  the 
microscope  down  upon  it. 

The  stage  is  provided  with  the  necessary  screws  for  exact 
adjustment ;  in  the  circular  opening  of  the  stage  can  be 
placed  either  a  round  thick  disk  of  brass  or  a  disk  of  ebonite 
which  fits  it  exactly.  The  disk  of  brass  is  provided  at  its 
centre  with  a  depression  0*25  centim.  wide,  which  gives  better 
support  to  the  sphere  laid  upon  it ;  the  sphere  therefore  does 
not  touch  the  disk  in  one  point  only,  but  in  a  small  circle.  A 
small  thick  brass  cylinder  1  centim.  long,  0*4  centim.  thick,  is 
cemented  on  to  the  ebonite  disk,  which  is  also  provided  at  the 
top  with  a  small  depression  which  lies  exactly  in  the  axis  of  the 
disk  of  rubber  and  upon  which  the  sphere  rests.  The  brass 
disk  was  used  when  the  lower  side  of  the  sphere  did  not  require 
to  be  insulated,  and  the  rubber  disk  when  insulation  was 
necessary. 

The  microscope-tube,  which  moved  accurately  in  a  solid 
stand  by  means  of  rack-work,  was  fitted  at  its  lower  end  with 
a  piece  of  brass  rod  rounded  at  the  lower  end  and  insulated 
by  means  of  ebonite,  by  means  of  which  the  pressure  upon 
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the  sphere  is  exerted.  It  is  unnecessary  to  explain  how  the 
adjustment  is  effected,  and  the  means  adopted  to  ensure  that 
the  pressure  was  actually  exerted  along  a  diameter.  The 
tube  of  the  microscope  was  weighted  with  2  kilogrammes; 
there  was  no  perceptible  friction  in  lowering  it,  between  the 
brass  rod  and  the  sphere;  any  such  must  be  carefully  avoided, 
since  it  would  cause  an  energetic  excitement  of  electricity. 

As  I  designed  to  test  other  portions  of  the  sphere  for  piezo- 
electricity besides  those  upon  which  the  pressure  was  directly 
exerted,  the  gold  leaf  of  the  electroscope  was  not  always  con- 
nected directly  with  the  brass  rod  by  means  of  which  the 
pressure  was  exerted,  but  often  with  a  small  metallic  holder 
fastened  to  an  ebonite  rod,  in  which  could  be  placed  at  pleasure 
either  a  simple  brass  wire,  or  a  wire  provided  with  a  small 
metallic  disk*.  The  ebonite  rod  was  held  by  a  jointed  stand, 
so  that  the  wire  or  metal  disk  which  served  as  electrode  could 
be  placed  in  contact  with  any  point  of  the  quartz  sphere. 
The  following  experiments  were  made  with  this  sphere: — 
(1)  Besides  the  three  axes  of  no  piezoelectricity,  the  prin- 
cipal axis  of  the  quartz  also  possesses  the  property  that 
pressure  exerted  upon  the  crystal  in  this  direction  produces 
no  electricity  at  the  points  of  pressure.  The  question  then 
arises  whether  there  exist  also  other  directions  having  the 
same  property. 

Without  having  previously  determined  by  optical  means 
the  position  of  the  principal  axis,  I  placed  the  sphere  upon 
the  previously  described  brass  disk  of  the  stage,  connected  the 
rod  producing  the  pressure  with  the  electroscope,  and  deter- 
mined by  experiment  the  points  on  the  surface  of  the  sphere 
which  did  not  become  piezoelectric  when  pressure  was 
exerted  upon  them  in  the  direction  of  a  diameter.  When 
such  a  point  had  been  found,  it  was  marked  upon  the  sphere 
by  moistening  the  brass  rod  with  india-ink  and  then  gently 
lowering  it  upon  the  sphere.  In  this  way  the  sphere  was 
marked  with  40  or  50  small  dots.  It  is  easily  understood 
that  in  this  examination  a  somewhat  systematic  method  had 
to  be  adopted.  We  find,  for  example,  very  soon  that  certain 
portions  of  the  surface  of  the  sphere  become  only  very  feebly 
electric  ;  these,  as  seen  afterwards,  were  the  portions  of  the 
surface  in  the  neighbourhood  of  the  ends  of  a  diameter  parallel 
to  the  principal  axis.  It  is  difficult  here  to  say  exactly  where 
no  piezoelectricity  at  all  I'esults  ;  hence  these  places  are  not 

*  These  parts  of  the  apparatus  were  so  constructed  as  to  have  as  small 
a  capacity  as  possible.  The  chief  advantage  of  Fechner's  Electroscope 
over  Thomson's  Electrometer,  apart  from  its  better  insulation,  consists  in 
its  extremely  small  capacity.  The  instrument  is  thus  well  adapted  for  the 
present  investigation. 
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marked.  On  examining  the  quartz  sphere  marked  with  ink- 
spots,  the  result  obtained  was  that  the  position  of  these  points 
is  simply  determined  by  three  planes  which  cut  each  other  at 
an  angle  of  120°,  in  the  diameter  parallel  to  the  principal 
axis,  and  contain  the  three  axes  of  no  piezoelectricity.  The 
direction  of  the  principal  axis  determined  in  this  way  agreed 
very  well  with  that  subsequently  found  by  optical  means. 

It  hence  follows  that  all  straight  lines  Ipng  in  any  of  the 
three  planes  specified  are  directions  of  no  piezoelectricity  ;  a 
pressure  exerted  upon  the  crj^stal  in  one  of  these  directions 
produces  no  electricity  at  the  points  of  pressure.  These  planes 
are  therefore  called  planes  of  no  piezoelectricity. 

The  following  values  were  obtained  Math  the  sphere  de- 
scribed, by  measurement  of  the  six  angles  included  between 
the  three  planes  : — 

58°,  61°,  60°,  60°,  59°,  62°. 

These  angles  ought  to  be  exactly  60°.  The  deviations  from 
this  number  may  result  in  part  from  experimental  errors; 
they  are,  however,  probably  also  a  consequence  of  small 
deformations  and  irregularities  of  the  quartz,  the  presence 
of  which  could  not  be  determined  by  optical  methods  in  con- 
sequence of  the  spherical  form  of  the  crystal.  Such  defor- 
mations have  considerable  influence  on  the  distribution  of 
piezoelectricity,  as  Hankel  has  shown  with  crystals  having 
natural  faces.  Thus,  for  example,  with  another  sphere  which 
plainly  showed  visible  irregularities^  I  obtained  the  following 
angles  : — 

51°,  54°,  69°,  57°,  64°,  65°. 

Tlie  experiments  with  the  first  crystal  were  several  times 
repeated — thus,  for  example,  once  at  a  temperature  of  about 
10°  C,  a  second  time  at  about  31°C.  I  found  always  the  same 
position  of  the  three  planes. 

(2)  After  the  position  of  the  planes  of  piezoelectricity  on 
the  sphere  had  been  determined  and  marked,  I  examined  in 
what  way  the  fields  lying  between  these  meridians  were  piezo- 
electric. The  result  was  that  the  electricity  excited  at  all 
points  of  pressure  lying  in  any  one  of  the  six  fields  was  of  the 
same  kind,  but  that  it  changed  on  passing  from  one  field  into 
the  next.  The  whole  sphere  may  therefore  be  divided  into 
six  fields  alternately  positively  and  negatively  piezoelectric. 
For  the  clearer  understanding  of  what  follows,  it  will  be  well 
to  designate  them  1,  2,  3,  4,  5,  6,  and  to  assume  that  at  points 
of  pressure  l}ang  in  the  first  field  positive  electricity  was  pro- 
duced :  consequently  the  fields  must  be  marked  in  order  + , 
-,  +>  -,  +,  -■ 
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The  further  result  was  obtained  that  the  most  energetic 
evolution  of  electricity  took  place  when  pressure  was  exerted 
in  directions  at  right  angles  to  the  principal  axis,  and  bisecting 
the  angles  between  the  planes  of  no  piezoelectricity;  these  are 
the  directions  already  designated  as  axes  of  maximum  piezo- 
electricity. 

I  scarcely  need  remark  that  diminution  of  pressure  produces 
electricity  opposite  in  kind  to  that  produced  by  increase  of  pres- 
sure ;  the  same  holds  good  for  all  the  following  experiments. 

(3)  A  pressure  exerted  in  the  direction  of  an  axis  of  no 
piezoelectricity  produces  no  electricity  at  the  points  of 
pressure.  The  question,  however,  arises  whether  under  these 
circumstances  there  is  no  piezoelectricity  at  other  points  of 
the  sphere*.  To  answer  this  question,  the  sphere  was  so 
placed  upon  the  metal  disk  that  the  principal  axis  was  at  right 
angles  to  the  direction  of  pressure,  and  so  that  the  pressure 
was  exerted  in  the  direction  of  an  axis  of  no  piezoelectricity. 
The  electroscope  was  connected  with  the  insulated  electrode 
previously  described,  which  was  successively  placed  in  contact 
with  different  points  of  the  sphere,  the  direction  of  pressure 
remaining  unaltered. 

The  following  results  were  obtained: — The  plane  of  no  piezo- 
electricity in  which  the  pressure  is  exerted  divides  the  sphere 
into  two  halves,  which  both  become  electric  all  over,  the  one 
half  being  positive,  the  other  half  negative.  The  sign  of  the 
electricity  produced  upon  each  half  is  determined  by  the  sign 
of  the  electricity  excited  on  that  one  of  the  two  fields,  divided 
by  the  direction  of  pressure,  which  is  situated  on  that  half. 
Thus,  for  example,  if  the  pressure  takes  place  in  the  plane 
dividing  the  field  1  from  6,  and  3  from  4,  then  the  half  upon 
which  the  fields  1  and  3  lie  becomes  positive,  and  the  other 
half  negative. 

Maximum  electricity  is  evolved  at  the  ends  of  an  axis  of 
maximum  piezoelectricity  lying  at  right  angles  to  the  direc- 
tion of  pressure — in  the  above  example  therefore  in  the 
middle  of  fields  2  and  5.  There  is  no  electricity  produced 
upon  the  circle  in  which  the  plane  of  no  piezoelectricity 
containing  the  direction  cuts  the  sphere. 

The  same  result  was  obtained  when  the  sphere  was  placed 
upon  the  insulating  brass  cylinder,  or  if  the  support  and  the 
brass  rod  exerting  the  pressure  were  connected  with  the 
earth. 

*  Messrs.  J.  and  P.  Curie  have  found  that  a  pressm-e  exerted  in  the 
direction  of  an  axis  of  no  piezoelecti'icity  upon  a  parallelepiped  of  quartz 
produces  electricity  at  the  ends  of  the  axis  of  maximum  piezoelectricity 
at  right  angles  to  the  direction  of  pressm-e. 
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(4)  The  further  question  arises,  how  the  free  surface  of  the 
sphere  would  be  affected  if  the  pressure  acted  along  an  axis 
of  maximum  piezoelectricity. 

The  quartz  sphere  was  placed  in  the  proper  position  on  the 
insulated  brass  cylinder,  the  brass  rod  being  also  insulated. 
The  electrical  examination  of  the  surface  showed  then  that 
the  sphere  was  again  divided  into  two  halves  charged  with 
opposite  electricities,  separated  by  a  plane  of  no  piezo- 
electricity at  right  angles  to  the  direction  of  pressure.  The 
sign  of  the  electricity  was  determined  by  the  sign  of  the  fields 
as  found  above  in  which  the  points  of  pressure  lay.  If,  for 
example,  field  1  was  above  and  consequently  field  4  below, 
the  upper  half  became  positive,  and  the  lower  half  negative. 
The  maximum  of  electricity  appeared  at  the  points  of  pressure, 
and  no  electricity  at  all  along  the  circle  in  which  the  plane  of 
no  piezoelectricity  at  right  angles  to  the  direction  of  pressure 
cuts  the  sphere. 

If  the  two  points  of  pressure  were  connected  with  the  earth, 
essentially  the  same  distribution  of  electricity  was  observed. 

(5)  The  sphere  was  subjected  to  pressure  in  a  direction 
intermediate  between  an  axis  of  no  piezoelectricity  and  the 
nearest  axis  of  maximum  piezoelectricity,  but  still  at  right 
angles  to  the  principal  axis;  both  points  of  pressure  were 
insulated.  The  sphere  was  again  found  to  be  divided  by  a 
plane  passing  through  the  principal  axis  into  two  halves 
having  opposite  electricities  ;  but  the  plane  was  no  longer 
parallel  or  at  right  angles  to  the  direction  of  pressure,  but 
lay  in  the  acute  angle  formed  by  the  direction  of  pressure 
with  the  next  but  one  axis  of  no  piezoelectricity.  The 
nearer  the  direction  of  pressure  lay  to  the  axis  of  no  piezo- 
electricity the  smaller  was  the  acute  angle  between  the 
direction  of  pressure  and  the  plane  of  bisection.  If  in  passing 
from  one  experiment  to  another  the  direction  of  pressure  was 
changed  so  that,  to  begin  with,  it  coincided  with  a  direction  of 
maximum  piezoelectricity,  and,  to  end  with,  coincided  with 
the  next  axis  of  no  piezoelectricity,  then  the  position  of  the 
plane  of  bisection  also  revolved  through  an  angle  of  90° 
about  the  principal  axis. 

The  sign  of  the  electricity  evolved  was  determined  from  the 
sign  of  the  fields  in  which  the  points  of  pressure  lay.  If,  for 
example,  the  point  of  pressure  was  situated  in  field  1,  but 
nearer  to  field  2  than  to  field  6,  then  the  half  of  the  sphere 
which  contained  a  part  of  field  2,  the  whole  of  fields  0  and  1, 
and  a  part  of  field  5  became  positively,  and  the  other  half  of 
the  si)here  became  negatively  electric. 

If  the  pressure  acted  in  the  line  bisecting  the  angle  between 
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an  axis  of  maximum  and  an  axis  of  no  piezoelectricity,  then 
the  plane  of  bisection  was  inclined  to  the  direction  of  pressure 
at  an  angle  which  at  any  rate  did  not  differ  much  from  45°  ; 
a  more  accurate  determination  of  this  angle  was  not  possible 
with  the  apparatus  at  my  disposal. 

The  maximum  piezoelectricity  was  found  at  the  ends  of 
the  diameter  at  right  angles  to  the  plane  of  bisection — conse- 
quently, in  the  last  mentioned  case,  at  the  ends  of  a  diameter 
at  right  angles  to  the  axis  and  inclined  at  45°  to  the  direction 
of  pressure — that  is,  at  the  ends  of  an  axis  of  no  piezoelectricity. 

In  the  three  following  series  of  experiments  the  quan- 
tities of  electricity  produced  were  so  small  that  I  cannot 
regard  the  results  communicated  as  absolutely  certain.  I  do 
not,  however,  believe  that  any  different  result  would  be  ob- 
tained by  the  use  of  more  delicate  apparatus;  but  such  a  con- 
firmation would  be  desirable. 

(6)  A  direction  lying  between  an  axis  of  maximum  piezo- 
electricity and  the  principal  axis  was  chosen  as  the  direction 
of  pressure.  The  sphere  was  divided  into  two  oppositely 
electrified  halves  by  that  plane  of  no  piezoelectricity  which 
was  at  right  angles  to  the  plane  passing  through  the  direction 
of  pressure  and  the  principal  axis.  The  sign  of  the  electricity 
is  determined  by  that  of  the  fields  in  which  the  points  of 
pressure  are  situated.  If,  for  example,  they  lay  in  fields  1 
and  4,  then  fields  6, 1,  and  2  were  positive,  and  fields  3,  4,  and 
5  were  negative. 

(7)  If  the  pressure  was  exerted  in  any  direction  different 
from  those  already  considered  and  not  coincident  with  the 
principal  axis,  the  sphere  was  always  divided  into  two  oppo- 
sitely electrified  halves  by  a  plane  which  in  all  cases  passed 
through  the  principal  axis. 

(8)  Increase  of  pressure  in  the  direction  of  the  principal 
axis  produced  small  quantities  of  electricity  in  the  six  fields, 
the  sign  of  which  corresponded  to  the  sign  of  the  fields  as 
given  above  :  the  points  of  pressure  were  not  electrified. 

It  follows  from  the  above  that,  whatever  the  direction  of 
pressure,  there  is  never  any  perceptible  evolution  of  electricity  at 
the  ends  of  a  diameter  parallel  to  the  principal  axis.  It  should 
be  mentioned,  that  in  the  dry  air  of  a  room  the  piezoelectric 
experiments  take  place  extremely  regularly  and  with  certainty. 

An  objection  may  be  raised  to  the  results  described  on  the 
ground  that  they  are  influenced  by  induction  or  possibly  by 
surface-conduction  of  electricity.  It  is  not  to  be  denied  that 
these  causes,  and  in  particular  induction,  had  a  part  to  play  ;  but 
I  have  repeatedly  convinced  myself  that  these  results  remained 
qualitatively   the   same   when  such   disturbing   causes  were 
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removed.  I  will  mention  here  only  a  few  of  the  observations 
leading  to  this  conclusion,  which  will  serve  to  show  how 
carefully  it  is  necessary  to  proceed  and  how  the  results  may 
be  confirmed. 

Two  opposite  fields  of  the  sphere,  e.g.  2  and  5,  were  com- 
pletely covered  with  tin-foil,  but  so  that  the  two  pieces  of  tin- 
foil did  not  touch  each  other  ;  then  the  sphere  was  so  placed 
upon  the  insulated  brass  cylinder  that  the  pressure  took  place 
in  the  direction  of  an  axis  of  no  piezoelectricity  joining  the 
bounding  line  between  fields  1  and  6  with  that  between  fields 
3  and  4.  The  brass  rod  by  which  the  pressure  is  exerted  was 
in  connexion  with  the  electroscope.  If  then  all  the  fields 
remained  insulated,  the  electroscope  showed  no  electricity 
upon  change  of  pressure  ;  but  if  field  2  were  connected  with 
the  ground,  positive  electricity  was  observed,  produced  by  the 
induction  of  field  5,  which  was  strongly  charged  with  positive 
electricity.  The  electroscope  showed  a  negative  charge  if 
field  5  alone  were  connected  with  the  ground. 

If,  when  fields  2  and  5  were  connected  with  the  ground, 
field  1  was  also  put  to  earth  by  being  touched  with  the  finger, 
I  obtained  a  feeble  negative  deflection  of  the  gold  leaf  due  to 
induction  by  the  negative  electricity  produced  on  field  6. 

In  order  to  show  that  in  the  position  of  the  sphere  indicated 
it  was  actually  the  whole  halves  of  the  sphere,  and  not  alone 
the  fields  2  and  5,  which  became  electrified,  these  fields  were 
connected  with  the  earth,  and  fields  1,  3,  4,  and  5  in  order 
were  tested  with  the  electrode  connected  to  the  electroscope. 
They  were  found  to  be,  upon  increase  of  pressure,  feebly  but 
decidedly  electrified,  positively  or  negatively  as  the  case 
might  be. 

If  the  sphere  were  placed  upon  the  brass  disk  connected 
with  the  earth,  with  the  covered  portions  above  and  below, 
and  if  pressure  were  exerted  upon  it  in  the  direction  of  an 
axis  of  maximum  piezoelectricity,  positive  electricity  was 
obtained  upon  the  whole  sphere  if  the  positive  field  5  was 
uppermost,  but,  on  the  other  hand,  negative  electricity^  if  the 
negative  field  2  was  uppermost.  In  these  cases  the  inductive 
action  of  the  piezoelectricity  produced  above  overpowered 
the  feeble  action  of  the  opposite  electricity  present  upon  the 
lower  half  of  the  sphere.  Normal  conditions  resulted  when 
the  lower  field  was  also  insulated.  In  this  position  of  the 
sphere  it  could  be  shown  that  electricity  was  present  upon 
the  whole  whole  upper  and  lower  halves,  and  not  only  at  the 
points  of  pressure. 

If  the  coated  fields  were  connected  with  the  earth,  the 
other  fields  showed  qualitatively  the  same  distribution  of 
electricity  as  already  described. 
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I  pass  on  now  to  describe  the  electro-optic  experiments.  I 
emploj^ed  for  these  experiments  the  square  quartz  plate  de- 
scribed in  the  first  paper  cut  parallel  to  the  side  faces,  as  well 
as  the  parallelepiped  marked  II.  and  a  small  quartz  cylinder. 
A  fuller  description  of  the  two  first  mentioned  crystals  will 
be  found  in  my  first  paper.  The  plate  was  examined  both 
in  parallel  and  in  convergent  light.  For  the  experiments  with 
parallel  light,  the  plate  was  j3laced  in  a  horizontal  position  in 
the  flask  filled  with  benzol;  the  lower  electrode  was  the  brass 
disk  provided  with  two  glass  strips;  the  upper  electrode  a 
brass  wire  projecting  into  the  depression  in  the  plate  (compare 
the  former  arrangement  of  apparatus). 

Sodium-light  linearly  polarized  at  an  angle  of  45°  to  a 
horizontal  plane  traversed  the  plate  parallel  to  the  principal 
axis ;  and  the  analyzer  was  turned  so  as  to  give  a  dark  field. 
When  electrification  took  place,  the  centre  of  the  field  of  view 
— the  place  beneath  the  depression — became  markedly  bright; 
the  arrangement  of  the  bright  places  being  different  according 
as  the  upper  or  lower  electrode  was  made  positive. 

This  result  surprised  me,  since  electrical  forces  acting  along 
an  axis  of  no  piezoelectricity  ought  to  produce  no  compression 
or  dilatation  in  this  direction. 

The  behaviour  of  the  plate  in  convergent  light  was  just  as 
surprising  to  me.  It  certainly  brought  me  nearer  to  an  expla- 
nation of  the  first  experiment;  but  a  complete  explanation  only 
became  clear  after  carrying  out  the  piezoelectric  experiments 
described  above. 

In  order  to  examine  the  plate  in  convergent  light,  glass 
tubes  0*7  centim.  wide,  bent  upwards  at  right  angles,  were 
cemented  to  the  square  faces  of  the  plate,  and  were  filled  with 
mercury.  Then  the  plate  was  so  placed  under  a  Steeg's 
polarizing  microscope  that  the  axial  image  of  concentric 
circles  could  be  observed,  illumination  being  obtained  from  a 
sodium-flame. 

The  tubes  containing  mercury  were  severally  connected 
with  the  electrodes  of  the  electrical  machine.  At  the 
moment  that  the  electricity  began  to  act  upon  the  plate,  the 
circles  became  changed  into  ellipses,  the  major  axis  of  which, 
longer  than  the  diameter  of  the  corresponding  circle,  made  an 
angle  of  45°  with  the  lines  of  force  (which  were  at  right 
angles  to  the  square  faces  of  the  plate);  the  minor  axis  was 
shorter  than  the  diameter  of  the  circle.  If  the  plate  was  so 
placed  under  the  microscope  that  the  side  becoming  positive 
under  pressure  was  on  the  right  hand,  and  consequently  the 
side  becoming  negative  under  pressure  was  on  the  left,  and  if 
positive  electricity  was  conducted  to  the  side  turned  towards 
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the  observer,  and  negative  electricity  to  the  side  turned  from 
him,  then  the  major  axis  ran  from  above  on  the  left,  down 
towards  the  right. 

It  is  known  *  that  a  mechanical  compression  or  dilatation  of 
a  quartz  plate  cut  at  right  angles  to  the  axis,  in  a  direction  at 
right  angles  to  the  axis,  produces  a  change  in  the  system  of 
rays  which  is  similar  to  that  just  described.  The  diameters 
of  the  circles  become  lengthened  in  the  direction  of  pressure 
and  shortened  in  the  direction  at  right  angles  to  this;  if,  on 
the  other  hand,  the  plate  is  dilated,  then  the  major  axis  of  the 
ellipse  is  at  right  angles  to  the  direction  of  expansion. 

The  results  of  the  two  last  experiments  would  be  at  once 
explained,  if  it  were  allowable  to  assume  that  electrical  forces 
acting  in  the  direction  of  an  axis  of  no  piezoelectricity 
produce  indeed  no  change  of  form  in  the  direction  of  this 
axis,  but  compression  or  dilatation,  or  both  at  the  same  time, 
in  directions  at  right  angles  to  the  principal  axis,  and  inclined 
at  an  angle  of  45°  to  the  corresponding  axis  of  no  piezoelec- 
tricity. How  far  this  assumption  is  justified  could  not  be 
decided  until  the  piezoelectric  experiments  which  have  been 
described  had  been  made;  and  on  that  account  I  have  delayed 
the  publication  of  my  electro-optical  experiments  with  plates 
cut  at  right  angles  to  the  axis  till  now. 

The  confirmation  of  the  accuracy  of  this  assumption  follows 
from  the  piezoelectric  experiments  described  under  (5),  and 
from  the  law  of  reciprocity  of  compression  and  electric  charge 
enunciated  by  Lippmaun,  and  with  it  the  complete  explanation 
of  the  above  experiments.  He  found,  in  the  place  referred  to, 
that  a  pressure  exerted  upon  the  quartz  at  an  angle  of  45°  to 
an  axis  of  no  piezoelectricity  and  at  right  angles  to  the  prin- 
cipal axis  produces  piezoelectricity  at  the  ends  of  that  axis, 
which  is  also  greater  in  quantity  than  that  produced  at  other 
points.  If,  then,  we  communicate  to  the  ends  of  the  axis 
electricity  of  the  same  kind  as  would  be  produced  by  pressure 
in  the  given  direction,  a  dilatation  of  the  quartz  in  this  direc- 
tion must  take  place  ;  and,  conversely,  if  electricities  are 
communicated  of  the  opposite  kinds  to  those  resulting  from 
pressure,  compression  in  this  direction  must  take  place.  There 
are,  now,  two  such  directions  (which  are  at  right  angles  to  the 
principal  axis  and  inclined  at  45°  to  an  axis  of  no  piezoelec- 
tricity) for  each  of  the  axes  of  no  piezoelectricity,  viz.  one  on 
each  side  of  the  axis.  From  what  was  said  under  (5),  it 
further  follows  that  the  electricities  which  are  produced  when 
a  pressure  is  exerted  in  one  of  these  two  directions  are  oppo- 
site to  the  electricities  produced  by  a  pressure  in  the  other 
*  Pfaff,  Pogg.  Ann.  cvii.  p.  133  (1859). 
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direction.  If,  then,  positive  electricity  be  communicated  to 
one  end  of  an  axis  of  no  piezoelectricity  and  negative  elec- 
tricity to  tlie  other,  this  electrification  must  produce  a  com- 
pression in  the  one  direction  and  simultaneously  an  expansion 
in  the  other.  If  the  electricities  communicated  are  exchanged, 
then  there  will  be  also  an  exchange  of  compression  for  dilata- 
tion. But  what  has  just  been  said  is  nothing  else  than  was  as- 
sumed above  in  explanation  of  the  electro-optical  experiments. 

The  parallelepiped  of  quartz  designated  II.  in  the  first  paper 
was  now  examined  in  parallel  as  well  as  in  convergent  sodium- 
light.  At  first  it  was  placed  in  the  flask  filled  with  benzol 
just  as  before,  except  that  now  the  rays  of  light  traversed  it 
parallel  to  the  principal  axis.  If,  then,  the  analyzer  was  ad- 
justed so  as  to  give  a  dark  field,  then  upon  electrification  the 
place  between  the  perforations  became  very  bright;  the  distri- 
bution of  the  bright  parts  changed  upon  reversal.  Both  these 
results  were  to  be  expected,  since  the  perforations  were  made 
in  the  direction  of  an  axis  of  maximum  piezoelectricity. 
In  order  to  investigate  the  nature  of  the  double  refraction 
produced,  the  method  previously  used  of  an  interposed  glass 
plate  which  was  compressed  in  a  vertical  or  horizontal  direc- 
tion could  not  be  employed,  since,  in  consequence  of  the  rota- 
tion of  the  plane  of  polarization  in  the  direction  of  the  prin- 
cipal axis,  the  conditions  were  more  complicated  than  before; 
and  therefore  I  made  the  experiments  in  convergent  light. 

For  this  purpose  glass  tubes  bent  upwards  at  right  angles 
were  cemented  to  the  end  surfaces  of  the  parallelepiped,  and 
these,  together  with  the  communicating  perforations,  were 
filled  with  mercury.  The  change  in  the  system  of  rings  lying- 
in  the  middle  between  the  perforations  produced  by  electrifi- 
cation consisted  again  in  the  transformation  of  circles  into 
ellipses  having  major  axes  longer  and  minor  axes  shorter 
than  the  diameters  of  the  corresponding  circles.  The  major 
axes  lay  in  the  direction  of  a  line  joining  the  perforations,  and 
therefore  parallel  to  the  direction  of  the  corresponding  axis  of 
maximum  piezoelectricity,  if  the  marked  end  of  the  crystal 
was  positively,  and  the  unmarked  end  negatively  electrified. 
This  axis,  on  the  other  hand,  was  at  right  angles  to  that 
direction,  if  the  marked  end  were  negatively  electrified  and 
the  unmarked  end  positively.  If  we  refer  to  the  piezoelectric 
behaviour  of  the  crystal  used,  described  in  the  first  paper,  we 
easily  find,  by  the  aid  of  the  piezoelectric  experiments  given 
under  3  and  4,  that  the  optical  phenomena  observed  may  be 
completely  explained  by  the  simultaneous  action  of  an  elec- 
trical contraction  in  one  direction,  and  an  expansion  in  the 
direction  at  right  angles  to  it. 
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I  come  now  to  the  experiments  with  the  small  quartz  cy- 
linder. The  axis  of  the  cylinder  is  parallel  to  the  principal 
axis.  The  cylinder  is  0*5  centim.  in  height  and  0*45  centim. 
in  diameter,  and  has  an  exactly  centrical  perforation  in  the 
direction  of  the  axis  0*08  centim.  wide  ;  the  end  surfaces  are 
polished.  I  examined  first  the  piezoelectric  behaviour  of 
the  cylinder,  and  marked  the  direction  of  the  three  axes  of  no 
piezoelectricity.  Then  the  cylinder  was  cemented  by  its  end 
faces  with  Canada  balsam  to  two  glass  plates,  each  4*5  centim. 
long  and  1'5  centim.  wade,  each  of  which  was  provided  with  a 
perforation  also  0*08  centim.  wide.  The  perforation  in  the 
one  plate  coincided  exactly  with  the  perforation  in  the  cylinder,' 
the  perforation  in  the  other  was  at  a  distance  of  2  centim.  from 
that  in  the  cylinder.  The  edges  of  the  glass  plates,  which  were 
parallel  two  and  two,  were  then  cemented  together  with  strips 
of  glass  so  as  to  form  a  glass  box,  which  was  filled  with  mer- 
curv  through  the  hole  in  the  one  plate.  This  mercury,  com- 
pletely surrounding  the  curved  surface  of  the  cylinder,  formed 
the  outer  coating  of  the  cylinder,  and  during  the  experiments 
was  connected  by  means  of  a  wire  wdth  the  one  electrode  of 
the  Holtz  machine.  The  inner  coating  was  formed  by  a  thin 
wire  passmg  through  the  hole  in  the  other  glass  plate  into  the 
perforation  in  the  cylinder,  and  connected  with  the  other  elec- 
trode, which  was  put  to  earth. 

The  apparatus  described  was  placed  under  the  Steeg's 
polarizing  microscope,  so  that  the  first  circle  of  the  system  of 
rinos  was  concentric  with  the  perforation  in  the  cylinder,  and 
could  be  distinctly  observed  with  sodium-light:  it  is  necessary 
that  the  upper  system  of  lenses  of  the  apparatus  should  be 
adjusted  at  a  certain  distance,  easily  found,  from  the  cylinder. 

The  electrification  of  the  two  coatings  of  the  quartz  cylinder 
gave  rise  to  the  following  phenomena.  Only  the  six  portions 
of  the  circle  which  lay  in  the  direction  of  the  three  axes  of  no 
piezoelectricity  passing  through  the  centre  retained  theii' 
position  ;  at  all  other  points  there  was  a  displacement  either 
towards  the  centre  or  away  from  it :  this  was  greatest  in  the  di- 
rections of  the  three  axes  of  maximum  piezo-electricity  passing 
through  the  centre.  In  each  of  these  directions  there  was  upon 
one  side  a  displacement  inwards,  and  on  the  opposite  side  a 
displacement  outwards,  corresponding  in  each  case  to  the  piezo- 
electric and  to  the  previously  observed  electro-optic  behaviour 
of  quartz  in  these  three  directions.  These  displacements  give 
to  the  ring  a  shape  resembling  an  equilateral  triangle  with 
rounded  corners.  Exchange  of  electricities  changes  the  posi- 
tion of  the  triangle,  so  that  the  new  position  would  result  by 
turning  the  triangle  round  from  its  former  position  through 
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an  angle  of  180°  in  its  own  plane.  The  arrangement  of  the 
experiment  described  is  further  worth  notice,  since  it  shows 
at  one  glance  the  changes  which  take  place  in  the  six  direc- 
tions to  which  special  attention  has  been  directed.  The  result 
obtained  moreover  gave  occasion  for  further  electrical  experi- 
ments with  quartz,  the  results  of  which  I  hope  to  describe  in 
a  further  communication*. 

It  is,  I  think,  unnecessary  to  detail  further  electro-optical 
experiments  with  quartz,  since  all  the  phenomena  I  have 
hitherto  observed  may  be  deduced  from  the  piezoelectric 
behaviour.  How  far  the  hypotheses  which  form  the  starting- 
point  of  my  investigation  will  hold  good  in  all  cases  yet 
remains  to  be  tested  by  calculation. 


XYI.  Mica  Films  and  Prisms  for  Polarizing-Purposes. 
By  Lewis  Wright. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

Gentlemen, 

THE  letter  of  Mr.  H.  G.  Madan  leads  me  to  hope  that  some 
interest  may  be  taken  in  the  construction  of  mica 
designs  and  combinations;  and  I  therefore  give  a  few  hints 
from  an  experience  which  has  been  rather  tiresome.  I  also 
have  used  the  photographic  films  spoken  of;  but,  except  for  a 
few  special  quarter-wave  plates,  these  would  soon  be  ex- 
pensive, and  the  carte-de-visite  size  are  not  large  enough  for 
work  which  requires  many  squares  of  equal  thickness.  More- 
over it  is  very  tedious  to  find  and  mark  the  "  axis  "  on  each 
separate  film ;  I  much  prefer  to  select  a  fairly  large  slab,  of 
the  best  quality  obtainable,  which  will  provide  a  quantity  at 
a  tithe  of  the  cost  of  the  films,  and  quite  as  clear.  This 
should  first  be  split  into  moderately  thick  sheets,  say  two  to 
four  waves  in  thickness,  from  which  the  films  can  be  split 
afterwards ;  they  do  not  split  so  evenly  direct  from  the  thick 
slab.  The  process  described  for  splitting  would,  by  its  tedium, 
deter  many  from  doing  much  with  mica  films ;  and  it  is  not 
necessary.  The  edge  being  sprung  with  the  point  of  a  sharp 
needle,  the  sheet  is  laid  on  a  perfectly  flat  surface,  and  the 
film  separated  by  a  thin  and  smooth  paper-cutter  of  ivory  or 
tortoise-shell.  This  is  pushed  and  "  coaxed  "  in  gently, 
when,  in  most  cases,  the  film  will  come  evenly  off.  The  main 
secret  is  to  have  a  flat  surface  to  work  upon,  and  to  keep  the 

*  I  have  commissioned  Messrs.  Steeg  aud  Reuter,  in  Hombm-g  vor 
der  Hohe,  to  prepare  quartz  suitable  for  electi-o-optical  experiments,  wluch, 
if  desired,  can  be  examined  under  my  direction  before  delivery. 
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paper-cutter  flat  down  to  it.  In  this  simpler  way  I  have  split 
many  |-wave  sheets,  measuring,  say,  13  inches  by  5  or  7  inches 
wide,  and  plenty  of  smaller  sheets,  which  by  reflection  only 
show  nine  or  ten  Talbot  lines  throughout  the  whole  spectrum. 
Coloured  films  could  probably  only  be  obtained  by  Mr. 
Madan's  method.  Even  the  smooth  paper-cutter  will  cause 
signs  of  bruising  or  scratching ;  but  this  is  of  no  conse- 
quence, as  every  mark  totally  disappears  when  cemen;;ed  with 
balsam.  At  the  same  time  I  should  much  like  to  krow  how 
the  trade  splitters  manage  to  get  their  sheets  apart  without 
this.  The  best  mica  I  have  found  was  Indian.  Mica  must 
sometimes  occur  perfectly  colourless,  as  Mr.  Fox  gave  me 
a  smaU  sample  ;  but  where  more  can  be  got  no  one  seems 
able  to  say.  Such  mica  would  be  a  great  boon  in  mica- 
selenite  or  crossed-mica  combinations ;  but  what  the  trade 
call  "  white  "  mica  is  simply  ordinary  mica  which,  owing  to 
countless  air-bubbles,  shows  pearly  iridescence.  When  the 
original  slab  is  split  into  sheets  the  mica  "  axis  "  can  be  most 
carefully  ascertained  and  marked  on  one  of  these,  and  then 
transferred  without  further  trouble  to  all  the  others. 

Since  my  paper  was  published  I  have  devised  designs 
showing,  even  more  beautiftilly  than  the  "  optical  chromo- 
trope,"  the  rotational  colours  of  circularly-polarized  films. 
In  their  startling  kaleidoscopic  changes  on  the  screen  they 
almost  baffle  description,  and  would  certainly  puzzle  any  one 
not  thoroughly  acquainted  with  the  subject.  To  such  it  will 
be  sufficient  to  say  that  they  consist  practically  of  tioo  or 
more  superposed  circularly-polarized  designs,  planned  to  go 
thus  together,  in  appropriate  positions.  As  design,  polarizer, 
or  analyzer  is  rotated,  the  variety  of  effect  is  almost  endless, 
aud  beyond  any  thing  I  have  seen  yet  in  spectacular  de- 
monstration. 

One  word  further  as  to  prisms.  In  the  note  to  his  able 
paper,  Mr.  Glazebrook  apparently  refers  to  a  few  remarks  I 
made  at  the  Meeting  of  the  Physical  Society  where  it  was 
read.  In  those  remarks  I  referred  expressly  to  the  paper  by 
Hartnack  and  Prazmowski,  of  which  a  translation  had  been 
sent  me  by  the  Hev.  P.  R.  Sleeman  ;  and  I  am  glad  to 
see  that  this  fine  paper  has  at  last  been  published  in  English 
in  the  current  number  of  the  Journal  of  the  Royal  Micro- 
scopical Society.  It  seems  strange  that  Hartnack  should  have 
chosen  the  plane  of  section,  and  not  direction  of  the  ray,  at 
right  angles  to  the  optic  axis,  as  the  best  theoretic  position, 
since,  without  Mr.  Glazebrook's  elegant  demonstration,  it 
appears  at  once  that  the  latter  position  must  give  even  the 
greatest  difference  in  refractive  indices — the  main  object  Hart- 
nack had  in  view.     Some  years  ago  I  asked  Messrs.  Darker 
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to  cut  me  a  prism  Avith  its  axis  at  right  angles  to  the  optic 
axis,  when  they  informed  me  that  they  believed  their  late 
father,  so  well  known  for  polariscope  apparatus,  had  cut  some 
such  prism  to  order  many  years  before.  They  had  an  impres- 
sion it  was  for  Professor  Stokes;  but  they  had  no  clear 
recollection  about  it.  If  it  did  fail,  as  they  implied,  it  was 
probably  for  want  of  a  cementing  medium  which  could  take 
advantage  of  the  full  interval  between  the  indices,  as  explained 
by  Hartnack  in  his  admirable  essay.  I  trust  that  Professor 
Thompson,  in  his  forthcoming  paper,  will  collect  for  English 
readers  what  has  been  done  abroad,  and  describe  in  an  acces- 
sible form  the  prisms  of  Senarmout,  Rochon,  Glan,  and  others. 
Meantime  I  wish  chiefly  to  point  out  that,  if  the  full  ad- 
vantage of  these  improved  prisms  is  to  be  had,  undue  length 
must  be  avoided.  Most  Nicol  prisms  are  longer  than  they 
need  be ;  and  Hartnack  by  no  means  does  justice  to  his  own 
prism  in  this  respect,  giving  its  length  as  over  three  times 
the  width.  The  E,ev.  P.  R.  Sleeman  possesses  a  prism  only 
2*75  times  its  width,  cut  as  below,  which  performs  admirably 
in  projection,  transmitting  a  much  larger  pencil  and  covering 
more  field.  Again,  a  polarizer  can  and  ought  to  be  made 
shorter  than  an  analyzer,  since  it  only  has  to  transmit  rays  ap- 
proximately parallel ;  hence  the  reason  we  can  use  a  Foucault 
as  polarizer  but  not  as  analyzer,  owing  to  its  small  angle  of  8°. 
But  a  more  important  point  still  in  getting  field,  especially 
for  microscope  polarizers,  is  this  : — A  Nicol  section  is  made 
from  the  corner  B  of  the  spar  to  the 
opposite  corner,  the  end  elevation 
being  the  rhombus  A  B  C  D.  For 
this  there  are  practical  reasons,  the 
cut  being  made  throuoh  a  natural 
piece  of  the  spar.  But  in  the 
Hartnack,  Glazebrook,  or  Thompson 
prisms,  where  all  the  sides  and  cuts 
are  artificial,   this  reason  does   not 

exist.  Hence  Prazmowski,  in  cutting  his  prisms  from  corner 
to  corner  Hke  a  Nicol,  threw  away  a  great  deal  of  field. 
This  is  not  theory  only;  it  has  been  seen  by  Steeg  and 
Renter,  who  make  their  Hartnack  prism  of  the  very  same 
length  and  angle,  with  the  end  elevation  E  F  G  H,  the  section 
being  from  the  edge  E  F  to  the  opposite  one.  A  glance  will 
show  that  a  pencil  of  double  the  sectional  area  will  thus 
be  passed  through  a  prism  of  the  same  section-angle  and 
length.  Apologizing  for  drawing  attention  to  these  practical 
considerations,  I  am  &c., 

Wellfield,  Ashley  Road,  LewiS  WeiGHT. 

Croucli  Hill,  N. 
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XYII.  On  a  General  Theorem  of  the  Stahility  of  the  Motion 
of  a  Viscous  Fluid.  By  D.  J.  Korteweg,  Professor  of 
Mathematics  at  the  University  of  Amsterdam* . 

THE  interesting  experimental  investigation  of  Prof.  0. 
Reynolds!  on  sinuous  fluid-motion  and  the  origin  of 
eddies  induces  me  to  communicate  a  very  general  theorem  on 
the  stability  of  fluid-motion,  which  I  published  some  months 
ago  in  the  Transactions  of  the  Royal  Academy  of  Amsterdam. 
Conceiving  that  the  origin  of  eddies  was  to  be  explained  by 
the  existence  of  unstable  solutions  of  the  equations  of  motion, 
I  endeavoured  to  find  such  solutions  by  means  of  the  well- 
known  equations  for  slow  motion  of  viscous  fluid,  till  I  found 
out  that  in  any  simply  connected  region,  lohen  the  velocities  along 
the  boundary  are  given,  there  exists,  as  far  as  the  squares  and 
products  of  the  velocities  may  be  neglected,  only  one  solution  of 
the  equations  for  the  steady  motion  of  an  incompressible  viscous 
fluid,  and  that  this  solution  is  ahvays  stable. 

The  first  part  of  this  theorem  is  due  to  Helmholtz|.  He 
shows  it  to  be  a  very  simple  consequence  of  another  theorem, 
stating  that  "  if  the  motion  be  steady,  the  currents  in  a  viscous 
fluid  are  so  distributed  that  the  loss  of  energy  due  to  viscosity 
is  a  minimum,  on  the  supposition  that  the  velocities  along  the 
boundaries  of  the  fluid  are  given.''"' 

Though  my  demonstration  of  this  theorem  is  somewhat  less 
general  than  that  of  Helmholtz,  I  will  write  it  down  here,  as  it 
leads  to  a  very  simple  and  symmetrical  expression  for  the  dif- 
ference between  the  real  dissipation  of  energy  by  internal 
friction  with  any  motion  and  the  minimum  dissipation  con- 
sistent with  the  same  velocities  at  the  boundary,  which  expres- 
sion may  be  useful  in  other  cases. 

Theokem  I. — Let  Mo  represent  a  mode  of  motion  of  an  in- 
compressible fluid  ansioering  to  the  equations 


OS 


(1) 


M  another  mode  of  motion  of  incompressible  fluid,  consistent 

*  Communicated  by  the  Author. 

t  Proceedings  of  the  Royal  Society,  vol.  xxxv.  1883,  p.  84. 
\    Verh.  des  naturh.-med.  Vereins  zu  Heidelberg,  Bd.  v.  S.  1-7 ;  Collected 
Works,  i.  p.  223. 
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ivith  the  same  velocities  along  the  boundary,  then 

A=Ao  +  4:ijL^(D,'y.dxdydz',     ....     (2) 

where  Aq  is  the  dissipation  of  energy  in  unit  of  time  at  the  mode 
of  motion  Mq,  A  at  the  mode  of  motion  M,  O^  the  angular  velo- 
city corresponding  at  any  point  of  the  region  to  the  mode  of 
motion  indicated  by  M  — Mq. 

Proof  "Let  u',  v',  to'  represent  the  component  velocities, 
A'  the  dissipation  of  energy  by  friction  at  the  mode  of  motion 
M  — Mo,  then  at  every  point  of  the  region  occupied  by  the 
fluid  we  have  by  definition, 

u'  ■=^U  —  Uq,  ' 

v'  =v  —Vq, (3) 

"  Along  the  boundary, 

u'  =  0,     v'  =  0,     io'  =  0 (4) 

"  Substituting  the  values  of  u,  v,  iv  from  (3)  in  the  well- 
known  expression  for  the  dissipation-function, 


(Su     Sic\'^     /Bv      Bux^l  ,    ,    , 
rz-'s:v)+\s^'-^By)r'''^^'^' 

^f[{(i)^(l)^(fe'/)-((i)^(iyniy} 

Cr/Bio     BvY  ,  /Bu     BicW  /8v      BiiYl  ,    ,    , 

we  find 

A  =  A..A'.4.J[(|?.|:.^|.^|.|«.|') 

/Bvq    Bv'       Bvq    Bv'       Bvq    Bv'\ 
\Bx    Bx       By    By       Bz     Bz  J 

,  /Bicq   die'      Bwq    Bw'      Bioo   Bio'\~\   ,     ,    , 

_9    (T/'^^^'o     Bvq\/Biv'     Bv'\      /Buq     Bw()\/Bu'     Bu'\ 
~  '^}l\By~J^)\B^~Jz)'^\B^~B^)\M~Bl-) 
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"  To  the  third  term  of  the  right-hand  side  of  this  equation 
we  apply  the  theorem  of  Green.  With  respect  to  the  boun- 
dary conditions  (4),  it  then  takes  the  form 

— 4/i  J  {u'V'^Uq  +  u' V%  +  w'S/^Wq)  dx  dy  dz. 

"  In  virtue  of  (1),  this  may  be  written 

or,  by  partial  integration, 

which   expression  is  identically   zero,  having   regard  to  the 
equation  of  continuity. 

"In  the  last  term  of  the  equation  (6)  the  multiplications 
must  be  eflfected.  By  partial  integration  we  then  can  give 
it  the  form 

\hi/  Bx      By  8x      8x^        Sz'^ ) 

"  By  means  of  the  equation  of  continuity  this  may  be 
reduced  to 

2/i  J  (?/ V^^^o  +  v'\/\  +  w'\/\vq)  dx  dy  dz, 

which  expression  has  already  been  seen  to  vanish.     Therefore 

A=Ao  +  A' (7) 

"  Now,  if  we  effect  quite  similar  transformations  with  the 
terms  of  the  expression  for  A', 


the  Stability  of  the  Motion  of  a  Viscous  Fluid.         115 
the  first  may  be  reduced  to 

-  2/*  J  («/ V  V  +  u' V  V  +  lo'Sjho')  dx  dy  dz, 
the  second  to 

+  /i  J  {u'\/\i'  +  v'^'^v'  +  lo'Sjho')  dx  dy  dz; 

but  then  it  is  obvious  that  A'  may  be  put  at  choice  under 
one  of  two  forms : — 

A'=  -fju^{u'\/\i'  +  v'SJv'  +  ry'VV)  dx  dy  dz,     .     (8) 
or 

+  (l^'-|")1  d^'^dydz==4f.^{a'ydxdydzy  (9) 

Theokem  II. —  The  mode  of  motion  Mq  is  such  that  the  dis- 
sipation of  energy  by  internal  friction  is  the  least  possible  con- 
sistent ivith  the  same  velocities  along  the  boundary.  It  is  unique 
in  every  simply  connected  region  ivhen  these  velocities  are  given. 

Proof.  "  The  first  part  of  this  theorem  follows  immediately 
from  the  equation  (2),  the  second  term  of  the  right-hand  side 
of  this  equation  being  necessarily  positive  or  zero. 

"  Now  let  M/f^  be  a  second  mode  of  motion,  consistent  with 
the  given  velocities  along  the  boundary  and  satisfying  the 
equations  (1).  Then,  as  in  both  motions  the  dissipation  of 
energy  must  be  the  least  possible,  A'q  is  equal  to  Aq.  This 
can  be  so  only  when,  at  every  point, 

but  then  M'o  —  Mo  should  represent  an  irrotational  motion 
with  zero-velocities  all  over  a  closed  boundary;  and  such  a 
motion  is  known  to  be  impossible." 

Theorem  III. —  When  in  a  given  region  occupied  by  tnscous 
incompressible  fluid,  there  exists  at  a  certain  moment  a  mode  of 
motion  M,  which  does  not  satisfy  the  equations  (1),  then,  the 
velocities  along  the  bounda7y  being  maintained  constant,  the 
change  which  must  occur  in  the  mode  of  motion  xvill  be  such 
(neglecting  squares  and  products  of  velocities)  that  the  dissipa- 
tion of  energy  by  external  friction  is  constantly  decreasing  till  it 
reaches  the  value  Aq  and  the  mode  of  motion  becomes  identical 
with  Mq. 

Proof.  "  The  change  occurring  at  any  moment  in  the  mode 
of  motion  is  determined  by  the  equations 
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"Along  the  boundary, 
Su 


S(Ip+£)-n 


(10) 


_  Su  _  Sir  _  „ 
St~Bi~'8t~ 

"  By  means  of  these  relations  we  have  to  prove  that 
constantly  negative. 

"  Now,  in  virtue  of  (5), 


.    (11) 
SA  . 


SA 

ht 


=  4.j-[( 


hu     S" 


S.2;    hxht      Sy    SyS^ 
Sy     S^u 


5.9  5,  ^.o 

O  71       .     OU         O  U 

hi 

Sv     ^^v 


oil      b-'u  \ 


\S^    S.2;  St      Bi/    By  St      Sz    Sz  St/ 

(Sw       S'^W  SlV       S'^IO  SlO      S'lO  \"1     7      7      , 

~  ^  J  L%       Sz)  [by  St      Sz  St)     \Sz      S.V  )\Sz  St      Sx  St) 
/Sv      Su\/'  Sh         She  X]   ,     7     , 

+  {rv-TJ[s^t-mt)r''^^^'- 


Sy/\SxSt      Sy  St/ 

"  Applpng  the  theorem  of  Green  to  the  first  term  of  the 
right-hand  side  of  this  equation,  we  get 

Sv 


,    C/Su  „<,       Sv  „9      SlO  ^^  \  ,    ,    , 

— 4/A  w  K- .  V  w  +  g-  V  t' + Yt  ^'^^ )  ^^  ^y  ^•^• 

"  With  respect  to  (10),  this  may  be  written 


'dz 


-J(l 


S(Vp+p)    ^  Sv     S(Yp  +  p)  ^  Sic 
Sx  St  Sy  St 


i(^±£))...„ 


the  second  term  of  which   expression  vanishes  after  partial 
inteo-ration  by  virtue  of  the  equation  of  continuity. 

"As  for  tiie  second  term  of  the  right-hand  side  of  (12), 
effecting  the  multiplications  and  applying  partial  integration. 
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it  takes  the  form 


-'^J(l( 


-10  O  V 

+ 


ht\hyhx      hy  hz       hx^       8z' / 

-»         T/S"    ,-,9  ^^    ,-,9  ^"^^^  „.,       \      .  , 


S.?;  8^      S,r  Sy      Bz^       By'^ 
Bv  /  B\i        B^io      B'^v      B'^v^ 


"  Combining  the  values  of  both  terms,  we  have 

SA 

Bt 


"  This  expression  remains  negative,  and  therefore  the  dissipa- 
tion of  energy  is  decreasing,  till  everywhere  in  the  fluid 

Bu  _Bv  _Biv  _^ 
Bt'Ft'Ji  ~   ' 

but  then  the  motion  has  become  steady,  and  is  necessarily 
identical  with  the  motion  represented  by  Mq." 

Theorem  IV.  —  The  mode  of  motion  represented  by  Mq  is 
always  stable  as  far  as  squares  and  products  of  velocities  may  be 
neglected. 

Proof.  "  Let  the  mode  of  motion  Mo  be  disturbed  by  any 
cause  whatever.  Then  the  dissipation  of  energy  by  internal 
friction  is  necessarily  increased  (Theorem  II.) ;  but  as  soon 
as  the  cause  of  disturbance  ceases  it  must  decrease  again 
(Theorem  III.)  till  it  reaches  the  value  Aq,  and  then  the  mode 
of  motion  Mq  is  restored." 

From  this  theorem  I  draw  the  followino;  conclusions: — 

1st.  That  the  existence  of  unstable  modes  of  fluid-motion 
and  the  origin  of  eddies  cannot  be  explained  without  taking 
into  account  squares  and  products  of  velocities  ;  for  that  the 
equations  (1)  for  steady  motion  with  low  velocities  cannot 
lead  directly  to  eddying  fluid-motion,  whatever  the  velocities 
along  the  boundary  be,  is  a  consequence  of  the  well-known 
relations 

V^|=0,    v'^=o,    72^=0. 

According  to  these  relations,  ^,  77,  and  ^  can  have  no  maxi- 
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mum  or  minimum  values  in  the  interior  of  the  fluid  ;  but  then 
the  angular  velocity  fl  cannot  have  there  a  maximum  value, 
which,  taking  the  axis  of  x  parallel  to  the  direction  of  the 
rotation-axis,  would  correspond  obviously  with  a  maximum 
value  of  f . 

2nd.  That  though  the  idea  of  the  possible  existence  of 
unstable  solutions  of  the  equations  of  motion  (alluded  to,  as 
far  as  I  know,  for  the  first  time  by  Prof.  Stokes*)  was  very 
just  and  fertile  in  itself,  yet  the  case  of  motion  wh'ch  sug- 
gested it  to  him  is  not  one  of  unstable  motion,  at  least  not  so 
unless  the  squares  and  products  of  velocities  be  taken  into 
account.  It  is  perfectly  true  that,  when  a  cylinder  of  infinite 
length  moves  with  uniform  velocity  through  an  incompressible 
viscous  fluid,  the  state  of  steady  motion  never  can  be  reached, 
and  an  ever  increasing  quantity  of  fluid  will  be  carried  on  by 
the  cylinder.  Yet  as  the  dissipation  of  energy  will  be  ever 
decreasing,  and  even,  as  may  be  proved,  tending  to  zero,  as 
the  motion  proceeds,  such  a  change  in  the  state  of  motion  as 
Prof.  Stokes  alludes  to,  and  by  which  the  dissipation  of  energy 
could  o  ily  be  augmented,  cannot  occur. 

When,  on  the  contrary,  the  squares  and  higher  powers  of 
the  velocities  are  taken  into  account,  I  have  my  reasons  for 
supposing  that,  even  in  the  case  of  a  sphere  moving  with  uni- 
form velocit}^,  no  state  of  steady  motion  can  be  reached,  and 
the  motion  must  finally  become  unstable. 

Amsterdam,  June  4, 1883. 


XVIII.   On  the  Critical  Point  of  Liquefiahle  Gases. 
By  William  Ramsay. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

Gentlemen, 

IN  the  July  number  of  this  Magazine  there  is  a  translation 
of  a  memoir  by  M.  J.  Jamin,  presented  by  him  to  the 
French  Academy.  As  he  has  taken  no  notice  of  the  views 
expressed  by  me  in  the  '  Proceedings  of  the  Royal  Society '  for 
1880,  April  22nd  and  December  16th,  I  think  it  right  to  point 
out  that  the  substance  of  this  memoir  has  been  anticipated  ; 
and  in  support  of  this  statement  let  me  quote  the  following 
passages.  M.  Jamin  states  (1)  that  the  critical  point  of  a 
liquid  is  not  to  be  regarded,  as  hitherto,  as  the  temperature  at 

*  Trans,  of  the  Camb.  Phil.  Soc.  vol.  ix.  1849,  "  On  the  Effect  of  the 
Internal  Friction  of  Fluids  on  the  Motion  of  Pendulums,"  p.  56. 
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which  a  liquid  changes  completely  into  gas,  independently  of 
the  extent  to  which  the  pressure  to  which  it  is  exposed  is 
increased,  but  as  the  point  at  which  the  specific  gravity 
of  a  liquid  becomes  equal,  through  rise  of  temperature,  to 
that  of  the  gas  above  and  in  contact  with  it.  At  the  top 
of  p.  326  of  the  '  Proceedings  of  the  Royal  Society*  I 
remark  : — "  The  critical  point  [of  a  liquid]  is  that  point  at 
which  the  liquid,  owing  to  expansion,  and  the  gas,  owing 
to  compression,  acquire  the  same  specific  gravity,  and  con- 
sequently mix  with  one  another.  From  the  first  expe- 
riment it  is  seen  that  on  cooling  the  liquid  contracts  more 
rapidly  than  the  gas,  aid  consequently  separates  as  a  mist 
through  the  whole  of  the  tube,  and,  from  its  gravity,  sepa- 
rates at  the  lower  half."  M.  Jamin  again  states  that  if 
a  gas  be  compressed  in  a  closed  space,  the  tension  of  the  gas 
reaches  a  maximum,  and  the  gas  then  liquefies  at  its  boiling- 
point  under  the  pressure  at  which  liquefaction  takes  place. 
Again  let  me  quote  : — "  If  the  deductions  from  the  above 
experiments  be  correct,  it  follows  that  that  form  of  matter 
which  we  call  gas  may  be  converted  into  liquid  by  pressure 
alone  ;  but  the  meniscus  will  neve^;  become  visible,  for  the 
process  of  change  is  a  gradual  one.  To  render  the  meniscus 
visible  it  is  necessary  to  take  advantage  of  the  fact  that 
liquids  under  such  circumstances  have  a  much  greater  co- 
efficient of  expansion  by  heat,  and,  conversely,  a  much 
greater  contraction  on  withdrawal  of  heat,  than  gases.  It 
therefore  becomes  necessary  to  lower  the  temperature  until 
the  liquid  by  contraction  acquires  a  specific  gravity  greater 
than  that  of  its  gas ;  and  then,  and  not  till  then,  does 
the  phenomenon  of  a  meniscus  become  observable."  Again 
(Dec.  16th,  1880),  "When  a  mixture  of  liquid  and  gas  is 
maintained  at  a  certain  volume,  the  expansion  of  the  liquid, 
in  raising  the  temperature,  so  long  as  it  is  possible  to  distinguish 
liquid  frovi  gas,  points  to  the  ultimate  occupying  of  the  space 
by  liquid  at  temperatures  above  which  the  meniscus  becomes 
invisible  ;  "  and  again,  "  Under  such  circumstances  the  liquid 
retains  its  solvent  powers,  while  the  gas  is  incapable  of  dissol- 
ving a  solid."  For  the  experimental  data  on  which  these 
assertions  are  based,  reference  must  be  made  to  the  original 
paper.  M,  Jamin  next  quotes  experiments  of  Cailletet,  in 
which  the  latter  shows  that  by  decreasing  the  volume  of  car- 
bonic anhydride  in  the  liquid  state  in  contact  with  gaseous 
matter,  oxygen  or  hydrogen,  the  meniscus  gradually  disappears 
when  the  pressure  is  increased  sufficiently  to  cause  the 
mixture  of  unliquefied  carbonic  anhydride  and  '' permanent  " 
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gas  to  have  a  density  greater  than  that  of  the  liquid  anhydride. 
Again  M.  Jamin  has  been  anticipated.  "  But  I  venture  to 
think  that  the  possession  of  surface-tension  is  not  a  criterion 
of  the  existence  of  a  liquid.  And  a  most  striking  argument 
in  support  of  this  theory  has  lately  been  furnished  by  M. 
Cailletet  (Compt.  Rend.  xc.  210).  He  found  that  carbonic 
anhydride  at  a  temperature  of  5°'5,  when  the  lower  portion 
of  his  experimental  tube  was  filled  with  liquid,  the  upper 
portion  being  filled  with  a  mixture  of  gaseous  carbonic 
anhydride  wdth  air,  mixed  with  the  air  when  a  pressure 
of  130  atmospheres  was  applied.  The  question  is  a  simple 
one,  Does  the  gas  become  liquid^  or  the  liquid  become  gas  ? 
Or  do  they  both  enter  a  state  to  be  called  neither  liquid  nor 
gas?"  For  the  theory  brought  forward  I  must  refer  to  the 
original  memoirs  in  the  Royal  Society's  Proceedings  ;  but  if 
I  have  not  already  trespassed  on  your  space,  let  me  finish 
with  the  last  paragraph  of  my  second  memoir. 

"The  views  expressed  in  this  paper  are  : — (1)  That  a  gas 
may  be  defined  as  a  body  whose  molecules  are  composed  of  a 
small  number  of  atoms  ;  (2)  a  liquid  may  be  regarded  as 
formed  of  aggregates  of  gaseous  molecules  forming  a  more 
complex  molecule;  and  (3)  that  above  the  critical  point  the 
matter  may  consist  wholly  of  gas,  if  a  sufiicient  volume  be 
allowed  ;  wholly  of  liquid^  if  that  volume  be  diminished  suffi- 
ciently; or  of  a  mixture  of  both  at  intermediate  volumes 

When  prevented  from  mixing  by  interposing  a  capillary 
tube  between  the  two,  the  liquid  and  gas  retain  their  several 
properties." 

I  am  much  interested  to  find  that  the  further  experiments 
made  by  M.  Cailletet  at  the  instance  of  M.  Jamin  appear  to 
substantiate  these  ^^ews;  and  I  cannot  refrain  from  expressing 
my  gratification  that  they  are  shared  by  such  a  distinguished 
physicist  as  M.  Jamin. 

It  may  be  of  interest  to  add  that,  in  one  or  two  experiments, 
I  have  noticed  that  amyl  alcohol  near  its  critical  point  forms 
globules  which  rise  comparatively  slowly  in  the  tube  in  which 
it  is  confined  and  then  disappear.  These  globules  appear  to 
float,  and  would  present  the  phenomenon  of  a  liquid  lighter 
than  a  gas. 

I  am,  Gentlemen, 

Your  obedient  servant, 

William  Ramsay. 
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XIX.  The  Molecular  Volumes  of  Salt- Solutions.  By  W. 
W.  J.  NicoL,  M.A.,  B.Sc,  F.R.S.E.,  ^c,  Lecturer  on 
Chemistry,  Mason  College,  Birmingham  *. 

HITHERTO  but  little  attention  has  been  paid  to  the 
molecular  volumes  of  salt-solutions  ;  the  phrase,  so 
far  as  I  am  aware,  occurs  only  in  the  papers  of  Berthelot, 
Thomsen,  and  Ostwald.  The  first  of  these  examined  the 
relation  of  the  heat  evolved  by  the  solution  of  the  haloid 
acids  in  water  to  the  molecular  volume  of  the  resulting 
solutions!;  while  Thomsen,  in  addition  to  experiments  with 
iodic  acid  similar  to  those  of  Berthelot,  has  pointed  out  the 
close  connexion  existing  between  the  molecular  heat  and 
molecular  volume  of  various  salt-solutions  J .  The  experi- 
ments of  Ostwald  §,  quoted  by  Thomsen  {loc.  cit.)  in  support 
of  the  theory  of  the  "Avidity  of  Acids,"  are  misleading,  as 
the  solutions  he  employed  contained  two  equivalents  of  the 
salt  or  acid  in  every  1000  grms.  ;  as  a  consequence,  they 
contained  different  quantities  of  water,  and  therefore  did  not 
really  admit  of  comparison. 

The  molecular  volume  of  a  solution  is  a  measure  of  the 
space  occupied  by  the  molecules  of  salt  and  water  forming 
the  unit  of  the  solution,  along  with  the  intermolecnlar  spaces 
separating  them.  It  is  obtained  by  dividing  the  molecular 
weight  of  the  unit  of  the  solution  by  its  specific  gravity  ;  or, 
generally, 

,,  ,       ,        xM  +  nl8 
Mol-  vol.  = ^ 5 

where  M  is  the  molecular  weight  of  the  salt,  x  and  7i  the 
numbers  respectively  of  salt  and  water  molecules,  and  S  the 
specific  gravity  of  the  solution. 

I  hope  in  the  following  pages  to  be  able  to  show  that  an 
exact  and  extended  knowledge  of  the  molecular  volumes  of 
salt-solutions  will  throw  much  light  on  the  constitution  of 
such  solutions,  and  will  probably  prove  a  powerful  instrument 
in  investigating  the  constitution  of  the  salts  themselves. 
With  this  object  in  view,  I  give  first  the  results  of  the  more 
complete  and  important  of  my  experiments  in  this  direction, 
and  shall  then  proceed  to  state  the  conclusions  I  feel  warranted 
in  drawing  from  them.  My  method  of  experiment  is  the 
same  as  that  described  in  my  former  paper  || ;  but,  inasmuch  as 

*  Communicated  by  the  Author. 

t   Comptes  Hendus,  Ixxvi.  p.  679. 

X   Thermochemische  Untersuclmngen,  Band  i,  p.  62^  ii.  p.  427. 

§  Wiedemann's  Annakn,  ii.  p.  429. 

II  Phil.  Mag.  1883,  XV.  p.  91. 


122 


Mr.  W.  W.  J.  Nicol  on  the  Molecular 


these  data  are  to  be  used  for  mutual  comparison,  I  have  in 
many  cases  taken  the  mean  of  two  or  more  independent 
determinations,  as  likely  to  possess  greater  accuracy  than  the 
results  of  single  experiments. 

Table  I.  contains  a  complete  list  of  the  solutions  experi- 
mented on,  with  their  specific  gravities  and  molecular  volumes. 
For  convenience  of  reference  these  are  numbered. 


Water  at  20°=  1. 


Table  I. 
Strength  a;  molec.  salt  to  100  HgO. 


No. 

X. 

Salt. 

S. 

Molec.  vol. 

Remarks, 

1. 

5-0 

KCI 

1-11445 

1949-84 

2. 

40 

,, 

1-09415 

1917-84 

3. 

20 

1-04959 

1857-12 

Mean  of  2. 

4. 

10 

^[ 

1-02568 

1827-67 

3. 

5. 

0-5 

.. 

1-01310 

1813-54 

2. 

f). 

50 

NaCI 

1-10276 

1897-42 

6. 

7. 

4-0 

,, 

1-08408 

1876-23 

3. 

8. 

2-0 

1-04.S93 

1836-29 

3. 

9. 

1-0 

", 

102255 

1817-52 

5. 

10. 

05 

" 

1-01145 

1808-54 

2. 

11. 

5-0 

KNO, 

1-14888 

2006-74 

2. 

12. 

40 

1-12264 

1963-53 

2. 

13. 

20 

tj 

l-0()524 

1879-58 

14. 

10 

1-03373 

1839-07 

4. 

15. 

0-5 

>. 

1-01730 

1819-03 

16. 

5-0 

NaNOg 

1-13813 

1954-96 

17. 

2-0 

» 

1-05980 

1858-85 

18. 

1-0 

KCIO, 

1-04122 

1846-49 

19. 

1-0 

NaClOg 

1-03844 

1835-93 

20. 

10 

K,SO, 

1-06744 

1840-10 

Mean  of  2. 

21. 

05 

1-03758 

1818-76 

2. 

22. 

10 

Na^SO, 

1-06744 

1819-31 

23. 

0-5 

.. 

1-03466 

1808-32 

Above  diluted. 

24. 

20 

KHO 

1-05325 

1815-52 

From  K. 

25. 

2-0 

NaHO 

1-04712 

1795-40 

From  Na. 

28. 

0-5 

MgSO,  7  aq. 

1-03201 

1863-35 

27. 

0-5 

FeSOj  7  aq. 

1  04050 

1863-53 

28. 

0-5 

NiS0j7aq. 

1-04296 

1860-43 

29. 

0-5 

CoSOj  7  aq. 

104303 

1860-30 

30. 

0-5 

CuS0,5aq. 

1-04268 

1863-22 

101  H,0. 

31. 

0-5 

ZuS0^7aq. 

104367 

1862-18 

When  a  salt  is  in  the  solid  state,  its  molecular  volume 
evidently  expresses  the  space  occupied  by  its  molecule  along 
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with  that  fraction  of  the  intermolecular  space  that  clearly 
belongs  to  that  molecule.  Only,  therefore,  on  the  supposition 
that  the  intermolecular  spaces,  in  different  salts  in  the  solid 
state,  are  coextensive,  or  nearly  so,  does  the  molecular  volume 
give  any  clue  to  the  constitution  of  the  salt ;  but  I  venture  to 
submit  that  the  molecular  volumes  of  salt-solutions  do  more 
than  this,  and  that  it  is  possible,  by  the  comparison  of  similarly 
constituted  solutions,  and  the  effect  of  heat  and  concentration 
on  their  molecular  volumes,  to  determine,  not  only  the  mole- 
cular volumes  of  the  salts  themselves,  but  also  that  of  each  of 
their  constituents,  as  has,  to  some  extent,  been  accomplished 
in  the  case  of  organic  liquids. 

If  we  compare  the  molecular  volumes  (Table  I.)  of  the  salts 
of  the  same  acid-radical  with  different  metals,  and  also  those 
of  the  same  metal  with  different  acid-radicals,  we  obtain  the 
following  results  : — 

A.  The  Alteration  in  the  Molecular  Volume  of  a  Salt-Solution 
resulting  from  the  replacement  of  Potassium  by  Sodium. 

(1)  In  Combination  with  Chlorine. 

Table  II.  contains  the  data  necessary  for  this  comparison. 

It  is  evident  from  it  that,  when  solutions  of  the  same  strength 

are  compared,  the  volume-change  as  above  is  10  to  10*48,  or 

(K-Na)Cl=10'0  to  10-48  =  A. 

Table  II. 


No.  in 
Table  I. 

X. 

KCl. 

NaCl.               Diff. 

A. 

1-  6. 

2-  7. 

3-  8. 

4-  9. 
5-10. 

50 
4-0 
2-0 
10 
0-5 

1949-84 
1917-84 
1857-12 
1827-67 
1813-54 

1897-42 
1876-23 
1836-29 
1817-52 
1808-54 

52-42 
41-61 
20-83 
1015 
5-00 

10-48 
10-40 
10-41 
1015 
10-00 

It  is  to  be  noted  here  that  A  increases  with  the  concen- 
tration.    I  shall  return  to  this  later. 


(2)   In  Combination  loith  (SO4). 
(K-Na)(^^  J. 


'^V 10-39  to  10-44  =  A. 


Table  III. 


No.  in 
Table  I. 

X. 

K,SO,. 

Na,SO,. 

Diff. 

A. 

20-22. 
21-23. 

10 
0-5 

1840-10 

1818-77 

1819-31 
1808-32 

20-79 
10-44 

10-39 
10-44 
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The  effect  of  concentration  is  here  the  reverse  of  that  in  the 
case  of  the  chlorides. 

(3)  In  Combination  with  NO3. 
(K-Na)NO3  =  10-36  =  A. 

(4)  In  Combination  with  (CIO3). 
(K-Na)ClO3  =  10-56  =  A. 

(5)  In  Combination  with  (OH). 
(K-Na)OH  =  10-06  =  A. 
Table  IV.  contains  all  the  above. 

Table  IV. 


No.  in 
Table  I. 

X. 

KN03. 

NaNOg 

Diff. 

A. 

11-16. 

5-0 

2006-74 

1954-96 

51-78 

10-36 

13-17. 

2-0 

1879-58 
KCIO3 

1858-85 
NaClOg 

20-73 

10-36 

18-19, 

ro 

1846-49 
EOF. 

1835-93 
NaOF. 

10-56 

10-56 

24-25. 

2-0 

1815-52 

1795-40 

20-12 

10-06 

The  above  results  may  be  summed  up  as  follows  : — The  value 

of  (K-Na)R,  where  E  =  CI,   (^)  .  NO3 .  CIO3,  or  OH, 

is  a  number  lying  between  lO'O  and  10"56  ;  and  it  is  to  some 
extent  dependent  on  the  strengths  of  the  solutions  compared. 

B.  The  Alteration  in  the  Molecular  Volume  of  a  Salt- Solution 
resulting  from  the  replacement  of  one  Acid-radical  by 
another. 

(a)   The  replacement  of  '^0^  by  01. 

(1)  In  combination  with  Potassium. 
K(N03-C1)  =  10-98  to  11-4  =  A. 

(2)  In  combination  with  Sodium. 

Na(N03-Cl)  =  11'2«  to  11-51  =  A. 
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No.  in 
Table  I. 

X. 

KNO3. 

KCl. 

Diff. 

A. 

11-1. 

5-0 

2006-74 

1949-84 

56-90 

11-40 

12-2. 

40 

1963-53 

1917-84 

45-69 

11-42 

13-3. 

20 

1879-58 

1857-12 

22-46 

11-23 

14-4. 

1-0 

1839-07 

1827-67 

11-40 

11-40 

15-5. 

0-5 

1819-03 
NaNOg. 

1813-54 
NaCl. 

5-49 

10-98 

16-6. 

6-0 

1954-96 

1897-42 

57-54 

11-51 

17-8. 

2-0 

1858-85 

1836-29 

22-56 

11-28 

(/8)   The  rej)lacement  of  G\hy  i  —~  j. 

(1)  In  combination  with  Potassium. 

K  (Cl-^')  =  8-55  to  8-91  =  A. 

(2)  In  combination  with  Sodium. 

Na(ci-^^)  =  8'49  to  9-2  =  A. 
Table  VI. 


No.  in 
Table  I. 

X. 

(KCl),. 

K,S04. 

Diff. 

A. 

3-20. 
4-21. 

1-0 
0-5 

1857-12 
1827-67 

(NaCl),. 

1840-10 
1818-76 

Na,S04 

17  02 
8-91 

8-50 
8-91 

8-22. 
9-23. 

1-0 
0-5 

1836-25 
1817-52 

1819-31 
1808-32 

16-94 
9-20 

8-49 
9-20 

Finally  : — 

(7)    The  replacement  of  (CIO3)  by  CI. 

(1)  In  combination  with  Potassium. 

K(C103-Cl)  =  18-82  =  A. 

(2)  In  combination  with  Sodium, 

Na(C103-Cl)  =  18-41  =  A. 

Thus  we  find,  in  all  the  above  cases,  that  the  substitution 
of  one  metal  for  another  in  combination  with  the  same  acid- 
radical,  or  the  replacement  of  one  acid-radical  by  another 
under  the  same  conditions,  is  attended  by  an  alteration  in  the 
molecular  volume  of  the  solution,  which,  in  each  case,  is  nearly 

Phil.  Mag.  S.  5.  Vol.  16.  No.  98.  August  1883.  L 


126  Mr.  W.  W.  J.  Nicol  on  the  Molecular 

a  constant  quantity.  The  volumes,  therefore,  of"  the  above 
elements  and  groups  of  elements  are  independent  of  the 
manner  in  which  they  may  be  combined  together,  provided 
only  they  be  determined  in  solution  in  water  and  under  the 
same  conditions.  Now  such  is  not  the  case  in  the  solid  state. 
Taking  the  molecular  volumes  of  the  above  salts,  calculated  by 
Schroder*  from  the  most  reliable  determinations  of  the  specific 
gravity  of  the  solid  salts,  we  have  the  following  : — • 

(K-Na)Cl        =37-4-27-l     =10-3, 

(K-Na)N03     =48-5-37-6     =10-9, 

(K-Na)(?^)  =  (52«I)  =  3-l. 
K^Cl-^)   =37-4-16-4=21, 

Na(ci-^')  =  27-1 -13-3= 13-8. 

K(N03-C1)   =48-5-37-4  =  ll-l, 
Na(N03-Cl)  =  37'6-27-l  =  10-5. 

All  attempts  to  extend  the  experiments  of  Kopp  on  liquids 
to  the  case  of  solid  salts  have,  I  believe,  failed,  or  at  the  best 
been  attended  by  only  partial  success,  owing  doubtless  to  the 
impossibility  of  obtaining  these  under  such  conditions  that 
their  molecular  interspaces  are  even  approximately  compa- 
rable. This,  however,  is  not  the  case  with  some  isomorphous 
salts  examined  by  Thorpe  t  'ind  others  ;  but  I  shall  return  to 
this  point  later  on.  Meanwhile  I  believe  that  I  am  justified 
in  concluding,  from  my  experiments  above,  that,  when  salts 
are  dissolved  in  water,  the  molecidar  interspaces  in  various 
solutions  are  approximately  coextensive.  Hence  it  is  possible 
to  ascertain  the  relative  molecular  volumes  of  the  salts  them- 
selves with  a  degree  of  accuracy  equal,  at  least,  to  that  with 
which  the  molecular  volumes  of  liquids  have  been  determined. 

I  will  now  consider  the  causes  which  lead  to  the  variations 
in  the  difference  between  the  molecular  volumes  of  two  salt- 
solutions,  and  which  thus  affect  the  accuracy  of  the  above 
determinations.  Putting  the  errors  of  experiment  on  one  side, 
we  have  the  main  cause  in  the  effect  of  concentration  on  the 
volumes  of  the  solutions  compared,  or,  what  is  the  same  thing 
(as  I  hope  to  be  able  to  show),  in  the  different  solubilities  of  the 
two  salts.  Among  the  best-marked  instances  given  above,  we 
find  two  cases  in  which  A  increases  with  the  concentration, 

*  PoggendorfTs  Avnalen,  cvi.  p.  242. 

t  Journal  of  Oliemical  Society,  1880,  p.  102. 
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viz.  Tables  II.  and  V.,  where  the  values  of  (K  — Na)Cl  and 
K(N03  — CI)  are  least  -with  the  most  dilute  solution;  and 
two  cases  where    the  reverse    is    the  case,  Table  VI.,  where 

Kf  CI ^j  and  Naf  CI— ^~^j  have  the  greatest  value  when 

the  solution  is  most  dilute.  If  we  compare  the  most  concen- 
trated and  the  most  dilute  solutions  of  the  same  salt,  we  can 
ascertain  what  effect  concentration  has  on  the  molecular 
volume  of  the  salt, 
volume  of  the  water  is  assumed  constant  =1800 


This  is  done  in  Table  VII.,  Avhere  the 


Table  VII. 


X. 

Mol.  vol. 
KCl. 

Diff. 

Mol.  vol. 
NaCl. 

Diff. 

Mol.  vol. 
KNO3. 

Diff. 

Mol.  vol. 
KCl. 

Diff. 

0-5 
5-0 

27-08 
29-97 

2-89 

17-08 
19-48 

2-40 

38-06 
41-35 

3-29 

27-08 
29-97 

2-89 

Mol.  vol. 
KCl. 

Mol.  vol. 

Mol.  vol. 
NaCl. 

Mol.  vol. 
/Na,SOA 

10 
2-0 

27-67 
28-56 

0-89 

18-76 
20-05 

1-29 

17-52 
18-14 

0-62 

8-32 
9-66 

1-34 

The  numbers  in  the  columns  headed  Mol.  vol.  are  the 
molecular  volumes  of  one  molecule  of  the  salt  in  a  solution 
which  contains  x  molecules  to  IOOH2O  ;  the  difference  is  the 
increase  of  the  molecular  volume  of  each  molecule  produced 
by  the  increase  in  concentration  shown  by  the  column 
headed  cT. 

A  glance  at  these  differences  will  show  the  immediate 
reason  of  the  increase  or  the  diminution,  as  the  case  may  be, 
of  the  differences  between  the  pairs  of  salts,  when  the  solution 
is  concentrated.  In  the  first  two  ca.ses,  (K  — Na)  CI  and 
K(N03  — CI),  the  salt  with  the  larger  molecular  volume  has 
it  increased  by  concentration  at  a  rate  faster  than  that  of  the 

other  ;  and  the  converse  is  true  with  regard  to  K  (  CI rr-^) 

/         SO  \  \  2  / 

and  Na(Cl ~l,  for  here  it  is  the  one  with  the  smaller 

on  which   the    effect  of   concentration 


IS 


molecular  volume 
more  marked. 

To  find,  however,  the  real  cause  of  this  we  must  bear  in 
mind  that,  in  the  first  instances,  it  is  the  first  member  of  each 
pair  of  salts  that  is  least  soluble  in  water,  while  in  the  latter 
it  is  the  second  member  of  each  pair  of  which  this  is  true. 
The  solubilities  in  terms  of  salt-molecules  to  100  water-mole- 
cules are  approximately: — 

L2 
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KCl 8-4,  NaCl 10-99, 

KNO3 5-6,  K2SO4  1-0  +  , 

Na2S04   ...  2-0 +  . 

All  at  20°  C. 

We  have  therefore  arrived  at  the  following  : — 

In  the  case  of  salts  when  compared  in  pairs,  the  increase 
of  molecular  volume  hj  concentration  is  greatest  with  the  less- 
soluble  salt.  Why  is  this  ?  When  viewed  in  the  light  of  the 
theory  of  solution  which  I  recently  stated  in  a  paper*  read 
before  the  Royal  Society  of  Edinburgh,  the  reason  is  evident. 
In  that  paper  I  suggested  that  the  solubility  of  a  salt 
in  water  was  due  to  "  the  attraction  of  the  molecules  of  water 
for  a  molecule  of  salt  exceeding  the  attraction  of  the  mole- 
cules of  salt  for  one  another ;"  and  that  "  as  the  number  of 
dissolved  salt-molecules  increases,  the  attraction  of  the  dis~ 
si7nilar  molecules  is  more  and  more  balanced  by  the  attraction 
of  the  similar  molecules  ;"  and  that  this  last  increases  until 
the  two  forces  balance,  when  saturation  takes  place.  I  also 
showed  that  the  rate  of  increase  in  the  density  of  a  salt-solution 
is  less  than  the  rate  at  which  it  becomes  more  concentrated, 
but  that  when  a  solution  is  sufficiently  dilute  no  further 
dilution  affects  its  specific  gravity  ;  as  a  consequence^  the 
molecular  volume  of  the  salt  dissolved  is  constant.  It  is 
evident  from  the  above  that  the  effect  of  concentration  in 
increasing  the  molecular  volume  of  a  solution  is  due  to  the 
molecules  of  salt  coming  more  and  more  within  the  sphere  of 
one  another's  attraction,  and  being  thus  brought  nearer  and 
nearer  to  the  point  at  which  crystallization  takes  place.  Now 
what  is  true  of  the  same  salt  in  solutions  of  different  strengths 
is  equally  true  of  solutions  of  the  same  strength  of  salts  whose 
solubilities  are  different ;  and  it  follows  that  the  less  soluble 
salt  will  have  its  molecular  volume  increased  by  concentration 
faster  than  the  more  soluble  salt.  Such,  I  believe,  is  the 
explanation  of  the  variations  in  the  differences  above  observed; 
and,  as  a  consequence,  if  the  salt-solution  be  sufficiently  dilute, 
the  differences  between  their  molecular  volumes  are  constant. 

The  next  point  to  be  considered  is  the  influence  of  rise 
of  temperature  on  the  molecular  volumes  of  salt-solutions. 
Table  VIII.  contains  the  requisite  data.  These  are  the  results 
of  single  experiments,  and  are  therefore  not  of  equal  accuracy 
with  the  data  in  Table  L,  nor,  in  consequence,  do  the  values 
at  20°  correspond  exactly  with  those  given  in  that  table ;  but 
they  are  accurate  in  general  to  +  '00005  in  the  specific  gravity. 

The   column   headed   Difference  contains    the   increase   of 
molecular  volume  due  to  heating  from  20°  to  40°.     This  refers 
to  the  salt  alone ;  for  water  =  1 ,  both  at  20°  and  40°. 
«  PL-lMag.  1883,  XV.  p.  91. 
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a-. 

Salt. 

t°. 

5. 

Mol.  vol. 

Diff. 

D. 

5-0 

NaCl 

20 

1-10292 

1897-25 

jj 

,, 

40 

110032 

1901-73 

4-48 

0-89 

2-5 

,, 

20 

1-05426 

1846-09 

,^ 

40 

1-05270 

1848-82 

2-73 

1-09 

2-0 

„ 

20 

1-04396 

1836-29 

,j 

,, 

40 

1-04266 

1838-57 

2-28 

1-14 

10 

,, 

20 

1-0225!) 

1817-44 

»> 

.' 

40 

1-02190 

1818-68 

1-24 

1-24 

50 

KCl 

20 

1-11445 

1949-84 

)» 

»» 

40 

1-11278 

195277 

2-93 

0-58 

20 

20 

1-04961 

185708 

jj 

,, 

40 

104864 

1858-80 

1-72 

0-86 

10 

„ 

20 

1-02561 

1827-79 

.. 

" 

40 

1-02507 

1828-76 

0-97 

0-97 

50 

NaNOg 

20 

1-13790 

1955-37 

,, 

,, 

40 

1-13359 

1962-79 

7-42 

1-48 

2-5 

jj 

20 

1-07366 

1874-42 

J, 

j^ 

40 

1-07086 

1879-34 

4-92 

1-97 

2-0 

ji 

20 

1-05980 

1858-85 

.. 

" 

40 

1-05738 

1863-09 

4-24 

2-12 

50 

KNO3 

20 

1-14917 

2006-23 

»i 

40 

1-14556 

2012-55 

6-32 

1-26 

2-0 

J, 

20 

106524 

1879-58 

J, 

,j 

40 

1-06333 

1882-95 

3-37 

1-68 

10 

j^ 

20 

1-03373 

1839-07 

» 

.'» 

40 

1-03233 

1841-56 

2-49 

2-49 

20 

Na^SO^ 

20 

1-06744 

1819-31 

,, 

„ 

40 

106594 

1821-87 

2-56 

1-28 

1-0 

j^ 

20 

1-03466 

1808-32 

» 

" 

40 

103385 

1809-74 

1-42 

1-42 

20 

K,S04 

20 

107286 

1840-12 

,, 

,, 

40 

1-07172 

1842-08 

1-96 

0-98 

lb 

,, 

20 

1-03762 

1818-69 

»? 

.. 

40 

1-03694 

181987 

1-18 

1-18 

5-0 

NH4CI 

20 

1-03880 

1990-27 

j^ 

j^ 

40 

103814 

1991-55 

1-28 

0-25 

2-5 

J, 

20 

1-02130 

1893-43 

,1 

,j 

40 

1-02093 

1894-12 

0-69 

0-28 

20 

jj 

20 

1-01741 

1874-36 

» 

)> 

40 

1-01711 

1874-93 

0-57 

0-29 

5-0 

NH4NO3 

20 

1-07685 

2043-00 

jj 

,, 

40 

107372 

2049-00 

600 

1-20 

2-5 

J. 

20 

1-04137 

1920-54 

„ 

jj 

40 

1-03957 

1923-87 

3-33 

1-33 

20 

,, 

20 

1-03389 

1895-76 

)> 

" 

40 

1-03238 

1898-53 

2-77 

1-39 
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The  last  column  (D)  contains  the  difference  divided  by  .r, 
and  thus  gives  the  increase  of  volume  for  each  molecule  of 
salt  present. 

A  glance  at  the  table  will  show  that,  in  every  case,  the 
increase  of  the  molecular  volume  by  heating  from  20°  to  40° 
is  inversely  proportional  to  the  strength  of  the  solution.  In 
other  words,  the  more  dilute  a  solution  is  the  greater  the 
increase  of  its  molecular  volume  by  heat  per  molecule  of 
dissolved  salt.  This  is,  I  believe,  inexplicable  by  the  hydrate 
theory  of  solution.  It  appears  impossible  that  a  solution 
which  contains  only  07ie  molecule  of  salt  to  100  molecules 
of  water  should  experience  a  greater  change  of  molecular 
volume  per  salt-molecule  than  a  solution  of  the  same  salt 
containing  hco  salt-molecules.  This  is,  however,  in  ac- 
cordance with  the  theory  *  of  expansion  of  salt-solutions 
which  I  put  forward  at  the  end  of  my  paper  on  the  Nature 
of  Solution.  At  that  time  the  only  data  at  my  disposal  were 
the  results  obtained  by  Kremers  and  others,  whose  experi- 
ments were  made  with  non-molecular  solutions.  The  above 
table,  however,  fully  bears  out  my  previous  statement  that  the 
expansion  of  a  solution  is  the  result  of  the  action  of  heat  on 
the  resultant  of  the  three  forces — the  attraction  of  water  for 
water,  that  of  water  for  salt,  and  that  of  salt  for  salt,  the 
last  two  being  inversely  proportional  to  one  another. 

In  the  cases  considered  in  the  first  part  of  this  paper,  it  is 
clear  that  a  variation  in  the  composition  of  the  salt  necessitates 
a  corresponding  change  in  the  molecular  volume  of  the 
solution  containing  that  salt.  This,  however,  holds  true  only 
of  salts  non-isomorphous  in  the  strict  sense  of  the  term — that 
is,  of  heteromorphous  and  homeomorphous  salts.  When,  how- 
ever, two  salts  are  strictly  isomcrphous,  that  is  isotomous, 
they  preserve  their  isotomy  in  solution.  The  last  six  salts 
given  in  Table  I.  come  under  this  head  ;  they  are  the  members 
of  the  so-called  magnesian-sulphate  group,  which  crystallize 
(except  CUSO4)  with  THgO,  and  then  possess  approximately 
identical  molecular  volumes  t-  This  is-  also  true  to  some 
extent  of  their  solutions,  which  have  nearly  the  same  molecular 
volumes.  What  the  slight  variations  may  be  due  to  I  am  not 
in  a  position  at  present  to  prove ;  but  enough  has  been  said  to 
show  that  the  intermolecular  spaces  in  isoniorphous  salts  are 
comparable,  and  that  true  isomorphism  is  conditioned  by  the 
molecule  itself ;  while  with  salts  which  are  isoniorphous  in  the 
wider  sense  (homeomorphous),  such  as  the  chlorides,  bromides, 

*  Phil.  Mao-.  1883,  xv.  p.  99. 

t  Thorpe,  Journ.  of  Chem.  Soc.  1880,  p.  lO'J. 
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&c.  of  sodium  and  potassium,  the  apparent  isomorphism  is  the 
result,  not  of  the  isomorphism  of  the  molecules  themselves, 
but  of  the  mutual  relations  of  the  molecules  and  intermolecular 
spaces  being  such  as  to  produce  the  same  crystalline  form. 

In  conclusion,  I  may  be  allowed  to  point  out  that  this 
method  of  investigating  the  molecular  volumes  of  salts  is,  in 
all  probability,  capable  of  extension  to  organic  substances  ; 
and  that,  by  comparing  solutions  of  various  organic  bodies 
which  differ  by  one  or  more  CHs-groups,  or  in  other  respects, 
it  may  be  possible  to  determine  the  volume  of  these  differences. 
Such  solutions  need  not  necessarily  be  aqueous.  At  present, 
I  have  made  only  a  few  experiments  in  this  direction  ;  these 
were  with  formiate,  acetate,  and  butyrate  of  sodium  ;  the 
results  are  given  in  Table  IX.  Analysis  showed  that,  while 
the  formiate  and  acetate  of  sodium  were  pure,  the  butyrate 
contained  21*7  p.  c.  of  sodium,  theory  requiring  20"9  p.  c. 
All  attempts  to  purify  the  small  quantity  at  my  disposal  were 
vain  ;  the  impurity  was  probably  acetate  ;  this  would  tend 
to  reduce  the  molecular  volume  by  increasing  the  specific 
gravity. 

Table  IX. 


X. 

Salt. 

t°. 

S. 

Mol.  vol. 

Diff.  per 

20 
2-0 
2-0 

1-0 
1-0 
1-0 

2-0 
2-0 
2-0 

1-0 
1-0 
1-0 

o 
20 
20 
20 

20 
20 
20 

40 
40 
40 

40 
40 
40 

1-04349 
1-04380 
104561 

1-02278 
102-280 
1-02345 

104173 
1-04279 
104436 

1-02184 
1-02218 
1-02276 

1935-82 

1881-58 
1851-58 

1867-46 
1840-05 
1825-19 

193908 
1883-41 
1853-82 

1869-18 
1841-16 
1826-44 

13-74 
15-00 

13-70 

14-86 

13-92 
14-81 

14-07 
14-72 

Formiate    

Acetate  

Formiate    

Butyrate     

Formiate    

Butyrate    

Acetate  

I  hope  soon  to  be  able  to  carry  out  further  experiments  in 
the  field  of  inquiry  thus  opened  up. 
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XX.  Note  on  the  Measurement  of  the  Electric  Resistance  of 
Liquids.  By  Professors  W.  E.  Ayeton,  F.R.S.,and  John 
Perey,  3£.E.* 

[Plate  II.] 

SOME  time  back  a  paper  was  communicated  by  Prof. 
Eeinold  to  this  Society  on  the  Resistance  of  Liquid 
Fihns,  which  had  a  double  interest,  arising  from  the  great 
value  of  the  results  arrived  at  and  from  the  method  employed 
to  obtain  them.  It  is  of  course  well  known  that  the  great 
difficulty  in  measuring  the  resistance  of  a  liquid  arises  from 
the  polarization  of,  or  actual  deposit  of  gases  on,  the  anode 
and  cathode,  which  makes  the  apparent  resistance  of  the  liquid 
far  greater  than  the  true  value.  To  overcome  this  difficulty 
Kohlrausch  employed  rajjidly  alternating  curi'ents;  and  Dr. 
Guthrie,  with  Mr.  Boys,  dispensed  altogether  with  the  anode 
and  cathode  by  observing  the  amount  of  twist  produced  in  a 
fine  steel  wire  supporting  a  vessel  of  liquid  when  a  magnet 
was  rotated  at  a  fixed  speed  in  the  neighbourhood. 

But  there  is  another  method  of  measuring  the  resistance  of 
a  liquid  independently  of  its  polarization — the  one  so  success- 
fully employed  by  Prof.  Reinold,  and  which  consists  in 
measuring  by  means  of  an  electrometer  the  potential-difference 
at  two  fixed  points  in  a  column  of  the  liquid  when  a  current 
of  known  strength  is  passing  through  it. 

At  the  time  Prof.  Reinold  communicated  his  paper,  we 
mentioned  that  some  years  previously  certain  experiments  had 
been  conducted  in  our  laboratory  in  Japan  for  the  purpose  of 
ascertaining  how  far  the  electrometer  method  of  measuring 
the  resistance  of  a  liquid  Avas  entirely  independent  of  polari- 
zation; and  as  we  have  since  come  across  the  results  of  these 
experiments  in  turning  over  some  papers,  we  have  thought 
that  the  information  may  possess  some  interest  for  the  Mem- 
bers of  this  Society.  The  experiments  were  made  at  the  com- 
mencement of  1878  by  some  of  our  students;  and  the  first 
part  of  the  investigation  was  for  the  purpose  of  ascertaining 
how  the  resistance  of  water  varied  with  the  electromotive  force 
employed  and  with  the  temperature  of  the  Avater  when,  first, 
the  resistance  was  measured  by  the  current  which  a  known 
electromotive  force  could  send  between  platinum  plates  of 
known  size  and  at  fixed  distances  apart  in  the  water,  and, 
secondly,  when  the  resistance  was  measured  by  a  comparison 
of  the  potential-difterences  of  two  platinum  wires  placed  in 
the  Avater  at  fixed  distances  apart,  Avith  the  potential-differ- 

*  Communicated  by  the  Pliysical  Society,  having  been  read  June  9, 
1883. 
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ences  when  the  same  current  was  being  sent  through  a  known 
resistance. 

Figs.  1  and  2,  PL  II.,  show  the  arrangement  of  the  apparatus 
used  in  the  experiments.  B  is  the  battery  producing  the  cur- 
rent passing  between  the  platinum  plates  P  and  P'.  G  is  a 
delicate  reflecting  galvanometer  measuring  the  current.  E  is 
a  quadrant-electrometer  which  measures  the  difference  of  po- 
tentials between  the  two  wires  W  and  W.  These  two  platinum 
wires  W  and  W^  were  immersed  in  glass  tubes ;  and  their  ends 
were  above  the  bottom  of  the  glass  tubes  as  shown.  Figure  1 
shows  the  connexions  Avhen  the  differences  of  potentials  be- 
tween W  and  W  were  being  measured  by  the  electrometer, 
and  figure  2  when  the  differences  of  potentials  at  the  two  ends  of 
the  known  resistance-coil,  of  10,000  ohms,  were  being  measured. 

The  following  Table  gives  the  dimensions  of  the  various 
parts  of  the  apparatus: — 

Diameter  of  the  beaker  at  water-line  8'5    centim. 

Height  of  water-line  above  the  bottom  ...  5*76  „ 

Distance  between  centres  of  wire  tubes  ^  a  qq 

OV,WMnfig.  2) /  ^'^^  " 

Distance  between  the  platinum  plates 7*3 

Part  of  the  glass  tube  surrounding  the  1  i).^  a 

wire  dipped  in  water J  " 

Part  of  the  platinum  wire  in  water 0*91  „ 

Outside  diameter  of  the  glass  tube 0'87  „ 

Size  of  platinum  plate  :  height  3*28  „ 

„        •■  width    2-29  „ 

Before  each  experiment,  when  no  current  was  passing,  the 
difference  of  potentials  between  the  plates  and  M'ires  was 
reduced  to  0,  if  not  0  already.  The  wires  W  and  W  were  heated 
to  redness  before  each  experiment,  and  the  platinum  plates 
cleaned. 

At  the  beginning  pure  distilled  water  was  usedj  and  this 
water  was  not  added  to  all  the  time  :  it  therefore  lost  a  little 
by  e-^^aporation  during  the  course  of  the  experiment,  and  may 
have  become  a  little  dusty  ;  but  as  the  main  object  of  the  in- 
vestigation was  to  examine  the  method  of  testiuo-,  and  not  for 
the  purpose  of  measuring  the  specific  resistance  of  water  or  of 
any  other  particular  liquid,  this  result  was  of  little  consequence. 

The  following  is  a  sample  of  the  experiments  made: — 

January  25,  1878. —  Battery^-power  emploj'ed  ^  of  23 
Danioll's  cells,  having  an  E.M.F.  of  4*08  volts,  and  which 
gave  a  deflection  of  468  divisions  on  the  o-alvanometer  when 
shunted  with  the  y^  shunt,  and  when  a  resistance  of 
10,000  ohms  was  introduced  in  the  circuit. 
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Time  after 

putting  on 

battery. 

Galvanome- 
ter-deflection. 

Electrometer-defleel  ion. 

Temperature. 

Figure  1. 

Figure  2. 

2 
3 

99 
96 
94 

10 
10 
10 

-  59°-5  F. 

Plates  and  wires  thoroughly  discharged. 

im 

2 
3 

99 

98 
90 

14 
14 
14 

-   61°  F. 

Time  after  putting 
on  battery. 

Resistance  as 

determined  by 

the  galvanometer. 

Resistance  as 
determined  by 
the  electrometer. 

2 

3 

37000 
38000 
39000 

7100 
7100 
7100 

The  annexed  Table  gives  the  results  of  a  long  series  of  ex- 
periments : — 


Total  elec- 
tromotive 
force,  in 
volts. 

Tempera- 
ture. 

Resistance 
as  deter- 
mined by 
galvano- 
meter at 

! 

Ratio  of   ' 
resistance 
at  the  end 
of  second 
minute  to 
the  resist- 

Ratio of 
resistance 
at  the  end 

cf  third 
minute  to 
the  resist- 

Resistance 
as  deter- 
mined by 
electro- 

Ratio of 
resistance 
determined 
by  galvano- 
meter to 
resistance 

Date. 

end  of  one 
minute. 

ance  at  the 

end  of  the 

first. 

ance  at  the 

end  of  the 

first. 

meter. 

mined  by 
electro- 
meter. 

0-93 

58°  F. 

939U0 

1-27 

1-4 

15000 

6-26 

23rd  Jan. 

GO 

133000 

1-12 

1-37 

15000 

8-87 

23rd    „ 

A    0-93 

100 

56000 

116 

1-27 

8000 

7  00 

24th    „ 

1-86 

63 

53000 

rio 

1-14 

10670 

5 

24th    „ 

1-86 

62 

51500 

1-12 

ris 

10300 

5 

24th    „ 

B     1-86 

102 

32000 

1-17 

1-27 

9670 

3-31 

24th    „ 

4-08 

59-5 

37000 

1-03 

105 

7100 

5-21 

25th    „ 

4-08 

102 

19800 

101 

106 

3270 

606 

28th    „ 

6-17 

60 

21000 

10 

ro 

4450 

4-72 

28th    „ 

C     6-17 

106 

12000 

1-08 

1-08 

2700 

4-44 

31st    ., 

16-45 

62 

12700 

101 

1-99 

3170 

4-01 

31st    „ 

D  16-45 

107 

7700 

1-04 

104 

1953 

3-94 

31st    „ 

Only  one  number  is  given  for  the  resistance  as  determined 
by  the  electrometer  in  each  case,  because  it  was  found  not  to 
vary  much  during  the  time  of  electrification  ;   whereas  the 


of  the  Electric  Resiatance  of  Liquids.  135 

resistance  as  determined  by  the  galvanometer,  as  will  bo  seen, 
increased  in  the  earlier  experiments  30  to  40  per  cent,  during 
the  three  minutes'  electrification. 

The  total  electromotive  force  in  each  case  was  determined 
bj  making  a  comparison  by  means  of  the  electrometer  with 
one  of  Clark's  standard  cells. 

From  these  observations  the  following  conclusions  may  be 
drawn: — First,  the  resistance  measured  by  the  galvanometer 
is  much  greater  when  using  about  1  volt  than  when  using 
nearly  2,  at  the  same  temperature  (compare  observations  A 
and  B),  whereas  the  electrometer-measurements  altered  very 
little  at  all.  Again,  comparing  C  and  D,  we  see  that  the 
resistance  measured  by  the  galvanometer  is  much  greater 
when  using  6  volts  than  when  using  16.  In  this  case,  how- 
ever^ the  measurements  of  the  electrometer  are  also  consider- 
ably greater  in  the  first  case  than  in  the  second,  the  tempera- 
ture being  the  same.  Secondly,  if  the  electromotive  force  is 
less  than  the  decomposing  electromotive  force,  then  the  smaller 
it  is  the  more  does  the  resistance  alter  from  one  to  two  minutes' 
electrification,  and  from  two  to  three  minutes'.  Whenever, 
however,  the  electromotiA^e  force  is  sufficiently  high  for  decom- 
position to  take  place,  the  electrification  seems  to  produce  but 
little  change  in  the  resistance.  The  resistance  of  the  water 
diminishes  as  the  temperature  rises,  the  electromotive  force 
being  kept  constant. 

The  following  experiments  were  made  preliminarily  to  ex- 
plorations of  the  region  between  the  two  platinum  plates  in 
the  water,  for  determining  what  were  the  directions  of  the 
lines  of  flow  of  current.  We  desired  to  see  if  there  was  any 
chance  of  being  able  to  use  platinum  wires  in  glass  tubes  con- 
nected with  the  electrometer,  as  previously  described. 

In  the  following  cases  a  long  trough  of  water  was  used 
instead  of  the  beaker. 

The  sensibility  of  the  galvanometer  was  nearly  the  same 
throughout  all  the  experiments,  and  was  such  that  -g'o  of 
the  whole  electromotive  force  employed  produced  a  deflection 
of  about  500  divisions  Avhen  there  was  an  external  resistance 
of  10,000  ohms  and  when  the  multijdying-power  of  the  shunt 
employed  was  100*7,  which  shunt  was  used  throughout  all  the 
experiments. 

Four  Menotti  cells,  having  an  electromotive  force  of  3*7 
volts,  were  employed  in  each  of  the  following  experiments. 
In  A,  B,  C,  D,  E,  F,  and  G  the  two  platinum  plates  were 
placed  parallel  to  one  another  at  a  distance  of  1*0  centimetres 
apart.  The  two  wires  and  their  glass  tubes  were  placed  to 
commence  at  a  distance  of  80  centim. — that  is,  each  being 
5  centim.  from  the  platinum  plate.     The  lower  ends  of  the 
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platinum  wires  were  each  1^  centim.  above  tlie  lower  ends  of 
the  glass  tubes ;  and  the  lower  ends  of  the  glass  tubes  were 
1  oeutim.  below  the  surface  of  the  water.  The  two  platinum 
plates  and  one  of  the  platinum  wires  were  kept  immovable, 
while  the  other  platinum  wire  was  moved  along  the  trough. 


February  21,  1878. 


Distauee 
between  pla- 
tinum wires. 


Time  after 

putting  on 

battery. 


1     0 
1  30 

1  50 

2  15 

1     0 
1  25 

1  45 

2  10 


Galvanome-  :  Electrometer- 
ter-deflection.     deflection. 


669 
662 
658 
654 

667 
663 
657 
653 


53 
40 

27 
15 

52 
39 
27 
15 


Temperature 
of  water. 


13°  C. 


\-    13°  0. 


February  22,  1878. 


G 


1  0 

1  35 

2  10 

2  30 

1  0 
1  20 


50 
10 

0 

20 
50 
20 


1  0 
1  35 

1  50 

2  15 

1  0 
0  30 

2  0 

2  20 


680 
675 
672 
670 

685 
680 
677 
674 

697 
692 
688 
685. 

699 
694 
690 

687 

over  717 


50 
37 
26 
15 

49 
37 
24 
12 

48 
36 
24 
13 

60 
37 
25 
13 

51 
38 
25 
15 


13°  C. 


13°  C. 


13°  C. 


V  13°  C. 


13°  C. 


The  object,  of  course,  of  taking  the  galvanometer-readings 
was  to  ensure  that  no  material  change  was  taking  place  in  the 
current  through  the  weakening  ol"  the  battery  or  otherwise 
while  the  experiment  was  being  made. 

The  experiments  E  and  F  appear  most  satisfactory  of  this 
set ;  and  from  these  it  seems  that  the  resistance  of  the  upper 
layer  of  water-column  is  nearly  proportional  to  the  distance 
between  the  platinum  wires,  except  for  the   nearest  distance, 
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in  which  case  the  column  seems  to  have  a  slightly  larger 
resistance  than  it  ought  to  have.  This  perhaps  arose  from  the 
fact  that,  although  the  platinum  plates  nearly  filled  up  the 
entire  section  of  the  trough,  still  the  lines  of  flow  at  the 
platinum  wire,  which  was  kept  stationary  at  a  distance  of 
5  centimetres  from  one  of  the  plates,  were  not  quite  parallel 
to  the  edo;e  of  the  trouo-h. 

The  two  following  sets  of  experiments,  H  and  I,  differ  from 
the  preceding  only  in  that  the  lower  end  of  the  glass  tube  was 
one  centimetre  above  the  bottom  of  the  trough  ;  and  from 
these  two  sets  of  experiments  we  see  that  the  resistance  of  the 
lower  layer  of  water-column,  as  measured  by  the  electrometer, 
is  nearly  proportional  to  the  distance  between  the  wires,  except, 
again,  for  the  shortest  distance. 


Distance 

Time  after 

Galvanome- 

Electrometer- 

between  pla- 

putting on 

ter-deflection. 

deflection. 

tinum  wires. 

battery. 

m    s 

rso 

1     0 

709 

60 

„  Igo 

^140 

1  35 

703 

37-5 

2    0 

700 

26 

[20 

2  20 

(598 

13 

f80 

1     0 

704 

49 

J  60 
■^1  40 

1  20 

700 

37 

1  45 

796 

25 

[20 

2  20 

792 

13 

The  next  experiments  were  for  the  purpose  of  seeing  whether 
the  potential,  as  measured  by  the  electrometer,  would  come 
out  uniform  at  all  points  in  one  vertical  transverse  section  of 
the  trough  as  well  as  at  all  points  in  one  of  the  glass  tubes. 


Distance 

between  the 

Position  of 

platinum 

the  lower  end 

Galvanome- 

Electrometer- 

wires  W  and 

of  one  of  the 

ter-deflection. 

deflection. 

W,  in  centi- 

tubes. 

metres. 

fSO 

Up. 

696 

49 

j]  80 

Down. 

692 

49 

80 

Up. 

689 

49 

"  Up  "  means  that  the  lower  end  of  the  glass  tube  was 
about  1  centim.  below  the  surface  of  the  water;  and  "  Down  " 
that  it  was  about  1  centim.  above  the  bottom  of  the  glass 
trough.  The  platinum  wire  was  now  raised  about  4  centim. 
above  the  bottom  of  the  glass  tube  when  the  glass  tube  was 
down  and  the  electromotive  force  was  unaltered.  The  poten- 
tial therefore,  at  all  points  in  a  vertical  transverse  section  as 
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well  as  at  all  points  in  the  glass  tube,  is  the  same  as  measured 
by  the  electrometer. 

The  next  set  of  experiments,  K  and  L,  were  made  under 
exactly  the  same  conditions  as  A,  B,  C,  D,  E,  F,  and  Gr,  with 
the  exception  that  the  terminal  platinum  plates  were  now  per- 
pendicular to  each  other,  the  plate  towards  which  the  wire  was 
moved  being  parallel  to  the  long  side  of  the  trough. 


Distance 

between  the 
platinum 

Time  after 
putting  on 

Galvanome- 
ter-deflection. 

Electrometer- 
deflection. 

Temperature. 

wires,  in 

battery. 

centimetres. 

m    s 

'80 

T-  J  60 

^40 

[20 

1     0 

706 

51 

0  30 

701 

38 

I    13°  C. . 

0  50 

699 

27 

2    0 

697 

15 

J 

fSO 

1     0 

705 

51 

^ 

T     60 
^    40 

0  30 

701 

40 

13°  C. 

0  55 

698 

27 

-.20 

2  20 

697 

15 

J 

The  resistance  of  the  longer  column  of  the  water  as  mea- 
sured by  the  electrometer  is  about  the  same  as  before,  whereas 
that  of  the  shorter  is  even  greater  ;  so  that  the  resistance  for 
the  80-centimetre  column  is  even  still  less  than  four  times 
that  for  the  20-centimetre  one.  But  since  the  platinum  plate 
near  the  stationary  platinum  wire  was  in  these  last  two  sets  of 
experiments  K  and  L  kept  parallel  to  the  trough  (that  is, 
parallel  to  the  mean  direction  of  the  lines  of  flow),  it  follows 
that  any  Avant  of  parallelism  of  the  lines  of  flow  to  the  edge 
of  the  trough  at  the  point  where  was  the  stationary  wire 
would  be  exaggerated  by  this  mode  of  placing  the  plate  ;  and 
since  we  observe  that  the  error  in  the  proportional  law  for 
distance  is  also  increased,  we  may  conclude  that  the  explana- 
tion given  above  of  the  want  of  perfect  accuracy  in  the  pro- 
portional law  being  due  to  want  of  perfect  parallelism  in  the 
lines  of  flow  is  the  correct  one. 

In  all  the  previous  experiments  the  distance  between  the 
electrometer-wires  only  was  altered  ;  but  in  the  next  set 
the  distance  between  the  platinum  plates  as  well  as  that  be- 
tween the  platinum  wires  was  altered,  the  distance  between 
each  plate  and  wire  being  kept  constant.  Further,  the  resist- 
ance determined  from  the  electrometer  was  calculated,  not,  as 
before,  by  comparing  the  electrometer-deflection  when  its 
electrodes  were  attached  to  the  platinum  wires  with  the  deflec- 
tion obtained  when  its  ends  were  attached  to  a  known  resist- 
ance trav(u-sed  by  the  same  current,  but  by  first  determining 
the  absolute  value,  in  volts,  of  the  electrometer-scale  with  the 
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absolute  value,  in  amperes,  of  the  galvanometer-scale,  and  by 
observing  the  electrometer-  and  galvanometer-deflections  in 
each  experiment. 

Battery-power  employed,  4  Menotti^s  cells.     Temp.  14°  C. 


Distance  between  the  platinum  plates  20  centim. 

„              „             „               wn^es  10       „ 

Shunt  gyQ.^. 

Time  after 

Resistance,  as  Resistance,  as 

]jutting  on 

Galvanome- 

Electrometer- determined  by 

determined  by 

battery,  in 

ter-deflection. 

deflection. 

galvanometer, 

electrometer, 

minutes. 

in  oUma. 

in  ohms. 

1 

230 

19 

27000 

11340 

2 

220 

19 

28000 

11760 

3 

214 

18-5 

29000 

11900 

4 

210 

18 

29600 

11800 

5 

203 

17 

30000 

11400 

Distance  between  the  platinum  plates  90  centim. 

„              „             „               wires  80       „ 

Shunt  ,  ^      . 

100-7 

1 

ri.34 

42 

97000 

90200 

•> 

()21 

42 

9S980 

92070 

3 

614 

42 

99960 

92900 

4 

f508 

41 

100940 

91900 

5 

602 

41 

111960 

101900 

Distance  between  the  platinum  plates  90  centim. 

„             „             „              wires  80       „ 

Shunt  — i— . 

100  7 

1 

633 

43 

97000 

93100 

3 

621 

42 

98000 

91100 

4 

614 

42 

99000 

92100 

5 

609 

42 

100000 

93000 

6 

604 

41 

101000 

92000 

Distance  between  the  platinum  plates  20  centim. 

„              ,,             „               wires  10       „ 

Shunt 

990-2  ■ 

1 

245 

21 

25500 

11900 

2 

235 

20 

2(i600 

11700 

3 

2.30 

20 

27200 

11960 

4 

225 

19 

278110 

11670 

5 

220 

19 

28400 

11930 
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The  resistance,  therefore,  as  measured  by  the  galvanometer, 
does  not  increase  as  rapidly  as  the  distance  separating  the 
plates,  while  that  as  measured  by  the  electrometer  is  fairly  in 
proportion  to  the  distance.  The  explanation  of  the  former  is 
probably  due  to  the  fact  that,  since  the  electromotive  force 
employed  in  all  these  four  sets  of  experiments  was  constant,  a 
greater  current  flowed  when  the  plates  were  nearer  than  w^hen 
they  were  far  apart,  hence  that  the  resistance  due  to  the  layer 
of  gas  was  greater  when  the  plates  were  near  than  when  they 
were  far. 

And  this  leads  to  a  simple  method  of  accurately  measuring 
the  resistance  of  liquids  by  using  a  galvanometer.  The 
method,  which  was  independently  arrived  at  by  one  of  our 
assistants  (Mr.  Mather),  is  now  employed  in  our  laboratory, 
and  is  so  simple  that  we  feel  it  can  hardly  be  novel.  It  is  as 
follows  : — In  a  long  vertical  glass  tube  containing  the  liquid 
there  are  two  metallic  disks,  not  necessarily  of  platinum,  and 
of  about  the  same  diameter  as  the  tube.  One  of  these  can 
slide  up  and  down  the  tube,  so  as  to  be  able  to  be  set  at  any 
fixed  distance  from  the  other.  The  disks  are  first  put  tolerably 
far  apart,  and  a  certain  convenient  current  made  to  flow, 
which  is  measured  on  a  galvanometer  in  the  circuit.  The 
plates  are  now  made  to  approach  and  the  current  kept  exactly 
the  same  by  the  insertion  of  an  external  resistance;  whence  it 
follows  that  the  resistance  of  the  column  of  liquid  which  has 
been  subtracted  from  that  originally  separating  the  plates  is 
equal  exactly  to  the  external  resistance  necessary  to  be  inserted 
to  keep  the  current  constant. 

February  28,  1878. 

The  next  set  of  experiments  was  made  to  determine  the 
alteration  in  resistance  of  a  long  trough  of  water  when  the 
distance  between  the  centres  of  the  platinum  plates  was  kept 
constant  at  90  centimetres,  and  the  positions  of  the  platinum 
plates  varied  as  shown  in  the  figures. 

Galvanometer-Constant. — 4  Menotti's  cells  with  an  E.M.F. 
3'8  volts  gave  a  deflection  of  618  when  a  resistance  of  10,000 
ohms  was  in  circuit  and  the  galvanometer  shunted  with  the 
ggj-  shunt. 

The  4  Menotti's  cells  were  employed  and  the  galvano- 
meter shunted  with  the  j^  shunt,  and  the  readings  were 
in  each  case  taken  one  minute  after  the  application  of  the 
battery. 
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Position  of  Galvanometer-       Temperature, 

plates.  denection.  ^ 

r—    —  642  ■) 

I.  ^\  640  V16°C. 

(II  622  j 

(II.  ^^34  ) 

II.  ^  \     \  643  V16°C. 
(-    -                647             J 

Two  sets  of  experiments  in  the  reverse  order  were  taken  to 
eliminate  any  change  that  might  take  place  in  the  deflection 
from  weakening  of  the  battery,  or  from  polarization  of  the 
plates,  or  from  set  of  the  galvanometer-fibre.  The  constant 
distance  between  the  centres  of  the  plates  was  now  diminished 
to  20  centimetres,  when  the  following  results  were  obtained, 
the  ^^  shunt  being  employed. 

Temperature; 

III.  -^\     \  291  il6°C. 


Position  of 
plates. 

f  1     1 

Galvanometer- 
deflection. 

245 

{^^ 

291 

304 

(~     ~ 

315 

{)) 

285 
239 

il6^ 


IV.  <\     \  285  V16°C. 


} 


Both  therefore  at  the  greater  and  at  the  less  distance  the 
resistance  is  least  when  the  platinum  plates  are  edge  on  ;  a 
result  that  could  hardlv  have  been  expected  for  the  longer 
distance,  considering  that  the  width  of  each  plate  was  only 
about  6  centimetres. 


March  1,  1878. 

In  the  following  experiments  one  plate  only  was  turned. 
The  galvanometer  had  about  the  same  sensibility  as  before. 
The  j^  shunt  was  used  when  the  distance  between  the 
centre  of  the  plates  was  90  centimetres,  and  the  g-gr^  shunt 
when  it  was  20  centimetres.  An  electromotive  force  of  3*8 
volts  was  employed  in  each  test. 

Phil  Mag.  ^".b.  Vol.  16.  No.  98.  Anrjust  1883.         M 
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Distance  between  the  centres  of  the  plates  90  centimetres 


jrosiTiou 

plates 

.  oi            uiiiVetuoiueLei- 
deflection. 

Temperature. 

(    1 

1 

633 

^ 

vJ  I 

\ 

634 

V15°C. 

i  1 

— 

637 

) 

c  1 

— 

660 

^ 

V,,  {  , 

\ 

1 

655 
651 

V15^C. 

'istance  between 

the  centre 

s  of  the  p 

lates  20  centimetre; 

C  I 

— 

403 

) 

v„.  1  1 

\ 

368 
358 

Vl5°C. 

Batterv 

reversed. 

f  1 

VIII.  \  1 

'- 1 

1 

208 

\ 

211 

1 

229 

Here  again,  then,  the  resistance  is  least  with  the  plate  end 
on,  even  when  the  distance  l^etween  the  centres  of  the  plates 
is  as  much  as  80  centimetres. 

This  apparent  anomaly  of  the  smaller  resistance  obtained 
when  one  or  both  plates  is  put  end  on  is,  as  was  pointed  out 
by  Mr.  Bovs,  probably  due  to  the  smaller  density  of  the  gas 
which  is  de]30sited  on  a  plate  when  it  is  put  end  on  (in  conse- 
quence of  the  current  flowing  from  both  sides  of  the  plate  into 
the  liquid  under  these  circumstances)  more  than  compensating 
for  the  want  of  parallelism  of  the  lines  of  flow  when  one  or 
both  of  the  plates  are  put  end  on. 

XXI.    On  Mr.  Ferrel's  Theory  of  Atmospheric  Ciirrents. 
By  Professor  J.  D.  Everett,  F.R.S* 

MR.  D.  D.  HEATH,  in  his  attack  upon  Mr.  Ferrel  in 
the  July  number  of  the  Philosophical  Magazine,  over- 
looks the  well-known  principle  of  Conservation  of  Areas 
for  the  case  of  a  particle  acted  on  by  a  force  which  always 
passes  through  a  fixed  line.  In  such  a  case,  the  projection  of 
the  particle  on  a  plane  perpendicular  to  the  fixed  line  describes 
equal  areas  in  equal  times  about  the  fixed  line. 

If  the  particle  is  constrained  to  remain  on  the  surface  of  a 
smooth  sphere,  and  is  acted  on  by  a  force  always  directed  to 
the  centre  of  the  sphere,  the  property  holds  with  respect  to 
*  Communicated  bv  the  Author. 
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any  fixed  line  tlirongli  the  centre.  If  the  sphere  be  rotating 
abont  this  h'ne,  its  rotation  (its  surface  being  supposed  fric- 
tionless)  will  not  affect  the  motion. 

This  result  is  not  in  contradiction  (as  Mr.  Heath  maintains) 
to  the  fact  that  the  particle  moves  uniformly  in  a  great  circle; 
as  the  followino-  proof  shows. 

Take  the  particular  case  discussed  by  Mr.  Heath — that  of  a 
particle  projected  from  the  equator  along  a  meridian  towards 
the  north.  The  relative  initial  velocity  here  is  northward,  and 
must  be  compounded  with  the  westward  velocity  of  the  equator 
to  get  the  absolute  initial  velocity.  Let  <^  denote  the  angle 
which  this  resultant  velocity  makes  with  west,  and  fl  the  con- 
stant angular  velocity  with  which  the  particle  moves  in  its  own 
great  circle — a  circle  which  cuts  the  equator  at  the  angle  <^. 
Also  let  \,  I  denote  the  absolute  latitude  and  longitude  of  the 
particle,  measured  from  the  starting-point.  Then  the  particle 
in  time  t  describes  an  arc  Vlt  which  is  the  hvpotenuse  of  a 
spherical  right-angled  triangle  having  X  and  I  for  sides,  and  <^ 
is  the  angle  opposite  to  the  side  X. 

Hence,  by  spherical  trigonometry, 

cos  Of  =  cos X cos/, (1) 

tan/    =cos(/)tann^ (2) 

Differentiating  (2),  we  obtain 

-^  =n  cos  d)  sec-  Vlt  cos'"^  /; 

at  ^ 


that  is,  by  (1), 


—  =12  cos  9  sec-  a. 


dt 

This  is  the  angular  velocity  round  the  earth's  axis.  Let  R 
denote  the  earth's  radius  ;  then  the  distance  from  the  axis  is 
R  cos  \.     The  linear  velocity  of  rotation  is  therefore 

RHcos  <j)  sec  X, 
and  the  rate  of  describing  area  is 
1  WD.  cos  0, 
Avhich  is  constant.     Q.  E.  D. 

In  the  meteorological  application  which  is  under  discussion, 
the  moving  air  receives  not  merely  an  initial  impulse  but  a 
steadily  applied  force  directed  towards  the  north,  as  it  travels 
from  lower  to  higher  latitudes.  Mr.  Heath's  argument  to 
show  that  it  can  never  reach  the  polar  regions  is  therefore 
beside  the  mark. 

In  spite  of  the  very  bitter  tone  which  Mr.  Heath  has  chosen 
to  adopt  towards  Mr.  Ferrel,  he  is  thus  clearly  wrong  in  the 
main  point  of  his  criticism. 

M2 
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I  may  refer  to  my  paper  in  the  Philosophical  Magazine  for 
September  1871  for  some  investigations  which  confirm  Mr. 
Ferrel's  results. 

Bushmills,  co.  Antrim, 
July  20,  1883. 

XXII.  On  the  Determination  in  Absolute  Units  of  the  Tnten- 
sities  of  Poiverful  Magnetic  Fields.  By  A.  GrRAT,  M.A., 
F.R.S.E.,  Chief  Assistant  to  the  Professor  of  Natural 
Philosophy  in  the  University  of  Glasgow*. 

SO  far  as  I  know,  no  method  has  yet  been  published  by 
which  the  intensity  of  a  powerful  magnetic  field,  such  as 
that  in  the  space  in  w-hich  the  armature-coils  of  a  dynamo 
move  between  the  poles  of  the  field-magnets,  can  be  deter- 
mined in  absolute  measure ;  and  inventors  of  dynamos  and 
other  experimenters  in  practical  electricity  have  hitherto,  at 
a  great  expense  of  time  and  money,  had  to  construct  their 
actual  apparatus,  and  find  by  the  results  obtained  in  actual 
practice  the  efficiency  or  non-efficiency  of  their  arrangements. 
So  much  so  has  this  been  the  case  that  it  has  even  been 
held  that  the  absolute  value  of  the  intensity  of  a  mag- 
netic field  is  a  thing  with  which  practical  electricians  have 
no  concern,  that,  although  theoretically  it  may  have  some 
importance,  it  has  no  application  in  practice.  That  all 
measurements,  whether  of  electric  or  of  magnetic  quanti- 
ties, should  be  expressed  in  absolute  units — that  is,  in  units 
altogether  independent  of  the  locality,  surroundings,  and 
apparatus  of  the  experimenter — is,  I  think,  of  very  great  im- 
portance, if  these  results  are  to  be  of  any  service  to  others. 
And  it  would,  I  feel  sure,  be  a  great  benefit  to  all  engaged  in 
practical  electrical  work,  if  the  intensities  of  the  magnetic 
fields  obtainable  with  various  forms  of  electromagnets,  made 
with  different  kinds  of  iron,  were  determined  in  absolute 
units  and  published  with  full  particulars  of  the  apparatus. 
But  failing  the  knowledge  which  would  be  derived  from  ex- 
periments such  as  these,  a  very  great  saving  of  time  and 
money  might  be  made  if  the  in^'entor  of  a  dynamo,  for 
example,  were  to  first  make  models  of  his  magnets  on  a  small 
scale,  and  determine  the  magnetic-field  intensities  obtainable 
in  them  M'ith  different  current-strengths,  and  then  to  reason 
from  the  results  in  the  model  to  those  in  the  full-sized  machine. 
The  object  of  the  present  paper  is  to  describe  some  methods 
by  which  the  intensity  of  a  powerful  magnetic  field  may  be 
determined  in  al)Solute  units.  The  methods  are  wholly  due 
to  Sir  William  Thomson  ;   but  for  the  sketch  of  theory  given 

*  Coiiiiiuinicated  bv  the  Author. 
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below  for  each,  the  details  of  the  experimental  arrangements, 
and  the  results  I  am  alone  responsible. 

(a)  The  first  method,  which  is  somewhat  interesting  theo- 
retically, is  one  which  was  used  in  the 
determination  of  the  magnetic  field-in- 
tensities in  the  space  in  which  the 
signal-coil  is  suspended  in  some  of  Sir 
William  Thomson's  Siphon  Recorders 
made  with  permanent  magnets.  In  it 
advantage  is  taken  of  the  signal-coil, 
which  consists  of  a  rectangular  coil  a 
little  more  than  5  centim.  long  and 
2  centim.  broad,  made  of  thin  wire  and 
supported  by  a  silk  thread  above,  so 
as  to  hang  in  a  vertical  plane  round 
a  rectano-dlar  core  of  iron,  which 
nearly  fills,  but  nowhere  touches,  the 
coil.  To  the  lower  end  of  the  coil  two 
silk  threads  are  attached,  as  shown  in 
the  diagram,  and  are  stretched  against 
a  bridge  B  by  two  weights  resting  on 
the  inclined  plane  W.  This  bifilar 
arrangement  gives  a  directive  force, 
tending  to  bring  the  plane  of  the  coil 
into  parallelism  with  that  of  the  bifilar 
threads ;  so  that  when  the  coil  is  dis- 
turbed from  that  position,  which  is  one 
of  stable  equilibrium,  and  then  left  to 
itself,  it  will,  if  the  circuit  be  not 
closed,  vibrate  about  the  position  of 
equilibrium  with  a  determinate  period 
of  oscillation,  with  slowly  diminishing 
range,  until  at  last  it  comes  to  rest. 
But  if  the  circuit  be  closed  through  a  hio-h  resistance  the 
coil  will  come  more  rapidly  to  rest;  and  if  we  gradually 
diminish  this  resistance,  deflecting  the  coil  through  the  same 
angle  and  noting  its  subsidence  at  each  diminution,  we 
shall  find  it  come  more  and  more  quickly  to  rest,  until  a 
resistance  is  obtained  with  which  in  circuit  it  just  returns  to 
the  position  of  equilibrium  without  passing  that  position. 
When  this  resistance  has  been  determined,  the  strength  of  the 
field  can  be  calculated. 

Let  6  be  the  deflection  of  the  coil  from  the  position  of  equi- 
librium at  time  t,  and  T  its  period  of  oscillation  when  the 
circuit  is  not  closed.  We  have  then,  neglecting  the  resist- 
ance of  the  air  and  other  disturbances,  for  the  equation  of 
motion,  ^i2Q     4^2 


:jr2+w^=0 


dt 


T 


(1) 
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Let  now  the  circuit  of  the  coil  be  closed  ;  a  retarding  force 
due  to  the  current  induced  in  the  wire,  and,  if  the  effect  of 
self-induction  be  neglected,  proportional  to  the  angular  velo- 
city, will  act  on  the  coil  ;  and  the  equation  of  motion  for  this 
case  will  be  of  the  form 

For  let  I  be  the  mean  intensity  of  the  magnetic  field  over 
the  space  occupied  by  the  coil  at  time  t,  M  the  electromag- 
netic inertia  (coefficient  of  self-induction)  of  the  circuit  for  that 
position  of  the  coil,  R  the  total  resistance  in  the  circuit,  jj, 
the  moment  of  inertia  of  the  coil  round  a  vertical  axis  passing 
through  its  centre,  L  the  effective  length  of  wire  in  the  coil 
(that  is,  the  length  of  wire  in  its  two  vertical  sides),  and  b 
the  mean  half-breadth  of  the  coil.  If  we  call  ]^  the  number 
of  lines  of  force  which  pass  through  the  coil  at  time  t,  and 
y  the  strength  of  the  induced  current  in  the  coil  at  that  in- 
stant, we  have  plainly 

N=^ILsin6'-M7. 

The  rate  at  which  X  increases  per  unit  of  time  is  therefore 

dt  dt  dt       dt^     '" 

and  if  6  be  small,  and  I  be  therefore   supposed   the  same  for 
every  position  of  the  coil,  we  have  approximately 

dt  dt      dt^     '' 

7"Y" 

But  ~  is  the  electromotive  force  due  to  the  inductive  action; 

hence  the  current  7  is  by  Ohm's  law  given  by  the  equation 
^IL  dB       1   d  ,^,  , 
^'^-^^  dt-^dt^^^^'^- 

It  Avas  assumed  that  the  second  term  of  this  expression  for 
7  would  prove  negligible  in  comparison  "vvith  the  first ;  and 
this  assumjjtion  was  so  far  justified  by  the  results  of  the  expe- 
riments, which  agreed  fairly  well  wiih  results  obtained,  for 
other  instruments  of  the  same  pattern,  by  a  modification  of 
the  second  method  described  below. 

The  couple  due  to  the  action  of  the  field  on  the  current 
is  hWjTi  ;  and  therefore,  on  the  supposition  of  negligible  self- 
induction,  the  retardation  of  the  angular  velocity  of  the  coil 
at  time  t  is 

^dd  _  zz-PL'  dd 

' dt  ~   [Al     dt' 
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Hence  (2)  becomes 

d-d     U'Y'U'de     AitK     ^ 
W^^-^dt-'T^^' (^> 

The  motion  represented  by  this  differential  equation  will 
be  oscillatory  or  nou-oscillatory,  according  as  the  roots  of 
the  auxiliaiy  quadratic  are  imaginary  or  real — that  is,  ac- 
cording as  -^  >  or  <  — p— .  Hence,  if  R  be  the  critical  re- 
sistance at  ^Yhich  the  motion  just  ceases  to  be  oscillatory,  Ave 
have  A  „T> 

wu ^^^ 

When  L  and  h  are  expressed  in  centimetres,  /j,  in  grammes 
and  centimetres,  T  in  seconds,  and  R  in  centims.  per  second, 
I  is  given  by  this  equation  in  absolute  C.G.S.  units  of  mag- 
netic field-intensity. 

The  method  of  experimenting  consisted  in  first  finding  the 
value  of  T,  the  free  period  of  vibration  of  the  coil  with 
its  circuit  uncompleted,  then  finding  the  resistance  which, 
being  placed  in  circuit  with  the  coil,  just  brought  the  needle 
to  rest  without  oscillation.  This  resistance  was  conveniently 
obtained  by  means  of  a  resistance-box  included  in  the  circuit, 
and  therefore  added  no  self-induction  to  that  in  the  coil.  An 
aluminium  arm  attached  to  the  coil,  and  carrying  the  siphon, 
served  as  an  index  to  render  the  motions  of  the  coil  visible. 
The  resistance  E,  was  first  made  much  too  great,  so  as  to  give 
a  slow  subsidence,  then  gradually  diminished  until  the  value 
which  just  prevented  oscillation  was  reached;  and  it  was 
found  that  this  value  could  be  determined  easily  within  50 
ohms,  and,  with  great  care,  to  20  ohms.  As  the  experiments 
on  the  recorders  had  to  be  made  somewhat  hurriedly,  and,  on 
account  of  the  disturbances,  neglected,  and,  further,  as  yu.  was 
taken  as  equal  to  W6',  where  W  is  the  mass  of  the  coil, 
the  results  could  not  be  taken  as  giving  more  than  a  rough 
approximation  to  I ;  but  those  for  two  instruments  are  given 
below  in  illustration  of  the  method.  For  both  instruments 
the  values  of  W,  L,  and  b  were  the  same,  and  were  respec- 
tively taken  as  3"343  grammes,  3338  centim.,  and  "95  centim. 
Each  coil  had  a  mean  vertical  length  of  5*3  centim.,  a  mean 
breadth  of  1'9  centim.,  and  contained  45'72  metres  of  fine  wire 
arranged  in  290  turns,  and  had  a  resistance  of  about  500  ohms. 
T.  11.  I. 

(1)  -465  sec.     3330  x  10"  centim.  per  sec.     5150  C.  G.  S. 

(2)  -500    „       3530x10^         „         „  5120       „ 

(/S)  The  second  method  is  one  which  was  adopted  in  mea- 
surements which  I  made  of  the  fields  of  some  experimental  elec- 
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tromagnets,  and  it  depends  on  the  action  between  a  magnetic 
field  and  a  conductor  in  the  field  carrying  a  constant  current. 
The  ends  of  the  cores  of  the  electromagnets  were  long  straight 
surfaces  of  iron,  separated  from  the  surface  of  iron  placed 
opposite  to  them  by  only  a  narrow  space  at  each  pole.  In 
the  experiments,  of  which  I  give  some  results  below^  the 
intensity  of  the  field  was  found,  in  a  space  about  2  millim. 
wide,  between  one  end  of  the  iron  core  of  an  electromagnet 
and  the  surface  of  a  thick  piece  of  iron.  The  length  of  the 
pole-face  was  30  centini.  The  magnet  and  corresponding 
iron  were  placed  with  their  faces  vertical  ;  and  a  copper  wire 
was  suspended  vertically  in  the  space  between  them,  and  in- 
sulated from  their  surfaces.  The  lower  end  of  the  wire  dipped 
into  a  mercury-cup,  and  its  upper  end  into  a  second  mercury- 
cup  on  the  top  of  the  electromagnet,  without  touching  the  sides 
or  bottoms  of  the  cups.  By  means  of  these  cups  the  wire 
could  either  be  put  in  series  with  the  coil  of  the  electromagnet 
or  in  circuit  with  an  independent  battery  or  generator.  The 
wire  was  hung  in  a  vertical  position  (as  shown  in  the  diagram) 

2Z 


from  the  lower  end  of  a  cord  about  two  metres  long,  attached 
to  a  firm  support  above,  and  was  kept  taut  by  two  half-|iound 
weights  (represented  by  the  single  weight  W  in  the  diagram) 
hung  at  the  ends  of  a  cross  bar  firmly  attached  to  the  wire. 
The  position  of  the  wire  was  adjusted  by  shifting  the  point  of 
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attachment  of  the  cord  above  until  the  wire  was  exactly  oppo- 
site two  mprks,  one  at  the  upper  end  and  one  at  the  lower 
end  of  the  vertical  central  line  of  the  pole-face.  A  thin 
thread,  t-i,  was  attached  to  the  wire  just  above  the  electro- 
magnet, and  carried  out  to  one  side  nearly  horizontally,  and 
attached  by  its  other  end  at  a  point  near  the  lower  end  of 
the  cord  of  the  pendulum,  Pj.  A  second  thread,  fj;  "^^'^s 
attached  to  the  lower  end  of  the  wire,  and  carried  out  parallel 
to  the  thread  ti,  and  attached  to  a  second  pentluluni,  Pg,  at  a 
somewhat  greater  distance  from  the  wire.  The  pendulums, 
Pi,  P2,  were  simply  weights,  in  some  cases  of  half  a  pound 
each,  and  in  other  cases  100  grammes  each,  hung  by  fine 
cords  from  one  to  two  metres  long  from  blocks,  pi,  p^y 
Avhich  could  be  moved  along  a  horizontal  scale,  Si,  placed 
nearly  in  a  vertical  plane  passing  through  the  wire  at  right 
angles  to  the  coil  of  the  electromagnet,  and  therefore  parallel 
to  the  pole-face.  A  second  scale,  Sj,  placed  just  above  the 
point  of  attachment  of  the  upper  thread,  and  nearly  in  the 
same  vertical  plane  as  Sj,  gave  the  position  at  any  time  of  a 
point  in  each  of  the  pendulum-cords  at  the  same  distance 
below  the  point  of  suspension. 

The  method  of  performing  an  experiment  Avas  as  follows : — 
The  vertical  positions  of  the  cords  of  the  pendulums  when  the 
threads  ^i,  t^  were  quite  slack  and  the  wire  was  in  position  were 
read  off"  from  the  scales.  A  current  was  then  sent  through  the 
wire  and  coil  in  series.  The  electromagnetic  action  between  the 
current  in  the  wire  and  the  magnetic  iield  caused  the  wire  to 
move  bodily  to  one  side  across  the  lines  offeree;  and  the  direc- 
tion of  the  current  in  the  wire  was  so  arranged  that  the  side 
towards  which  the  wire  moved  was  that  remote  from  the  pen- 
dulums. By  moving  out  the  blocks,  pi,  po,  pull  (in  conse- 
quence of  the  deviation  of  the  pendulums  from  the  vertical) 
was  brought  to  bear  through  the  threads  fj,  ^2  on  the  upper 
and  lower  ends  of  the  wire;  and  this  was  gradually  increased 
until  the  wire  was  brought  back  as  nearly  as  possible  to 
its  former  vertical  position.  The  readings  given  by  the 
pendulums  on  the  two  scales  were  then  taken,  and  at  the  same 
time  a  reading  of  the  current-strength  on  the  current-galvano- 
meter.  The  difference  between  the  two  motions  on  Si  and  S2 
for  either  pendulum,  divided  by  the  distance  between  the 
scales,  gave  the  tangent  of  the  inclination  of  the  pendulum  to 
the  vertical. 

Let,  now,  I  be  the  mean  intensity  for  the  position  of  the 
wire  of  the  magnetic  field  in  C.G.S.  imits,  7  the  current  flow- 
ing on  the  wire  also  in  C.G.S.,  L  the  length  of  the  wire  in 
the  field  in  centims.,  F  the  force  per  unit  of  length  on  the  wire 
in  dynes,  we  have  j-^  —  jT^ 
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But  the  total  horizontal  force  exerted  by  the  pendulums  is 
Wj^  tan  6i  +  W2^  tan  6.2,  where  Wi,  W2  are  taken  in  grammes, 
and  g,  the  acceleration  produced  by  gravity,  as  approximately 
1)81  centim.  per  second  per  second.     Hence  we  have 

I  =  -^(Witan^j  +  W2tan^o).    ...     (5) 

From  this  formula  the  values  of  I  can  be  calculated  from  the 
values  of  the  other  quantities  found  by  experiment.  The 
following  are  the  results  of  some  actual  experiments  made  in 
September  last : — 


in  grammes. 

W 

vv.,, 
in  grammes. 

7' 
in  C.G.S. 

I, 

in  C.G.S. 

I/y*. 

(1)  j    100 

(2)  I 

(3)  

(4)  

(5)  ' 

100 
» 

•09 

•132 

•140 

•156 

•172 

2210 
3410 
4170 
4373 
4864 

24555 
26590 
29785  (?) 
28032 
28283 

The  same  method  was  applied  to  find  the  value  of  I  for 
different  parts  of  the  field  on  the  two  sides  of  the  middle 
position.  With  two  operators  (one  to  move  the  pendulums, 
the  other  to  watch  the  wire  and  take  the  galvanometer- 
readings)  the  experiments  were  quickly  and  satisfactorily 
performed. 

The  following  modification  of  the  same  method  has  been  used 
for  the  determination  of  I  for  several  recorder  magnets,  with 
results  agreeing  well  with  those  obtained  (for  other  instruments) 
by  the  first  method  described  above.  A  horizontal  bar,  carrying 
a  divided  scale,  was  fixed  parallel  to  the  equilibrium  position 
of  the  plane  of  the  coil,  in  a  vertical  plane  passing  through 
the  glass  siphon  a  little  beyond  the  point  of  the  aluminium 
arm  supporting  it.  A  single  block,  to  which  the  upper  end 
of  a  pendulum-thread  was  attached,  was  made  movable  along 
the  horizontal  bar,  so  that  any  displacement  of  the  point  of 
suspension  could  be  observed  by  means  of  the  divided  scale. 
The  pendulum  was  made  of  a  brass  weight,  generally  of  one 
gramme,  as  bob,  hung  by  a  very  fine  silk  thread  long  enough 
to  allow  the  bob  to  hang  a  few  centimetres  below  the  siphon. 
When  the  coil  was  in  the  position  of  equilibrium,  the  pen- 
dulum was  moved  until  the  thread  just  rested  against  the 
siphon  without  deflecting  it,  and  the  reading  on  the  scale  was 
noted.  A  current  from  one  or  two  Daniell's  cells  was  then 
sent  through  the  coil  so  as  to  deflect  it  from  the  equilibrium 
*  This  column  is  given,  as  y  was  also  the  ma<>:nctiziiig  current. 
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position  in  the  direction  to  cause  the  siphon  to  press  against 
the  thread.  The  point  of  suspension  of  the  pendulum  was 
then  moved  so  as  to  restore  the  coil  to  its  initial  position,  nnd 
the  distance  through  which  it  was  moved  noted.  This  dis- 
tance, divided  by  the  vertical  height  of  the  point  of  suspension 
above  the  point  at  which  the  thread  touched  the  sijjlion,  gave 
the  tangent  of  the  inclination  of  the  thread  to  the  vertical;  and 
this  multiplied  by  the  downward  pull  in  dynes  on  the  weight 
gave  the  horizontal  force  restoring  the  coil  to  its  equilibrium 
position. 

When  equilibrium  had  been  obtained,  the  difference  of 
potentials  between  the  terminals  of  the  coil  was  immediately 
measured  in  volts  by  means  of  a  potential-galvanometer  pre- 
viously arranged  in  readiness;  and  from  the  result  and  the 
known  resistance  of  the  coil  the  current  flowing  was  deduced 
in  C.Gr.S.  units.  The  mean  intensity  I  of  the  field  over  the 
space  occupied  by  the  coil  in  the  equilibrium  position  was  then 
easily  calculated.  For  let  y  be  the  current  in  the  coil,  6  the 
inclination  of  the  pendulum-thread  above  the  siphon  to  the 
vertical,  I  the  distance  in  centimetres  of  the  point  at  which 
the  thread  touched  the  siphon  from  the  vertical  axis  round 
which  the  coil  turned,  and  W  the  pendulum-weight  in 
grammes.  Using  L  and  h  with  the  same  meaning  as  before, 
we  have  plainly  the  equation  of  equilibrium 

and  therefore  Wo/ 

I=L67*'"^ ^^^ 

The  method  of  determining  a  magnetic  field-intensity  by 
measuring  the  electromagnetic  action  on  a  conductor  carrying 
a  current  in  the  field,  may  be  very  conveniently  applied  to  the 
space  between  the  opposite  poles  of  a  field  magnet  in  which 
the  armature-coils  of  a  dynamo  are  made  to  revolve.  A  rect- 
angular frame  of  stout  copper  wire  or  narrow  copper  strip, 
containing  one  or  more  turns  (insulated  from  one  another  if 
there  are  more  than  one),  is  constructed  of  such  a  size  that 
two  opposite  sides  are  at  a  distance  apart  equal  to  the  dia- 
meter of  the  armature,  and  of  length  equal  to  the  length  of 
the  pole-faces.  The  rectangle  should  begin  and  end  near  the 
middle  of  the  two  other  sides;  and  the  two  ends  of  the  wire 
should  be  brought  out  side  by  side,  insulated  from  one  another, 
at  right  angles  to  the  side,  a  distance  of  two  or  three  inches. 
A  pair  of  knife-edges,  which  may  be  made  for  ease  of  a  piece 
of  hardened  copper  or  brass  wire  filed  so  as  to  have  a  nearly 
triangular  section,  are  soldered,  one  at  the  centre  of  the  side 
wdiere  the  ends  of  the  wire  are  brought  out,  the  other  at  the 
centre  of  the  opjjosite  side  ;  so  that  the  rectangle  is  symme- 
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trical  on  the  tsvo  sides  of  the  knife-edges,,  and  is  horizontal 
when  the  knife-edges  are  turned  downwards.  The  sides  on 
which  the  knife-edges  are  placed  may  conveniently  be  slightly 
bent  so  as  to  have  an  upward  convexity,  in  order  that  the 
line  of  knife-edges  may,  when  the  wire  frame  is  made  to  rest 
on  them,  be  a  little  above  the  centre  of  inertia  of  the  system, 
in  order  that  the  frame  may  rest  stably  in  the  horizontal  posi- 
tion ;  or  the  frame  may  be  loaded  so  as  to  have  sufficient  sta- 
bility by  pieces  attached  below  the  knife-edges.  The  ends  of 
the  wire  ai'e  to  be  bent  first  a  little  U]i,  then  downwards  so 
that  the  point  of  one  is  about  an  inch  nearer  to  the  frame 
than  the  other,  and  both  points  are  nearly  in  the  line  through 
the  knife-edges. 

The  field-magnets  are  set  up  so  that  the  plane  cutting  their 
pole-faces  in  Avhich  the  field-intensity  is  to  be  measured  is 
horizontal  ;  and  two  supports,  carrying  metal  V-shaped  rests 
for  the  knife-edges,  are  arranged  so  that  the  frame  when  rest- 
ing on  its  knife-edges  has  the  two  sides  lying  along  the  pole- 
faces  in  the  horizontal  plane  through  the  two  parts  of  these 
faces  near  which  the  field  is  to  be  determined.  Two  cups 
containing  mercury  are  arranged  on  a  support  so  placed  that 
the  ends  of  the  wire  of  the  frame  dip  into  the  mercury,  with- 
out touching  the  sides  or  bottoms  of  the  cups.  One  terminal 
of  a  convenient  battery  is  connected  to  one  of  the  cups ;  and 
the  other  terminal  is  so  arranged  that  the  circuit  can  be  com- 
pleted by  depressing  the  terminal  into  the  other  cup,  or  broken 
by  raising  it,  when  required. 

When  an  expei'iment  is  made,  the  magnets  are  excited  by  a 
current  of  the  required  amount,  and  a  measured  current  is  sent 
round  the  frame,  which  is  made  to  turn  on  its  knife-edges  by 
the  electromagnetic  action.  A  weioht  which  can  be  slided 
along  the  frame  is  hung  on  one  of  the  sides  which  carry  the 
knife-edges,  and  moved  to  such  a  distance  from  the  line  of 
knife-edges  that  the  frame  is  brought  back  to  its  initial  posi- 
tion. This  distance  in  centimetres  and  the  mass  of  the  weight 
in  grammes  are  carefully  determined,  with  the  strength  of  the 
current  flowing  in  the  frame  ;  and  the  mean  intensity  of  the 
field  over  the  space  occupied  by  the  part  of  the  frame  in  the 
field  calculated  from  the  results.  Let  I  be  this  mean  intensity, 
L  the  length  of  wire  of  the  frame  in  the  field,  h  the  horizontal 
distance  in  centimetres  of  each  side  from  the  line  of  knife- 
edges,  W  the  mass  of  the  equilibrating  weight  in  grammes, 
and  r  its  distance  from  the  line  of  knife-edges,  c)  the  accelera- 
tion produced  by  gravity  (=1)81  centim.  per  second  per 
second),  and  7  the  strength  of  the  current  in  C.Gr.S.  units  ;  we 
have  by  equating  moments, 

^=l;7^ ^'^ 
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If  instead  of  a  single  weight,  W,  several  weights,  Wi,  W2, 
&c.,  at  distances  7\,  r^^  &c.  be  used  to  restore  equilibrium,  we 
have  of  course,  instead  of  W/'  in  this  formula,  simplj  the  sum 

Another  moditication  of  this  method  may  be  convenient  in 
some  cases.  The  field-magnets  may  be  so  placed  that  the 
plane  cutting  the  poles  in  which  the  intensity  is  to  be  deter- 
mined is  vertical,  and  a  rectangle  made  of  the  proper  dimen- 
sions and  hung  by  a  torsion-thread  or  wire,  or  by  means  of  a 
bifilar,  so  that  it  is  in  equilibrium  in  the  required  position,  and 
turns  when  deflected  round  a  vertical  axis  bisectino;  it.  The 
ends  of  the  wire  formino-  the  rectano-le  are  carried  down,  in- 
sulated  from  one  another,  from  the  middle  of  the  lower  side, 
and  l)ent  so  that  their  points  are  in  the  vertical  line  bisecting 
the  rectangle,  and  dip,  like  the  terminals  of  an  Ampere  frame, 
into  two  mercury-cups  placed  one  above  the  other  on  supports 
arranged  below.  Two  pendulums  are  arranged  so  that  their 
points  of  suspension  can  be  moved  along  horizontal  bars  at 
right  angles  to  the  equilibrium  position  of  the  frame,  one  in 
the  vertical  plane  through  each  side  of  the  rectangle.  These 
pendulums  carry  at  the  ends  of  light  but  strong  threads  equal 
known  weights  ;  and  each  pulls  horizontally  on  the  correspond- 
ing side  of  the  rectangle  by  means  of  a  thread  attached  at  one 
end  to  the  middle  point  of  the  side,  at  the  other  to  the  pen- 
dulum-cord. The  pendulums  and  threads  are  so  arranged  that 
the  pulls  are  applied  in  opposite  directions  ;  and  thus  when 
the  pulls  are  equal  they  give  a  couple  tending  to  turn  the 
frame  round  a  vertical  axis.  Corresponding  to  each  pendulum 
are  a  pair  of  horizontal  scales,  arranged  like  those  shown  in 
the  second  diagram  above,  by  means  of  which,  in  the  manner 
already  described,  the  tangent  of  the  inclination  of  the  pen- 
dulum to  the  vertical  is  at  once  read  off. 

The  method  of  experimenting  is  similar  to  that  last  de- 
scribed. The  magnets  are  excited,  and  a  measured  current 
sent  round  the  suspended  rectangle,  from  a  battery  connected 
with  the  mercury-cups,  in  the  direction  to  cause  the  rectangle 
to  turn  round  in  the  direction  opposite  to  the  motion  which 
the  pendulums  are  arranged  to  produce.  The  points  of  sus- 
pension of  the  pendulums  are  then  moved  so  as  to  restore  the 
frame  to  the  initial  position,  and  the  tangents  of  the  inclina- 
tions of  the  cords  obtained  by  means  of  the  scales.  If  the  field 
be  symmetrical  about  the  axis  of  suspension  of  the  coil,  the 
electromagnetic  action  of  the  frame  will  be  a  pure  couple,  and 
the  equilibrating  forces  will  form  also  a  couple;  but  in  general 
this  Avill  not  be  exactly  the  case.  Let  W  be  the  mass,  in 
grammes,  of  each  pendulum-weight,  ^x,  Q^  the  inclinations  of 
the  pendulum-cords  to  the  vertical,  and  let  L,  6,  7  have  the 
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same  meaning  as  before  ;   M-e  get  by  equating  moments  of 
forces,  -.^ 

I=:-f^(tan^i+tan^2) (8) 

(7)  The  third  method  is  one  which  has  l)een  frequently  used 
in  the  Physical  Laboratory  of  the  University  of  Glasgow,  and 
consists  in  exploring  the  magnetic  field  by  means  of  the  in- 
duced current  in  a  wire  moved  quickly  across  the  lines  of 
force  over  a  definite  area  in  the  field.  The  wire  is  in  circuit 
with  a  reflecting  "  ballistic  "  galvanometer — that  is,  a  galva- 
nometer the  system  of  needles  of  which  has  so  great  a  moment 
of  inertia  that  the  whole  induced  current  due  to  the  motion  of 
the  wire  has  passed  through  the  coil  before  the  needle  has  been 
sensibly  deflected.  The  deflection  thus  obtained  is  noted,  and 
compared  with  the  deflection  obtained  when,  with  the  same 
circuit,  a  portion  of  the  conductor  is  made  to  sweep  across  the 
lines  of  force  over  a  definite  area  of  a  uniform  field  of  known 
intensity,  such  as  that  of  the  earth  or  its  horizontal  or  vertical 
component. 

In  performing  the  experiments,  it  is  necessary  to  take  pre- 
cautions to  prevent  any  action  except  that  between  the  definite 
area  of  the  field  selected  and  the  wire  cutting  its  lines  of 
force.  For  this  purpose  the  conducting-wire,  which  is  covered 
with  insulating  material,  is  bent  so  as  to  form  three  sides  of  a 
rectangle,  one  of  which  is  of  the  length  of  the  portion  of  field 
to  be  swept  over.  This  side  is  placed  along  one  side  of  the 
space  over  which  it  is  about  to  be  moved  so  that  the  connecting- 
wires  lie  along  the  ends  of  the  space  ;  and  the  open  rectangle 
is  then  moved  in  the  direction  of  its  two  sides  until  the  oppo- 
site side  of  the  space  is  reached.  The  connecting-wires  thus 
do  not  cut  the  lines  of  force,  and  the  induced  current  is  wholly 
due  to  the  closed  end  of  the  rectangle. 

Instead  of  a  single  wire  cutting  the  lines  of  force,  a  coil  of 
proper  dimensions  (for  many  purposes  couA^eniently  of  rectan- 
gular shape),  the  mean  area  of  which  is  exactly  known,  may 
be  suspended  in  the  field  with  its  plane  parallel  to  the  lines  of 
force,  and  turned  quickly  round  through  a  measured  angle  of 
convenient  amount  not  exceeding  90°;  or  it  may  be  suspended 
with  its  plane  at  right  angles  to  the  lines  of  force  and  turned 
through  an  angle  of  180°.  If  n  be  the  number  of  turns,  A 
their  mean  area,  and  I  the  mean  intensity  of  the  field  over  the 
area  swept  over  in  each  case,  then,  in  the  first  case,  if  d  be  the 
angle  turned  through,  the  area  swept  over  is  ??A  sin  6,  and  the 
number  of  lines  cut  is  nIA  sin  6  ;  in  the  second,  the  area  is 
27iA,  and  the  number  of  lines  cut  is  2/?IA. 

In  order  that  with  the  feeble  intensity  of  the  earth's  field  a 
sufficiently  great  deflection  for  comparison  m;iy  be  obtained, 
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it  is  necessary  that  a  relatively  large  area  of  the  field  should 
be  swept  over  by  the  conductor.  One  convenient  way  is  to 
mount  on  trunnions  a  coil  of  moderately  fine  wire  of  a  consi- 
derable number  of  turns  wound  round  a  ring  of  large  radius, 
like  the  coil  of  a  standard  tangent-galvanometer,  and  arranged 
with  stops  so  that  it  can  be  turned  quickly  round  a  horizontal 
axis  through  an  exact  half-turn,  from  a  position  in  which  its 
plane  is  exactly  at  right  angles  to  the  dip.  This  coil,  of  course, 
always  remains  in  the  circuit  of  the  ballistic  galvanometer. 
The  change  in  the  number  of  lines  of  foi'ce  passing  through 
the  coil  in  the  same  direction  relativeh'  to  the  coil,  produced  by 
the  half-turn,  is  plainly  equal  to  twice  as  many  times  the,  area 
of  the  turn  of  mean  area  as  there  are  turns  in  the  coil  (the 
eifective  area  swept  over)  multiplied  by  the  intensity  of  the  field. 

A  sufficiently  large  area  of  the  earth^s  field,  for  comparison, 
may  otherwise  be  obtained  very  readily  by  carrying  the  wire 
along  a  rod  of  wood  (say  two  or  three  metres  long),  and  sus- 
pending this  rod  in  a  horizontal  position  by  the  continuations 
of  the  conductor  at  its  ends  from  two  fixed  supports  in  a  hori- 
zontal line  at  a  distance  apart  equal  to  the  length  of  the 
rod,  and  securing  the  remaining  wires  in  circuit  so  that  they 
may  not  cause  disturbance  by  their  accidental  motion.  The 
rod  will  thus  be  free  to  swing  like  a  pendulum  by  the  two 
suspending-Avires.  The  pendulum  thus  made  is  slowlv  de- 
flected from  the  vertical  until  it  rests  against  stops  arranged 
to  limit  its  motion.  It  is  then  quickly  thrown  to  the  other 
side  against  similar  stops  there,  and  caught.  The  straight 
conductor  thus  sweeps  over  an  area  of  the  vertical  component 
of  the  earth's  field  equal  to  the  product  of  the  length  of  the 
rod  into  the  horizontal  distance  between  the  two  positions  of 
the  conductor  at  the  extremities  of  its  swing.  The  rod  may 
be  placed  at  any  azimuth,  as  the  suspending  portions  of  the 
conductor  in  circuit,  moving  in  vertical  planes,  can  cut  only 
the  horizontal  lines  of  force  :  and  the  induced  currents  thus 
produced  have  opposite  directions  and  neutralize  one  another. 

The  calculation  of  the  results  is  very  simple.  By  the  theory 
of  the  ballistic  galvanometer  (the  same  mutatis  mutandis  as 
that  of  the  ballistic  pendulum),  if  q  be  the  whole  quantitv  of 
electricity  which  passes  through  the  circuit,  and  if  ^  be  the 
angle  through  which  the  needle  has  been  deflected,  or  the 
"  throw,"  we  have  , 

2    Ah  .  e 

where  [x,  is  the  moment  of  inertia  of  the  needle  and  attach- 
ments, m  the  magnetic  moment  of  the  needle,  H  the  earth's 
horizontal  magnetic  force,  and  G  the  constant  of  the  galvano- 
meter.    If  6  be  small,  as  it  generally  has  been  in  these  expe- 
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riments,  we  have  \       /TTFf 

and  the  quantities  of  electricity  produced  by  sweeping  over 
two  areas,  A  and  A',  are  diz'ectly  as  the  deflections. 

Let  A  be  the  area  of  the  field  or  portion  of  field  the  mean 
intensity  (I)  of  which  is  being  measured,  A'  and  1'  the  same 
quantities  for  the  known  field,  q,  q'  the  quantities  of  elec- 
tricity generated  in  the  two  cases,  6,  6'  the  corresponding  de- 
flections supposed  both  small ;  we  have 

b-  V      m 
and  therefore  a/^ 

^=w^' w 

If  convenient,  9  and  6'  may  be  taken  as  proportional  to  the 
numbers  of  divisions  of  the  scale  traversed  by  the  spot  of  light 
in  the  two  cases. 

I  may  remark,  in  conclusion,  that  the  method  described  in 
(a)  above  gives,  when  the  intensity  of  the  field  has  been  accu- 
rately measured  by  another  method,  theoretically  a  method  of 
determining  a  resistance  in  absolute  electromagnetic  measure, 
This  method  is  nearly  the  converse  of  that  given  by  Weber, 
in  which  a  magnet  is  made  to  oscillate  within  a  coil  of  wire  the 
circuit  of  which  is  closed.  What  I  venture  to  propose  is  to 
hang  a  coil,  the  constants  of  which  are  known,  in  a  sufficiently 
intense  and  uniform  magnetic  field,  and  find  the  decrement  of 
the  oscillatory  motion  produced  by  the  induction:  for  it  would 
scarcely  be  possible,  I  think,  to  observe  with  sufficient  accu- 
racy the  point  at  which  the  coil  just  became  *''  dead  beat." 
How  far  this  method  may  be  practicable  can  hardly  be  affirmed 
without  experiment ;  but  I  think  the  necessary  calculations 
and  corrections  would  be  in  some  degree  at  least  simpler  than 
those  required  for  the  method  given  by  Weber. 

XXIII.  Proceedings  of  Learned  Societies. 
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[Continued  from  p.  71.] 

.Tune  6,  1883.— J.  W.  Hulke,  Esq.,  F.Il.S.,  President,  in  the  Chair. 

THE  following  communications  were  read  : — 
1.  "  The  Estuaries  of  the  Severn  and  its  Tributaries,  an  Inquiry 
into  the  Nature  and  Origin  of  their  Tidal  Sediment  and  Alluvial 
Flats."     By  Prof.  W.  J.  Sollas,  M.A.,  F.E.S.E.,  F.G.S. 

Yarious  sources  have  been  ascribed  to  the  mud  which  is  so  charac- 
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teristic  of  the  estuaries  of  the  Severn  and  its  tributaries,  such  as  the 
rivers  themselves,  the  waste  of  mud  shoals,  or  of  bordering  clijfts, 
or  the  sea.  The  author  considered  the  effect  of  these  sources  of 
supply,  and  showed  that,  although  the  first  three  are  doubtless  to  a 
certain  extent  correct,  they  are  inadequate  to  account  for  some 
very  important  phenomena.  The  tidal  silt,  on  microscopic  exami- 
nation, is  found  to  consist  of  both  inorganic  and  organic  materials, 
the  former  being  argillaceous  granules,  grains  of  quartz,  ilint,  &c. : 
the  latter,  coccoliths,  coccospheres,  Foraminifera,  occasional  sclerites 
of  Alcyonaria,  fragments  of  Echinodermata,  and  triradiate  spicules  of 
Calcispongia,  together  with  numerous  spicules  of  siliceous  sponges, 
a  few  Eadiolaria,  and  a  variable  quantity  of  Diatoms.  These 
organisms  (described  in  detail  by  the  author)  are  marine,  and  yet 
they  occur  on  the  banks  of  rivei's  at  a  great  distance  from  a  truly 
marine  area.  The  author  showed  it  to  be  improbable  that  they  can 
have  been  derived,  at  any  rate  to  a  considerable  extent,  either  from 
the  older  formations  through  which  the  Severn  flows,  or  from  the 
alluvial  flats  of  its  estuary ;  for  although  the  latter  do  contain 
marine  organisms  of  a  generally  like  kind,  the  spicules  &c.  indicate 
corrosion,  and  are  generally  not  so  well  preserved  as  those  which 
occur  in  the  tidal  silt.  It  seems  therefore  necessary  to  conclude 
that  a  considerable  proportion  of  the  organisms  now  present  in  this 
have  been  brought  from  the  sea  ;  but  sponges  are  not  known  to 
grow  in  any  quantity  nearer  Bristol  than  the  coasts  of  Devon  and 
Pembrokeshire.  It  would  therefore  appear  that  these  organisms, 
contrary  to  what  might  have  been  expected,  have  been  drifted  up 
into  the  tidal  estuaries  of  the  river  for  a  very  considerable  distance. 
The  author  concluded  by  describing  in  detail  the  alluvial  tracts  of 
the  Severn,  which  he  considers  to  have  been  formed  (with  certain 
differences  of  level)  much  as  tidal  deposits  are  formed  at  the  present 
day  ;  and  by  pointing  out  the  bearing  of  his  investigations  on  the 
question  of  the  probable  results  of  the  discharge  of  sewage  into 
tidal  rivers. 

2.  "  Notes  on  a  Collection  of  Fossils  and  Eock-specimens  from 
West  Australia,  north  of  the  Gascovue  Eiver."  By  "W.  H.  Hud- 
leston,  Esq.,  M.A.,  E.G.S. 

3.  "  Notes  on  the  Geology  of  the  Troad."  By  J.  S.  Diller,  Esq, 
Communicated  by  W.  Topley,  Esq.,  F.G.S. 

This  paper  gave  a  brief  account  of  the  results  obtained  by  the  author 
whilst  attached  to  the  United-States  Assos  Expedition.  Together 
with  a  geological  map  (scale  1 :  100,000),  this  was  sent  to  Mr.  Topley 
for  the  service  of  the  new  Geological  Map  of  Europe  (and  its  borders), 
which  is  now  being  prepared  by  a  Committee  of  the  International 
Geological  Congress. 

The  country  described  is  that  lying  south  and  west  of  the  river 
Mendere  (Scamander).  The  sedimentary  rocks  may  be  divided  into 
three  great  groups  : — 

(1)  An  old,  possibly  Archa-an,  highly  crystalline  series,  forming 
the   mountainous   lands   of  the  Ida  range    (5750  feet),   but  also 
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appearing  in  smaller  detached  areas  to  the  W.  and  jS".W.  Probably 
these  have  existed  as  islands  from  early  time,  and  around  these  the 
later  rocks  have  accumulated.  Mt.  Ida  itself  is  almost  a  dome,  the 
lowest  rocks  (talc  schists)  occupying  the  summit.  On  the  northern 
slopes  there  is  true  gneiss.  I^o  igneous  rocks  enter  into  the  struc- 
ture of  this  mountain.  At  different  horizons  there  are  bands  of 
coarsely  crystalline  limestone  ;  and,  as  far  as  can  be  seen,  this  series  is 
conformable  throughout. 

(2)  Resting  on  these  old  rocks  and  in  part  made  up  of  their 
remains  is  a  series  of  partially  crystalline  rocks,  chiefly  limestone. 
It  is  probable  that  this  series  is  in  large  part  of  Cretaceous  age  ;  but 
it  contains  rocks  which  are  older,  possibly  Palaeozoic.  Eocene  fossils 
have  lately  been  discovered  by  3Ir.  Prank  Calvert,  which  also  may 
have  come  from  this  series.  The  rocks  in  the  south  of  the  Troad, 
hitherto  supposed  to  be  Lower  Tertiaiy,  are  now  known  to  be  of 
later  date.  Sharply  marked  off  from  these  older  rocks  are  the 
Upper  Tertiaries  :  these  are  of  two  ages,  occurring  in  two  distinct 
areas. 

(3)  The  Upper  Miocene,  which  fringes  the  western  shores  of  the 
Troad,  and  forms  a  broader  band  at  the  north-west  corner  in  the 
lower  course  of  the  Mendere.  Hissarlik  is  built  on  this.  These 
beds  are  marine,  and  belong  to  the  Sarraatian  Stage.  The  Troad  is 
the  most  south-westerly  point  at  which  the  Mactralallc  is  yet 
known. 

(■1)  Freshwater  beds,  which  occur  in  force  in  the  interior  of  the 
country,  between  the  Mendere  and  the  south  coast,  and  in  patches 
near  the  coast.     These  are  Upper  Miocene  or  Lowest  Pliocene. 

Later  than  these  are  the  Pliocene  beds  of  the  great  plain  of 
Edsemet. 

The  igneous  rocks  are  of  various  ages ;  but  most  are  of  Tertiary 
date.  The  oldest  is  a  granite  which  intrudes  through  and  alters  the 
oldest  (?  Archaean)  crystalline  rocks.  This  is  invaded  by  dykes  of 
Qua  rtz  -po  rphyry . 

Quartz-dioi-ite  invades  and  alters  the  group  of  partially  crystalline 
rocks. 

The  oldest  rocks  in  the  newer  series  are  the  Andesites  and  Lipa- 
rites.  These,  in  part,  are  older  than  the  Sarmatian  stage,  as  the 
conglomerate  at  its  base  contains  fragments  of  these  rocks.  But  they 
are  also  in  part  of  later  date.  Where  they  can  be  studied  together 
the  Liparite  is  the  later  of  the  two,  as  it  flows  through  and  carries 
up  fragments  of  the  Andesite.  The  Andesite  (unhke  the  Liparite) 
seems  to  have  reached  the  surface,  in  some  cases,  through  volcanic 
vents. 

Basalts  and  Nepheline-hasalts  are  of  late  Tertiary  date  ;  possibly 
they  are  the  latest  volcanic  rocks  of  the  district ;  but  their  relation 
to  the  other  eruptive  rocks  of  the  Troad  cannot  be  definitely  deter- 
mined. 

The  volcanic  rocks  in  the  isolated  area  between  Alimadja  and 
Lyalar  are  interesting  because  their  relative  ages  are  here  well  seen. 
The  earliest  was  melaphyre  ;  this  was  followed  by  mica-andesite, 
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hornblende-andesite,  augite-andesite,  basalt,  and  late  (if  not  last)  by 
liparite. 

Mr.  ToPLEY,  who,  in  the  absence  of  the  author,  read  the  paper, 
explained  the  objects  of  the  Assos  expedition  and  the  geological 
results  obtained  by  Mr.  Diller.  He  gave  a  short  account  of  previous 
literature,  and  mentioned  some  of  the  main  points  in  which  our 
knowledge  of  the  Troad  is  now  advanced.  Mr.  Topley  briefly 
described  the  physical  geography  and  general  structure  of  the 
country,  illustrating  this  by  means  of  a  section  which  he.  had  pre- 
pared from  Mr.  Diller's  map  and  paper. 

XXIV.  Intelligence  and  Miscellaneous  Articles. 

ON  EFFECTS  OF  RETENTIYENESS  IN  THE  MAGNETIZATION  OF 

IRON  AND  STEEL. 

To  the  Editors  of  the  Philosojihical  Magazine  and  Journal. 

Gentlemen, 
TX  the  April  number  of  your  Journal  I  observe  a  letter  from 
-*-  Prof.  Warburg  showing  that  a  preliminary  communication  of 
mine  to  the  Royal  Society,  on  the  above  subject,  was  in  some  points 
anticipated  by  a  paper  of  his,  published  a  year  before.  I  regret 
very  much  that  I  have  not  been  sooner  acquainted  with  Prof.  War- 
burg's investigations,  to  which  even  now  I  am  unable  to  obtain 
access  in  Japan.  Those  of  my  results  which  have  been  previously 
stated  by  him  may  therefore  be  regarded  as  an  independent  confir- 
mation of  his  work.  The  Preliminary  Notice  (published  in  the 
Proceedings  of  the  Royal  Society,  vol.  xxxiv.  no.  220)  refers  to  no 
more  than  a  small  part  of  an  extended  investigation  of  the  relations 
of  stress,  permanent  and  induced  magnetism,  magnetizing  force, 
and  thermoelectric  quality  (in  iron),  with  which  I  have  been  en- 
gaged for  three  years.  I  have  recently  learnt  that  some  of  the 
work  has  been  previously  done  by  E.  Cohn,  and,  as  it  now  appears, 
some  by  Warburg ;  and  in  the  full  account,  which  has  yet  to  be 
published,  I  hope  to  be  able  to  refer  fully  to  the  results  of  these 
observers,  of  whicb  my  own  are  in  part  a  rediscovery,  in  part  a 
supplement,  and  in  part  entirely  independent. 

The  Universitv,  Tokio,  Japan,  ^  ^^^^'  ^^''^ 

May  30,  1883.  J.  A.  Ewing. 


ON  DRY  CHARGING-PILES.      BY  JULIUS  ELSTER  AND 
HANS  GEITEL. 

In  Zamboni's  piles  phenomena  can  be  observed  which  unequivo- 
cally indicate  polarization  of  their  plates.  If  the  copper  pole  of 
such  a  pile  be  connected  with  the  positive,  and  the  tin  pole  with 
the  negative  discharger  of  a  Holtz  machine,  the  pile,  on  being 
again  disconnected  after  only  a  few  minutes'  action  of  the  machine, 
shows   a   considerably   strengthened   tension,   which,   even   after 
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repeated  discharging,  resumes  almost  equal  intensity.  Only  after 
the  lapse  of  some  hours  does  the  pile  get  back  to  its  initial 
condition. 

For  expei'iments  of  this  kind  a  form  of  the  pile  is  adapted 
which  is  also  in  other  respects  to  be  recommended  for  the  purpose 
of  demonstration :  the  pairs  of  plates  are  strung,  by  means  of  a 
needle,  upon  a  strong  silk  thread.  In  this  form  it  can  be  easily 
placed  between  the  dischargers  of  the  machine,  and  disturbing 
influences,  such  as  appear  when  a  glass  envelopment  is  employed, 
are  avoided.  A  pile  of  ]  1 ,000  pairs  of  plates  of  1  square  centim. 
surface,  after  ten  minutes'  charging,  gave  sparks  of  about  1  millim. 
length,  between  two  metal  balls  connected  with  the  poles,  and 
rendered  a  small  Geissler  tube  at  first  continuously,  afterwards 
intermittently  luminous.  After  this  it  was  to  be  expected  that 
dry  charging-piles  could  also  be  constructed  of  one  metal  only, 
according  to  the  analogy  of  Plantc's  battery.  Plates  of  lead  foil 
were  coated  on  both  sides  with  tissue  paper,  which  was  made  to 
adhere  by  means  of  potash  waterglass  to  which  a  little  oxide  of 
lead  was  added.  The  plates  were  then  cut  into  pieces  of  1  centim. 
square,  and,  as  above  prescribed,  strung  upon  a  silk  thread.  A 
])ile  of  7000  such  plates,  between  the  poles  of  a  Holtz  machine, 
likewise  assumed  a  very  powerful  polarization.  The  action  was 
perhaps  still  more  energetic  than  that  of  the  before-described  pile. 
In  order  that  the  experiment  may  be  successful,  it  is  requisite  that 
the  separating  lavers  of  paper  have  a  certain  degree  of  moisture, 
which  will  be  produced  spontaneously  if  the  pile  be  left  for  24 
hours,  under  a  glass  bell,  by  the  side  of  water. 

The  tension  falls  pretty  quickly  after  charging  ;  so  that  sparks 
of  1  millim.  length  can  be  obtained  only  within  the  first  ten 
minutes  ;  but  even  after  24  hours  free  electricity  can  still  be 
distinctly  demonstrated  at  the  poles  of  the  pile  with  the  aid  of  a 
not  particularly  sensitive  gold-leaf  electroscope. 

Here  also  it  appears  that  the  products  electrolytically  deposited 
on  the  plates  by  the  current  (in  the  preseut  case  superoxide  of 
lead)  act  considerably  more  powerfully  than  when  deposited  in 
any  other  way.  A  pile  consisting  of  1000  pairs  of  lead  plates 
coated  on  one  side  with  chemically  produced  superoxide  and  on 
the  other  with  protoxide  of  lead,  gave  in  the  electroscope  a 
proportionally  much  feebler  tension. 

As  the  electromotive  force  of  dry  charging-piles  never  remains 
constant,  but,  in  accordance  with  the  nature  of  the  thing,  con- 
stantly diminishes  from  the  beginning,  they  can  never  possess  any 
practical  importance.  Nevertheless  they  are  excellently  adapted 
to  illustrate  to  a  large  audience  the  principle  of  accumulators. 
The  Holtz  machine  then  represents  the  dynamo-electric  machine, 
and  the  dry  pile  Plantc's  or  Faure's  accumulator :  the  tension- 
phenomena  at  tlie  poles  are  so  energetic  that  they  can  be  seen 
from  a  great  distance. — Wiedemann's  Annalen,  1883,  No.  7, 
pp.  489-491. 
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XXV.  On  the  Admissibility  of  the  Assumption  of  a  Solar 
Electric  Potential,  and  its  Importance  for  the  Explanation 
of  Terrestrial  Phenomena.     By  Weener  Siemens*. 

MY  brother,  Sir  William  Siemens,  in  his  memoir  "  On  the 
Conservation  of  Solar  Energy,'^  has  set  up  the  hypo- 
thesis that  the  sun  possesses  a  high  electric  potential,  which 
possibly  produces  the  phenomenon  of  the  zodiacal  light.  He 
accounts  for  the  rise  and  maintenance  of  this  electric  potential 
by  friction  of  the  matter  which,  according  to  his  theory,  hav- 
ing been  dissociated  by  the  light-  and  heat-rays  emitted  from 
the  sun,  flows  in  from  cosmical  space  to  its  polar  regions. 
This  would,  after  condensation  had  set  in,  again  undergo  com- 
bustion and  then  flow  towards  the  sun^s  equator.  In  doing 
this  it  would  be  electrified  by  friction  with  the  rotating  body 
of  the  sun,  and  then  be  afresh  diff'used  in  cosmical  space,  in 
its  electrified  state,  by  the  centrifugal  force  of  the  rotation. 

If  this  much-controverted  theory  be  admitted  as  correct,  it 
follows  that  the  phenomenon  in  question  is  really  similar  to 
the  electrization  (described  by  mef)  of  the  apex  of  the  pyra- 
mid of  Cheops  by  the  whirling  dust-clouds  of  the  desert.  We 
could  then  assume  that  the  body  of  the  sun,  supposed  con- 
ductive and  insulated  by  the  sea  of  flame  enveloj^ing  it,  the 

*  Translated  from  a  separate  impression,  communicated  by  Sir  Charles 
Siemens,  from  tlie  Sitzunfjsherichte  der  koniglich  preussischen  Akademie  der 
Wissenschaften  zu  Berlin,  1883,  XXVT. 

t  Pogg.  Ann.  cix.  p.  355,  1860. 
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photosphere,  keeps  one  of  the  electricities  which  have  heen  sepa- 
rated by  the  friction,  while  the  other  is  spread  by  convection  in 
cosmical  space.  As  it  must  then  be  also  assumed  that  this  con- 
vection extends  far  beyond  the  orbits  of  the  planets,  the  body  of 
the  sun  must  be  regarded  as  having  an  electric  potential  with 
respect  to  these  and  acting  distributively  upon  them.  I  will 
not  enter  further  upon  the  controversy  respecting  the  admis- 
sibility of  the  theory  in  question.  I  do  not  fail  to  perceive 
the  weight  of  many  of  the  reasons  which  have  been  brought 
to  bear  against  it ;  but  I  am  of  the  opinion  that  the  possibility 
of  the  assumption  of  a  solar  electric  potential,  given  by  the 
theory,  tells  much  in  its  favour,  since  some  of  the  most  im- 
portant terrestrial  phenomena  would  find  in  it  an  explana- 
tion, which  has  hitherto  been  sought  in  vain,  and  since,  on 
the  other  hand,  in  the  present  position  of  physical  knowledge 
the  finding  of  any  other  explanation  of  the  presence  of  a  solar 
electric  potential  will  scarcely  be  possible.  For,  up  to  the 
present  time,  no  process  is  known  to  us  in  which  only  one 
electricity  is  called  forth.  We  know  only  separations  of  the 
two  electricities  ;  and  although,  according  to  all  expectation, 
with  the  intensely  powerful  mechanical  and  chemical  actions 
which  are  set  up  at  the  surface  of  the  sun's  body,  such  separa- 
tions take  place  on  a  very  large  scale,  they  must  be  again 
compensated  by  conduction  within  the  same  ;  and  even  if 
there  were  a  lasting  separation  of  the  two  electricities  in  the 
body  of  the  sun,  action  at  a  distance  of  one  of  them  could  not 
possibly  take  place.  So  long,  therefore,  as  no  new  and  at 
present  quite  unknown  facts  appear,  my  brother's  convection 
theory  remains  inseparable  from  the  assumption  of  a  solar 
electric  potential. 

I  must  not,  however,  omit  briefly  to  go  into  the  weightiest 
objection  to  this  theory,  urged  against  it  by  MM.  Faye  and 
Hirn.  It  is  that  the  invariability  of  the  periods  of  revolution 
of  the  planets  about  the  sun  logically  excludes  the  admission 
that  space  is  filled  with  matter — that  astronomical  observations 
unconditionally  demand  the  assumption  that  cosmical  space  is 
an  absolute  vacuum,  since,  with  the  prodigious  velocity  of  the 
motion  of  the  planets,  even  the  most  highly  rarefied  atmo- 
sphere must  bring  about  a  measurable  diminution  of  the 
planetary  velocities,  and  consequently  a  shortening  of  their 
periods.  This  would  be  true,  on  the  hypothesis  that  the 
atmosphere  of  cosmical  space  is  at  relative  rest.  But  this 
cannot  be  the  case  if  the  circulation  assumed  by  my  brother 
really  takes  place.  It  must  be  assumed  that  the  sun's  atmo- 
sphere has  approximately  the  same  rotation-period  as  the  body 
of  the  sun.     Any  difference   in   the   velocities   of  rotation, 
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brought  about  by  the  powerful  ascending  and  descending 
currents  in  the  sun's  atmosphere  which  must  arise  from  the 
combustion  of  the  elements  cooled  by  expansion  and  the  cool- 
ing of  the  burnt  outermost  layers  of  the  photosphere  by  radia- 
tion, will  continually  be  equalized  again  by  friction  against 
each  other  of  the  parts  of  the  sun's  atmosphere  rotating  with 
different  velocities.  About  the  height  of  this  atmosphere 
rotating  equally  with  the  sun's  body  nothing  is  yet  known. 
According  to  Ritter's  calculations*,  indeed,  the  density  of 
the  solar  atmosphere  diminishes  very  quickly  (following  the 
sudden  alteration  of  the  adiabatic  curve)  in  the  region  of  the 
photosphere,  in  which  the  supply  of  heat  from  combustion  con- 
siderably retards  the  diminution  of  temperature  correspond- 
ing to  the  progressive  rarefaction ;  but  we  do  not  yet  know 
the  limit  of  rarefaction  up  to  which  Mariotte  and  Gray-Lussac^s 
law  holds  good.  If,  however,  the  atmosphere  reaches  the 
limit  at  which  the  force  of  attraction  and  the  centrifugal  force 
counterbalance  each  other,  every  material  molecule  passing 
beyond  this  must  henceforth  revolve  round  the  sun  like  a 
planet.  If  new  particles  of  the  mass  were  constantly  arriving 
at  and  entering  this  limit,  a  progressive  condensation  of 
matter  would  of  necessity  take  place  and  a  ring  be  formed 
here,  which  would  rotate  round  the  sun  in  accordance  with 
Kepler's  laws.  Presupposing,  however,  the  continuity  of  the 
sun's  atmosphere,  this  ring-formation  cannot  occur,  since  the 
mutual  friction  of  the  strata  of  gas  continues  even  beyond  the 
surface  of  equilibrium,  and  consequently  those  which  are  al- 
ready in  planetary  motion  are  subjected  to  an  acceleration. 
The  result  must  be  that  with  the  increase  of  velocity  the  dis- 
tance of  each  of  these  microplanets  from  the  sun  is  perpe- 
tually increasing;  consequently  the  constant  outflow  from  the 
solar  atmosphere  into  cosmical  space,  assumed  by  my  brother, 
must  actually  take  place.  And  it  can  only  take  place  in  the 
zone  of  the  sun's  equator,  since  here  at  equal  distance  from 
the  centre  the  centrifugal  force  is  the  greatest.  It  must  also 
be  admitted  that  the  density  of  this  atmosphere,  everywhere 
rotating  in  accordance  with  Kepler's  laws,  in  the  plane  of  the 
sun's  equator  remains  constant  up  to  great  distances  from  the 
sun,  since  the  solar  gravitation  is  throughout  equilibrated  by 
the  velocity  of  revolution.  In  the  directions  perpendicular  to 
that  plane,  on  the  contrary,  the  density  must  decrease,  since 
the  solar  attraction  diminis'hes  as  the  distance  from  the  plane 
of  the  sun's  equator  increases. 

It  follows  from  this  consideration  that  a  material  current 
emanating  from  the  sun  coincident  with  the  phenomenon  of  the 
*  Wied.  Ann.  v.  p.  405,  1878. 
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zodiacal  light  must  have  everywhere  the  period  of  revolution 
that  planets  would  have  at  the  distance  in  question  from  the 
sun.  A  resistance  experienced  by  planets  from  the  material 
parts  of  interplanetary  space,  moving  nearly  uniformly  with 
them  round  the  sun,  is  therefore  out  of  the  question.  Only  a 
resistance  (here  negligible)  must  take  place  in  consequence 
of  the  inclination  of  their  ecliptic  to  the  plane  of  the  sun's 
equator,  to  which  the  observed  lessening  of  this  angle  of  in- 
clination may  perhaps  be  traced.  The  satellites,  too,  in  re- 
volving round  their  planets,  must  experience  a  resistance  from 
the  atmosphere  of  cosmical  space;  while  the  extreme  limit  of 
the  atmosphere  of  the  planets,  rotating  with  them,  must  under- 
go a  frictional  resistance.  With  respect  to  the  moon  M.  Hirn 
is  perhaps  right  in  maintaining  that,  the  celestial  bodies 
moving  with  such  prodigious  velocity,  even  the  most  rarefied 
resisting  medium  would  sweep  away  their  atmospheres. 

Numerous  observations  make  it  highly  probable  that  cos- 
mical space,  at  least  within  the  region  of  the  solar  system,  is 
filled  with  combustible  matter.  This  also  indirectly  tells  very 
decidedly  for  my  brother's  hypothesis  that  the  products  of 
combustion,  in  a  state  of  extreme  rarefaction  and  at  very  low 
temperature,  are  again  dissociated  by  the  sun's  rays.  The 
objection  which  has  been  made,  that  the  work  of  dissociation 
would  absorb  the  energy  of  the  luminous  rays  and  thereby 
render  cosmical  space  opaque,  could  be  set  aside  by  supposing 
that  the  work  of  dissociation  is  done  by  the  invisible  chemi- 
cally acting  rays  only.  But  it  can  also  be  assumed  that,  in 
the  course  of  the  ages,  the  work  of  dissociation  is  already  ac- 
complished, and  that  now  only  the  chemically  combined  mass 
continually  emanating  from  the  sun  is  still  to  be  dissociated 
by  his  rays,  for  which  only  a  part  of  the  light-energy  would 
be  expended. 

Without  the  hypothesis  of  dissociation  it  would  be  difficult 
to  explain  why  cosmical  space  is  not  filled,  like  the  earth's 
atmosphere,  essentially  with  oxygen,  nitrogen,  and  aqueous 
vapour.  It  cannot  be  assumed  that  the  composition  of  the 
body  of  the  sun  is  essentially  different  from  that  of  the  earth, 
if  both  have  come  out  of  the  same  rotating  nebulous  mass, 
since  to  suppose  a  separation  of  matter  in  the  gaseous  state 
according  to  specific  gravity  is  inadmissible.  Hence,  at  least 
in  the  solar  system,  the  electronegative  substances  must  every- 
where predominate  ;  and  it  is  to  be  assumed  that  even  the 
cold  burnt-up  sun  in  the  future  will  be  surrounded  by  an 
atmosphere  containing  an  excess  of  oxygen.  But  if  cosmical 
space  is  filled  with  highly  rarefied  dissociated  products  of 
combustion,  these  must  become  subject  to  the  attraction  of 
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the  sun  wherever  they  are  not,  as  in  the  \acinity  of  the 
equatorial  plane,  withdrawn  from  that  attraction  by  planetary 
revolution.  Hence  a  constant  inflow  of  dissociated  matter  to 
the  sun  must  take  place,  especially  in  the  polar  regions,  where 
there  is  a  total  absence  of  centrifugal  force,  as  my  brother 
supposes.  If  the  mass  of  the  sun,  as  may  well  be  assumed, 
remains  invariably  the  same,  this  means  that  a  state  of  equili- 
brium has  entered,  in  which  just  as  much  burnt  matter  flows 
out  from  the  sun^s  equatorial  zone  as  is  again  conveyed  by 
attraction,  in  a  state  of  dissociation,  to  its  polar  regions. 
Then  the  flow  from  the  pole  to  the  equator,  as  well  as  the 
proved  lower  angular  velocity  of  rotation  of  the  gaseous  mass 
of  the  sun  in  its  higher  latitudes,  would  consequently  follow. 
Although,  however,  this  gives  the  possibility  of  the  pro- 
duction of  a  solar  electric  potential  by  friction  and  continual 
removal  from  the  sun  of  the  parts  charged  with  one  of  the 
electricities,  yet  the  mechanism  of  this  electrification  still  re- 
mains very  obscure.  The  light  of  the  sun  proceeds  from  a  sea 
of  flame  which,  according  to  Ritter's  beautiful  calculations, 
must  have  a  thickness  of  about  25  kilometres.  Whether  a 
flame  of  burning  gases  of  this  thickness  will  still  transmit  much 
of  the  heat-  and  light-rays  from  a  hotter  source  of  emission, 
how  much  of  them  it  will  absorb  or,  like  a  layer  of  cloud,  will 
reflect,  we  cannot  know.  I  have  recently*  shown  that  gases 
heated  to  from  1500°  to  2000°  C.  still  appear  perfectly  dark, 
while  even  at  a  lower  temperature  they  emit  the  more  slowly 
vibrating  heat-rays.  Whether  gases  become  self-luminous  on 
being  raised  to  a  much  higher  temperature  has  not  yet  been 
determined  by  experiment.  As,  however,  a  small  flame  in  a 
brighter  light  casts  a  shadow,  it  seems  unlikely  that  many  of 
the  light-  and  heat-rays  from  the  deeper  and  hotter  strata  of 
the  sun  can  traverse  the  huge  photosphere.  The  observed 
temperature  and  light  of  the  sun  are  then  phenomena  origi- 
nating essentially  in  the  chemical  action  that  goes  on  in  the 
solar  atmosphere.  This  requires  that  that  atmosphere  ascend- 
ing in  a  state  of  dissociation  and  at  the  same  time  cooled  by 
increase  of  volume,  shall  begin  to  burn  when  the  limit  of  the 
temperature  of  dissociation  for  the  respective  compound  is 
passed,  and  that  this  combustion  shall  continue  until  the  loss 
of  heat  by  expansion  is  equal  to  the  heat  liberated  by  combus- 
tion. The  apparent  temperature  of  the  sun  will  hence  be 
approximately  the  dissociation-temperature  of  those  compounds 
which  have  the  highest  chemical  heat-equivalent,  consequently 
of  water,  the  elements  of  which  will  burn  at  the  greatest  alti- 
tude, while  the  masses  which  are  hea\aer  and  at  the  same  time 
*  Sitzungsh.  der  Akad.  der  Wiss.,  Wied.  Ann.  xviii.  pp.  311-316, 1883. 
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possess  a  higher  temperature  of  dissociation  are  already 
ignited  in  lower  regions.  In  order  to  keep  going  this  upward 
motion  of  the  dissociated  elements,  the  final  products  of  the 
combustion  must  return  to  the  main  body  of  the  sun.  As 
Faye,  Ritter,  and  others  have  shown,  this  takes  place,  first, 
because  those  products  possess  greater  specific  gravity  than 
the  unburnt  gases,  and,  secondly,  in  consequence  of  the  cool- 
ing of  the  higher  strata  of  the  photosphere  by  radiation  of 
heat  and  light.  This  disturbs  the  adiabatic  equilibrium  of  the 
over-  and  underlying  strata  of  gases,  and  compels  the  higher, 
having  become  relatively  heavier,  to  return  in  descending 
currents  to  the  solar  depths.  The  reason  that  these  descend- 
ing currents  become  visible  as  sun-spots  only  in  middle  solar 
latitudes  is  that  there  only  are  the  conditions  present  for  a 
rotating  motion  of  the  descending  current,  by  which  a  vertical 
direction  is  given  to  it.  The  funnel-shaped  diminution  of 
the  diameter  of  a  sun-spot  is  the  result  of  the  great  diminution 
of  volume  effected  by  the  rapidly  increasing  pressure.  The 
interior  of  the  funnel  must  be  relatively  dark,  since  there  the 
formation  of  luminous  flame  fails,  as  the  temperature  must  be 
lower  by  the  amount  of  the  heat  of  dissociation  than  that  of 
the  surrounding  unburnt  solar  substance,  and  perhaps  products 
of  condensation  already  occur,  which  act  as  a  screen  in  keep- 
ing back  the  radiation  of  the  more  brightly  luminous  deeper 
strata  of  the  sun.  On  the  other  hand,  it  is  not  improbable  that 
the  high-blazing  faculse  consist  of  bubbles  of  hydrogen  and 
oxygen  in  the  proportion  to  form  explosive  gas,  or  of  coal-gas 
mixed  in  the  right  proportion  with  oxygen,  which,  in  conse- 
quence of  their  less  specific  gravity  and  greater  liberation  of 
heat  in  combustion,  bursting  through  the  penumbra  and  the 
photosphere,  soar  aloft,  and,  the  elements  of  luminous  flame 
being  absent,  transmit  in  part  the  rays  of  the  hotter  deeper 
layers  of  the  sun.  The  enormous  velocity  of  the  coruscations 
of  many  faculse,  scarcely  admissible  as  a  mechanical  effect, 
might  then  find  its  explanation  in  this  radiation  from  the  solar 
depths.  My  brother,  in  a  recently  published  supplement  to  his 
theory  of  the  sun,  assumes  that  the  main  body  of  the  sun  itself 
may  not  be  hotter  than  about  3000°  C,  since  at  a  higher  tem- 
perature the  chemical  rays  would  be  the  predominant  ones, 
and  at  a  very  much  higher  temperature  the  sun  would  actually 
cease  to  give  light.  This  might  be  true  if  the  photosphere 
did  not  as  a  screen  keep  back  the  hotter  rays  of  the  sun's 
body,  as  it  probably  does.  In  fact,  from  analogies  to  the 
observations  we  cannot  draw  any  safe  conclusion  as  to  whether 
a  body  heated  to  hundreds  of  thousrnds  or  millions  of  degrees 
would  still  be  luminous.     Only  rays  of  so  minute  a  wave- 
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length  might  emanate  from  it  that  they  would  he  incapable 
of  performing  any  chemical  work !  The  apparently  dark 
nucleus  of  the  sun-spots  might  then  be  accounted  for  thus  : — 
The  flameless  products  of  combustion,  relatively  cooled  by 
commencing  dissociation,  returning  to  the  sun,  remain  trans- 
parent and  permit  the  deeper  layers  of  the  sun,  too  highly 
heated  for  luminous  radiation,  to  radiate  through  them.  The 
violet  colour  of  the  nuclei  of  the  sun-spots  would  tell  in 
favour  of  this.  For  attainable  temperatures,  it  is  true,  the 
law  holds  good  that,  besides  the  rapid  undulations  of  the 
aether  corresponding  to  the  higher  temperature,  the  entire 
scale  of  the  slower  undulations  comes  in  also ;  but  whether 
it  is  or  is  not  different  with  temperatures  so  enormously 
higher  cannot,  at  all  events,  be  known. 

It  was  necessary  to  enter  somewhat  more  into  particulars 
respecting  the  constitution  of  the  main  body  of  the  sun  and 
its  light-  and  heat-radiating  envelope,  in  order  to  get  a  foun- 
dation for  an  answer  to  the  question  whether,  with  the  present 
extent  of  our  knowledge,  the  hypothesis  of  a  solar  electric 
potential  appears  admissible.  As  I  have  already  insisted, 
its  conception  is  only  possible  if  a  separation  of  the  two 
electricities  goes  on  at  the  sun's  surface  and  if  one  of  the 
separated  electricities  is  simultaneously  conducted  away.  As 
flame  is  a  good  conductor  of  electricity,  the  entire  photosphere 
and  the  penumbra  (which  probably  take  part  in  the  process 
of  combustion)  may  be  regarded  as  a  conducting  mantle 
enveloping  the  hotter  body  of  the  sun.  As,  further,  flames 
have,  like  points,  the  property  of  transmitting  electricity  to 
their  surroundings  (here,  therefore,  to  their  gaseous  com- 
bustion-products), the  photosphere  must  be  continually  dis- 
charged by  a  partial  outflow  of  the  products  of  combustion 
into  cosmical  space.  If,  therefore,  the  photosphere  were  in- 
sulated from  the  deeper  body  of  the  sun  not  yet  included  in 
the  combustion,  the  latter,  if  it  should  be  regarded  as  a  con- 
ductor of  electricity,  could  be  charged  with  electricity  by 
friction  or  chemical  processes  taking  place  between  the  con- 
ducting body  of  the  sun  and  the  photosphere.  The  question 
whether  hot  gases  are  conductors  of  electricity,  even  when 
no  flames  appear  in  them,  has  not  yet  been  decided  by  direct 
experiments.  That  gases,  like  all  bodies,  become  conductors 
of  electricity  when  the  dielectric  polarization  of  their  mole- 
cules has  reached  its  maximum,  and  that  this  maximum 
diminishes  proportionally  with  the  rarefaction  of  the  gases, 
consequently  also  with  their  heating  reckoned  from  absolute 
zero,  I  have  already  shown,  when  describing  my  ozone- 
apparatus,  in  the  year  1857*.  Accordingly  conductors  are 
*  Pogg.  Ann.  cii.  p.  66. 
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distinguished  from  nonconductors  only  by  the  maximum  of 
polarization  of  the  former  being  vanishingly  small.  That 
in  very  highly  heated  gases  the  maximum  of  polarization 
would  become,  as  in  metallic  conductors,  vanishingly  small, 
can  scarcely  be  admitted.  Direct  experiments  on  the  di- 
electric properties  of  highly  heated  flameless  gases  are  not 
known  to  me  ;  but  the  phenomena  of  the  electric  spark,  as 
well  as  the  luminous  appearances  in  the  ozone-apparatus  and 
Geissler  tubes,  and  the  beautiful  experiments  of  fiittorf  *,  can 
be  explained  even  without  assuming  that  highly  heated  con- 
duct differently  from  cold  gases  of  equal  density.  Hence  the 
high  temperature  of  the  solar  gases  appears  at  present  to  be 
no  obstacle  to  ascribing  to  them  insulating  properties. 
Indeed  their  maximum  of  polarization  will,  in  correspondence 
with  the  density  of  the  sun's  atmosphere,  be  greater  than  that 
of  our  cold  atmospheric  air,  notwithstanding  their  elevated 
temperature. 

Very  different  relations,  however,  may  appear  on  the 
appearance  of  the  critical  state  at  greater  depths  in  the 
sun.  For  the  electrical  property  of  the  critical  state  we  have 
neither  experiments  nor  analogies  :  hence  we  can  assume 
that  the  interior  of  the  sun  is  also  a  metallically  conducting 
mass — that  is,  having  a  vanishingly  small  polarization- 
maximum.  The  surface  of  this  mass  of  the  sun  in  the  critical 
state  might  then  have  an  electric  potential.  The  question, 
however,  would  have  to  be  taken  into  consideration  whether 
the  conducting  photosphere  might  not  on  the  face  turned 
towards  the  interior  of  the  sun  become  electric  by  distribution, 
so  that  the  sun  with  its  enveloping  photosphere  would  form  a 

*  M.  Hittorf,  in  a  communication  in  vol.  xix,  of  Wiedemann's  Annalen, 
p.  73,  says  that  what  I  commimicated  to  the  Academy  on  the  9th 
November,  1882,  viz.  that  gases  at  temperatm-es  from  1500°  to  2000°  C. 
stiU  appear  perfectly  dark  if  they  are  quite  flameless,  and  that  the  lumi- 
nosity of  gases  on  the  passing  through  them  of  an  electric  current  is  a 
similar  process  to  the  shining  of  a  flame  that  separates  no  soUd  com- 
ponents, had  been  previously  made  known  by  himself  and  others.  I 
willingly  grant  this  with  respect  to  the  nonluminosity  of  hot  gases  ;  but 
I  made  no  claim  to  priority  in  this  communication :  I  believe,  however, 
that  I  first  proved  by  experiment  that  gases  so  highly  heated  actually 
appear  perfectly  dark,  although  the  hot  layer  of  air  be  over  a  metre  thick 
and  the  eye  has  been  rendered  in  the  highest  degree  sensitive  by  complete 
darkness,  ffittorf 's  experiments  proved  only  that  hot  gases  are  relatively 
dark.  As  to  the  conductivity  of  gases,  assumed  by  Faraday  for  high 
tensions,  in  my  paper  above  cited,  about  25  years  older,  I  already  set  up 
the  general  law  according  to  which  the  conductivity  of  gases  commences. 
To  this  I  might  also  refer  M.  Eilhard  Wiedemann,  who  claims  priority  for 
his  explanation  of  gases  becoming  luminous  on  an  electric  cuiTent  passing 
through  them  as  a  result  of  dielectric  polarization. 
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prodigiously  powerful  Leyden  jar,  by  which  action  at  a 
distance  of  the  electricity  of  the  conducting  nucleus  of  the 
sun  would  be  in  a  great  measure  excluded.  This  cannot  be 
assumed  at  once,  since  the  conductivity  of  flame  has  quite 
different  causes,  directly  connected  with  the  combustion-process 
itself,  than  that  of  conductive  bodies  not  in  chemical  action  ; 
so  that  an  analogy  between  the  two  is  hardly  to  be  inferred 
with  respect  to  their  capacity  for  electric  distribution.  I  have 
therefore  made  some  experiments  on  the  question  whether  a 
flame  is  subject  to  the  action  of  induction  in  the  same  manner 
as  other  conductors;  and  these  experiments  have  confirmed 
the  hypothesis.  According  to  this,  two  flames  insulated  from 
each  other  can  act  as  the  coatings  of  a  charged  Leyden  jar, 
in  like  manner  as  other  conductors*.  According  to  this  it 
must  be  assumed  that  the  seat  of  the  sun's  electricity  is  chiefly 
to  be  sought  in  the  photosphere,  and  not  in  the  body  itself  of 
the  sun.  The  electric  properties  of  flame  are  still  very 
obscure,  notwithstanding  all  the  experiments  hitherto  made 
on  the  subject.  In  particular,  it  is  not  yet  decisively  deter- 
mined whether  a  difl:erence  of  potentials,  spontaneously  pro- 
duced, between  the  different  zones  of  the  flame,  especially 
between  that  where  the  combustion  commences  and  that 
where  it  goes  out,  exists  or  not.  If  this  vvere  the  case,  as 
appears  probable  from  some  experiments  by  Riess  and  others, 
the  cause  of  the  sun^s  electricity  might  be  sought  therein, 
considering  the  prodigious  dimensions  of  the  sea  of  flame 

*  The  experiment  was  made  tlius : — A  ring-shaped  gas-burner  was  in- 
sulated. On  opening  tlie  cock  a  cylindrical  flame  of  about  2  centim. 
diameter  rose  above  it  to  tlie  height  of  about  15  centim.  The  flame 
passed  through  a  metallic  cylinder  of  about  8  centim.  diameter,  placed  so 
as  to  be  insulated  and  to  surround  it  concentrically.  To  produce  con- 
ducting connexion  with  the  flame,  an  insulated  platinum  wire,  bent  into 
a  circular  shape,  was  placed  in  the  lower  part  of  the  flame.  The  charge 
produced  between  this  platinum  wire  and  the  cylinder  by  a  galvanic 
series  of  fifty  Daniell  cells  was  now  measured,  by  means  of  my  rapidly 
oscillating  electromagnetic  switch,  with  the  gascock  alternately  nearly 
closed  and  quite  open.  The  difference  between  the  deflections  of  the 
mirror- galvanometer  was  then  a  measure  of  the  capacity  of  the  Leyden 
jar  formed  by  the  flame  and  the  cylinder.  The  results  obtained  are 
collected  in  the  following  table  : — 

Diiference  of  deflection 


'umber  of  oscillations  of 

between  low  and 

Amount  of 

the  switch  per  minute. 

high  flame. 

discharge. 

310 

3 

96 

600 

6 

100 

700 

8 

115 

1000 

12 

120 

The  increasing  numbers  of  the  last  column  show  that    with    slow 
oscillations  a  part  of  the  charge  was  lost  by  conduction. 
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surrounding  the  sun,  and  the  corresponding  great  differences 
in  temperature  and  density,  since  the  electricitj  of  the  outer 
layers  of  the  photosphere  would  then  pass  over  to  the  products 
of  combustion,  and  with  them,  according  to  my  brother's 
theory,  would  in  part  be  spread  in  the  direction  of  the  plane 
of  rotation  of  the  sun  in  cosmical  space.  Even  supposing, 
however,  that  the  process  of  electrification  may  have  to  be  sought 
in  the  solar  combustion  itself,  in  the  friction  of  the  matter 
flowing  in  from  cosmical  space,  or  in  other  causes  yet  unknown, 
the  possibility  of  the  existence  of  an  electric  potential  of  the 
sun  is  given  by  the  equatorial  diffusion  of  solar  products  of 
combustion  in  cosmical  space. 

And  this  possibility  rises  to  the  rank  of  high  probability 
when  one  considers  the  facility  with  which  some  difficult  and 
hitherto  unsolved  problems  of  terrestrial  phenomena  can  be 
solved  with  the  aid  of  a  solar  electric  potential.  If  the  sun 
possesses  a  high  electric  potential,  he  must  act  distributively 
upon  all  the  celestial  bodies,  consequently  upon  the  earth  also. 
But  an  accumulation  of  electricity  upon  the  entire  solar 
surface  can  only  take  place  when  the  opposite  electricity 
liberated  is  conducted  away  ;  and  the  only  conceivable  way 
in  which  it  can  be  so  conducted  is  by  being  diffused  in 
cosmical  space.  The  process  is  approximately  the  same  as 
that  which  takes  place  when  an  insulated  sphere  is  placed 
opposite  to  a  larger  charged  spherical  conductor.  The  sphere 
then  gradually  takes  an  opposite  charge,  while  the  same 
electricity  is  lost  by  dissipation  in  space.  With  the  earth  this 
dissipation  of  the  so-called  free  electricity  arising  from  the 
sun's  distribution  is,  moreover,  greatly  favoured  by  the 
extreme  rarefaction  of  the  upper  strata  of  air  and  by  the 
ascending  and  descending  currents  of  air  loaded  with  moisture, 
since  by  these  the  free  electricity  is  conveyed  to  the  upper 
strata  of  highly  rarefied  air.  That  in  this  rarefied  upper  air 
electric  currents  take  place  is  proved  by  the  aurorse  boreales 
and  australes.  They  might  be  regarded  as  the  electrical 
compensation  taking  place  at  the  boundary  of  the  earth's 
atmosphere,  between  the  matter  flowing  out  from  the  sun 
charged  with  negative  electricity  and  the  liberated  positive 
induced  electricity  of  the  earth.  This  compensation  must 
occur  whenever  by  a  change  in  the  sun's  potential  that  of  the 
earth  is  also  changed.  For  the  restoration  of  equilibrium, 
positive  or  negative  electricity  must  then  flow  out  from  the 
earth  ;  consequently  either  a  compensation  must  take  place  at 
the  boundary  of  the  atmosphere  with  the  negative  electricity 
flowing  out  from  the  sun,  or  this  must  flow  to  the  earth.  The 
reason  that  this  exchange  takes  place  preeminently  in  the 
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earth's  polar  regions  may  be  that  the  polar  air  is  more  strongly- 
electric,  as  it  is  continually  displaced  by  the  more  strongly 
electrified  air  brought  by  the  equatorial  current  in  the  upper 
regions  of  the  atmosphere,  and  must  therefore  receive  in  its 
entire  mass  the  electricity  of  the  highest  strata  of  air  of  the 
lower  latitudes.  Earth-currents,  standing  in  intimate  con- 
nexion with  the  northern  and  southern  lights,  are  then  to  be 
considered  a  necessary  consequence  of  the  compensation  of  the 
variations  of  intensity  of  the  electricity  of  the  earth  and  the 
sun  taking  place  preeminently  in  the  polar  regions.  These 
compensation-currents  must  on  their  part  affect  the  magnetic 
needle  by  their  electrodynamic  action. 

Here,  however,  the  question  intrudes,  is  not  the  earth's 
magnetism  itself  to  be  considered  an  electrodynamic  action  of 
the  electrical  charge  of  the  earth  ?  According  to  the  beautiful 
investigation  instituted  ia  Helmholtz's  laboratory,  under  his 
direction,  by  Mr.  Rowland*,  it  is  to  be  regarded  as  demon- 
strated that  stationary  electricity  mechanically  moved  exerts 
electrodynamic  actions  in  a  similar  manner  as  an  electric 
current.  Accordingly  the  earth  must,  if  its  surface  is  charged 
with  electricity  of  great  density,  exhibit,  in  consequence 
of  its  rotation,  magnetic  phenomena,  in  like  manner  as  if 
electric  currents  encircled  it,  carrying  round  it  in  each  lati- 
tude, during  the  time  of  a  rotation,  just  so  much  electricity 
as  the  static  electricity  present  on  the  respective  surface-rings 
amounts  to.  What  density  of  electricity  on  the  earth's  surface 
would  be  required,  in  order  to  produce  the  magnetism  of  the 
earth  by  its  rotation,  will  not  be  difficult  to  practised  mathe- 
maticians to  calculate.  As  the  magnetic  moment  of  a  circular 
current  is  proportional  to  the  surface  flowed  round,  we  may 
foresee  that,  considering  the  dimensions  of  the  earth,  that 
density  will  not  prove  to  be  inadmissibly  great.  Further,  with 
the  colossal  dimensions  of  the  sun,  whose  surface  contains 
11,483  times  the  surface  of  the  earth,  while  the  distance  of 
the  sun  amounts  to  only  22,934  earth's  semidiameters,  the 
density  of  the  sun's  electrcity  need  be  only  about  twice  that 
of  the  earth  in  order  to  call  forth  the  latter  by  electric  dis- 
tribution. Were  the  Avhole  of  the  earth^s  surface  equally 
charged  with  electricity,  the  magnetic  pole  would  necessarily 
coincide  with  the  pole  of  rotation  of  the  earth.  Since  it  is 
not  so,  and  as,  on  the  Avhole,  great  irregularities  take  place 
in  the  distribution  of  the  earth's  magnetism  over  its  surface, 
the  distribution  of  the  static  electricity  on  that  surface  must 
be  irregular.  This  also  appears  probable  when  it  is  re- 
membered that  about  one  third  of  the  earth's  surface  consists  of 
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continent,  which  mostly  has  a  rocky  bottom  only  thinly  covered 
with  badly  conducting  earth.  The  accumulation  of  the  in- 
duced electricity  will  therefore  have  to  be  sought  rather  on 
the  surface  of  the  incandescent  well-conducting  interior  of  the 
earth,  by  the  greater  distance  of  which  from  the  outer  surface 
the  preponderant  influence  of  the  masses  of  electricity  in 
convective  motion  lying  nearest  is  diminished.  Whether  it 
will  be  possible  to  deduce  the  existing  distribution  of  the  earth's 
magnetism,  as  well  as  the  observed  periodic  and  irregular 
disturbances  of  it,  from  this  theory  of  the  cause  of  the 
phenomenon  of  terrestrial  magnetism,  must  be  decided  by 
subsequent  special  investigation.  The  daily  regular  disturb- 
ances might  be  accounted  for  by  the  fact  that  the  density  of 
the  induced  electricity  on  the  side  turned  away  from  must  be 
somewhat  less  than  that  on  the  side  turned  towards  the  sun. 
This  unequal  density  of  the  earth's  electricity  depending  on 
the  position  of  the  sun,  must  proceed  pari  2^<^ssi(  with  the 
rotation  of  the  earth,  and  may  therefore  be  the  cause  of  the 
regular  equatorial  earth- currents  discussed  by  Lament.  The 
magnetic  disturbances  produced  by  the  moon  may  likewise 
find  their  explanation  in  the  reaction  of  lunar  electricity  upon 
the  distribution  of  the  induced  electricity  of  the  earth.  On 
the  other  hand,  the  secular  alteration  of  the  situation  of  the 
magnetic  pole  can,  in  all  probability,  only  be  referred  to  yet 
unrecognized  cosmic  causes. 

Although  this  theory  may  still  leave  much  unexplained,  it 
yet  affords  at  least  the  possibility  of  giving  an  explanation  of 
the  origination  of  the  earth's  magnetism  fitting  in  with  our 
present  experience.  This  is  not  the  case  with  any  previous 
theory.  The  hypothesis  of  a  central  magnet  in  the  interior 
of  the  earth  is  contradicted  by  the  universal  experience  that 
a  red  heat  destroys  the  magnetism  of  all  bodies.  Hence  that 
hypothesis  cannot  be  maintained  without  entirely  losing  sight 
of  the  foundation  of  experience.  The  hypothesis  of  a  stratum 
of  magnetic  ore  in  the  crust  of  the  earth  as  the  seat  of 
terrestrial  magnetism  is  contradicted,  in  the  first  place,  by 
calculation,  since  the  magnetism  of  such  a  stratum,  even  if  it 
be  supposed  of  the  greatest  possible  thickness  and  magnetized 
to  the  maximum,  would  not  suftice  to  produce  the  existing 
terrestrial  magnetism  ;  and,  secondly,  by  the  impossibility  of 
finding  a  cause  for  the  magnetization  of  that  stratum  of  ore, 
since  the  magnetism  cannot  have  been  present  from  the 
beginning,  but  must  have  first  arisen  after  the  cooling  of  the 
earth. 

The  same  might  be  maintained  of  the  theory  advanced 
after  Faraday's  discovery  of  the  magnetic  properties  of  the 
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oxygen  of  the  air,  that  this  oxygen  is  the  seat  of  the  earth's 
magnetism,  if  calculation  had  not  already  shown  that  the  seat 
of  this  magnetism  cannot  be  outside  of  the  surface  of  the 
earth.  Just  as  little  can  those  theories  of  the  earth's  mag- 
netism meet  with  consideration  which  rest  upon  thermo- 
electric currents  or,  as  Zollner  attempted  to  base  his,  on 
convection-currents  in  the  liquid  interior  of  the  earth,  since 
in  a  medium  conducting  equally  well  in  all  directions  such 
currents  can  never  take  place.  Moreover  no  cause  can  be 
found  for  the  existence  of  permanent  regular  currents  of  the 
liquid  interior  of  the  earth. 

In  like  manner  as  an  electric  potential  of  the  sun  aifords 
the  possibility  of  accounting  for  the  earth's  magnetism,  to- 
gether with  the  related  phenomena  of  the  auroras  and  earth- 
currents,  it  also  gives  a  handle  for  the  explanation  of  the 
electricity  of  the  air  and  the  phenomena  of  thunder-storms. 
That  the  earth  must  be  charged  with  negative  electricity 
was  assumed  already  by  Lament  for  the  explanation  of  the 
perpetually  changing  atmospheric  electricity.  His  view, 
however,  that  this  electric  charge  is  to  be  accounted  for  by 
thermoelectric  differences,  is  no  more  tenable  than  the  view 
that  friction-processes  can  generate  an  electric  potential  of 
the  earth.  Such  a  potential  can  only  arise  from  cosmic 
influence  and  the  removal  of  the  liberated  same  electricity 
by  diffusion  in  space,  or  its  neutralization  by  the  oppositely 
charged  matter  which  flows  out  from  the  sun  in  the  direction 
of  the  plane  of  his  equator.  If,  however,  we  assume  this  to 
be  the  case,  that  consequently  the  earth  together  with  the 
sun  forms  an  electric  accumulation-apparatus  the  separating 
dielectric  of  which  is  the  atmosphere  of  the  sun  and  of  the 
earth  and  the  interplanetary  space  filled  with  most  highly 
rarefied  matter,  all  the  conclusions  drawn  by  Lament  and 
others  from  the  electric  charge  of  the  earth  are  justified. 
But  to  account  for  the  electricity  of  thunder-storms,  the 
trifling  and  varying  electricity  of  the  atmosphere,  to  which 
it  has  hitherto  been  attributed,  does  not  seem  sufficient. 
The  sudden  appearance  of  such  vast  masses  of  electricity  as 
arrive  especially  in  tropical  storms  repels  the  supposition  that 
they  have  had  their  seat  in  the  feeble  electric  charge  of  the 
comparatively  small  quantity  of  air  that  carries  the  thunder- 
clouds. The  sources  from  which  it  springs  must  be  more 
productive.  Such  a  source,  of  inexhaustible  vastness,  is 
found  in  the  electric  charging  of  the  earth  by  solar  influence. 
When  a  conducting  object  is  brought  near  a  large  sphere 
charged  with  electricity,  it  is  subjected  to  the  distributive 
action  of  the  electricity  existing  on  the  surface  of  the  sphere. 
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If  tlie  similar  electricity  accumulated  in  the  part  of  the 
conductor  most  distant  from  the  sphere  finds  a  means  of 
transmission  to  still  more  distant  conductors,  the  first  con- 
ductor becomes  lastingly  charged  with  electricity  the  polarity 
of  which  is  the  opposite  of  that  of  the  sphere.  But  if  the 
elevation  of  the  conductor  above  the  surface  is  but  little  in 
proportion  to  the  diameter  of  the  sphere,  then  the  difference 
of  tension  between  the  surface  of  the  sphere  and  the  most 
distant  point  of  the  elevation  can  only  be  small.  For  this 
reason,  even  with  a  great  density  of  the  electricity  on  the 
surface  of  the  earth  no  electrical  repulsion  can  take  place 
there,  and  even  on  mountain-tops  it  cannot  be  very  noticeable. 
But  the  ratio  takes  another  form  when  a  sphere  is  charged  by 
induction  from  a  distant  electrical  sphere.  The  lines  of  force 
which,  according  to  Faraday^'s  molecular-distribution  theory, 
go  from  the  charging  to  the  charged  sphere  from  which  the 
electricity  is  carried  away,  meet  the  latter  everywhere  almost 
perpendicularly  and,  with  a  great  distance  between  the  in- 
fluencing spheres  acting  upon  each  other  in  proportion  to 
the  diameters  of  the  spheres,  in  almost  equal  number  on 
the  side  turned  towards  the  distributing  sphere  and  on  that 
turned  away  from  it.  If  now  an  insulated  conductive  screen 
that  covers  a  part  of  the  surface  of  the  influenced  sphere  be 
brought  near  the  latter,  if  it  be  thin  it  will  not  become 
perceptibly  electric.  But  as  soon  as  the  screen  is  touched  so 
as  to  conduct  away  its  electricity,  it  takes  the  opposite  elec- 
tricity to  that  of  the  sphere,  while  the  like  electricity  is 
carried  away.  The  behaviour  is  the  reverse  of  this  when  the 
screen  is  conductively  connected  with  the  sphere  ;  the  screen 
then  forms  part  of  the  surface  of  the  sphere  and  receives  its 
electric  charge,  while  the  part  of  the  surface  under  the  screen 
becomes  nonelectric.  Now  the  thunder-clouds  appear  in  the 
character  of  such  screens  upon  the  surface  of  the  earth.  If  such 
a  screen  of  cloud  be  imagined  included  in  the  formation  over 
a  part  of  the  earth's  surface,  it  will  remain  unaffected  by  the 
earth's  electricity  so  long  as  the  conductive  particles  of  water 
are  insulated  and  at  a  considerable  distance  from  one  another. 
Hence  mist  and  light  clouds  will  not  become  electric.  But  as 
soon  as  the  mist  has  so  far  condensed  that  its  conductive  parts 
come  into  contact  with  one  another,  or  the  distance  between 
them  becomes  so  small  that  electricity  of  very  slight  tension 
can  overleap  the  intervals,  the  cloud  is  subjected  to  the  distri- 
bution process.  This  can  be  initiated  by  its  being  put  into 
conducting  connexion  with  clouds  situated  in  very  elevated 
regions  by  ascending  cloud  vortices.  This  conductively  con- 
nected cloud  is  then  electrified  in  its  lower  part  with  the 
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contrary  electricity  to  that  of  the  earth,  while  the  upper 
part  is  electrified  similarly  to  the  latter.  But  a  dense  con- 
ductive bank  of  clouds  may  in  one  or  more  places  come  into 
conductive  connexion  with  the  earth  itself.  It  then  forms  a  part 
of  the  earth's  conductive  surface,  and  takes  up  its  electricity*. 
The  latter  process  most  readily  occurs  at  the  declivity  of  steep 
mountains  against  which  the  layers  of  cloud  rest.  Hence 
mountains  frequently  occasion  tempests.  In  the  generation 
of  the  clouds  that  carry  the  electricity  of  storms  electricity  does 

*  During  a  voyage  on  the  Mediterranean  in  the  winter  of  1865,  in  the 
vicinity  of  the  Spanish  coast,  between  Cartagena  and  Almeria  I  had  an 
opportunity  of  observing  the  course  of  the  phenomenon  of  a  waterspout, 
which  appears  to  me  to  tell  decidedly  in  favour  of  this  conception. 

Between  the  ship  and  the  coast  in  the  vicinity  of  Almeria,  with  a  vigo- 
rously agitated  so-caUed  dead  sea,  without  any  considerable  motion  of  the 
air,  a  dense  but  apparently  not  high  bank  of  black  clouds  was  seen,  under 
which  the  sea  seemed  to  be  in  the  wildest  commotion.  It  appeared  there 
like  a  roundish  white  spot,  the  diameter  of  which  the  seamen  estimated 
at  from  two  to  three  [German]  nautical  miles,  foaming  up  to  a  great 
height,  while  the  sea  around  it  showed  only  smooth  waves  without  any 
breakers.  In  spite  of  the  considerable  distance  of  the  ship  from  the  place 
of  violent  agitation,  amounting  to  several  leagues,  it  could  be  distinctly 
seen  through  the  telescope  that  the  angry  sm-ges  rose  several  metres  above 
the  sharply  defined  surface  of  the  relatively  calm  mirror  of  the  sea.  The 
cloud  descended  at  one  place  in  the  shape  of  a  funnel,  forming  a  streak 
of  cloud  cm-ved  like  an  elephant's  trimk,  reaching  down  nearly  to  the 
foaming  sm-face  of  the  sea,  and  apparently  joining  below.  Perfect  con- 
tact with  the  foaming  surface  could  not  be  perceived ;  and,  what  was 
surprising,  no  greater  foaming  took  place  under  the  trunk-shaped  cloud 
than  m  other  places.  The  trimk  itself  slowly  rotated,  if  I  remember 
rightly,  in  the  direction  of  the  hands  of  a  watch,  over  the  white  spot ;  and 
its  place  of  jimction  with  the  cloud  took  part  in  the  motiou,  though  not 
to  ah  equal  extent.  Unfortunately,  night  coming  on  and  the  increasing 
distance,  after  about  half  an  hour's  observation,  dming  which  the  trmik 
had  made  a  turn  and  a  half,  keeping  its  point  constantly  at  about  one 
third  of  the  radius  of  the  white  spot  from  its  margin,  deprived  us  of  the 
further  contemplation  of  this  interesting  phenomenon,  which  had  been 
followed  with  the  closest  attention  by  myself,  my  brother  William  and 
his  wife,  and  the  naval  officers  belonging  to  the  company  of  the  French 
cable-ship,  on  board  of  which  we  were.  No  whirling  motion  was  per- 
ceptible. Almost  a  dead  calm  prevailed.  It  can  only  have  been  a  purely 
electrical  phenomenon,  which  must  have  consisted  in  an  electric  current 
fi'om  the  earth  to  the  cloud.  If  we  assume  that  this  current  had  at  one 
place  become  so  strong  that,  by  electric  conveyance  of  the  liquid,  a  con- 
ductive water  commimication  between  the  sea  and  the  cloud  was  formed, 
the  rotation  of  the  trunk  under  the  influence  of  the  earth's  magnetism  is 
also  explained.  Dming  the  night  a  storm  raged  on  the  Spanish  coast, 
which  probably  originated  in  the  waterspout  observed  by  us.  The  latter, 
however,  appeared  later  to  have  directed  its  course  from  the  Spanish  to  the 
African  coast ;  for  towards  the  end  of  the  night  our  ship  near  the  latter 
coast  encountered  so  fearful  a  storm  of  only  a  few  minutes'  duration  that 
it  was  in  the  greatest  peril,  and  the  seamen  were  firmly  of  opinion  that  the 
waterspout  had  passed  over  the  ship. 
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not  appear  to  play  any  essential  part.  The  cause  of  the  for- 
mation of  cloncls  is,  as  a  rule,  to  be  sought  in  the  ascending 
and  descending  motion  of  the  air,  to  which  not  only  this  and 
the  rain  falling  from  the  clouds,  but  also  the  letting  loose  of 
storms  is  almost  exclusively  to  be  ascribed.  The  views  on  this 
subject  which  still  prevail  to  a  great  extent  in  meteorology  need, 
in  my  opinion,  correction  in  some  points.  Were  the  equili- 
brium of  the  aerial  ocean  not  constantly  disturbed  by  unequal 
heating  and  cooling  of  the  air  by  radiation,  the  temperature 
and  density  of  the  air  could  not  but  be  in  so-called  indifferent 
equilibrium  up  to  the  greatest  altitude,  and  in  such  wise  that 
the  loss  of  temperature  with  increasing  height  would  be  every- 
where equivalent  to  the  work  of  expansion  of  the  gas.  The 
higher  temperature  of  the  air  of  the  lower  latitudes  would  be 
equalized  by  slowly  coursing  whirlwinds  with  a  horizontal 
axis  of  rotation,  as  is  shown  on  a  large  scale  by  the  trade 
winds,  and  finally  the  entire  sea  of  air  would  possess  equal 
temperature  at  equal  bights.  This  indifferent  or  adiabatic 
equilibrium  is  now  continually  disturbed  by  extra  heating 
of  the  earth's  surface  and  of  the  lower  strata  of  the  air  by 
solar  radiation,  by  absorption  of  the  same  on  passing  through 
the  atmosphere,  and  by  the  extra  cooling  of  the  higher  strata 
by  radiation  outwards.  Through  this  the  lower  strata  become 
lighter  and  the  upper  heavier  than  the  adiabatic  equilibrium 
requires ;  and  this  disturbance  must  be  compensated  by 
ascending  and  descending  currents  in  the  atmosphere.  As 
the  ascending  air,  which  has  become  warmer  on  the  ground,  in 
correspondence  with  the  adiabatic  curve  of  temperature  pre- 
serves this  excess  of  heat  on  ascending,  but  the  upward  impulse 
increases  with  the  increasing  height  of  the  ascending  current 
because  the  succeeding  layers  of  air  at  the  ground  have  always 
the  same  excess  of  temperature,  the  upcurrent  must  continue, 
in  the  places  where  it  has  once  been  produced  by  favourable 
local  conditions,  until  the  difference  of  temperatures  is  equa- 
lized. The  work  done  by  the  upcurrent  of  the  relatively 
lighter  air  and  the  descent  in  other  places  of  the  relatively 
heavier  air  cooled  by  radiation  must  be  converted  into  vis  viva, 
as  it  puts  the  air  into  quicker  motion.  This  is  effected  essen- 
tially by  the  volume  of  the  ascending  air  being  increased  by 
the  diminution  of  pressure.  Since,  the  diameter  of  the  terres- 
trial globe  being  great,  the  air-space  becomes  only  impercep- 
tibly larger  with  the  height,  the  velocity  of  the  ascending  air 
must  even  from  this  cause  increase  nearly  proportionally  to 
the  decrease  of  pressure.  In  the  highest  regions  of  the  air  to 
which  each  upcurrent  formed  will  reach,  the  velocity  of  the 
air  must  therefore  be  very  considerable  }  and  there  with  the 
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same  velocity  the  surrounding  calm  air  must  be  pushed  aside 
in  order  to  make  room  for  that  which  has  arrived.  This  dis- 
placement will  take  place  chiefly  in  the  direction  to  where  a 
descending  current  has  been  formed  to  replace  the  overheated 
air  flowing  at  the  surface  of  the  earth  to  the  place  of  the  up- 
current.  This  downflowing  air  now  becomes  denser  again 
correspondingly  to  its  altitude,  it  is  true  ;  hut  at  the  same  time 
it  retains  the  velocity  it  acquired  in  the  upper  regions.  It  is 
evident  that  the  final  result  may  be  a  very  great  velocity  of 
air  at  the  earth^s  surface,  if  the  disturbance  of  the  adiabatic 
equilibrium  was  qualitatively  and  quantitatively  considerable. 
These  local  storms,  the  direction  of  which  is  modified  accord- 
ing to  Dove's  law  of  rotation  by  the  rotation  of  the  earth, 
must  become  peculiarly  violent  if  the  upcurrent  itself  is  con- 
fined within  narrow  limits,  since  then  the  compensating 
process,  i.  e.  the  conversion  of  the  energy  accumulated  in  the 
disturbance  of  equilibrium  into  air-velocity,  is  confined  to  a 
proportionately  small  quantity  of  air.  Yet  powerful  storms, 
passing  over  whole  continents,  may  also  be  produced  by  as- 
cending currents  of  air  of  wide  local  extent.  That  the  descend- 
ing current  produces  an  increase  of  pressure  upon  the  ground, 
and  the  ascending  current  a  decrease,  follows  from  the  laws 
of  mechanical  motion.  The  mere  motion  of  the  air,  however, 
must  of  itself  always  occasion  a  fall  of  the  barometer,  since 
the  moved  air  carries  away  with  it  the  still  air  at  the  contact 
boundary  and  consequently  produces  a  rarefaction.  The  final 
result  of  the  compensation  of  the  disturbance  will  therefore  be 
to  put  greater  and  greater  masses  of  air  into  whirling  motion, 
and  last  of  all  to  bring  the  vis  viva  back,  by  friction,  into  the 
form  of  heat. 

It  follows  from  these  considerations  that  the  aqueous  vapour 
in  the  air  does  not  play  the  great  part  in  the  movement  of  the 
air  that  is  usually  attributed  to  it,  since  the  phenomena  of  the 
motion  and  pressure  of  the  air  can  be  accounted  for  without 
the  water  contained  in  the  air.  The  origin  of  storms,  i.  e.  in 
this  case  the  place  of  the  acceleration  of  the  masses  of  air,  must 
only  be  sought,  not  at  the  surface  of  the  earth,  but  essentially 
in  the  highest  regions  of  the  air.  If  the  atmosphere  consisted 
of  aqueous  vapour  only,  the  phenomena  would  be  altogether 
similar.  Aqueous  vapour  is  as  subject  to  the  law  of  adiabatic 
expansion  as  air ;  only  its  density  and  temperature  decrease 
with  increasing  height  much  less  than  those  of  the  permanent 
gases  of  the  atmosphere.  According  to  Ritter  a  vapour  at- 
mosphere would  be  about  thirteen  times  as  high  as  an  atmo- 
sphere of  air.  It  is  true  that,  according  to  Clausius  and  Sir 
William  Thomson,  with  the  adiabatic  expansion  of  vapour  a 
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continual  condensation  takes  place ;  but,  at  the  heights  in 
which  according  to  experience  the  formation  of  clouds  occurs, 
it  must  still  be  too  inconsiderable  to  bring  about  the  observed 
precipitation.  The  reason  of  the  condensation  that  takes 
place  in  ascending  air-currents  lies  essentially  in  this — that 
the  aqueous  vapour  is  intimately  mixed  with  the  air,  and  that 
in  the  ascending  current  it  does  not  take  the  adiabatic  tem- 
perature belonging  to  itself,  but  that  of  the  greatly  prepon- 
derating mass  of  air  with  which  it  is  mixed.  Now,  as  the 
air  is  cooled  much  more  quickly  with  increasing  height  than 
the  vapour,  the  latter  is  cooled  below  the  adiabatic  tempera- 
ture belonging  to  it ;  and  this  diminution  of  temperature 
gives  rise  to  its  condensation  if  the  point  of  saturation  of  the 
vapour  is  overpassed. 

This  conception  is  apparently  contradicted  by  the  circum- 
stance that  aeronauts  have  repeatedly  proved  that  strata  of 
warmer  air  frequently  overKe  colder  ones,  while  the  law  of 
adiabatic  expansion  requires  a  continuous  decrease  of  pressure 
and  temperature.  But  this  is  easily  explained  by  the  dis- 
similar constitution  of  the  earth's  surface,  owing  to  which 
the  ascending  current  frequently,  and  iu  many  places,  has  a 
much  higher  temperature  aud  contains  a  far  greater  quantity 
of  aqueous  vapour  than  in  others.  If  the  amount  of  water 
held  by  such  a  hot  ascending  mass  of  air  is  so  great  that  part 
of  it  is  separated  during  the  ascent  and  falls  as  rain,  the  air 
met  with  in  the  upper  strata  of  the  atmosphere  is  still  further 
heated  by  taking  up  the  latent  heat  of  the  aqueous  vapour ; 
and  thereby  its  volume  and  upward  impulse  are  augmented  ; 
and  the  final  result  must  be  a  stratum  of  relatively  warm  and 
comparatively  waterless  air,  which  is  then  pushed  by  its  expan- 
sion over  colder  air,  but  which,  from  containing  more  aqueous 
vapour,  is  lighter  *.  These  departures  from  the  rule  that 
the  temperature  and  density  of  the  atmosphere  decrease  as  the 
height  increases,  while  the  contained  water  must  increase, 
are  easily  accounted  for.  The  latter  must  be  the  rule  for 
the  higher  latitudes  at  least,  since  the  masses  of  warm  air 
containing  relatively  much  water  continually  ascending  in  the 
calms,  on  their  way  to  higher  latitudes,  after  loss  of  their 
greater  heat  by  radiation,  it  is  true  for  the  most  part  sink 
to  earth  again  as  descending  currents  ;  but  they  must  also 
in  part  reach  the  high  latitudes  as  an  upper  equatorial  current. 

*  Kronig  has  already  proved  that  the  aqueous  vapour  mixed  with  an 
ascending  cun-ent  produces  by  its  condensation  no  diminution,  but  an 
augmentation  of  volume,  as  the  latent  heat  of  the  vapour  enlarges  the 
volume  of  the  air  by  a  much  greater  amomit  than  the  volume  of  the  con- 
densed vapour  before  its  condensation  (Fortschr.  d.  Phys,  xs.  p.  626). 
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In  this  greater-  humidity  of  the  higher  strata  of  the  atmo- 
sphere is  to  be  sought  the  reason  why  even  with  descending 
currents  of  air  falls  of  rain  may  occur.  If  the  temperature 
of  a  very  moist  upper  current  be  cooled  by  radiation  below 
the  point  of  saturation  of  the  vapour,  cirrus  clouds  will  be 
formed,  probably  consisting  of  ice  crystals  *.  The  latent  heat 
of  the  vapour  and  water  thereby  set  free  will  again  heat  these 
strata  of  the  air  and  protract  the  process  of  formation  of  hea- 
vier snow-clouds ;  but  if  by  continued  loss  of  heat  by  radiation 
the  process  be  completed,  the  weight  of  the  ice,  no  longer 
filling  any  considerable  space,  must  disturb  the  adiabatic  equi- 
librium, and  a  sinking  of  the  mass  of  cloud  commence.  The 
condensation  and  heating  then  taking  place  melt  the  snow 
again  ;  and  the  requisite  latent  heat  is  withdrawn  from  the 
air.  The  adiabatic  equilibrium  is  hence  still  further  disturbed; 
and  the  final  result  will  be  a  cold  descending  current  with 
rain.  The  density  of  these  slowly  descending  rain-clouds, 
however,  "^dll  not  be  great  enough  to  make  the  cloud  elec- 
trically conductive ;  consequently  there  will  be  no  formatior. 
of  electricity  by  distribution.  The  course  of  things,  however, 
will  be  different  when  by  local  overheating  of  the  air  in  the 
vicinity  of  the  ground  a  local  upcurrent  with  rainfall  is  pro- 
duced. The  upcurrent  may  then  acquire  a  velocity  greater 
than  that  of  the  falling  drops  formed  in  the  resisting  air ;  hence 
these  vritl  be  whirled  with  the  current  into  the  upper  regions, 
the  temperature  of  which  lies  far  below  the  freezing-point, 
and  frozen  to  hailstones.  By  the  rapid  increase  of  volume,  and 
the  corresponding  lateral  expansion  of  the  accelerated  current, 
the  next  higher  strata  of  air,  which  are  relatively  moist  and  cold, 
are  set  whirling  with  a  horizontal  axis  of  rotation  ;  and  these 
whirlwinds  combine  with  that  which  is  ascending  and  rotating 
about  a  vertical  axis.     The  violent  whirling  motion  into  which 

*  It  is  extremely  probable,  however,  tbat  in  the  high  regions  of  the 
atmosphere  both  water  and  vapoiu*  retain  their  state  of  aggregation  down 
to  far  below  the  temperature  of  their  points  of  freezing  and  condensation 
respectively.  That  water  without  the  presence  of  solid  bodies  to  induce 
crystalhzation,  and  without  violent  agitation,  can  be  cooled  far  below 
—  20='  C.  without  freezing  is  a  fact.  That  steam  in  like  manner  can 
retain  the  form  of  vapour  below  its  point  of  condensation  has  not  yet 
been  proved  experimentally.  We  know  only  the  retardation  of  boil- 
ing, which  so  frequently  gives  rise  to  steam-boUer  explosions.  It  is  at 
all  events  not  improbable  that  this  retardation  of  boiling  also  stands 
opposed  to  a  retardation  of  condensation.  This  can  only  with  difficulty 
be  ascertained  by  experiments,  since  means  are  wanting  to  cool  a  mass  of 
steam  out  of  contact  with  solid  or  liquid  bodies.  Without  assuming  this 
it  cannot  weU  be  explained  why  the  sky  is  not  always  entirely  covered 
with  cirrus  clouds ;  for  it  would  have  to  be  assimied  that  water  particles 
liquefied  in  the  great  rarefaction  of  the  higher  strata  of  air  do  not  appear 
as  clouds. 
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the  hitherto  calm  overcooled  aerial  sea  is  thrown  will  now  in- 
duce in  it  a  sudden  formation  of  water  and  ice.  The  whirlings 
with  horizontal  axis  of  rotation  maj  at  the  same  time  acquire 
a  great  diameter  and  hurl  up  the  grains  of  ice  repeatedly  into 
the  ice-region,  until  they  have  grown  too  heavy  and  fall  to  the 
ground  as  hailstones  or,  after  passing  through  lower  warm 
air,  as  cold  drops  of  rain.  By  this  copious  formation  of  rain 
in  a  short  time  the  water  particles  of  the  path  of  cloud  are 
brought  so  close  together  up  to  the  highest  air-strata,  that  it 
becomes  a  conductor  of  electricity  and  is  consequently  exposed 
to  electrical  distribution.  If  at  any  place  it  is  in  conductive 
connexion  with  the  earth,  the  earth's  electricity  must  flow 
into  it ;  and  it  then  receives  the  same  electricity.  If  it  is  not 
so,  it  becomes  charged  in  the  vicinity  of  the  earth  with  the 
contrary  electricity,  while  the  similar  electricity  escapes  by 
the  conductive  vortex-cloud  into  the  hio;her  regions.  Where 
the  conduction  of  the  cloud  is  imperfect,  it  is  temporarily 
restored  by  lightning-flashes  springing  between  the  layers  of 
cloud  insulated  from  one  another,  or  between  cloud  and  earth; 
and  finally,  on  the  whirling  storm  passing  away,  and  the  cloud 
formed  by  it  breaking  up_,  the  whole  of  the  electricity  wiU 
again  equalize  itself  with  the  earth's  electricity  by  flashes  of 
Hghtning,  or  will  in  part  pass  into  the  air  as  atmospheric 
electricity. 

Many  observations  of  the  formation  of  thunder-storms  have 
been  made  from  the  summits  of  high  mountains  or  from 
balloons ;  and  almost  all  of  the  observers  have  spoken  of 
several  layers  of  clouds  one  above  another,  either  joined  to- 
gether or  between  which  flashes  of  lightning  sprang.  The 
most  instructive  description  is  that  given  by  M.  Wite*,  who  ob- 
served from  a  balloon  the  rise  of  a  heavy  thunder-storm.  He 
saw  "two  layers  of  cloud,  one  about  2000  feet  above  the  other, 
of  which  the  upper  one  sent  snow,  rain,  and  hail  to  the  lower. 
Between  the  two  passed  noiseless  undulating  masses  of  yellowish 
light.  Electric  discharges,  with  lightning  and  thunder,  oc- 
curred always  in  the  lower  layer  ;  yet  the  thunder-storm  was 
far  more  violent  above  both  lagers  than  below  them.  The 
upper  layer  was  strongly  agitated  by  a  west  wind."  That  the 
observer  could  see  only  two  clouds,  one  above  the  other,  is 
explicable,  since  his  balloon  was  at  the  altitude  of  the  interval. 
It  is  to  be  presumed  that  several  more  such  layers  of  cloud,  up 
to  the  highest  region  of  the  atmosphere,  were  present,  between 
which  the  observed  precipitation  and  processes  of  electric  con- 
duction took  place.  By  the  heavy  rain  falling  from  the  upper 
cloud  layer,  especially  from  its  middle,  the  two  were  conduc- 
*  Fortschr.  der  Physik,  1852,  p.  762. 
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tively  connected,  and  thereby  submitted  to  the  process  of 
electric  distribution. 

To  the  theory  of  the  sun's  electric  potential  might  still  be 
opposed  the  objection  that  the  electric  attraction  between  the 
sun  and  the  planets,  and  the  repulsion  which  the  latter  would 
necessarily  exert  upon  one  another  and  upon  their  satellites, 
would  modify  the  basis  of  the  astronomical  calculations,  since 
then,  besides  gravitation,  an  additional  force,  the  electrical, 
would  have  to  be  taken  into  account. 

This  objection  is  perfectly  legitimate.  But  as  electric  force, 
equally  with  gravitation,  stands  in  the  ratio  of  the  square 
of  the  distance  of  the  centres,  the  paths  of  the  planets  would 
remain  unaltered  if  a  part  of  the  gravitational  were  replaced 
by  an  electrical  attraction.  Only  the  calculated  ratio  of  the 
masses  of  the  sun  and  planets  to  that  of  the  earth  would  be 
changed.  These  alterations  would  be  sensible,  especially  in 
the  case  of  the  small  planets  and  the  satellites,  since  electric 
force  is  a  function  of  the  surface.  On  the  other  hand,  how- 
ever, the  disturbing  influences  exerted  by  the  planets  and  their 
satellites  upon  one  another's  paths  must  be  changed  if  gravi- 
tation be  diminished  by  electric  repulsion. 

Perhaps  it  is  reserved  for  astronomy  to  bring  out  from  the 
perturbations  of  the  paths  of  Mercury,  the  asteroids,  and  the 
satellites  the  demonstration  of  the  existence  or  nonexistence 
of  an  electric  potential  of  the  sun. 


XXVI.  On  Porous  Bodies  in  relation  to  Sound.  By  Lord 
'Rh.Yh'EiGR,  D.C.L.,  F.R.S.,  Cavendish  Professor  of  Physics 
in  the  University  of  Cambridge* . 

IN  Acoustics  we  have  sometimes  to  consider  the  incidence 
of  aerial  waves  upon  porous  bodies,  in  whose  interstices 
some  sort  of  aerial  continuity  is  preserved.  Tyndall  has  shown 
that  in  many  cases  sound  penetrates  such  bodies,  e.  g.  thick 
pieces  of  felt,  more  freely  than  would  have  been  expected, 
though  it  is  reflected  from  quite  thin  layers  of  continuous 
solid  matter.  On  the  other  hand,  a  hay-stack  seems  to  form 
a  very  perfect  obstacle.  It  is  probable  that  porous  walls  give 
a  diminished  reflection,  so  that  within  a  building  so  bounded 
resonance  is  less  prolonged  than  would  otherwise  be  the  case. 
When  we  inquire  into  the  matter  mechanically,  it  is  evi- 
dent that  sound  is  not  destroyed  by  obstacles  as  such.  In  the 
absence  of  dissipative  forces,  what  is  not  transmitted  must 
be  reflected.     Destruction  depends  upon  viscosity  and  upon 

*  Communicated  by  tlie  Author. 
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conduction  of  heat ;  but  the  influence  of  these  is  enormously 
augmented  by  the  contact  of  solid  matter  exposing  a  large 
surface.  At  such  a  surface  the  tangential  as  well  as  the  nor- 
mal motion  is  hindered,  and  a  passage  of  heat  to  and  fro  takes 
place,  as  the  neighbouring  air  is  heated  and  cooled  during  its 
condensations  and  rarefactions.  With  such  rapidity  of  alter- 
nations as  we  are  concerned  with  in  the  case  of  audible  sounds, 
these  influences  extend  to  only  a  very  thin  layer  of  the  air 
and  of  the  solid,  and  are  thus  greatly  favoured  by  attenuation 
of  the  masses. 

I  have  thought  that  it  might  be  interesting  to  consider  a 
little  more  definitely  a  problem  sufficiently  representative  of 
that  of  a  porous  wail,  in  order  to  get  a  better  idea  of  the 
magnitudes  of  the  effects  to  be  expected.  We  may  conceive 
an  otherwise  continuous  wall,  presenting  a  flat  face,  to  be  per- 
forated by  a  great  number  of  similar  small  channels,  uniformly 
distributed,  and  bounded  by  surfaces  everywhere  perpendi- 
cular to  the  face.  If  the  channels  be  sufficiently  numerous, 
the  transition  from  simple  plane  waves  outside  to  the  state  of 
aerial  vibration  corresponding  to  the  interior  of  a  channel  of 
infinite  length,  occupies  a  space  which  is  small  relative  to  the 
wave-length  of  the  vibration,  and  then  the  connexion  between 
the  condition  of  things  inside  and  outside  admits  of  simple 
expression. 

Considering  first  the  interior  of  one  of  the  channels,  and 
taking  the  axis  of  x  parallel  to  the  axis  of  the  channel,  we  sup- 
pose that  as  functions  of  ii-  the  velocity-components  u,  v,  to,  and 
the  condensation  s  are  proportional  to  e'"^,  while  as  functions 
of  t  everything  is  proportional  to  e'"^,  n  being  real.  The  rela- 
tionship between  k  and  n  depends  on  the  nature  of  the  gas  and 
upon  the  size  and  form  of  the  channel,  and  must  be  found  in 
each  case  by  a  special  investigation.  Supposing  it  known  for 
the  present,  we  will  go  on  to  show  how  the  problem  of  reflec- 
tion is  to  be  dealt  with. 

For  this  purpose  consider  the  equation  of  continuity  as  in- 
tegrated over  the  cross  section  of  the  channel  a.  Since  the 
walls  are  impenetrable, 

so  that 

n^^sda  +  K^^ud(T=0 (1) 

This  result  is  applicable  at  points  distant  from  the  open  end 
more  than  several  diameters  of  the  channel. 

Taking  now  the  origin  of  x  at  the  face  of  the  wall,  we  have 
to  form  corresponding  expressions  for  the  waves  outside ;  and 
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we  may  here  neglect  the  effects  of  friction  and  heat- conduction. 
If  a  be  the  velocity  of  sound  in  the  open,  and  Ko=n/af  we 
may  write 

s=   (     e'^o*  +  Be-«o*)e'"*,     ....     (2) 

M  =  a(— g«o*4.Be-'«o^y"';     ....     (3) 

so  that  the  incident  wave  is 

g  —  ^i(nt+Kox)^ ^4") 

or,  on  throwing  away  the  imaginary  part, 

s—  cos  (nt  +  KQx) (5) 

These  expressions  are  applicable  when  x  exceeds  a  moderate 
multiple  of  the  distance  between  the  channels.  Close  up  to 
the  face  the  motion  will  be  more  complicated;  but  we  have  no 
need  to  investigate  it  in  detail.  The  ratio  of  u  and  s  at  a 
place  near  the  wall  is  given  with  sufficient  accuracy  by  put- 
ting A'=0  in  (2)  and  (3), 

u      a(  — 1  +  B)  ,^. 

;=   i+B ("> 

We  now  assume  that  a  region  about  .^=0,  on  one  side  of 
which  (6)  is  applicable  and  on  the  other  side  of  which  (1)  is 
applicable,  may  be  taken  so  small  relatively  to  the  wave-length 
that  the  mean  pressures  are  sensibly  the  same  at  the  two  boun- 
daries, and  that  the  flow  into  the  region  at  the  one  boundary 
is  sensibly  equal  to  the  flow  out  of  the  region  at  the  other 
boundary.  The  equality  of  flow  does  not  imply  an  equality 
of  mean  velocities,  since  the  areas  concerned  are  different. 
The  mean  velocities  will  be  inversely  proportional  to  the  cor- 
responding areas — that  is,  in  the  ratio  c  :  cr  +  </,  if  o-'  denote 
the  area  of  the  unperforated  part  of  the  wall  corresponding  to 
each  channel.  By  (1)  and  (6)  the  connexion  between  the 
inside  and  outside  motion  is  expressed  by 

n        (B  — l)a.         / 

-;^"=-BTi  <^''+^^- 

We  will  denote  the  ratio  of  the  unperforated  to  the  perforated 
parts  of  the  wall  by  g,  so  that  g=^a'  I  a.     Thus, 

1  +  B-<1+^) ^'^ 

If  ^=0,  k-=Kq,  there  is  no  reflection ;  if  there  are  no  perfora- 
tions, <7  =  ao  ,  and  then  B  =  l,  signifying  a  complete  reflection. 
In  place  of  (7)  we  may  write 

K(l+g)-Ko  .^. 
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which  is  the  solution  of  the  problem  proposed.  It  is  under- 
stood that  waves  which  have  once  entered  the  wall  do  not 
return.  When  dissipative  forces  act,  this  condition  may 
always  be  satisfied  by  supposing  the  channels  long  enough. 
The  necessary  length  of  channel,  or  thickness  of  wall,  will 
depend  upon  the  properties  of  the  gas  and  upon  the  size  and 
shape  of  the  channels. 

Even  in  the  absence  of  dissipative  forces  there  must  be 
reflection,  except  in  the  extreme  case  g=0.  Putting  k  =  Kq 
in  (8),  we  have 

B=2T^- W 

If  ^  =  1  (that  is,  if  half  the  wall  be  cut  away),  B=^,  W  =  ^, 
so  that  the  reflection  is  but  small.  If  the  channels  be  cir- 
cular, and  arranged  in  square  order  as  close  as  possible  to  each 
other,  ^  =  (4— 7r)/7r,  whence  B  =  '121,  B"  = '015,  nearly  all  the 
motion  being  transmitted. 

It  remains  to  consider  the  value  of  k.  The  problem  of  the 
propagation  of  sound  in  a  circular  tube,  having  regard  to  the 
influence  of  viscosity  and  heat-conduction,  has  been  solved 
analytically  by  KirchhofP,  on  the  suppositions  that  the  tan- 
gential velocity  and  the  temperature-variation  vanish  at  the 
walls.  In  discussing  the  solution,  Kirchhoff  takes  the  case  in 
which  the  dimensions  of  the  tube  are  such  that  the  immediate 
effects  of  the  dissipative  forces  are  confined  to  a  relatively  thin 
stratum  in  the  neighbourhood  of  the  walls.  In  the  present 
application  interest  attaches  rather  to  the  opposite  extreme, 
viz.  when  the  diameter  is  so  small  that  the  frictional  layer 
pretty  well  fills  the  tube.  Nothing  practically  is  lost  by  an- 
other simplification  which  it  is  convenient  to  make  (following 
Kirchhoff) — that  the  velocity  of  propagation  of  viscous  and 
thermal  effects  is  negligible  in  comparison  with  that  of  sound. 

One  result  of  the  investigation  may  be  foreseen.  When 
the  diameter  of  the  tube  is  very  small,  the  conduction  of  heat 
from  the  centre  to  the  circumference  of  the  column  of  air 
becomes  more  and  more  free.  In  the  limit  the  temperature  of 
the  solid  walls  controls  that  of  the  included  gas,  and  the  expan- 
sions and  rarefactions  take  place  isothermally.  Under  these 
circumstances  there  is  no  dissipation  due  to  conduction,  and 
everything  is  the  same  as  if  no  heat  were  developed  at  all. 
Consequently  the  coefficient  of  heat-conduction  will  not  appear 
in  the  result,  which  will  involve,  moreover,  the  Newtonian 
value  of  the  velocity  of  sound  (6)  and  not  that  of  Laplace  (a). 

Starting  from  Kirchhoff's  formulae,  we  find  as  the  value  of 
*  Poffff.  A)in.  cxxxiv.  1868. 
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1^  applicable  when  the  diameter  {2r)  is  very  small, 
,  Sinfjt/ 


,2^2  ? 


Pr 


(10) 


fji/  being  the  kinematic  coefficient  of  viscosity.  The  wave 
propagated  into  the  channels  is  thus  proportional  to 

eP'^ cos  {nt+ pa +  €),       .     .     .     .'  .     (11) 
where 

K    _2V(V)_2v(7Z7/) 

P-l^i-        b^'       ~        ^'        '    •     •     •     ^^"^^ 

7  being  the  ratio  of  the  specific  heats,  equal  to  1'41.  In  the 
derivation  of  (10),  nrV  (8j/),  v  being  the  thermometric  coeffi- 
cient of  conductivity,  is  assumed  to  be  small. 

To  take  a  numerical  example,  suppose  that  the  pitch  is  256 
(middle  c  of  the  scale),  so  that  n  =  27rx  256.  The  value  of  //,' 
for  air  is  '16  C.G.S.  (Maxwell),  and  that  of  v  is  '256.  If  we 
take  ^=Tooo  centim.,  we  find  nr^/8v  equal  to  about  jq'oo-  ^^ 
r  were  10  times  as  great,  the  approximation  would  perhaps 
still  be  sufficient. 

From  (12),  if  «= 277x256, 

1-15x10-3 

P= ; (13) 

so  that  if  ?'=Y5QQ,  jo  =  l"15.  In  this  case  the  amplitude  is 
reduced  in  ratio  <? :  1  in  passing  over  the  distance  p~^ — that  is, 
about  one  centimetre.  The  distance  penetrated  is  proportional 
to  the  radius  of  the  channel. 

The  amplitude  of  the  reflected  wave  is,  by  (8), 

p{l+g){l-i)  +  Ko' 
or,  as  we  may  write  it, 

T3_  p'(l— 0~1  _p'  —  l—ip' 

/(i-O +i~p' + i-zy   • 

where 

p'  =  a+9)p/'Co (15) 

If  ~  ^e  the  intensity  of  the  reflected  sound,  that  of  the  incident 
sc  3ing  unity, 

2;y^-2/  +  l 

^-2p'-'  +  2p'  +  l (1^) 

The  intensity  of  the  intromitted  sound  is  given  by 


(14) 
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By(12),(X5),  2(1+,M^\       .     .     .     a,. 

r^/n 

If  we  suppose  ^= yooo  centim.,  and  g-=  1,  we  shall  have  a  wall 
of  pretty  close  texture.  In  this  case,  by  (18),  p'  =  47'4,  and 
I'=-0412.  A  four-per-cent.  loss  may  not  appear  to  be  much; 
but  we  must  remember  that  in  prolonged  resonance  we  are 
concerne'd  with  the  accumulated  effects  of  a  large  number  of 
reflections,  so  that  rather  a  small  loss  in  a  single  reflection 
may  well  be  material.  The  thickness  of  the  porous  layer 
necessary  to  produce  this  efiect  is  less  than  one  centimetre. 

Again,  suppose  r=j-^-Q  centim.,  p'  =  l.  We  findp'=4*74, 
F  =  'i342,  and  the  necessary  thickness  would  be  less  than  10 
centimetres. 

If  r  be  much  greater  than  joo  centim.,  the  exchange  of  heat 
between  the  air  and  the  walls  of  the  channels  is  no  longer 
sufficiently  free  for  the  expansions  to  be  treated  as  isothermal. 
When  r  is  so  great  that  the  thermal  and  viscous  effects  extend 
only  through  a  small  fraction  of  it,  we  have  the  case  discussed 
by  Kirchhoff.  If  we  suppose  for  simplicity  ^  =  0  (a  state  of 
things,  it  is  true,  not  strictly  consistent  with  channels  of  cir- 
cular section*),  we  have 

l=^„ (19) 

m  which  ,        J . 

^'  =  ^''^{1-1)^^ (20) 

The  incident  sound  is  absorbed  more  and  more  completely  as 
the  diameter  of  the  channels  increases ;  but  at  the  same  time 
a  greater  thickness  becomes  necessary  in  order  to  prevent  a 
return  from  the  further  side.  If^  =  0,  there  is  no  theoretical 
limit  to  the  absorption  ;  and,  as  we  have  seen,  a  moderate 
value  of  g  does  not  by  itself  entail  more  than  a  comparatively 
small  reflection.  A  loosely  compacted  hay-  or  straw-stack 
would  seem  to  be  as  effective  an  absorbent  of  sound  as  any- 
thing likely  to  be  met  with. 

In  large  spaces  bounded  by  non-porous  walls,  roof,  and  floor, 
and  with  few  windows,  a  prolonged  resonance  seems  inevitable. 
The  mitigating  influence  of  thick  carpets  in  such  cases  is  well 
known.  The  application  of  similar  material  to  the  walls,  or 
to  the  roof,  appears  to  offer  the  best  chance  of  further  im- 
provement. 

*  The  problem  in  two  dimensions  is  somewhat  simpler  than  that  treated 
by  Kirchhoff.  Although  it  would  allow  us  without  violence  to  suppose 
(7  =  0,  it  seems  scarcely  worth  while  to  enter  upon  it  here,  as  the  results 
are  of  precisely  the  same  character.  The  principal  difference  is  that  the 
hyperbolic  functions  cosh  &c.  replace  that  of  Bessel. 
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XXVII.    On  the  Size  of  Conductors  for  the  Distribution  of 
Electric  Energy.     By  Thomas  Gkay,  B.Sc,  F.R.S.E* 

THE  principal  questions  which  have  to  be  considered  in 
the  determination  of  the  proper  size  of  conductors  for 
the  distribution  of  electric  energy  are  : — 

(1)  Economy  f,  or  the  amount  of  metal  which  must  be  put 
into  the  conductor  in  order  that  the  sum  of  the  annual  cost 
for  interest  on  capital,  for  depreciation,  and  for  energy  lost  in 
consequence  of  heat  generated  in  the  conductor  by  the 
current  may  be  a  minimum. 

(2)  Safety,  or  the  amount  of  metal  necessary  to  prevent 
excessive  heating. 

(3)  Regulation,  or  the  amount  of  metal  required  to  prevent 
too  great  a  variation  of  potential  along  the  leads. 

In  the  consideration  of  the  question  of  economy,  let  I  be 
the  fraction  of  the  original  cost  of  the  conductors  to  be 
allowed  annually  for  interest  and  depreciation  combined,  let  P 
be  the  price  per  unit  volume  of  the  conductor,  A  its  sectional 
area,  and  I  its  length.  Then  the  cost  per  annum  of  possess- 
ing the  conductor  is 

IPAZ. 

Again,  if  E  be  taken  as  the  cost  of  one  erg  of  electric 
energy,  c  the  current  flowing  in  the  conductor  at  any  time  t, 
and  S  the  specific  resistance  of  the  material,  the  energy  lost 
in  heat  will  cost  per  annum 


EslfVc/^, 


where  T  is  the  number  of  seconds  in  a  year.  In  most  cases  c 
will  be  a  complicated  and  somewhat  uncertain  function  of  t  in 
consequence  of  which  it  may  only  be  possible  to  form  a  rouo-h 
estimate  of  the  value  of  the  integral.  Let  C  be  such  a 
quantity  that 


Es|Pc'-^fZ^=EC2s4T, 
AJo  A    ' 


and  we  get  for  the  total  annual  expenditure  due  to  the  con- 
ductors the  expression 

IPAZ  +  EC^sj-T («>) 

*  Oommunicated  by  the  Author. 

t  This  problem  for  the  case  of  a  constant  current  flowino-  durino-  the 
same  portion  of  each  day,  has  already  been  treated  by  Sir  William  Thom- 
son, in  a  paper  communicated  to  the  British  Association  at  the  York 
Meeting  1881,  and  printed  in  'Nature'  for  September  1881. 
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The  expression  (a)  has  a  miniinum  value  when 

^=V¥'=Vi  ■  ■  • « 

where  i  is  the  fraction  of  the  original  cost  to  be  allowed  per 
second  for  interest  and  depreciation. 

Equation  (1)  shows  that,  from  a  purely  economical  point  of 
view,  the  section  of  the  conductor  should  be  directly  propor- 
tional to  the  quantity  C,  which,  when  the  current  is  continuous 
and  of  constant  value,  is  the  current-strength  in  C.G.S.  units, 
but  which,  when  the  current  is  variable,  has  such  a  value  that 
the  heat  which  would  be  generated  by  a  continuous  and  con- 
stant current  of  that  value  is  equal  to  the  actual  heat  gene- 
rated. The  section  should  also  be  directly  proportional  to  the 
square  root  of  the  product  of  the  cost  of  energy  and  the  spe- 
cific resistance  of  the  conductor,  and  inversely  proportional  to 
the  square  root  of  the  product  of  the  first  cost  and  the  rate 
of  interest  and  depreciation  to  be  allowed,  while  it  is  inde- 
pendent of  the  length  of  the  circuit. 

Equation  (1)  gives  in  all  cases  an  inferior  limit  below 
which  it  is  not  advisable  to  reduce  the  section  of  the  con- 
ductor. It  should  be  noticed,  however,  that  the  investigation 
proceeds  on  the  assumption  that  the  whole  of  the  energy  wasted 
is  due  to  the  heat  generated  in  the  main  conductor  by  the 
current.  This  assumption  may  be,  in  many  cases,  inadmis- 
sible, owing  to  the  varying  E.M.F.  at  which  the  electricity 
would  be  supplied  ;  and  in  such  cases  the  economy  problem 
assumes  different  forms  depending  on  the  conditions  imposed. 

Practical  Example. 

Let  us  suppose,  for  the  sake  of  illustration,  that  the  cost  of 
one  erg,  or  E,  is,  reckoned  in  pounds  sterling, 

F--J_ 

lO^T' 

that  the  conductors  are  of  copper  having  a  specific  resistance 

S  =  1700, 
that  the  price  of  copper  conductors  manufactured  is 

1200' 
and  that  the  rate  of  interest  and  depreciation  is 
I=:7'5  per  cent. 
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Then  we  have 

V     I'l 


'1700  X  1200  xT 


7-5  X  10^  X  T 

._C 
~6' 
or,  when  C  is  reckoned  in  amperes, 

^=ro (2) 

This  gives  60  amperes  per  square  centimetre  of  section  as 
the  proper  relation  between  the  current  and  the  section  of  the 
conductor.  It  must  be  remembered,  however^  that  this  calcu- 
lation is  based  on  the  assumption  of  bare  copper  conductors 
and  on  a  particular  estimate  of  the  cost  of  energy,  both  of 
which  may  have  to  be  greatly  modified  in  particular  case:.. 

If,  for  example,  covered  cable  costing,  say,  five  times  as 
much  as  bare  copper  be  used,  the  proper  ratio  of  the  section 
of  the  conductor  to  the  current  would  be 


A_      1      _    1 
C  ~  60v/5      134' 


(3) 


or  for  every  134  amperes  of  current  thers  should  ba  one 
square  centimetre  of  section  in  the  copper  conductor. 

Safety. 

We  have  next  to  consider  whether  the  size  of  the  conduc- 
tors given  by  the  above  considerations  will  be  sufficient  for 
safety.  The  answer  to  this  question  depends  on  the  rise  of 
temperature  which  will  be  produced  by  the  greatest  current 
which  is  to  be  sent  through  the  conductor.  (This  greatest 
current  must  not  be  confounded  with  C  in  equation  (1),  as  the 
strength  of  the  current  may  occasionally  greatly  exceed  that 
which  it  is  proper  to  use  according  to  that  equation.)  It 
is  easy  to  calculate  to  a  considerable  degree  of  apprc^imal 
the  rise  of  temperature  which  will  be  produc6v.i  in  a  c.  • 
ductor  by  an  electric  current  when  we  know  the  specific 
resistance  of  the  material,  the  emissivity  of  the  surface,  and, 
in  the  case  of  covered  wire,  the  thermal  conducavity  of  the 
covering. 

If  we  assume  the  rate  of  cooling  for  any  conductor  per  unit 
length  per  unit  difference  of  temperature  to  l>e  r,  we  have  for 
the  total  rise  of  temperature  t  the  equation 

c       ^    -ty,  or  t-  ^^_(_32g^>       •     •     W 
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where  «  is  the  coefficient  of  change  of  specific  resistance  with 
temperature.  That  is  to  say,  for  any  conductor  the  rise  of 
temperature  depends  directly  on  the  square  of  the  current  and 
on  the  specific  resistance  of  the  material,  and,  if  we  neglect 
the  variation  of  specific  resistance  with  temperature,  inversely 
on  the  rate  of  cooling  and  the  section  of  the  conductor. 

If  we  assume  50°  C.  as  the  maximum  rise  of  temperature, 
we  have  for  the  section  of  the  conductor, 

._  c-S(l  +  50«)^ 
50r 
For  bare  copper  rod  we  may  take  r  as  being  very  nearly 
^T^KK  multiplied  by  the  number  of  units  of  radiating  surface 

in  the  unit  length,  or 

_  TrdJ 
^'~5000' 

where  d  is  the  diameter  of  the  rod,  and  J  Joule's  mechanical 
equivalent  of  heat,  which  is,  approximately,  4*2  x  lOMn  C.G.S. 
units.     Hence,  by  substitution, 

^= ^t:?^ -a  =  2*64  X  10*a.     .     .     (5) 

oOOO  ^  '^ 

Now,  as  iS  is  1700  and  a  nearly  '0039,  we  have 

.  _  .       2030       _1-M      c^ 

"r3-2xl0^c^~  10^  ^  d' 

It  must  be  remembered  that  c  is  here  taken  in  C.G.S. 

ird^ 
units  ;  and  hence,  putting  for  A  --r—,  and  taking  c  in  amperes 

and  reducing,  we  get 

«=4^^^ (6) 

Now  the  value  of  C  found  from  equation  (2)  is  for  bare  copper 
60  amperes  per  square  centimetre.  Let  us  assume  that  the 
maximum  value  of  c  will  be  100  amperes  per  square  centi- 
metre, and  we  have  to  find  for  what  value  of  c?  or  c  we  have 

^-"T-lOO ^^^ 

From  (6)  and  (7)  we  get  at  once 

A       4x103 

Ct   = TTS"' 

7rx442 
or 

d'=S'5. 
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From  this  we  see  that  the  conductor  will  only  rise  50°  C. 
in  temperature  when  the  current  is  of  such  strength  as  to 
require  a  conductor  eight  and  a  half  centimetres  in  diameter. 
The  question  of  safety,  then,  may,  at  least  in  the  case  of  un- 
covered copper  rod,  be  left  out  of  consideration  when  the  cur- 
rent is  less  than  5000  amperes. 

Next  take  the  case  of  a  conductor  covered  with  a  substance 
whose  thermal  conductivity  is  k.  In  this  case  r  depends  both 
on  the  rate  of  cooling  from  the  surface,  or  the  emissivity,  and 
on  the  conductivity  h 

Let  e  =  emissivity  of  the  surface, 

T=  difference  of  temperature  between  the  two  surfaces 

of  the  covering, 
T'=  the  difference  of  temperature  between  the  external 
surface  of  the  covering  and  the  surrounding  atmo- 
sphere, 
rg  =  the  external  diameter  of  the  covering, 
q  =  the  quantity  of  heat  conducted  through  the  cover- 
ing per  unit  of  time. 

Then,  since  for  constant  temperature  we  must  have  the 
quantity  conducted  through  the  covering  equal  to  the  quantity 
radiated  from  the  surface,  we  have 

%'irr^eT  =  q (8) 

But 

where  x  is  any  radius.     Hence 

dt^ 
dx' 

^=-pT' (10) 

ax  K  X 

But  the  total  difference  of  temperature  between  the  two 

""^-dt 


^Trr^eT^-^irkx—^ 


sides  of  the  covering  is 


T=  -  C— 


dx 


"-^dx 

X 


=  |TSlog;f (11) 


k 


Now,  by  the  conditions  of  the  question, 
T  +  T'  =  50; 
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that  is  to  say, 

T'{l+r2log,;^J=50 (12) 

Assuming,  what  are  probably  not  far  from  the  true  values  for 
gutta  percha,  e  and  k  to  be  40^90  ^^^  2^00  respectively,  we 
get 

T'= 52 (13) 

l  +  irglog^- 

Again,  since  the  amount  of  heat  generated  by  the  current 
must  be  equal  to  the  quantity  radiated  from  the  surface  of  the 

covering, 

c^S(l  +  60«)  _  27rr2 
AJ         ~  4000 

by  equation  (13), 


^1; 


_  27r?v  50 

l  +  irolog- ^ 

_  iTr2 

40{  1  +  1-15^2  logio^^}* 

Take,  for  example,  )'i  =  l  and  7*2=1 '4.     Then 
2030  TT  X  1-4 


(14) 


77x4-2x107      40|l  +  l-15xl-41ogl-4[' 

c  =  7r     /  1'4  X  4-2  X  10^ 

"  ^    '^V  40  X  2030^1  + 1-15  X  1-4  log  l-4[ 

^^x22-3. 

ITiat  is  to  say,  a  rod  1  centimetre  in  radius  and  covered  with 
gutta  percha  to  a  thickness  of  4  millimetres  requires  a  current 
223  amperes  per  square  centimetre  to  raise  its  temperature 
60°  C. 

If  we  suppose  ?n  —  1  and  *'2  =  5,  we  find  c  =  7r  x  21,  or  a  cur- 
rent of  210  amperes  would  heat  the  conductor  50°  C.  In- 
creased thickness,  therefore,  in  the  covering  does  not  greatly 
alter  the  capacity  of  the  conductor. 

Regulation. 

It  is  of  great  importance,  especially  in  electric-lighting  cir- 
cuits, that  the  E.M.F.  at  which  the  electricity  is  supplied 
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should  be  nearly  constant.  Various  means  may  be  resorted 
to  for  the  purpose  of  securing  this  ;  but  we  do  not  propose  to 
go  further  into  the  matter  at  present  than  to  investigate  what 
the  maximum  difference  of  E.M.F.  will  be  between  different 
parts  of  the  systems  when  the  conductors  are  of  the  size  which 
we  should  be  inclined,  from  economical  considerations,  to  adopt. 
Let  the  E.M.F.  between  the  conductors  at  any  point  P  of 
the  system  (say  at  the  poles  of  the  generator)  be  kept  at  the 
constant  value  e  volts.  Then,  if  the  current  in  amperes  per 
square  centimetre  section  of  the  conductor  be  c,  we  have 

where  x  is  the  E.M.F.  in  volts  per  unit  length  along  the  con- 
ductor. Now  X  is  half  the  variation  of  E.M.F.  per  unit  length 
along  the  system ;  and  hence,  if  v  be  this  variation, 

"=j|aCS (15) 

Let  us  assume,  as  before,  that  the  maximum  value  of  c  is 
100,  and  we  get 

2  X  100  X  1700      34 

v=-  - 


W  W 


(16) 


If  sve  assume  that  the  greatest  percentage  variation  of  E.M.F. 
allowable  is  p,  we  get  for  the  distance  d  of  the  furthest  point  of 
the  system  from  the  point  P, 

_,     1000 
d=-^^ep 

=  30ep (17) 

When  p  =  5,  which  produces  a  very  inconvenient  variation 
in  the  illuminating-power  of  the  incandescent  lamps  at  present 
made,  we  get  with 

e=  50,         d=   75  metres, 

e=100,         cZ=150      " 

e=200,         (Z=300      V 
and  so  on. 
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XXVIII.   On  the  Thermoelectric,  Actinoeiectric,  and  Piezoelec- 
tric Properties  of  Quartz.     By  W.  C.  Rontgen*. 

nj'^HB  last  of  the  experiments  described  in  my  second  com- 
J-  munication  on  the  optical  beha^dour  of  quartz  in  the 
electrical  field  induced  me  (as  already  mentioned  t)  to  inves- 
tigate experimentally  the  electrical  properties  of  quartz,  espe- 
cially its  thermoelectric  and  actinoelectric  properties.  In  this 
investigation  I  very  soon  arrived  at  the  conclusion  that  it  is 
possible  to  refer  to  a  common  cause  the  evolution  of  electricity 
brought  about  in  very  diiferent  ways,  whether  by  conduc- 
tion of  heat,  radiation,  or  alteration  of  pressure — namely,  to  a 
change  in  the  strains  produced  in  the  crystal  by  any  means. 
I  therefore  consider  it  unnecessary  to  distinguish  the  three 
kinds  of  electricity  named  as  differing  from  each  other  in  their 
mode  of  production,  and  should  propose  to  retain  only  the 
name  piezoelectricity,  if  further  investigation  should  show 
that  the  method  of  explanation  indicated  is  applicable  in  all 
cases  and  sufficient.  I  have  delayed  the  publication  of  this 
view  and  of  these  experiments,  in  the  first  place  because  the 
experiments  were  not  altogether  complete,  and,  secondly, 
because  my  theory  is  so  entirely  at  variance  with  that  pro- 
posed by  so  experienced  and  skilful  an  experimenter  as 
Herr  Hankel.  It  seems  to  me  now,  however,  not  possible  to 
wait  longer ;  and  in  the  following  I  briefly  describe  the  most 
important  of  my  experiments. 

I  think  we  may  conclude,  from  the  electro-optical  experi- 
ments described,  that  increase  of  a  uniform  surface-pressure 
exerted  all  over  a  quartz  cylinder  or  quartz  sphere  produces 
such  an  evolution  of  electricity  that  the  surface  is  divided  by 
the  three  planes  of  no  piezoelectricity  into  six  electrical 
fields,  which  have  the  same  position  and  sign  as  those  ob- 
tained by  the  method  of  increase  of  pressure  in  one  direction, 
described  on  p.  100  of  my  second  paper  (Phil.  Mag.  August 
188a). 

If  we  bring  a  non-electrified  and  hot  sphere,  having  a 
uniform  temperature  all  over,  into  a  colder  space  (so  that  it 
can  cool  uniformly),  the  external  layers,  which  cool  first,  will 
exert  a  pressure  upon  the  inner  ones  everywhere  in  a  radial 
direction,  which  will  increase  rapidly  at  first :  consequently 
during  this  period,  which  we  will  call  the  first,  we  shall  have 
the  same  distribution  of  electricity  upon  the  sphere  which 
corresponds  to  an  increase  of  surface-pressure  mechanically 
exerted  upon  it.      After  some  time,  when  the  cooling  has 

*  Translated  from  a  separate  impression  from  the  Ber.  der  Oberh,  Ges. 
fiir  Natur-und  Heilkunde,  communicated  by  tlie  Author, 
t  Phil.  Mag.  August  1883,  p.  109. 
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advanced  further,  the  pressure  exerted  by  the  outer  layers 
does  not  inci'ease  any  more,  but  begins  to  diminish ;  but  then 
the  sign  of  the  piezoelectricity  evolved  changes  also,  and 
the  electricity  produced  during  the  first  period  becomes  more 
and  more  weakened.  During  this  second  period  the  sphere 
becomes  continually  less  strongly  electric;  and  it  may  hap- 
pen, especially  if  a  part  of  the  electricity  produced  has  dis- 
appeared by  conduction  during  the  first  period,  that  the  all 
but  cold  sphere  shows  an  electrification  Avhich  is  the  opposite 
of  that  found  when  the  cooling  commenced. 

These  conclusions  I  have  been  able  to  verify  repeatedly 
by  observing  the  electricity  appearing  upon  a  sphere  of 
quartz  freely  suspended,  during  cooling.  Herr  Hankel*  has 
also  observed  the  phenomena  just  described  with  quartz 
crystals.  He,  however,  calls  the  electricity  which  makes  its 
appearance  at  first  actinoelectricity,  and  that  remaining  at 
the  last  thermoelectricity. 

By  heating  a  quartz  sphere  as  uniformly  as  possible,  I  have 
obtained  phenomena  altogether  analogous  to  the  preceding ; 
but  the  electricities  are  now  of  the  opposite  sign. 

If  we  observe  that  the  outer  layers  which  receive  the  heat 
first  exert  upon  the  inner  ones  a  radially  directed  tension,  and 
that,  by  increase  of  a  tension  exerted  upon  the  quartz,  the 
same  piezoelectricity  is  produced  as  by  the  decrease  of  pres- 
sure acting  in  the  same  direction,  the  explanation  becomes 
easy. 

Local  cooling  of  a  previously  heated  crystal  by  means  of  a 
cold  stream  of  air  directed  against  the  crystal  produces  an 
energetic  evolution  of  electricity  at  the  points  cooled,  if  these 
points  did  not  lie  exactly  in  a  plane  of  no  piezoelectricity; 
the  nature  of  the  resulting  electricity  was  the  same  as  that 
which  would  be  produced  at  the  same  place  by  the  increase  of 
a  pressure  exerted  there  in  the  direction  of  a  diameter.  Local 
heating  by  a  current  of  warm  air  produced,  on  the  other  hand, 
electricity  of  the  opposite  kind.  In  the  first  case  we  have  a 
rapid  increase  of  the  pressure  exerted  by  the  outer  layers  upon 
the  inner  ones;  in  the  second  case,  where  the  outer  layers  tend 
to  raise  themselves  above  the  inner  ones,  the  resulting  tension 
increases  very  rapidly.  I  therefore  consider  the  electricity 
produced  to  be  simply  piezoelectric.  The  electricity  which 
Herr  Friedel  observed  to  be  produced  by  placing  a  heated 
metal  ball  upon  a  quartz  crystal  is  identical,  both  in  sign  and 
in  mode  of  production,  with  that  produced  by  a  hot  current  of 
air:  it  is  therefore  piezoelectricity.  Herr  Friedel  calls  it 
thermoelectricity;  Herr  Hankel  actinoelectricity. 

*  Hankel, '  Electrical  Researclies,'  Abhandlimg  15,  p.  530. 

Q2 
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The  following  experiments  seem  to  me  peculiarly  adapted  to 
support  my  theory. 

A  ring  of  tinfoil,  of  internal  diameter  2  centim.  and  exterior 
diameter  4  centim.,  was  cemented  to  a  homogeneous  plate  of 
quartz  cut  at  right  angles  to  the  principal  axis ;  the  ring  was 
then  cut  through  radially  at  six  points  in  the  direction  of  the 
axis  of  no  piezoelectricity,  so  that  six  pieces  of  the  ring, 
insulated  from  each  other,  were  obtained.  The  fii'st,  third, 
and  fifth  pieces  were  connected  by  wires  with  one  half-ring  of 
a  Kirchhoflf-Thomson  electrometer,  the  second,  fourth,  and 
sixth  pieces  and  the  other  half-ring  of  the  electrometer  being 
connected  with  the  earth. 

If  then,  the  plate  possessing,  to  begin  with,  the  temperature 
of  the  room,  the  central  uncovered  portion  was  heated  by 
placing  a  warm  metallic  cylinder  upon  it,  or  by  radiation 
from  a  flame  or  from  a  heated  piece  of  metal,  or  by  a  current 
of  hot  air,  or  in  any  other  way,  then  the  portions  of  the  ring 
became  electrified,  so  that  each  portion  of  the  ring  acquired 
the  same  electricity  as  the  end  of  the  secondary  axis  lying 
next  it  would  have  acquired  if  there  had  been  increase  in 
a  pressure  acting  in  the  direction  of  the  corresponding 
secondary  axis.  Cooling  of  the  central  portion  produced  in 
any  way,  on  the  other  hand,  always  produced  the  opposite 
electricities. 

If  now,  in  a  subsequent  experiment,  it  was  not  the  central 
portion  of  the  plate,  but  that  surrounding  the  tinfoil  ring 
which  was  heated  or  cooled  as  the  case  might  be,  then,  in  case 
of  heating,  the  electrometer  showed  the  presence  of  the  same 
electricity  previously  found  by  cooling  the  centre,  and  con- 
versely, in  case  of  cooling,  the  same  electricity  as  was  produced 
by  heating  the  centre. 

These  results  are  not  surprising  if  we  start  from  the  \iew 
that  changes  in  tension  in  the  crystal  are  the  cause  to  which 
the  evolution  of  electricity  is  due.  In  the  first  and  fourth 
cases,  for  example,  heating  at  the  centre,  or  cooling  at  the 
periphery,  produces  tensions  in  the  plate  which  are  of  the 
same  kind  as  those  produced  by  a  uniformly  distributed  pres- 
sure exerted  upon  the  edge.  In  the  second  and  third  cases 
central  cooling  or  peripheral  heating  produces  a  condition 
of  tension  analogous  to  the  condition  brought  about  by  a 
uniformly  distributed  tension  exerted  upon  the  edge.  In  all 
cases,  during  the  time  immediately  following  the  heating  or 
cooling  as  the  case  may  be,  a  rapid  increase  of  the  tensions  pro- 
duced takes  place.  Consequently  in  the  two  cases  first  men- 
tioned there  must  be  the  same  distribution  of  electricity  as 
would  correspond  to  an  increase  of  the  pressure  exerted  upon 
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the  edge  of  the  plate ;  in  the  two  last-mentioned  cases,  the 
distribution  corresponding  to  a  diminution  of  pressure. 

We  see  from  these  experiments  that  the  nature  of  the 
electi'icity  produced  is  not  dependent  upon  the  particular 
method  by  which  a  local  heating  or  warming  is  produced, 
but  depends  essentially  upon  the  position  in  the  crystal  of  the 
point  where  these  changes  in  temperature  take  place.  From 
the  result  that  heating  the  peripheral  portions  of  the  plate  and 
heating  the  central  portions  produce  opposite  electrical  effects, 
I  am  disposed  to  draw  a  conclusion,  which  indeed  has  not  yet 
been  experimentally  demonstrated  but  which  seems  to  me 
tolerably  safe.  If  we  suppose  it  possible  to  warm  a  plate  so 
uniformly  that  no  perceptible  differences  of  temperature  or 
tensions  should  be  produced,  then  I  believe  that  this  heating 
would  produce  no  electricity  or  relatively  very  little,  although 
the  particles  of  the  plate  suffer  considerable  displacement 
amongst  themselves.  If,  now,  we  consider  that  even  very 
small  displacements  of  the  particles  produce  very  considerable 
quantities  of  electricity,  if  these  displacements  are  accompanied 
by  changes  of  tension  in  the  crystal  (as  is  the  case,  for 
example,  with  irregular  heating  of  a  plate),  the  assumption 
seems  to  be  justified  that  change  of  temperature  and  position 
of  the  particles  in  itself  produces  no  electricity,  but  that,  on  the 
other  hand,  the  real  cause  of  the  evolution  of  electricity  is  to 
be  found  in  changes  of  tension. 

In  what  has  been  described  I  have  made  a  first  attempt  to 
explain  the  electricity  produced  in  quartz  by  change  of  tem- 
perature as  due  to  stress  produced  in  the  crystal.  I  am  well 
aware  that  the  explanation  given  in  the  separate  cases  is  here 
and  there  defective,  and  that  further  investigations  are  neces- 
sary in  order  to  establish  the  exact  connexion  between  changes 
of  temperature  and  evolution  of  electricity. 

Giessen,  March  20,  1883. 


XXIX.  On  Concave  Gratings  for  Optical  Purposes.  By 
Henry  A.  Rowland,  Professor  of  Physics,  Johns  Hopkins 
University,  Baltimore* . 

General  Theory. 

HAVING  recently  completed  a  very  successful  machine 
for  ruling  gratings,  my  attention  was  naturally  called 
to  the  effect  of  irregularity  in  the  form  and  position  of  the 

*  An  abstract  of  this  Paper  with  some  other  matter  was  given  at  the 
Physical  Society  of  Loudon  in  November  last,  the  Paper  being  in  mj 
hand  in  its  present  shape  at  that  time.     As  I  wished  to  make  some  addi- 
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lines  and  tbe  form  of  the  surface  on  the  definition  of  the  gra- 
ting. Mr.  C.  S.  Peirce  has  recently  shown,  in  the  'American 
Journal  of  Mathematics,'  that  a  periodic  error  in  the  ruling 
produces  what  have  been  called  "  ghosts  "  in  the  spectrum.  At 
first  I  attempted  to  calculate  the  effect  of  other  irregularities 
by  the  ordinary  method  of  integration;  but  the  results  obtained 
were  not  commensurate  mth  the  labour.  I  then  sought  for  a 
simpler  method.  Guided  by  the  fact  that  inverse  methods  in 
electrical  distribution  are  simpler  than  direct  methods,  I  soon 
found  an  inverse  method  for  use  in  this  problem. 

In  the  use  of  the  grating  in  most  ordinary  spectroscopes  the 
telescopes  are  fixed  as  nearly  parallel  as  possible,  and  the  gra- 
ting turned  around  a  vertical  axis  to  bring  the  different  spectra 
into  the  field  of  vicAv.  The  rays  striking  on  the  grating  are 
nearly  parallel ;  but  for  the  sake  of  generality  I  shall  assume 
that  they  radiate  from  a  point  in  space,  and  shall  investigate 
the  proper  ruling  of  the  grating  to  Id  ring  the  rays  back  to  the 
point  from  which  they  started.  The  wave-fronts  Avill  be  a 
series  of  spherical  shells  at  equal  distances  apart :  if  these 
waves  strike  on  a  reflecting  surface  they  will  be  reflected 
back,  provided  they  can  do  so  all  in  the  same  phase.  A 
sphere  around  the  radiant-points  satisfies  the  condition  for 
waves  of  all  lengths;  and  this  gives  the  case  of  ordinary  reflec- 
tion. Let  any  surface  cut  the  wave-surface  in  any  manner, 
and  let  us  remove  those  portions  of  the  surface  which  are  cut 
by  the  wave-surface.  The  light  of  that  particular  wave-length 
can  then  be  reflected  back  along  the  same  path  and  in  the 
same  phase;  and  thus,  by  the  above  principle,  a  portion  will  be 
thus  sent  back.  But  the  solution  only  holds  for  one  wave- 
length; and  so  white  light  will  be  drawn  out  into  a  spectrum. 
Hence  we  have  the  important  conclusion  that  a  theoretically 
perfect  grating  for  one  position  of  the  slit  and  eyepiece  can 
be  ruled  on  any  surface,  flat  or  otherwise.  This  is  an  ex- 
tremely important  practical  conclusion,  and  explains  many 
facts  which  have  been  observed  in  the  use  of  gratings.  For 
we  see  that  errors  of  the  dividing-engine  can  be  counter- 
balanced by  errors  in  the  flatness  of  the  plate  ;  so  that  a  bad 

tions,  for  which  I  have  not  yet  had  time,  I  did  not  puhlish  it  at  the  time. 
I  was  much  surprised  soon  after  to  see  an  article  on  this  subject,  which 
had  been  presented  to  the  Physical  Society  and  was  pubUshed  in  the 
Pliilosophical  Magazine.  The  article  contains  nothing  more  than  an  ex- 
tension of  my  remarks  at  the  Physical  Society,  and  formulte  similar  to 
those  in  this  paper.  As  T  have  not  before  this'  published  any  thing  except 
a  preliminary  notice  of  the  concave  grating,  I  expected  a  little  time  to 
work  up  the  subject,  seeing  that  the  practical  work  of  photographing  the 
spectrum  has  recently  absorbed  all  my  time.  But  probably  I  have  waited 
too  long. 
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dividing-engine  may  now  and  then  make  a  grating  which  is 
good  in  one  spectrum  but  not  in  all.  And  so  we  often  find 
that  one  spectrum  is  better  than  another.  Furthermore  Prof. 
Young  has  observed  that  he  could  often  improve  the  definition 
of  a  grating  by  slightly  bending  the  plates  on  which  it  was 
ruled. 

From  the  above  theorem,  we  see  that  if  a  plate  is  ruled  in 
circles  whose  radius  is  rsinyu,  and  whose  distance  apart  is 
A?^  sin  fi,  where  A?'  is  constant,  then  the  ruling  will  be  appro- 
priate to  bring  the  spectrum  to  a  focus  at  a  distance  r  and 
angle  of  incidence  fi.  Thus  we  should  need  no  telescope 
to  view  the  spectrum  in  that  particular  position  of  the  grating. 
Had  the  wave-surfaces  been  cylindrical  instead  of  spherical, 
the  lines  would  have  been  straight  instead  of  circular,  but  at 
the  above  distances  apart.  In  this  case  the  spectrum  would 
have  been  brought  to  a  focus,  but  would  have  been  diffused  in 
the  direction  of  the  lines. 

In  the  same  way  we  can  conclude  that  in  flat  gratings  any 
departure  from  a  straight  line  has  the  effect  of  causing  the 
dust  in  the  slit  and  the  spectrum  to  have  different  foci — a  fact 
sometimes  observed. 

We  also  see  that  if  the  departure  from  equal  spaces  is  small, 
or,  in  other  words,  the  distance  r  is  great,  the  lines  must  be 
ruled  at  distances  apart  represented  by 


\        r  sm  fx,  / 


in  order  to  bring  the  light  to  a  focus  at  the  angle  //.  and  dis- 
tance r,  c  being  a  constant  and  a  the  distance  from  some  point 
on  the  plate.  If  fi  changes  sign,  the  r  must  change  in  sign. 
Hence  we  see  that  the  effect  of  a  linear  error  in  the  spacing  is 
to  make  the  focus  on  one  side  shorter  and  the  other  side  longer 
than  the  normal  amount.  Prof.  Peirce  has  measured  some  of 
Mr.  Rutherfurd's  gratings  and  found  that  the  spaces  increased 
in  passing  along  the  grating;  and  he  also  found  that  the  foci 
of  symmetrical  spectra  were  different.  But  this  is  the  first 
attempt  to  connect  the  two.  The  definition  of  a  grating  may 
thus  be  very  good  even  when  the  error  of  run  of  the  screw  is 
considerable,  provided  it  is  linear. 

Concave  Gratings. 

Let  us  now  take  the  special  case  of  lines  ruled  on  a  spherical 
surface;  and  let. us  not  confine  ourselves  to  light  coming  back 
to  the  same  point,  but  let  the  light  return  to  another  point. 
Let  the  coordinates  of  the  radiant-point  and  focal  point  be 
y  —  0,  a:=—a,  and  ?/  =  0,  a'=  +a,  and  let  the  centre  of  the 
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sphere  whose  radius  is  p  be  at  x' ,  y' .  Let  r  be  the  distance 
from  the  radiant-point  to  the  point  x,  y,  and  let  R  be  that  from 
the  focal  point  to  x,  y.     Let  us  then  write 

26  =  R  +  rc, 
where  c  is  equal  to  + 1  according  as  the  reflected  or  transmitted 
ray  is  used.  Should  we  increase  h  by  equal  quantities  and 
draw  the  ellipsoids  or  hj^erboloid  so  indicated,  we  could  use 
the  surfaces  in  the  same  way  as  the  wave-surface  above.  The 
intersections  of  these  surfaces  with  any  other  surface  form 
what  are  known  as  Huyghens's  zones.  By  actually  drawing 
these  zones  on  the  surface  we  form  a  grating  which  will 
reflect  or  refract  the  light  of  a  certain  wave-length  to  the 
given  focal  point.  For  the  particular  problem  in  hand  we 
need  only  work  in  the  plane  x,  y  for  the  present. 

Let  s  be  an  element  of  the  curve  of  intersection  of  the  given 
surface  with  the  plane  x,y.  Then  our  present  problem  is  to 
find  the  width  of  Huyghens^s  zones  on  the  surface — that  is, 
ds  in  terms  of  dh. 

The  equation  of  the  circle  is 

and  of  the  ellipse  or  hyperbola, 

R  +  Tc  =  2h, 
or 

(b^-a^)x^  +  i;Y  =  h\V'-a% 

in  which  c  has  disappeared. 

/ 9-    ^^'^       y~y' 

ds  =  s/dx^  +  dy\     ^--^^H^/, 
£^^|(62_a>-%^^j        =h\'ih''-{x''+y''  +  a'')}dh, 

dy{  -(^'-«>|^  +h'y]=b\m-{x^^f+a^)\dh; 

,    ds__  J  2h^-{x'+y''  +  a') 

•'•  dh  ~^  .{h''-d'){^j-y')x-U\x-x')y 

This  equation  gives  us  the  proper  distance  of  the  rulings  on 
the  surface;  and  if  we  could  get  a  dividing-engine  to  rule 
according  to  this  formula,  the  problem  of  bringing  the  spec- 
trum to  a  focus  without  telescopes  would  be  solved.  But  an 
ordinary  dividing-engine  rules  equal  spaces;  and  so  we  shall 
further  investigate  the  question  whether  there  is  any  part  of 
the  circle  where  the  spaces  are  equal.     We  can  then  write 

ds ^ 

dh-^' 
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and  the  clifFerential  of  this  with  regard  to  an  arc  of  the  circle 
must  be  zero.     Differentiating  and  reducing  by  the  equations 

dx  _      y — y'      dh  _  p 

dy  X — .2/      dy  C(a'— a/) 

we  have 

p  {  %y^h{y-y')-^lyh{x-x')-  g [66*^-(a-^  +y  +  a^)]  } 

It  is  more  simple  to  express  this  result  in  terms  of  R,  r,  p 
and  the  angles  between  them. 

Let  /A  he  the  angle  between  p  and  r,  and  v  that  between  p 
and  R.     Let  us  also  put 

Let  /3,  y,  8  also  represent  the  angles  made  by  r,  R,  and  p 
respectively  with  the  line  joining  the  source  of  light  and  focus, 
and  let 

/S  +  y 

Then  we  have 

_  Rcos7  +  pcos/S      _  Rsin7+rsin/3      _rcos/3— RCOS7 
''^-  2  '  ■^~  2  '  "~  2  "' 

{b^-a''){y-y'y  +  ^2(^'p--^0'  =  p'(^'-«'  sin^  g), 
b^  —  a^=z  R?'  cos- «, 

R  +  r  .  r-R 

sm?7= — :; — sma,      cos'?7=— tj — cos  a, 

ti  =  0  —  yX,  p  =  b-t  jX, 

,  cos  11  sin  7  sin  B      R?'   . 

A'  =  0 ^ ,     w  =  a  - — =  ^-  sm  ?7  cos  a, 

cos «  s;n «  cos «        o 

b''y{y—y')  +  x{b'^  —  a^){x  —  x')  =  — — ^  (cos  yx  +  cos  v), 

2b''-{x'+y'-\-a:')  =  Rr, 

a:(l?-a^){y-y')-lry{x-x')=  ^  (sin/.+  sin v), 
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sm  fjb  +  sin  V      cos  a  sin  e 
2a  cos  S  =  r  cos  /u-— R  cos  v, 
2a  sin  S  =  r  sin  /u,— R  sin  v. 
On  substituting  these  values  and  reducing,  we  find 

*       r^-r.  cos  a  cos  6 

*p  =  2Rr ^ ^ 5—, 

r  cos  v  +  R  cos  //- 

whence  the  focal  length  is 

^    2Rcosacos6— pcos^  V 

For  the  transmitted  beam,  change  the  sign  of  R. 

Supposing  p,  R,  and  v  to  remain  constant  and  r  and  /u.  to 
vary,  this  equation  will  then  give  the  line  on  which  all  the 
spectra  and  the  central  image  are  brought  to  a  focus. 

By  far  the  most  interesting  case  is  obtained  by  making 

r  =  p  cos  /jo,     R= p  cos  V, 

ds 
*  A  more  simple  solution  is  the  following.     —  must  be  constant  in  the 

db 
direction  in  which  the  dividing-engine  rules.      If  the  dividing-engine 
rules  in  the  direction  of  the  axis,  the  differential  of  this  with  respect  to  y 
must  be  zero.     But  we  can  also  take  the  reciprocal  of  this  quantity  j  and 
so  we  can  write  for  the  equation  of  condition, 

d  d(R+r)  _Q 
d7/       ds 
Taking  a  circle  as  our  curve,  we  can  write 

and 

(a:-x"r+(j/-y"Y  =R^, 

{x-x"'y+(t/-y"'y=r\ 

dCR+r)     If.      rJ^'-x"  ,  x-x"'\  ,  .,   ^'\(y-y"  xy-y"'\\ 

^ d(R-^r)  ^  1  r  x-x"      x-x'^  _  ,^      fT(x-x")(y -y") ^{x-x"'){y-y"'y 
dy       ds  p\     K  r  L  R^  r'^ 

Making  a:=0,  y=0,  y'=0,  x'=p,  we  have 

x"  ,   x'"         ix"^      x"'''\     f. 

or 

-r>  COSu-t-COSJ/  TD  cos «  cos  6 

p=Rr  „^  -FT r~  =2R»'  5 r; r   • 

rcos^iz-t-Rcos'/A  /•cos''j/-f  Rcos-'M 
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since  these  values  satisfy  the  equation.  The  line  of  foci  is 
then  a  circle  with  a  radius  equal  to  one  half  p.  Hence,  if  a 
source  of  light  exist  on  this  circle,  the  reflected  image  and  all 
the  spectra  will  be  brought  to  a  focus  on  the  same  circle.  This 
is,  if  we  attach  the  slit,  the  ejepiece,  and  the  grating  to  the 
three  radii  of  the  circle,  however  we  move  them,  we  shall 
always  have  some  spectrum  in  the  focus  of  the  eyepiece.  But 
in  some  positions  the  line  of  foci  is  so  oblique  to  the  direction 
of  the  light,  that  only  one  line  of  the  spectrum  can  be  seen 
well  at  any  one  time.  The  best  position  of  the  eyepiece,  as 
far  as  we  consider  this  fact,  is  thus  the  one  opposite  to  the 
grating  and  at  its  centre  of  curvature.  In  this  position  the 
line  of  foci  is  perpendicular  to  the  direction  of  the  light ;  and 
w'e  shall  show  presently  that  the  spectrum  is  normal  at  this 
point  w^hatever  the  position  of  the  slit,  provided  it  is  on  the 
circle. 


Fig.  1  represents  this  case.  A  is  the  slit,  C  is  the  eyepiece, 
and  B  is  the  grating  with  its  centre  of  curvature  at  C.  In 
this  case  all  the  conditions  are  satisfied  by  fixing  the  grating 
and  eyepiece  to  the  bar  B  C,  whose  ends  rest  on  carriages 
moving  on  the  rails  A  B  and  A  C  at  right  angles  to  each 
other.  When  desired,  the  radius  A  D  may  be  put  in  to  hold 
every  thing  steady;  but  this  has  been  found  practically  unne- 
cessary. 

The  proper  formulae  for  this  case  are  as  follow^s.  If  \  is 
the  wave-length,  and  lo  the  distance  apart  of  the  lines  of  the 
grating  from  centre  to  centre,  then  w^e  have 

1      XN        .    V 
where  N  is  the  order  of  the  spectrum; 


X= 


ic  sm  V 


N 


Now  in  the  given  case  p  is  constant,  and  so  NA,  is  propor- 
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tional  to  the  line  A  C.     Or,  for  any  given  spectrum,  the  wave- 
length is  proportional  to  that  line. 

If  a  micrometer  is  fixed  at  0,  we  can  consider  the  case  as 
follows: 

1       XN     ,  ,  .  .      . 

C^2^^^(sin/i+sini/), 

dX      w 

-y-  s=  =jr^  COS  a. 

du      ^       '^ 

If  D  is  the  distance  the  cross-hairs  of  the  micrometer  move 
forward  for  one  division  of  the  head,  we  can  write  for  the 
point  C, 

dfi=-; 
P 

and  for  the  same  point  fj,  is  zero.     Hence 

But  this  is  independent  of  v ;  and  we  thus  arrive  at  the 
important  fact  that  the  value  of  a  division  of  the  micrometer 
is  always  the  same  for  the  same  spectrum  and  can  always 
be  determined  with  sufficient  accuracy  from  the  dimensions 
of  the  apparatus  and  number  of  lines  on  the  grating,  as  well 
as  by  observations  of  the  spectrum. 

Furthermore,  this  proves  that  the  spectrum  is  normal  at 
this  point  and  to  the  same  scale  in  the  same  spectrum.  Hence 
we  have  only  to  photograph  the  spectrum  to  obtain  the  nor- 
mal spectrum,  and  a  centimetre  for  any  of  the  photographs 
always  represents  the  same  increase  of  wave-length. 

It  is  to  be  specially  noted  that  this  theorem  is  rigidly  true 
whether  the  adjustments  are  correct  or  not,  provided  only 
that  the  micrometer  is  on  the  line  drawn  perpendicularly 
from  the  centre  of  the  grating,  even  if  it  is  not  at  the  centre 
of  curvature. 

As  the  radius  of  curvature  of  concave  gratings  is  usually 
great,  the  distance  through  which  the  spectrum  remains  practi- 
cally normal  is  very  great.  In  the  instrument  which  I  prin- 
cipally use,  the  radius  of  curvature,  p,  is  about  21  ft.  4  inches, 
the  width  of  the  ruling  being  about  5*5  inches.  In  such  an 
instrument  the  spectrum  thrown  on  a  flat  plate  is  normal 
within  about  1  part  in  1,000,000  for  six  inches,  and  less  than 
1  in  35,000  for  eighteen  inches.  In  photographing  the 
spectrum  on  a  flat  plate,  the  definition  is  excellent  for  twelve 
inches  ;  and  by  use  of  a  plate  bent  to  1 1  ft.  radius,  a  plate  of 
twenty  inches  length  is  in  perfect  focus,  and  the  spectrum 


for  Optical  Purposes.  205 

still  so  nearly  normal  as  to  have  its  error  neglected  for  most 
purposes. 

It  is  also  to  be  noted  that  this  theorem  of  the  normal  spectrum 
applies  also  to  the  flat  grating  used  with  telescopes,  and  to 
either  reflecting  or  transmitting  gratings  ;  but  in  these  cases 
only  a  small  portion  of  the  spectrum  can  be  used,  as  no  lens 
can  be  made  perfectly  achromatic.  And  so,  as  the  distance  of 
the  micrometer  has  constantly  to  be  changed  when  one  passes 
along  the  spectrum,  its  constant  does  not  remain  constant  but 
varies  in  an  irregular  manner.  But  it  would  be  possible  to 
fix  the  grating,  one  objective,  and  the  camera  rigidly  on  a 
bar,  and  then  focus  by  moving  the  slit  or  then  other  objective. 
In  this  case  the  spectrum  would  be  normal,  but  would  pro- 
bably be  in  focus  for  only  a  small  length  only,  and  the  adjust- 
ment of  the  focus  would  not  be  automatic. 

Another  important  property  of  the  concave  grating  is  that 
all  the  superimposed  spectra  are  in  focus  at  the  same  point, 
and  so  by  micrometric  measurements  the  relative  wave-lengths 
are  readily  determined.  Hence,  knowing  the  absolute  wave- 
length of  one  line,  the  whole  spectrum  can  be  measured. 
Prof.  Peirce  has  determined  the  absolute  wave-length  of  one 
line  with  great  care;  and  I  am  now  measuring  the  coinci- 
dences. This  method  is  greatly  more  accurate  than  any 
hitherto  known,  as  by  mere  eye-inspection  the  relative  wave- 
length can  often  be  judged  to  one  part  in  twenty  thousand, 
and  with  a  micrometer  to  1  in  1,000,000.  Again,  in  dealing 
with  the  invisible  portion  of  the  spectrum,  the  focus  can  be 
obtained  by  examining  the  superimposed  spectrum.  Capt. 
Abney,  by  using  a  concave  mirror  in  the  place  of  telescopes, 
has  been  enabled  to  use  this  method  for  obtaining  the  focus 
in  photographing  the  ultra-red  rays  of  the  spectrum. 

But  nothing  can  exceed  the  beauty  and  simplicity  of  the 
concave  grating  when  mounted  on  a  movable  bar  such  as  I 
have  described  and  illustrated  in  fig.  1.  Having  selected  the 
grating  which  we  wish  to  use,  we  mount  it  in  its  plate-holder 
and  put  the  proper  collimating  eyepiece  in  place.  We  then 
carefully  adjust  the  focus  by  altering  the  length  of  p  until 
the  cross-hairs  are  at  the  exact  centre  of  curvature  of  the 
grating.  On  moving  the  bar  the  whole  series  of  spectra  are 
then  in  exact  focus,  and  the  value  of  a  division  of  the  micro- 
meter is  a  known  quantity  for  that  particular  grating.  The 
wooden  way,  A  C,  on  which  the  carriage  moves  is  gradu- 
ated to  equal  divisions  representing  wave-lengths,  since  the 
wave-length  is  proportional  to  the  distance  A  0.  We  can 
thus  set  the  instrument  to  any  particular  wave-length  we 
may  wish  to  study,  or  even  determine  the  wave-length  to 
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one  part  in  at  least  five  thousand  by  a  simple  reading.  Bj 
ha\-ing  a  variety  of  scales,  one  for  each  spectrum,  we  can  im- 
mediately see  what  lines  are  superimposed  on  each  other, 
and  identify  them  accordingly  when  we  are  measuring  their 
relative  wave-length.  On  now  replacing  the  eyepiece  by  a 
camera,  we  are  in  position  to  photograph  the  spectrum  with 
the  greatest  ease.  We  put  in  the  sensitive  plate,  either  wet 
or  dry,  and  move  to  the  part  we  wish  to  photograph.  Hav- 
ing exposed  for  that  part,  we  move  to  another  position  and 
expose  once  more.  We  have  no  thought  for  the  focus,  for 
that  remains  perfect,  but  simply  refer  to  the  table  giving 
the  proper  exposure  for  that  portion  of  the  spectrum,  and  so 
have  a  perfect  plate.  Thus  we  can  photograph  the  whole 
spectnim  on  one  plate  in  a  few  minutes  from  the  F  line  to 
the  extreme  violet,  in  several  strips  each  20  inches  long.  And 
we  may  photograph  to  the  red  rays  by  prolonged  exposure. 
Thus  the  work  of  days  with  any  other  apparatus  becomes  the 
work  of  hours  with  this.  Furthermore  each  plate  is  to  scale, 
an  inch  on  any  one  of  the  strips  representing  exactly  so 
much  difference  of  wave-length.  The  scales  of  the  different 
orders  of  spectra  are  exactly  proportional  to  the  order.  Of 
course  the  superposition  of  the  spectra  gives  the  relative 
wave-lengths.  To  get  the  superposition,  of  course  photo- 
graphy is  the  best. 

Ha"\dng  so  far  obtained  only  the  first  approximation  to  the 
theory  of  the  concave  grating,  let  us  now  proceed  to  a  second 
one.  The  di^dding-engine  rules  equal  spaces  along  the  chord 
of  the  circular  arc  of  the  grating  ;  the  question  is  whether 
any  other  kind  of  ruling  would  be  better.  For  the  dividing- 
engine  is  so  constructed  that  one  might  readily  change  it  to 
rule  slightly  different  from  equal  spaces. 

The  condition  for  theoretical  perfection  is  that  C  shall  re- 
main constant  for  all  portions  of  the  mirror.  I  shall  therefore 
investigate  how  nearly  this  is  true.  Let  p  be  the  radius  of 
curvature,  and  let  R  and  r  be  the  true  distances  to  any  point 
of  the  grating,  Rq  and  ^o  being  the  distances  to  the  centre. 
Let  jJb  and  v  be  the  general  values  of  the  angles,  and  [juq  and  Vq 
the  anorles  referred  to  the  centre  of  the  mirror.  The  condition 
is  that  ^ 

p  =  sin/x+  sin  v 

shall  be  a  constant  for  all  parts  of  the  surface  of  the  grating. 
Let  us  then  develop  sin  [m  and  sin  v  in  terms  of  /aq,  Vq,  and 
the  angle  8  between  radii  drawn  to  the  centre  of  the  grating 
and  the  point  under  consideration.  Let  h'  be  the  angle 
between  R  and  R^.     Then  we  can  write  immediately 
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p  sin /jb=p  sin  /jLq  cos  S'  +  Eq  sin  8'— p  cos  /aq  sin  S', 

sinia=  sin/ioCosS's  1 -i ~^  AtanS'  !>, 

^  ^^  i         p  sin  /xo  J 

where 

Ro 

Developing  the  value  of  cos  8'  in  terms  of  8,  we  have 

cos6'=cos8{l+:|[l+^-^»]8= 

As  the  cases  we  are  to  consider  are  those  where  A  is  small,  it 
will  be  sufficient  to  write 


tan8'=^^S, 


p  cos  Ho 

whence  we  have 

sin  ju.=  sin  /u-o  cos  S  S  1  +  cot  fio^8  +  ^    1  +       Ti         ^^ 

-  [A'cot..(l.  ^-i^»)-^«(l.A(l+  |))]83  .  .0.} 

We  can  write  the  value  of  sin  v  from  symmetry.  But  we 
have 

2  -7-  =  sm  a  +  sni  v. 
as 

In  this  formula  db  can  be  considered  as  a  constant  depending 
on  the  wave-length  of  light  &c.,  and  ds  as  the  width  apart  of 
the  lines  on  the  grating.  The  dividing-engine  rules  lines  on 
the  curved  surface  according  to  the  formula 

,:^db  -,  ,  .  .       , 

2  -v;  =  cos  0  (sm  fiQ  +  sm  Vq)  . 

But  this  is  the  second  approximation  to  the  true  theoretical 
ruling.  And  this  ruling  will  not  only  be  approximately  cor- 
rect, but  exact  when  all  the  terms  of  the  series  except  the  first 
vanish. 

In  the  case  where  the  slit  and  focus  are  on  the  circle  of 
radius  ^p,  as  in  the  automatic  arrangement  described  above, 
we  have  A=0,  and  the  second  and  third  terms  of  the  series 

T? 
disappear,  and  we  can  write,  since  we  have  —  =  cos  /^o  and 


208  Prof.  H.  A.  Rowland  on  Concave  Gratings 

—  =   cos  Vn. 
P 

2  -^ cos 6  (sm /xa  +  sm  Vn)\  1  —  i --- — . — ^^ -. — <r  +  &c. 

ds  V       ^^  u/  ^         J  g^^  ^^  _l_  g^j^  ^^ 

But  in  the  automatic  arrangement  we  also  have  vo=0;  and  so 
the  formula  becomes 

2  -T^  =cos  S  (sin /xq  +  sin  vq)  ^l  —  itan  /Aq  S^  +  &c.|-  . 

To  find  the  greatest  departure  fi'om  theoretical  perfection, 
8  must  refer  to  the  edge  of  the  grating.  In  the  gratings 
which  I  am  now  making,  p  is  about  260  in.,  and  the  width  of 
the  grating  about  5*4  in.  Hence  S  =  j^q  approximately,  and 
the  series  becomes 

Hence  the  greatest  departure  from  the  theoretical  ruling, 
even  when  fcm  jmq  =  2,  is  1  in  1,000,000.  Now  the  distance 
apart  of  the  components  of  the  1474  line  is  somewhat  nearly 
one  forty-thousandth  of  the  wave-length ;  and  I  scarcely 
suppose  that  any  line  has  been  dis'ided  by  the  best  spectro- 
scope in  the  world  whose  components  are  less  than  one  third 
of  this  distance  apart.  Hence  we  see  that  the  departure  of 
the  ruling  from  theoretical  perfection  is  of  little  consequence 
until  we  are  able  to  divide  lines  twenty  times  as  fine  as  the 
1474  line.  Even  in  that  case,  since  the  error  of  ruling 
varies  as  S^,  the  greater  portion  of  the  grating  would  be  ruled 
correctly. 

The  question  now  comes  up  as  to  whether  there  is  any  limit 
to  the  resolving  power  of  a  spectroscope.  This  evidently 
depends  upon  the  magnifying  power  and  the  apparent  \vidth 
of  the  lines.  The  magnifpng  power  can  be  varied  at  pleasure ; 
and  so  we  have  only  to  consider  the  width  of  the  lines  of  the 
spectrum.  The  Avidth  of  the  line  evidently  depends  in  a  perfect 
grating  upon  three  circumstances — the  width  of  the  slit,  the 
number  of  lines  in  the  grating,  and  the  true  physical  icidth 
of  the  line.  The  width  of  the  slit  can  be  varied  at  pleasure; 
the  number  of  lines  on  the  grating  can  be  made  very  great 
(160,000  in  one  of  mine);  and  hence  we  are  only  limited  by 
the  trtie  physical  width  of  the  lines.  We  have  numerous  cases 
of  wide  lines,  such  as  the  C  line,  the  components  of  the  D* 
and  H  lines,  and  numerous  others  which  are  perfectly  fami- 

*  I  have  recently  discovered  that  each  component  of  the  D  line  is 
douhlc,  probably  from  the  partial  reversal  of  the  line  as  we  nearly  always 
see  it  in  the  flame-spectrum. 
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liar  to  every  spectroscopist.  Hence  we  are  free  to  suppose 
that  all  lines  have  some  physical  width ;  and  we  are  limited 
by  that  width  in  the  resolving  power  of  our  spectroscopes. 
Indeed,  from  a  theoretical  standpoint  we  should  suppose  this 
to  be  true  ;  for  the  molecules  only  vibrate  freely  while  swing- 
ing through  their  free  path  ;  and  in  order  to  have  the  physical 
width     ^} of  the  wave-length,  the  molecule  must  make 

100000  e>      J 

somewhat  nearly  one  hundred  thousand  vibrations  in  its  free 
path  ;  but  this  would  require  a  free  path  of  about  two  inches! 
Hence  it  would  be  only  the  outermost  solar  atmosphere  that 
could  produce  such  fine  lines  ;  and  we  can  hardly  expect  to 
see  much  finer  ones  in  the  solar  spectrum.  Again*,  it  is 
found  impossible  to  obtain  interference  between  two  rays 
whose  paths  differ  by  much  more  than  50,000  wave-lengths. 

All  the  methods  of  determining  the  limit  seem  to  point  to 
about   — i of  the  wave-leno;th  as  the  smallest  distance  at 

150000  ^ 

which  two  lines  can  be  separated  in  the  solar  spectrum  by 
even  a  spectroscope  of  infinite  power.  As  we  can  now  nearly 
approach  this  limit,  I  am  strongly  of  the  opinion  that  we  have 
nearly  reached  the  limit  of  resolving-power,  and  that  we  can 
never  hope  to  see  very  many  more  lines  in  the  spectrum  than 
can  be  seen  at  present,  either  by  means  of  prisms  or  gratings; 
for  the  same  limit  holds  in  either  case.  It  is  not  to  be 
supposed,  however,  that  the  average  wave-length  of  the  line  is 
not  more  definite  than  this;  for  we  can  easily  point  the  cross- 
hairs to  the  centre  of  the  line  to  perhaps  1  in  1,000,000  of  the 
wave-length.  The  most  exact  method  of  detecting  the  coin- 
cidences of  a  line  of  a  metal  with  one  in  the  solar  spectrum 
would  thus  be  to  take  micrometric  measurements  first  on  one 
and  then  on  the  other  ;  but  I  suppose  it  would  take  several 
readings  to  make  the  determination  to  1  in  1,000,000. 

Since  writing  the  above  I  have  greatly  improved  my 
apparatus,  and  can  now  photograph  150  lines  between  the  H 
and  K  lines,  including  many  whose  wave-length  does  difier 
more  than  1  in  about  80,000.  I  have  also  photographed  the 
1474  and  h^  and  64  widely  double,  and  also  one  of  the  E  lines 
just  perceptibly  double.  With  the  eye  much  more  can  be 
seen  ;  but  I  must  say  that  I  have  not  yet  seen  many  signs  of 
reaching  a  limit.  The  lines  yet  appear  as  fine  and  sharp  as 
with  a  lower  power.  If  my  grating  is  assumed  to  be  perfect, 
in  the  third  spectrum  I  should  be  able  to  divide  lines  whose 
wave-length  diftered  1  in  about  150,000,  though  not  to  photo- 
graph them. 

*  This  method  of  determining  the  limit  has  been  suggested  to  me  by 
Prof.  C.  S.  Hastings,  of  this  University. 
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The  E  line  has  components  about  ^  ^  of  the  wave-length 
apart.  I  believe  I  can  resolve  lines  much  closer  than  this, 
say  1  in  100,000  at  least.  Hence  the  idea  of  a  limit  has  not 
yet  been  proved. 

However,  as  some  lines  of  the  spectrum  are  wider  than 
others,  we  should  not  expect  any  definite  limit  to  resolving 
power,  but  a  gradual  falling-off  as  we  increase  our  power.  At 
first,  in  the  short  wave-lengths  at  least,  the  number  of  lines  is 
nearly  proportional  to  the  resohdng-power ;  but  this  law 
should  fail  as  we  approached  the  limit. 

XXX.  On  Mr.  Griazebrook's  Paper  on  the  Aberration  of  Con- 
cave Gratings.  By  Henry  A.  Rowland,  Professor  of  Phy- 
sics, Johns  Hopkins  University ,  Baltimore* . 
IN  the  June  number  of  the  Philosophical  Magazine  Mr.  R. 
T.  Glazebrook  has  considered  the  aberration  of  the  concave 
grating,  and  arrives  at  the  conclusion  that  the  ones  which  I 
have  hitherto  made  are  too  wide  for  their  radius  of  curvature. 
As  I  had  published  nothing  but  a  preliminary  notice  of  the 
grating  at  that  time,  Mr.  Glazebrook  had  not  then  seen  my 
paper  on  the  subject,  of  which  I  gave  an  abstract  at  the  London 
Physical  Society  in  November  last.  In  this  paper  I  arrive 
at  the  conclusion  that  there  is  practically  no  aberration,  and 
that  in  this  respect  there  is  nothing  further  to  be  desired.  The 
reason  of  this  discrepancy  is  not  far  to  seek.  Mr.  Grlazebrook 
assumes  that  the  spaces  are  equal  on  the  arc  of  the  circle. 
But  I  do  not  rule  them  in  this  manner,  but  the  spaces  are 
equal  along  the  chord  of  the  arc.  Again,  the  surface  is  not 
cylindrical,  but  spherical. 

These  two  errors  entirely  destroy  the  value  of  the  paper  as 
far  as  my  gratings  are  concerned ;  for  it  only  applies  to  a  theo- 
retical grating  ruled  in  an  entirely  different  manner  and  on  a 
different  form  of  surface  from  my  own. 

I  am  very  much  surprised  to  see  the  method  given  near  the 
end  of  the  paper  for  constructing  aplanatic  gratings  on  any 
surface;  for  this  is  the  method  by  which  I  discovered  the  con- 
cave grating  originally,  and  the  figure  is  the  same  as  that  I 
put  on  the  black  board  at  the  Meeting  of  the  Physical  Society 
in  November  last.  I  say  I  am  surprised  ;  for  Mr.  Glaze- 
brook's  paper  was  read  at  the  Physical  Society,  where  I  had 
given  the  same  method  a  few  months  before,  and  yet  it  passed 
without  comment.  Indeed  I  have  given  the  same  method  at 
many  of  our  own  scientific  societies.  However,  as  Mr.  Glaze- 
brook  was  not  present  at  the  meeting  referred  to,  he  is  entirely 
without  blame  in  the  matter. 

*  Communicated  by  the  Author. 
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XXXI.  On  the  Production  of  Electricity  hj  Evaporation,  and 
on  the  electrical  Neutrality  of  Vapour  arising  from  electri- 
fied Still  Surfaces  of  Liquids.     By  L.  J.  Blake,  Ph.D.* 

iF  the  different  theories  as  to  the  cause  or  causes  of  atmo- 
spheric electricity,  two  especially  have  been  from  time 
to  time  advocated.  The  basis  of  the  first  theory  is  the  hypothesis 
that  electricity  is  produced  by  the  simple  evaporation  of  a 
liquid.  This  hypothesis  was  first  proposed  by  Voltaf,  and 
afterwards  found  adherents  in  Pouillet|,  Tait  and  Wauklyn§. 
Saussurell,  Configliachi%  Erman**,  Reichff,  Gaugain||,  and 
Riess§§  attempted  to  overthrow  it. 

The  second  iheory  rests  chiefly  upon  the  hypothesis  that 
there  occurs  a  convection  of  the  electricity  which  may  be  upon 
the  surface  of  any  evaporating  liquid.  This  theory  was  main- 
tained by  Franklin II II ,  E.  BecquerelHH,  and  De  la  Rive***; 
and  the  hypothesis  itself  has  been  experimentally  tested  by 
Bufl'ttt-  The  following  paper  is  a  description  of  an  exclu- 
sively experimental  investigation  of  these  two  hypotheses- 
It  was  carried  out  by  means  of  an  electrometer  herein  de- 
scribed. With  the  very  complicated  phenomena  of  atmo- 
spheric electricity  itself,  this  paper  has  nothing  directly  to  do; 
hence  a  more  detailed  description  of  the  theories  just  stated 
is  unnecessary. 

I.  Production  of  Electricity  by  Evaporation. 

(a)  The  investigation  of  the  first  hypothesis — i.  e.  that 
electricity  is  produced  simply  by  the  change  of  a  liquid  into 
vapour — was  conducted  in  the  following  manner.  The  mo- 
vable plate  A  of  a  Kohlrausch  condenser  was  connected  w^ith 

*  Communicated  by  the  Author. 

t  Phil,  Trans.  1782,  abridged,  xv.  p.  274, 

X  A?uiales  de  Cliimie  et  de  Physique,  1827,  xxxv,  p.  401,  andxxxvi,  p.  6, 

§  Phil.  Mag.  [4]  xxiii.  p.  494;  'Nature,'  vol.  xxiii.  p.  340, 

II    Voi/ar/es  dans  les  Alpes,  1786,  tome  ii.  pp,  227  &  249. 

51  Gilbert's  Ann.  1811,  xliii.  p.  370, 

**  Abh.  der  Berl.  Akad.  1818,  xix.  p.  25, 

ft  Ahh.  bei  Beffriindung  der  Sachs.  Ges.  d.  Wissensch.  1846,  p.  199. 

XX  Comptes  Rcndm,  18-54,  tome  xxxviii.  p.  1012, 

§§  jReibungseJeldricitdt ,  1853,  ii.  pp.  407  &  491. 

III!  Compare  Duprez,  Mem.  com:  de  VAcad.  d.  Belg.  xvi.  1843. 

^^  Traite  deVEleciricite,  1830,  tomeiv.  p.  116;  Comptes  Rendus,  1856, 
tome  xlii.  p.  661. 

***  Traite  de  V Electricite,  1858,  tome  iii.  p.  190. 

ttt  Liebig's  Amialen,  1854,  Ixsxix.  p.  203.  Compare  Fortschr.  der 
Phys.  X.  p.  436, 
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a  quadrant-electrometer  constructed  by  R.  Voss  of  Berlin, 
according  to  the  suggestions  of  Von  Helmholtz.  The  charge 
of  the  quadrant  pairs  of  this  electrometer  was  maintained  by- 
means  of  two  Zamboni's  piles  of  about  1500  pairs  each.  The 
aluminium  needle  of  the  electrometer,  suspended  bj  a  fine 
silver  thread,  had  the  form  of  two  nearly  right-angled  sectors 
of  a  circle  whose  apices  were  joined  with  each  other.  In 
order  to  make  the  instrument  more  sensitive,  the  distance 
between  the  two  horizontal  surfaces  of  the  quadrants  between 
which  the  needle  swung  was  less  than  in  former  instruments 
of  a  similar  kind.  The  mirror  attached  to  the  needle  swung 
beneath  the  quadrants.  The  upper  end  of  the  silver  thread 
was  fastened  in  a  torsion  head,  and  served  also  for  uniting  any 
source  of  electricity  with  the  needle.  The  metal  frame  of  the 
instrument,  which  supported  the  Zamboni  piles,  was  connected 
with  the  earth.  One  Daniell  (Cu— CuSO^— ZnSO^— Zn), 
one  pole  of  which  was  connected  with  the  electrometer-needle, 
and  the  other  with  the  earth,  gave  at  the  distance  of  3  millim. 
between  the  millimetre-scale  and  the  mirror  a  deflection  from 
67  to  71^  millim.  After  six  months,  without  disturbing  in  any 
way  the  charge  of  the  quadrants  maintained  by  the  Zamboni 
piles,  the  deflection  for  1  Daniell  under  similar  arrangement 
of  experiment  was  from  64^  to  72  millim. 

The  condenser,  the  electrometer,  and  all  other  apparatus 
mentioned  hereafter  were  enclosed  in  metal  cases  connected 
with  the  earth.  All  the  insulated  connecting  wires  were 
enclosed  within  brass  tubes  similarly  connected  with  the 
earth  to  neutralize  the  efl'ect  of  outside  electricity.  The  brass 
axis,  which  supported  at  one  end  the  collector  plate  B  of  the 
condenser,  was  prolonged  at  the  other  end,  and  about  25 
centim.  from  B  was  bent  into  the  form  of  a  ring.  In  this 
ring  rested  a  porcelain  dish  which  contained  in  a  sand-bath 
a  second  smaller  dish  of  the  same  material.  By  this  arrange- 
ment the  insulation  in  the  following  experiments  could  be 
afiected  only  through  the  support  for  the  axis  of  B.  The 
insulating  power  of  this  support,  upon  which  evidently  the 
reliability  of  the  experiment  depends,  was  measured  both  be- 
fore and  after  each  experiment.  When  B  Vt-^as  charged  by 
4  Daniells,  and  the  needle  of  the  electrometer  which  was  in 
connexion  with  A,  distant  i  millim.  from  B,  gave  a  deflection 
of  140  millim.  through  influence  from  B,  then  the  loss  in 
electricity  upon  B,  during  10  minutes,  varied  from  6i  to  11 
millim.,  i.  e.  from  4^  to  7  per  cent. 

Further,  there  was  a  peculiar  electrical  action  through  this 
insulating  support  of  the  collector  plate  B.     B,  uuelectrified 
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and  insulated,  became  very  slowly  charged  in  the  presence  of 
the  tinfoil  upon  which  the  condenser  rested.  When  B  was 
left  in  the  evening  connected  with  the  earth,  and  insulated 
the  next  morning,  there  was  always  found  upon  it  a  charge 
which  produced  a  deflection  from  10  to  17  millim.,  and 
under  similar  conditions  always  in  the  same  direction.  In 
15  minutes  B  became  charged  to  a  potential  corresponding 
to  0"5  and  upwards  to  2  millim.  This  peculiar  electric 
action,  which  was  always  present,  must  evidently  be  taken  into 
account,  and  is  so  in  the  following  experiments.  This  action  of 
the  condenser  having  been  determined,  the  inner  porcelain 
dish  was  filled  with  the  liquid  to  be  experimented  upon,  and 
the  sand-bath  heated  to  100°  C.  The  flame  employed  for  heat- 
ing was  then  wholly  removed*.  A  platinum  wire  inserted 
through  a  narrow  glass  tube  fused  around  it  formed  metallic 
connexion  between  the  plate  B  and  the  liquid.  By  the  glass 
the  steam  was  prevented  from  coming  into  contact  with  the 
wire.  The  condenser-plate  A  was  separated  \  millim.  from 
B,  and,  together  with  the  needle  of  the  electrometer,  connected 
with  the  earth.  After  10  or  15  minutes  of  copious  evapo- 
ration, A  was  insulated,  and  then  separated  from  B.  The 
electrical  condition  of  A,  and  consequently  of  B,  could  be 
determined  through  the  deflection  of  the  electrometer-needle, 
and  any  difference  of  electrical  condition  at  the  begining  and 
end  of  an  experiment  could  be  observed.  The  liquid  used  in 
the  experiments  was  at  first  cold,  and  afterwards  heated  to 
rapid  evaporation;  but  otherwise  the  conditions  were  un- 
changed, so  as  to  be  wholly  independent  of  any  disturbances 
possible  from  the  nature  of  the  apparatus  itself.  The  following 
tables  show  the  deflections  at  a  distance  of  3  millim.  between 
the  mirror  and  scale.  45  millim.  scale-divisions  denote  a 
charge  of  1  Daniell  upon  B.  The  deflection  corresponding 
to  1  Daniell  is  here  less  than  in  the  experiments  mentioned 
above,  because  A  is  not  charged  directly,  but  indirectly 
from  B. 

*  A  line  of  experiment  which  I  have  not  at  the  present  time  finished 
seems  to  indicate  quite  clearly  the  production  of  electricity  in  every 
flame.  It  was  hence  found  necessary  before  each  observation  to'extinguish 
the  flame  employed,  because  of  its  distiu-bing  influence ;  owing  to  the  pre- 
sence of  the  sand-bath,  however,  the  evaporation  was  not  interrupted. 
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I.  A.  Sea- water  (Baltic). 
Room  temperature. 

Experiment. 

At  the 
beginning. 

After 
5  minutes. 

After 
10  minutes. 

After 
15  minutes. 

1 

2 

3 

1  0  scale-div, 
'  0 

0 

0 

0 

0 

0 

0 

0 

-OS  scale-div. 

-0-5" '"„ 
-Oo       „ 
-1-0       „ 
-0-5      „ 
-10      „ 
-1-0      „ 

—  I'O  scale-div. 
-1-5        „ 
-0-5        „ 
-0-5        „ 
-1-0 

-10        ., 
-1-0        „ 
-l-o        „ 
-1-25      „ 

— 1"5  scale-div. 

-0-5       „ 
-1-25     „ 
-20       „ 

-1-75     „ 

4 

5 

6 

7 

8 

9 

Average  value... 

0        „ 

-0-71     „ 

-1-02     „ 

-1-40     „ 

I.  B.  Sea-water  (Baltic). 
100°  C. 

1 

0  scale-div. 

0 

0 

0 

0        „ 

0 

0 

0 

0 

0  scale-div.         0  scale-div. 

-0-5      „ 
0        „               0        „ 
0        „              0        „ 
0        „           -1-0     „ 

-Oo     „           -10     „ 
0        „               0        „ 

-0-5      „           !    0        „ 
0        „           '-1-0      „ 

-0-5  scale-div. 
-0-5       „ 
-0-25     „ 
-0-5       ., 
-10       „ 
-1-5       „ 
0 

-1-0       „ 

2 

3 

4 

5 

6 

7 

8 

9  

Average  value.. 

0 

-0-16   „          1-0-37   „ 

-0-66     „ 

II.  A.  Sulphate-of- Copper  Solution. 
Room  temperature. 

Experiment. 

At  the          j         After 
beginning.            5  minutes. 

After 
10  minutes. 

1 

2 

0  scale-div.        —1-5  scale-div. 
0        „            !  -20       ., 
0        „               -1-0       „ 
0        „                  0          „ 
0        „            '  -1-5 

— 2'0  scale-div. 
-20       „ 
-10       „ 
-0-5       „ 
-Oo       „ 

3 

4 

5 

'Average  value... 

0        „            1  -1-2       „           -1-2       „ 

II.  B.  Sulphate-of-Copper  Solution. 
100°  0. 

1 

0  scale-div. 

—10  scale-div.  i 
-2-5       „ 
-30       „ 
-20       „ 
-30       „        , 

o 

0 
0 
0 

-1-25      „ 

3 

4 

5 

0        „               -10 

Average  value... 

0        „               -0-94     „ 

-2-3       „ 
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III.   Saturated  Solution  of  Sodium  Chloride. 


At  the 
beginning. 

After                    After 
5  minutes.           10  minutes. 

(a)  Room  tem- 
perature  

(6)  100°  C.     .. 

Oscale-div. 
0 

— 10  scale-div.    —  TS  scale- div. 
-1-5      „            -1-5       „ 

Nearly  all  the  deflections  are  less  than  those  from  the  elec- 
trical action  already  described  as  peculiar  to  B.  The  two 
exceptions  exceed  the  limit  of  B's  action  by  an  amount  so 
small  that  they  need  not  be  considered.  The  difference  of 
average  values  in  the  Tables  I.  A  and  I.  B  for  the  experiments 
lasting  15  minutes  equals  —  0'74millim.  scale-division.  This 
corresponds  to  a  negative  charge  upon  B  of  0*016  Daniell 
(0*0145  volt).  This  chargq  is  too  small  in  proportion  to  the 
sea-water  evaporated,  to  be  used  as  a  basis  for  mathematical 
calculations  concerning  the  electricity  resident  in  the  clouds*. 
Nor  is  it  a  sufficient  ground  for  the  assertion  that  the  simple 
change  of  a  liquid  into  a  vapour  produces  electricity. 

{I))  A  second  method  of  experiment,  in  which  the  insulation 
does  not  come  at  all  into  consideration,  was  as  follows  : — A 
brass  disk  of  125  millim.  diameter  was  fastened  horizontally 
by  its  centre  to  the  end  of  a  stout  vnxe  which  was  connected, 
without  the  condenser,  directly  with  the  electrometer-needle. 
Both  needle  and  disk  C  could  be  together  either  insulated  or 
connected  with  the  earth.  The  porcelain  dish  containing  the 
liquid  and  resting  in  the  insulated  sand-bath  was  brought 
close  under  the  disk  0,  and  the  liquid  connected  with  the 
earth.  The  sand-bath  having  been  heated  and  the  flame  em- 
ployed afterwards  extinguished,  the  vapour  from  the  liquid 
was  condensed  very  copiously  upon  the  disk  C.  The  reading 
of  the  electrometer-needle  connected  with  the  earth  was  first 
taken.  Then  the  needle,  and  consequently  the  condensing- 
disk  C,  was  insulated,  and  any  deflection  was  observed.  After- 
wards the  electrometer-needle  was  connected  with  the  earth 
and  its  reading  again  taken.  Thus  a  change  in  the  needless 
position  of  rest  during  the  experiment,  which  always  occurs 
with  variations  of  room-temperature,  was  observed. 

*  Such  calculations  liave  been  carried  out  by  Freeman,  PIul.  Mag. 
[5]  vol.  xiii.  p.  b98  (June  1882). 
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70  Scale-divisions  =  1  Daniell. 


Sea-water.     Room  temperature. 

Experiment. 

Needle's 
position  of 
rest  before 
the  experi- 
ment. 

Eeading 

after  5 

minutes" 

insulation. 

Needle's         Change  of 
position  of      position  of          Charge  of 

rest  after          rest  during       needle  in 
the  experi-      the  esperi-     i     5  minutes. 

mcnt.      ;         m  ent.       I 

1                            1 

1 690 

2 !       571 

689'0 
569-5 

690 
570 

Oscale-div.      -|-rOecale-div. 
+  1-0      „           ,+0-5       „ 

Sea-water.     100°  C. 

1 

2 

689 
568 

691              690 
567             567-5 

—  1 -Oscale-div. 
+0-5     „ 

—  1 -Oscale-div. 
+0-5       „ 

The  Tables  indicate  so  slight  a  difference  in  the  electrical 
action  between  cold  and  hot  sea-water  (and,  what  is  more  im- 
portant, a  difference  not  always  of  the  same  sign),  that  one  is 
as  little  entitled  here  as  in  the  first-described  method  of  expe- 
riment to  assert  that  a  production  of  electricity  by  simple  eva- 
poration has  been  shown. 

II.  Electrical  Neutrality  of   Vapour  arising  from 
electrified  Still  Surfaces  of  Liquids*. 

The  second  hypothesis  to  be  tested  is,  that  a  convection  of 
the  electricity  occurs  by  means  of  the  vapour  arising  from  the 
surface  of  an  electrified  liquid.  An  experimental  research  of 
the  validity  of  this  hypothesis  was  conducted  in  the  following 
outlined  methods. 

(a)  The  movable  plate  A  of  the  Kohlrausch  condenser  still 
remained  in  connexion  with  the  needle  of  the  electrometer. 
Upon  the  stationary  collector  plate  B  a  M^ater- stratum  was 
deposited  through  condensation  of  warm-water  vapour.  B  was 
then  gently  heated  and  connected  with  one  pole  of  a  galvanic 
battery,  whose  other  pole  was  connected  with  the  earth.  The 
cooler  plate  A  was  then  brought  to  a  distance  of  1  millim., 
and  the  vapours  passing  from  B  condensed  copiously  upon  A. 
There  occurred,  however,  no  convection  of  the  electricity, 
notwithstanding  that  the  vapour  originated  in  a  water-surface 
containing  one  of  the  two  electricities  accumulated  in  the 
condenser.     Experiments  were  begun  with  a  weak  potential- 

*  Compare  L.  J.  Blake,  "Ueber  die  elektrische  Neutralitiit"  etc., 
Sitzungsberichte  der  Kyi.  Akad,  der  Wissensch.  zu  Berlin,  1882,  Nr.  xxix. 
15  June,  p.  635. 
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difference  of  1  Daniell  between  the  condenser-plates;  and  this 
difference  increased  up  to  404  Daniells  without  affecting  the 
result.  Throuo'hout  the  experiments  the  plate  A  was  con- 
nected with  the  earth,  until  it  was  brought  opposite  the  plate  B, 
so  as  to  protect  the  electrometer  from  too  great  deflections  ; 
then  A  was  insulated.  Any  trace  of  electricity  which  might 
have  been  conveyed  by  means  of  the  vapour  would  have 
manifested  itself  in  the  electrometer.  Furthermore,  there 
occurred  no  convection  of  the  electricity  either  when  B 
possessed  the  room-temperature  and  A  was  cooled  below  it, 
or  when  both  plates  were  raised  equally  above  the  room- 
temperature,  in  which  latter  case  evaporation  without  con- 
densation occurs.  If  the  vapour  had  conveyed  with  it  the 
electricity  from  the  water-surface,  the  presence  of  electricity 
upon  A  would  have  been  detected  in  all  the  above  cases. 

(b)  In  order  to  produce  evaporation  from  different  liquids, 
an   apparatus  represented  in  the  accompanying  figure  was 

AB 


To  the 

batterj". 

constructed.  The  experiments  were  conducted  as  follows.  A 
horizontal  brass  disk,  C,  of  125  millim.  diameter,  surrounded 
by  a  metal  box  connected  with  the  earth,  was  put  in  metallic 
connexion  with  the  plate  B  of  the  condenser.  The  sealing- 
wax  supports  used  for  insulating  the  connecting  wire  between  B 
and  C,  and  at  the  same  time  for  retaining  firmly  the  disk  C  in 
its  proper  position,  were  so  far  separated  from  this  disk  (both 
being  wholly  outside  the  metal  box)  that  vapour  employed  in 
the  experiment  could  have  no  effect  upon  the  insulation.  An 
insulated  porcelain  dish,  containing  the  liquid  to  be  experi- 
mented upon,  was  placed  on  the  arm  of  a  retort-stand,  so  that 
it  could  be  swung  either  under  the  disk  C  or  wholly  outside 
the  metal  box.  Tlae  experiments  were  made  in  three  series : — 
(1)  Liquid  as  well  as  conden sing-disk  C  of  the  temperature 
of  the  room,  so  that  neither  condensation  nor  marked  evapo- 
ration took  place.  (2)  Liquid  100°  C,  disk  C  cooled  so  that 
copious  evaporation  and  condensation  resulted.     (3)  Liquid 
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and  disk  C  at  equal  temperatures,  but  above  the  room- 
temperature,  so  that  copious  evaporation  took  place  without 
condensation.  The  flame  used  in  heating  remained  con- 
tinually outside  the  box*. 

It  is  necessary  to  free  the  surface  of  the  liquid  from  dust- 
particles,  and  to  avoid  as  much  as  possible  air-currents  within 
the  metal  box  during  the  experiment.  Moreover  no  minute 
drops  must  be  tossed  up  during  rapid  evaporation.  In  these 
experiments  the  liquid  experimented  upon  was  in  the  first 
place  electrified  to  a  determined  potential,  and  was  swung 
under  the  condensing-disk  C.  B,  and  therefore  C,  had  been 
previously  insulated  ;  and  A,  distant  ^  millim.  from  B,  had 
been  connected  with  the  earth.  Next,  after  3  minutes  the 
liquid  was  swung  away  from  C.  If  a  convection  of  electricity 
from  the  surface  of  the  liquid  to  C  had  occurred,  A  would 
have  fixed  it  upon  B,  and  would  have  been  itself  charged 
with  the  opposite  kind  of  electricity.  After  A  was  then 
insulated  and  separated,  the  presence  of  any  fixed  electricity 
upon  A,  and  therefore  also  upon  B  and  C,  would  have  been 
shown  by  a  deflection  of  the  electrometer-needle  connected 
with  A.  The  liquid  was  electrified  by  a  battery  of  480  zinc, 
distilled  water,  copper  elements  ( =  404  Daniells).  The  de- 
flections, in  millim.  scale-divisions,  observed  are  given  in  the 
following  table. 

Liquid,  Liquid,  Liquid, 

room-temp.  100°  C.  100°  C. 

Plate  C,  Plate  C,  Plate  C, 

room-temp.  room-temp.  100°  C. 


Distilled  water 


{ 


! 


Salt-solution, 

(13  per  cent,  sodium 

chloride). 

Alcohol,         / 
absolute.  | 

SuLPHUEic  acid,    / 
concentrated.        | 


Sea-water 
(Baltic). 


+  4 


+  4 


Charge 
Charge 


Charge 


Charge 


4-  480  elements. 
+  2 

-1-480  elements. 
+  5 
+  2-5 

-f-480  elements. 
+  1 


+  2-5 


-4 

-7 
-6 


•480  elements. 
-4 

Charge   -t-  480  elements. 
■  4-7-5 
+  5 


Charge  —480  elements. 


-2 
-4 
-6 


-5 
-5 
-4 


*  See  note  page  213. 
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By  a  convection  of  electricity,  the  kind  of  electricity  upon 
A,  as  mentioned  above,  must  have  been  the  opposite  to  that 
upon  the  surface  of  the  electrified  liquid.  Now  the  tables  not 
only  do  not  show  this,  but  in  every  case  exactly  the  opposite. 
Upon  A  was  always  the  same  kind  of  electricity,  and  conse- 
quently upon  B  and  C  the  opposite  kind  to  that  with  which 
the  liquid  was  charged.  The  following  facts  explain  this  result. 
During  the  experiment  B  and  C  were  exposed  to  a  strong  induc- 
tion. Of  the  two  electricities  induced  upon  B  and  C,  one  would 
be  fixed  by  the  surface  of  the  liquid  ;  the  other  would  be 
free  and  would  diffuse  itself  upon  B.  If  the  insulation  of  B 
and  C  was  not  perfect,  then  a  loss  of  free  induced  electricity 
would  occur.  After  the  liquid  was  swung  away  from  C, 
there  would  remain  upon  B  and  C  electricity  equal  in  quantity, 
but  opposite  in  kind,  to  that  dissipated  from  defective  insu- 
lation during  the  experiment.  This  electricity  would  induce 
upon  A  the  same  kind  of  electricity  as  that  of  the  electrified 
liquid.  The  correctness  of  this  explanation  of  the  charge  upon 
A  is  confirmed  by  the  following.  Direct  measurements  of 
the  insulating  power  of  B  and  0  were  made  previous  to  the 
experiments.  B  and  C  were  charged  either  directly  or  indi- 
rectly by  means  of  the  480  zinc,  water,  copper  elements ;  and 
the  loss  during  three  minutes,-  which  was  the  duration  of 
the  experiments  mentioned  above,  was  measured.  This  loss 
amounted  to. 

With  positive  charge, 

7      scale-div.  out  of    380  scale-div.,  or     1"8  per  cent. 
4*0  „  „  25J  „  „      1'7       „ 

2-5         „  „  258         „        ;„     0-9      „ 

With  negative  charge, 
8*5  scale-div.  out  of    408  scale-div.,  or     2*0  per  cent. 
o"5         „  „  252         „         „      1'3       „ 

The  induction  upon  B  and  C  in  these  last  experiments  was 
maintained  as  nearly  equal  as  possible  to  that  in  the  first  ex- 
periments. The  close  agreement  of  these  figures  with  those 
of  the  deflections  in  the  first  tables,  justify  the  conclusion  that 
the  electricity  upon  A  in  the  first  experiments  was  owing,  not 
to  a  convection  of  the  electricity  present  upon  the  surface  of 
the  liquid,  but  to  a  loss  of  electricity  upon  B  and  C,  occurring 
in  consequence  of  defective  insulation  during  the  experiment. 

((?)  The  imperceptible  variation  in  potential-difference  be- 
tween the  poles  of  the  zinc-water-copper  battery  rendered 
possible  a  method  of  experiment  still  more  sensitive,  in  which 
insulation  did  not  come  at  all  into  consideration.     Without 
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employing  the  Kohlrausch  condenser,  the  condensing-disk  0 
was  directly  connected  with  the  electrometer-needle,  and  with 
this  needle  was  put  in  metallic  connexion  with  the  earth. 
After  the  porcelain  dish  containing  the  electrified  liquid  was 
swung  under  C,  the  needle,  and  therefore  C,  were  insulated. 
Only  that  electricity  which  was  fixed  by  the  closely  lying 
electrified  surface  of  the  liquid  could  now  be  present  upon  C. 
While  the  liquid  was  under  C,  a  deflection  of  the  needle  would 
show  any  convection  of  electricity  from  the  surface  of  the 
liquid,  and  also  any  change  of  potential  of  that  electrified 
surface.  The  following  table  gives  the  deflections,  in  scale- 
di^nsions,  observed  while  the  sea-water  was  3  minutes  under 
the  disk  C.  As  above,  70  scale-divisions  correspond  to  a 
charge  of  1  Dauiell. 


Positive  charge,  480  elements. 

NegatiTB  charge,  480  elements. 

Sea-water  at 
room-temp. 

Sea-water 
at  100^  C. 

Sea-water  at           Sea-water 
room-temp.           at  100°  C. 

+  6 

+  16 

+12          1 

+25          1 

i 

1 

1 

+  2 
-15 
-  9 

-9 

-5 
0 

These  numbers  are  opposed  to  convection  of  electricity  by  the 
vapour;  otherwise  no  discrepancies  in  the  signs  of  the  deflec- 
tions would  occur.  If  convection  by  the  vapour  had  occurred, 
a  greater  deflection  would  have  appeared  with  a  liquid  rapidly 
evaporating  than  when  cool.  But  in  two  cases  the  contrary 
takes  place.  When  one  considers  that  the  rising  vapour  had 
condensed  in  large  drops  upon  C,  and  that  between  C  and  the 
closely  adjacent  liquid  a  strong  electrical  attraction  must  have 
existed,  the  slight  difference  between  the  deflections  for  hot 
and  cold  sea-water  loses  all  value  as  evidence  of  a  convection 
of  electricity  by  means  of  vapour. 

The  particles  of  dust  which  lie  upon  the  surface  of  the 
liquid,  or  float  in  the  surrounding  air,  are  doubtless  the  bearers 
of  the  electricity  upon  C;  for  when  the  surface  of  the  liquid 
was  intentionally  strewn  with  dust-particles,  the  charge  upon 
the  electrometer-needle  was  increased,  while  it  was  diminished 
when  the  surface  was  carefully  cleaned.  In  another  place  the 
influence  of  dust-particles  will  be  more  clearly  seen. 

In  regard  to  the  experiments  of  Buff",  already  mentioned,  I 
quote  the  following  passage*: — "A  glass  flask,  which  con- 
*  Liebig's  Annalen,  Ixxxis.  p.  203,  1854. 
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tained  the  liquid  to  be  evaporated,  rested  upon  wire  netting 
over  the  flame  of  a  spirit-lamp.  A  platinum  wire,  connected 
with  one  pole  of  a  galvanic  battery,  terminated  in  the  liquid  of 
the  flask.  The  other  battery-pole  was  connected  with  the 
earth.  Close  over  the  mouth  of  the  flask  was  a  strip  of 
platinum,  so  placed  as  to  be  directly  exposed  to  the  action  of 
the  rising  vapour.  This  strip  could  be  connected  either  with 
the  upper  condenser-plate  or  with  the  earth,  according  to  the 
arrangement  of  the  experiment.  The  lower  condenser-plate 
was  fastened  upon  a  very  sensitive  pile-electroscope.  As  soon 
as  the  water  began  to  boil,  or  even  approached  boiling,  and  the 
under  condenser^plate  was  connected  with  the  earth,  then  the 
upper  plate  collected  electricity  of  the  same  kind  as  that  of 
the  pole  which  stood  in  connexion  with  the  water.  A  single 
pair  of  Bunsens  was  sufficient  to  noticeably  separate  the 
gold  leaves  of  the  Bennett  electrometer.  The  charge  increased 
proportionately  with  the  number  of  pairs  employed.  The  con- 
denser remained  closed  one  minute  each  time.  If  the  liquid 
was  in  rapid  ebullition,  this  length  of  time  was  not  necessary 
for  the  charge  to  reach  its  maximum." 

Against  this  method  of  arrangement  of  the  experiment, 
which  coincides  in  many  of  its  principal  points  with  the  above 
described,  arises  the  objection  that  convection  of  the  electricity 
occurred,  not  by  means  of  the  vapour,  but  by  the  drops  of  water 
thrown  up  against  the  platinum  strip  during  the  ebullition. 

Further,  I  have  found  during  the  experiment,  that  when- 
ever a  flame  touched  the  porcelain  dish  (as  it  was  allowed  to  do 
in  Buff's  experiments)  a  large  deflection  of  the  electrometer- 
needle  occurred.  This  is  to  be  explained  only  through  a 
convection  of  electricity  by  means  of  the  hot  gases  arising  from 
the  flame,  because  the  deflections  began  immediately  when  the 
increase  of  temperature  of  the  liquid  was  so  slight  that  there 
was  no  practical  increase  of  evaporation. 

((/)  By  means  of  a  modification  of  the  apparatus  described 
upon  pages  217  &  218,  proof  of  the  accuracy  of  the  results  so  far 
obtained  by  me  was  established  by  the  most  incontrovertible 
method  of  experiment  possible  to  be  devised.  In  place  of  the 
condensing-disk  C,  a  brass  ball  of  20  millim.  diameter  was 
substituted.  The  arrangement  of  the  experiment  was  not 
otherwise  changed.  This  ball  was  placed  over  the  still  surface 
of  the  electrified  liquid,  as  closely  as  possible  without  the 
passage  of  a  spark  between  them  ;  consequently  the  distance 
between  the  ball  and  the  surface  of  the  liquid  barely  exceeded 
the  striking-distance.  The  liquid  was  then  electrified  by 
means  of  a  Topler  electrical  machine,  driven  with  great  regti- 
larity  by  a  small  water-motor,  so  that  thus  the  potential  of  the 
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surface  remained  very  constant.  The  striking-distance  varied 
in  different  experiments  from  3  to  8  millim.  The  ball  and  con- 
denser-plate B  in  metallic  connexion  with  it  were  insulated 
just  previous  to  the  electrification  of  the  liquid  ;  and  the 
presence  of  any  electricity  conveyed  to  the  ball  was  deter- 
mined by  the  method  described  on  page  218.  It  was  necessary 
that  the  ball  be  highly  polished  and  the  liquid  carefully  cleaned 
in  order  to  avoid  dust-particles.  Their  influence  is  shown  by 
the  deflections  in  scale-divisions  given  in  the  following  tables 
of  experiments  with  sea-water. 


45  scale-divisions  =  1  Daniell. 


Positive  Charge. 

Experi- 
ment. 

Liquid  at 
room-temp. 

Liquid  at 
100°  C. 

Electrified  brass 
disk  replacing 
liquid  surface 
under  the  ball. 

Without  special  [ 
precaution 
against  dust-    1 
particles  [ 

With  precaution . . . 

1. 
2. 
3. 

4. 

-36-25 

-37 

+20-25 

+25-75 

-14 

-91-75 

-43-75 

+16-25 

+30-5 
+21 

+38-5 

Negative  Charge. 

Without  special 
precaution 
against  dust-    j 
particles  (_ 

With  precaution 

1. 
2. 

3. 
4. 
5. 
6. 

+40-5 

+25-5 

-10 
+  8-5 
-25-25 
-19-5 

+98-75 
+26-5 

-  6 

-  4-5 
-15 

-  8-5 

+  3-75 
+81-25 

+12 
-25-25 

-16-75 

It  was  found  by  direct  experiments  that  the  loss  of  elec- 
tricity upon  B,  and  consequently  upon  the  ball,  during  three 
minutes  amounted  to  39-44  scale-divisions.  Between  the 
action  of  cold  and  copiously  evaporating  sea-water  was  a  dif- 
ference of  only  4  to  13  scale-divisions  (0'088  to  0'288  Daniell) 
in  those  experiments  made  with  precaution  against  dust- 
particles.  The  kind  of  electricity  upon  the  ball  was  the  oppo- 
site to  that  upon  the  sea-water.  Had  convection  occurred,  the 
reverse  must  have  evidently  taken  place;  and  from  the  high 
potential  of  the  sea-water,  a  strong  convection  of  electricity 
was  to  be  expected. 

(e)  To  experiment  with  evaporating  mercury,  the  following 
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changes  were  made  in  the  arrangement  of  the  apparatus.  In 
place  of  the  condensing-disk  C  there  was  used  a  platinum  disk 
of  12  centim.  diameter,  which  could  be  connected  at  will  by 
means  of  platinum  wires,  either  directly  with  the  needle  of  the 
electrometer  or  with  the  condenser-plate  B.  The  porcelain 
dish  in  the  sand-bath  was  replaced  by  an  iron  dish  containing 
the  mercury  to  be  evaporated.  Platinum  or  iron  was  neces- 
sary, because  all  metals  which  amalgamate  with  mercury 
show  peculiar  electric  action,  the  causes  of  which  I  have  not 
yet  succeeded  in  detecting.  At  200°  C.  the  mercury  vapour 
was  visibly  condensed  upon  the  platinum  disk  C,  and  very 
copiously  from  200°  to  360°  C.  It  is  necessary  in  the  expe- 
riments that  the  surface  of  the  mercury  be  kept  perfectly  free 
from  oxide. 

First,  the  experiments  were  conducted  according  to  the 
method  on  page  220;  i.  e.  the  platinum  disk  C  was  in  direct 
connexion  with  the  electrometer-needle,  and  after  the  mercury 
was  swung  under  C  was  insulated  with  the  needle.  During 
the  two  minutes  while  the  mereury  was  under  C,  and  elec- 
trified by  480  zinc-water-copper  elements,  the  electrometer- 
needle  showed  the  following  deflections: — 


70  scale-divisions  =  1  Daniell. 
Positive  charge  of  404  Daniells. 


Experiment. 

Mercury  at 
room-temp. 

Mercury  at 
360°  0. 

1 

+  8 
+  10 
+  6 
+  4 

+  14 
+15 
+  5 
+  5 

2 

3 

4 

Secondly,  the  mercury  was  charged  by  a  Topler  electrical 
machine  to  a  high  potential,  and  observations  were  made 
according  to  the  method  described  on  page  218;  i.  e.  the  disk  C 
was  connected  with  the  condenser-plate  B  of  the  Kohlrausch 
condenser,  and  with  this  was  insulated  before  the  mercury  was 
swung  under  C.  The  plate  A  was  ^  millim.  distant  from  B, 
and  during  the  two  minutes  of  the  experiment  was  connected 
with  the  earth.  After  the  mercury  was  swung  away  from  C, 
A  was  first  insulated  and  then  separated  from  B.  By  this 
method  the  insulating-power  of  B  and  C  evidently  comes  into 
consideration.     The  results  of  this  method  are  as  follows : — 
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Positive  charge  \  _ 


Merciny  at  Mercury  at 

room-temp.  360°  C. 

—  2  scale-div.  +3*75  scale-div. 
4 


f-4         „  +5 

Negative  charge^  —2         „ 

(     0        „  +3 

In  both  methods  the  mercury,  when  rapidly  evaporating, 
condensed  in  drops  upon  the  platinum  disk  C.  Since,  accord- 
ing to  the  present  view,  a  molecule  of  mercury  contains  but 
one  atom  of  mercury,  the  result  of  this  experiment  is  the  most 
conclusive  of  the  proofs  against  the  hypothesis  investigated  by 
these  experiments,  and  which  has  been  universally  held  to  the 
present  time.  This  result  with  mercury,  agreeing  as  it  does 
with  the  results  obtained  with  the  other  liquids  used,  is  totally 
opposed  to  the  hypothesis  hitherto  entertained,  and  justifies 
the  assertion  that  the  vapour  arising  from  electrified  still  sur- 
faces of  liquids  is  electrically  neutral. 

Physical  Institute,  Berlin, 
Marcli  7, 1883. 


XXXII.  An  Investigation  into  the  Relations  between  Radiation, 
Energy,  and '  Temperature.  By  Captain  Abnet,  R.E., 
F.R.S.,  and  Lieut.-Col.  Festing,  R.E."" 

IN  the  course  of  researches  on  the  subject  of  atmospheric 
absorption  of  solar  radiation,  on  which  we  have  for  some 
time  past  been  engaged,  it  incidentally  became  desirable  to 
ascertain  the  relation  between  the  radiation  from  a  black  body 
and  its  temperature — a  subject  which,  though  well  worn,  is  by 
no  means  exhausted.  Sir  William  Siemens  has  made  the  most 
recent  contribution  to  this  subject  in  a  paper  lately  communi- 
cated to  the  Royal  Society,  in  which  he  describes  his  endea- 
vour to  solve  the  question  by  noting  the  increase  of  electrical 
resistance  of  platinum  wire  with  increased  temperature  and 
by  taking  the  relationship  of  energy  to  resistance — a  method 
of  much  promise,  but  which  appears  to  us  to  be  defective  for 
the  following  reasons.  Platinum  wire  is  not  black  at  ordinary 
temperatures,  and  it  is  at  least  doubtful  whether  it  is  such  a 
good  radiator  as  carbon  :  and,  secondly,  much  of  the  energy 
must  have  been  dissipated  by  convection-currents. 

It  has,  however,  struck  us  that  a  continuation  of  the  experi- 

*  Commimicated  by  the  Authors. 
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ments  which  we  had  some  time  ago  initiated  on  the  radiation 
from  incandescence  lamps  might  lead  to  results  less  liable  to 
vitiation  from  external  causes  than  those  obtained  from  plati- 
num wire. 

Having  in  our  possession  incandescence  lamps  of  many 
different  patterns,  we  made  careful  simultaneous  measurements 
of  the  radiation  and  of  the  energy  in  each  when  currents  of 
varying  strength  Avere  passed  through  the  filaments. 

A  Grove's  battery  was  employed  in  preference  to  a  dynamo, 
because  of  the  greater  steadiness  of  the  current  obtained.  The 
current  was  measured  in  some  cases  by  a  tangent  galvanome- 
ter, and  in  others  by  one  of  Sir  W.  Thomson's  current-meters, 
or  by  both  in  circuit,  the  difference  of  potential  between  the 
terminals  of  the  lamp  being  measured  by  a  Thomson's  potential 
galvanometer,  and  the  radiation  from  the  lamp  by  a  thermo- 
pile the  receiving  surface  of  which  was  coated  with  lampblack, 
and  which  was  connected  with  a  Thomson's  reflecting  galva- 
nometer of  'S-ohm  resistance.  The  readings  were  taken  of 
the  first  deflection  caused  by  the  thermoelectric  current  and 
checked  by  the  total  deflection.  The  former  is  the  more  rapid 
mode  of  proceeding,  and,  we  believe,  the  more  accurate  of  the 
two,  as  there  is  no  change  of  zero-point  during  the  time  of 
observation.  A  pair  of  cardboard  screens  with  narrow  slits  in 
them  were  placed  between  the  lamp  and  the  thermopile  in 
such  a  way  as  to  cut  off  as  much  as  possible  of  the  radiation 
from  the  glass  of  the  lamp,  and  yet  to  allow  to  pass  the  radia- 
tion from  a  certain  length  of  the  filament.  Another  cardboard 
screen  was  interposed  in  front  of  the  lamp  after  each  observa- 
tion to  cut  off  all  radiation. 

The  lamps  were  also  heated  in  an  oven  to  different  tempe- 
ratures up  to  350'^  C,  and  the  change  of  resistance  of  the 
carbon  filament  measured  directly  by  means  of  resistance- 
coils.  We  hope  to  be  able  in  a  subsequent  paper  to  refer  to 
the  measurements  of  higher  temperatures,  our  investigations 
in  this  respect  being  not  quite  complete. 

The  results  so  far  obtained  may  be  summed  up  as  follows: — 
The  current  can  be  expressed  as  a  function  of  the  potential ; 
the  radiation,  after  a  certain  temperature  of  the  filament  has 
been  reached,  bears  a  simple  proportion  to  the  energy  expended 
in  the  lamp  ;  the  resistance  can  be  formulated  as  a  function 
of  the  energy  and  therefore  of  the  radiation  ;  and  the  tempe- 
rature appears  to  be  nearly  a  simple  function  of  the  resistance. 

The  curves  described  by  using  as  ordinates  and  abscissae  the 
amounts  of  current  and  potential  in  the  different  experiments 
have  the  same  general  form,  which  appears  from  inspection 
to  be  that  represented  by  the  equation  c  =  op  +  bp^  ;  where  c  is 
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the  current  and  ^7  the  potential.  The  first  term  of  the  right- 
hand  member  seems  to  represent  the  amount  of  current  which 
would  pass  if  the  filament  could  be  kept  at  some  particular 
temperature  (probably  the  absolute  zero),  and  the  second  the 
additional  current  due  to  increased  conductivity  caused  by  in- 
crease of  temperature. 

We  append  in  a  tabular  form  the  results  of  typical  experi- 
ments with  four  ditFerent  patterns  of  lamps  in  which  the  dimen- 
sions of  the  carbon  filaments  differ  considerably.  These  tables 
give  the  observed  potentials  and  currents,  together  with  the 
resistance  and  energy  deduced  from  them,  as  well  as  the  results 
obtained  by  the  application  of  the  above  equation  to  the  ob- 
served potentials;  and  it  will  be  seen  that  these  results  cor- 
respond very  closely  Avith  those  deduced  from  the  observed 
currents  when  the  resistances  have  any  considerable  rano-e.  It 
should  be  remembered  that  for  small  currents,  the  deflections 
of  the  measuring  instruments  being  very  small,  the  percentage 
error  of  observation  is  liable  to  be  large  ;  these  observations 
are  therefore  not  so  trustworthy  as  those  of  larger  currents. 
It  is  probable  that  for  these  lower  temperatures  another  terra 
should  be  introduced  into  the  equation,  which  may  be  disre- 
garded at  temperatures  above,  say,  400°. 

From  the  above-stated  equation  another  may  be  deduced  for 
the  value  of  the  energy  in  watts :  this  would  be  lo  =j5^  (a  +  hp^) ; 

and  the  resistance  in  ohms  would  be  j.      The   form    of 

equation  between  energy  and  resistance  would  be  rather  more 

complicated,   io={—j—^-]  x -. 

If  the  curve  of  current  in  relation  to  potential  be  plotted,  it 
will  be  found  to  be  fairly  smooth.  It  is,  however,  evident 
that  a  result  obtained  by  the  combination  of  two  observations 
each  of  which  is  liable  to  a  small  error  will  probably  be  further 
from  the  truth  than  that  obtained  by  a  direct  observation. 
On  this  account,  in  the  curve  of  potential  and  resistance,  the 
points  indicating  resistance  are  more  unevenly  distributed  than 
those  indicating  current  in  the  former  curve.  Similar  irre- 
gularity  will  be  found  in  a  curve  of  potential  and  energy,  and 
still  greater  in  the  case  of  a  curve  of  energy  and  resistance 
(see  diagram,  curves  C  and  D).  An  inspection  of  curves 
A  and  h  in  the  diagram  will  show  that,  as  stated  above,  the 
'■"•'ortional  to  the  energy  when  the  latter 
!m'.  i  t;,,!,  fr,,.-,-'  til-  -^M'.iuh!  line  below 

till.';     pUiJiL    13    ^.lUuuLJC^.■^     Liuy     lU     li-it;     iCiiipci  uLui  tJ     Oi     Llie    SUr- 

roundings  being  commensurate  with  that  of  the  filament. 
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One  Edison  8-candle  Lamp. 

i 

Poten- 

Current, 

Resistance, 

Energj% 

No.  of 

tial 

amperes. 

ohms. 

watts.          Badia- 

cells. 

volts. 

I 

tion.  1 

Obs. 

Cale. 

Obs. 

Oalc. 

Obs. 

Calc. 

fy 

9-68 

•090 

•0834 

107-5   11607 

8-71 

•807        1 

6 

11-44 

-108 

-103 

106-0   111-07 

1-24 

1-18 

2 

10 

1914 

•196 

•195 

98-0 

98-15 

3-75 

373 

5 

15 

2816!    -320 

•320 

88-1 

88-00 

9-01 

9-01 

20 

20 

37-18  1    -458 

•160 

81-5 

80-47 

16-93 

17-10 

43 

23 

42-24  1    -546 

-545 

77-5 

77-50 

23-90 

23-02 

61 

25 

46-20 1    -608 

-613 

76-4 

75-37 

28-09  \ 

28  32 

74 

27 

49-70'    -666 

-674 

74-8 

73-74 

33-10  j 

33-50 

89 

30 

54-56;    -764 

•764 

71-6 

71-57 

41-68 

41-68 

117 

32 

58-30     -828 

-835 

70-8 

69-82 

48-28 

48-68 

138 

34 

60-721    -880 

-882 

69-0 

68-62 

53-44 

53  56 

154 

35 

63-36     -928 

-934 

68-3 

67-84 

58-80 

59-17 

174 

36 

64-68 

-964 

-960 

67-5 

67-37 

62-35 

62-09 

185 

37 

66-44 

1-004 

•995 

66-5 

66-77 

66-70 

6611 

199 

a=-00471.            6=00126. 

Edison  16-candle  Lamp. 

1 
5 

10-12 

-07 

•065 

144-7 

155-7 

•71 

■68 

1-75 

10 

19-80 

•156 

-147 

126-9 

134-7 

3089 

2911 

6 

15 

29-04 

-240 

-240 

121-0 

1210 

6-97 

697 

15 

20 

38-06 

-340 

-340 

111-8 

111-8 

14-22 

14-22 

33 

23 

44-00 

-404 

-408 

108-9 

107  84 

17-77 

17-95 

45 

25 

47-52 

•448 

-451 

108-3 

105-36 

21-29 

21-43 

56 

27 

5104 

•492 

•495 

103-65 

103-11 

2411 

24-26 

68 

30 

56-32 

■560 

•562 

100-57 

100-21 

31-53 

31-54 

88 

33 

61-64 

•630 

•633 

97-84 

97-44 

38-83 

3901 

109 

35 

65-12 

-678 

-678 

96-04 

9604 

44-15 

44-15 

127 

37 

68-86 

•726 

-732 

94-85 

94-07 

50-00 

50-40 

146 

40 

73-92 

•800 

•805 

92-40 

9182 

59-13 

59-50 

175 

42 

77-44 

•852 

•856 

90-89 

90-47 

6602 

66-31 

197 

45 

82-72 

-932 

•934 

88-72 

88-57 

77-09 

77-26 

234 

47 

86-24 

•980 

•987 

88-00 

87-37 

84-16 

84-56 

256 

49 

89-76 

1-040 

1-041 

86^25 

86-22 

93-35 

93-44 

285 

50 

91-30 

1064 

1-064 

85-81 

85-81 

97-17 

9713 

299 

a =-00387.            6= -000816. 

British  Electric- Light  Co.  Lamp. 

1 

1-94 

•013 

•014 

149-2 

138-6 

-025 

•027 

2 

3-87 

•022 

-020 

175-9 

193-5 

•085 

•077 

4 

7-63 

•050 

•045 

152-6 

1696 

-382 

•343 

6 

11-61 

•079 

•076 

147-0 

152-8 

-917 

•883 

8 

15-28 

-109 

•109 

140-2 

140-2 

1-666 

1-666 

10 

19-14 

-142 

•144 

1.34-8 

132-9 

2-718 

2-756 

12 

23-01 

-184 

•184 

125  0 

1250 

4-232 

4-232 

13 

24-89 

-202 

-203 

123-2 

122-6 

5-028 

5  053 

15 

28-54 

•242 

•243 

117-9 

117-4 

6-907 

6-936 

20 

37-84 

-352 

-352 

107-5 

107-5 

13-32 

13-32 

25 

46-82 

•475 

-468 

98-6 

100-0 

22-24 

•21-91 

30 

55-72 

•600 

-596 

92-9 

93-5 

33-43 

33-21 

35 

64-72 

-730 

-730 

88-7 

88-7 

47-25 

47-25 

40 

73-26 

•856 

•856 

85-6 

856 

62-71 

6-2-71 

a= 

•00315. 

I 

=  -001( 

)1. 
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Max 

im  Lamp. 

Poten- 

Current, 

Resistance, 

Energy, 

No.  of 

tial 

amperes. 

oh  ins. 

■watts. 

Radia- 

cells. 

volts. 

tion. 

Obs. 

Calc. 

Obs. 

Calc. 

Obs. 

Calc. 

o 

390 

•048 

-054 

82^5 

73-3 

•19 

-21 

4 

7-82 

-102 

-114 

76-4 

68-7 

•80 

•90 

fi 

11-61 

■165 

-180 

77-0 

64-5 

1-92 

2^01 

8 

15-31 

•234 

■245 

65-4 

62-4 

3-57 

3^75 

10 

18-92 

-309 

■312 

61-3 

60-7 

5-80 

5-9 

12 

22-70 

-380 

■386 

58-7 

58-9 

8-60 

8-8 

15 

28-13 

-497 

•495 

56-6 

56-5 

14-0 

14-0 

20 

37-00 

•695 

•690 

53-5 

53-6 

25-8 

25-5 

25 

45-87 

•892 

•891 

51^4 

61-4 

40-9 

40-7 

30 

54-09 

111 

\m 

48-7 

49-5 

600 

59-5 

35 

62-40 

1-295 

\-'60 

48-0 

48-0 

810 

81-2 

40 

70-56 

1-50 

1^503 

47-0 

46-9 

1060 

106-2 

a=0113 

^=•001 

2. 

Max 

im  Lamp. 

6 

11-61 

•185 

•180 

62^7 

64-2 

2^148 

2-09C 

3 

7 

13-76 

•211 

•231 

65^2 

59-5 

2-904 

3-17£ 

5 

8 

15-70 

•246 

•268 

63-8 

58-5 

3-862 

4  208 

6 

10 

19-35 

•317 

•340 

61-0 

56-7 

6-134 

6-57£ 

13 

12 

22-80 

•387 

•409 

59-0 

55^8 

8-824 

932c 

18 

15 

27-95 

•510 

•518 

54-8 

640 

14-26 

14^48 

36 

20 

36-76 

•713 

•713 

51-6 

51^6 

26-21 

26^21 

73 

25 

45  00 

•915 

•904 

49-2 

49^7 

41-18 

40-68 

125 

30 

5300 

111 

MO 

47-8 

48^4 

58-83 

58-09 

181 

35 

60-80 

1-31 

1-30 

46-4 

47-0 

79-65 

78-74 

253 

40 

68-50 

1-50 

1-50 

45-7 

45-7 

102-75 

10241 

341 

45 

76-30 

1-71 

1-71 

44-6 

44-6 

130-47 

130-47 

447 

50 

83-90 

190 

1-91 

44-1 

43-9 

15941 

160-42 

532 

a =-0127. 

6=001 

1. 

Lane-! 

Fox  Lamp. 

5 

9-03 

-28 

•26 

32-55 

34^73 

2-53 

2^35 

3 

10 

18-06 

-62 

•613 

29-13 

29-36 

11-20 

1119 

5 

15 

27-09 

1-00 

1-03 

27-09 

26-30 

27-00 

27^90 

14 

20 

35-26 

1-43 

1-45 

24-66 

24-32 

50-41 

5M2 

40 

23 

39-99 

1-71 

1-71 

23-37 

23-37 

68-39 

68-39 

62 

25 

42-56 

1-86 

1-86 

22-89 

22-89 

79-17 

79-17 

77-5 

28 

47-30 

2-15 

2^14 

22-00 

22-10 

101-69 

101-22 

104-5 

30 

50-53 

2-32 

233 

21-78 

21-68 

117-23 

117-73 

126 

32 

53-54 

2-50 

2-52 

21-41 

21-24 

133-85 

135-91 

145 

33 

54-83 

2-58 

2-59 

21-25 

21-17 

141-46 

140-91  \ 

155 

35 

57-62 

2-75 

2-77 

20-95 

20-80 

158-45 

159-59 

180 

36 

58-91 

2-85 

2-84 

20-67 

20-74 

166-89 

166-30 

193 

37 

60-20 

2-94 

2-94 

20-47 

20-47 

170-99 

170-99 

205 

38 

61-49 

3-03 

3-036 

20-29 

20-22 

186-31 

186-38 

220 

40 

64-07 

3-20 

3-20 

20-02 

20-02 

205-02 

205-02 

245 

230 
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XXXllI.  Table  of  Totients,  of  Sum-totients,  ami  ofZiP'  into  the 
Squares,  of  all  the  Numbers  from  501  to  1000  inclusive. 
By  J.  J.  Sylvester*. 


n 

r(«) 

T(«) 

3   2 

n 

r{n) 

T(«) 

3   2 

n 
583 

T{n) 

T{n) 

3   2 

501 

332 

76448 

76295-15' 

542 

270 

89452 

89293-54 

520 

103556 

103313-87 

502 

250 

76698 

76600-03 

543 '  360 

89812 

89623-34 

584 

288  1103844' 103668-60 

503 

502 

77200 

76905-52 

544 

256 

90068 

89953-75 

585 

288  104132  104023-93 

504 

144 

77344 

77211-61 

545 

432 

90500 

90284-77 

586 

292  104424  104379-87 

505 

400 

77744 

77518-31 

546 

144 

90644 

90616-39 

587 

58(>  105010  104736-42 

506 

220 

779&4 

77825-62 

547 

546 

91190 

90948  62 

588 

168  1(J5178  l(J5093-58 

507 

312 

78276 

78133-54 

548 

272 

91462 

91281-46 

589 

540  1105718  105451-35 

508 

252 

78528 

7844206 

549 

360 

91822 

91614-91 

590 

232  1105950  105809-72 

509 

508 

79036 

78751-19 

550 

200 

92022 

91948-97 

591 

392  1()(;;)42:  106168-70 

510 

128 

79164 

79060-93 

551 

504 

92526 

92283-64 

592 

288  loCiC-'lO'  106528-29 

511 

432 

79596 

79371-28 

552 

176 

92702 

92618-91 

593 

592  107222  10(i888-49 

512 

256 

79852 

79682-23 

553 

468 

93170 

92954-79 

594 

180  107402 

107249-29 

513 

324 

80176 

79993-79 

554 

276 

93446 

93291-28 

595 

384  107786 

107610-70 

514 

256 

80432 

80305-96 

555 

288 

93734 

93628-38 

596 

296 '108082 

107972-72 

515 

408 

80840 

80618-74 

556 

276 

94010 

93966  08 

597 

396  1108478 

108335-35 

516 

168 

81008 

80932-13 

557 

556 

94566 

94304-39 

593 

264  108742 

108698-59 

517 

460 

81468 

81246-12, 

558 

180 

94740 

94643-31 

599 

598  109340 

109062-43 

518 

216 

81684 

81560-72, 

559 

504 

95250 

94982-84 

600 

160  109500  109426-88 

519 

344 

82028 

81875-93: 

560 

192 

95442 

95322-98 

601 

600|lloloo  109791-94 

520 

192 

82220 

82191-75j 

561 

320 

95762 

95663-72 

602 

252  110352  110157-61 

521 

520 

82740 

82508-181 

562 

280 

96042 

96005-07 

603 

396  110748  110523-89 

522 

168 

82908 

82825-21! 

563 

562 

96604 

96347-03 

604 

300  111048  110890-77 

523 

522 

83430 

83142-85| 

564 

184 

96788 

96689-60 

()05 

440  111488  111258-26 

524 

260 

83690 

83461-10: 

565 

448 

97236 

97032-77 

606 

200  !lll688!  111626-36 

525 

240 

83930 

83779-95! 

566 

2S2 

97518 

97376-55 

607 

606,112294 

111995-07 

526 

262 

84192 

84099-42: 

567 

324 

97842 

97720  94 

608 

288112582 

112364-39 

527 

480 

84672 

84419-491 

568 

280 

98122 

98065-94 

609 

3361112918 

11273431 

528 

160 

84832 

84740-17; 

569 

568 

98690 

98411-55 

610 

240  !1 13158 

113104-84 

529 

506 

85338 

85061 -46j 

570 

144 

98834 

98757-76 

611 

552  [113710!  113475-98] 

530 

208 

85546 

85383-36 

571 

570 

99404 

99104-58 

612 

192  113902 

113847-73 

531 

348 

85894 

85705-87 

572 

240 

99644 

99452-01 

613 

612:114514 

114220-09 

532 

216 

86110 

86028-98 

573 

380  ,100024 

908(M>05 

614 

306  114820 

114593-05 

533 

480 

86590 

86352-70 

574 

240  101)264 

l(ini48-7(.) 

615 

320  115140 

1149(^6-62 

534 

176 

8(5766 

86677-03 

575 

441)  101)7(14 

100497-95 

,616 

•240  I15380i  115340-80 

535 

424 

87190 

87001-97 

576 

r,)2  lOOS'.Xi 

100847-81 

617 

616  115996  115715-59 

536 

264 

87454 

87327-51 

577 

576  101472 

101198-28 

618 

204  116200 

116090-99 

537 

356 

87810 

87653-66 

578 

272 

101744 

101549-36 

619 

618,116818 

1164(i6-99 

538 

268 

88078 

87980-42 

579 

384 

102128 

101901-05 

(>20 

240  ;  117058 

116843-60 

539 

420 

88498 

88307-79 

580 

224  10-2352 

102253-34 

621 

396  1117454 

117220-82 

540 

144 

88642 

88635-77 

581! 492  in2s44 

l()2r.06-24 

622 

310  117764 

117598-65 

641 

540 

89182 

88964-35 

582  192  10303ti 

102959-75 

623 

528  J118292  117977-08 

*  Continued  from  Phil.  Mag.  for  April,  p.  257,  -svhere  the  Table  extends 
from  1  to  500  inclusive,  and  in  -which  the  folio-wing  misprints  occur : — 

q 

In  the  column  of  —n"^,  opposite  33,  for  333-01  read  33101 

„  „  '^'        „  303, */br  28906-59  rffff/2790G-59 

„  „  „  401, /or  48879-64  ?-?«(?  48877-G4 

In  the  extended  as  -well  as  in  the  original  Table  it  -will  be  seen  that  the 
Bum-totient  is  al-ways  intermediate  between  3  V^ .  n-  and  3/7r'.  {n-\-Vf. 

The  formula  of  verification  applied  at  every  tenth  step  to  the  T  column 
precludes  the  possibility  of  the  existence  of  other  than  typographical  errors 
or  errors  of  transcription.     Accumulative  errors  are  rendered  impossible. 
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XXXIV.  Notices  respecting  New  Books. 

In  Memoriam  Domirdci  Chelini.  (Collectanea  Mathematica,  nunc 
primum  edita  mra  et  studio  L.  Cremona  et  E.  Belteami.)  Milan  : 
Hoepli. 

/^E  late  years  it  has  become  a  fashion,  as  it  is  in  many  cases  a 
^^  "  necessity,"  to  print  in  a  collected  form  the  scattered  papers 
of  our  more  eminent  mathematicians.  This  is  a  good  service  both 
to  the  dead  and  to  the  living,  but  it  is  not  the  service  rendered  in 
the  "  memorial ''  volume  before  us,  Eather  is  this  a  memorial 
cairn,  the  constituent  stones  of  -which  are  the  twenty-nine  varied 
but  all  highly  polished  stones,  i.  e.  memoirs,  contributed  by  the 
friendly  hands  of  the  foremost  living*  mathematicians  of  Europe. 
Chelini's  life,  "  semplice  e  modesta  quanto  operosa,''  seems  to  have 
Avell  merited  such  loving  distinction. 

Dominic  Chelini  was  born,  October  18,  1802,  at  Gragnano,  and 
died  November  16,  1878.  He  studied  at  the  CoUegio  Nazareno 
from  1819  to  1826,  and  in  1827  was  consecrated  Priest.  Subse- 
quently, from  1831  to  1851,  he  filled  the  Mathematical  chair  at  the 
above-named  college.  In  1843-4  he  made  the  acquaintance  of 
Jacobi,  and  subsequently  of  Lejeune-Dirichlet,  8teiner,  Schlaefli, 
and  Borchardt,  and  always  retained  their  regard  and  friendship. 
In  1851  he  was  nominated  Professor  of  Mechanics  and  Hydraulics 
at  the  University  of  Bologna,  a  post  he  occupied  until  1860.     He 

*  Before  the  volume  was  issued,  one  of  the  most  illustrious  of  these, 
Herr  Borchardt,  had  passed  away  ;  and  the  further  interest  is  attached  to 
his  paper  of  its  being  among  the  last  he  penned.  More  recently  English 
mathematicians  have  mourned  the  loss  of  Prof.  Henry  Smith. 
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was  allowed  for  a  time  to  retain  this  post ;  but  hj  a  decree  of  the 
18th  December,  1864,  he  was  deprived  of  his  chair,  as  he  refused 
to  take  the  oath  to  the  Government.  Prof.  Cremona  writes  ;- — "  II 
Chelini  amava  sinceramente  la  patria  italiana  ed  era  assolutamente 
alieno  dall'  associarsi  a  qualsiasi  atto  ostile  al  governo  nazionale : 
dei  quali  suoi  sentimenti  gli  aniici  intimi  possono  fare  ampia  testi- 

monianza II  Chelini  sopporto   la   sua  disgrazia  con  ammi- 

rabile  serenita  d'  animo."  After  a  brief  sojourn  at  Lucca,  Chelini 
was  called  in  1867  to  take  charge  of  the  chair  of  Eational  Mechanics 
in  the  University  of  Rome.  His  occupancy  of  this  post  was  short, 
as  four  years  later  Rome  became  the  capital  of  Italy.  In  the  spring 
of  1878  a  small  yearly  pension  was  voted  to  him ;  but  he  did  not 
long  enjoy  this,  as  he  died  in  the  same  year,  in  the  Collegio  Naza- 
reuo,  where  he  had  resided  since  his  return  to  Rome  in  ]  865. 

His  was  an  uneventful  life  in  the  eyes  of  politicians  and  men  of 
the  world,  but  one  spent  in  the  production  of  several  valuable  ma- 
thematical memoirs  and  in  the  acquiring,  to  a  remarkable  degree, 
the  affection  of  mathematicians  of  many  nationalities.  Hirst, 
amongst  our  own  countrymen,  was  an  especial  friend,  a  friendship 
commenced  at  Bologna  in  1864  having  been  subsequently  renewed 
and  increased  at  Rome. 

Chelini's  works  range  over  a  space  of  44  years,  and  are  53  in 
number.  His  first  paper  was  "  Sulla  teoria  delle  quantita  propor- 
tionali"  (read  in  July  1834)  ;  his  last  was  a  memoir  "  Sopra  alcune 
questioni  dinamiche"  (presented  April  1877).  Our  own  knowledge 
of  Chelini's  works,  prior  to  our  study  of  the  volume  before  us,  was 
confined  to  the  two  or  three  passages  in  which  memoirs  of  his  are 
analyzed  in  Chasles's  Rapport  sur  Us  progres  de  la  Geometrie,  Ample 
justice  is  done  to  Chelini's  labours,  we  believe,  in  the  exhaustive 
Analytical  Sketch  prefixed  to  the  Collectanea,  which  has  been 
drawn  up  by  Signer  Beltrami :  to  the  biography  in  this  sketch, 
founded  upon  an  address  by  Prof.  Cremona,  we  are  indebted  for 
the  few  details  we  have  recorded. 

"We  now  proceed  to  a  brief  examination  of  the  memoirs  in  the 
order  in  which  they  are  presented  to  us  ;  and  here  we  may  state, 
once  for  all,  that  some  of  the  "  stones  "  are  of  such  a  kind  (i.  e.  so 
mathematically  technical)  that  we  can  only  name  them,  and  not 
examine  them  in  any  detail.  The  "  Sur  les  Fonctions  Q{.v)  et  H(cv) 
de  Jacobi,"  by  M.  Hermite,  is  of  this  character,  though  the  process 
of  solution  is  a  very  direct  one.  "  L'Iperboloide  centrale  nella 
rotazione  de'  Corpi,"  F.  Siacci.  The  property  discovered  may  be  thus 
stated  : — "  When  a  body,  not  acted  on  by  any  external  forces,  turns 
round  a  fixed  point,  a  certain  hyperboloid  connected  (legato)  with 
the  body  and  such  that  its  axes  coincide  with  the  principal  axes  of 
inertia  relatively  to  the  fixed  point,  rolls  without  sliduag  on  a  right 
circular  cylinder  whose  axis  passes  through  the  fixed  point  and  is 
parallel  to  the  axis  of  the  impulsive  couple  {coppia  d'  impiclso)." 
"  On  a  Differential  Equation,"  by  A.  Cayley :  this  is  an  equation 
considered  by  Kummer  in  his  memoir  on  Hypergeometric  Series. 
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"  Sulle  Cubiche  ternarie  sizigetiche,"  G.  Battaglini  :  discusses 
several  properties  relating  to  a  cubic  and  its  Cayleyan,  and  gene- 
ralizes some  theorems  of  Clebsch  on  polar  conies  and  poloconics. 
"  On  the  Complexes  generated  by  two  Correlative  Planes,"  T.  A. 
Hirst :  this  is  connected  with  Dr.  Hirst's  paper  "  On  the  Correla- 
tion of  two  Planes"  (Proc.  Lond.  Math.  ISoc.  vol.  v.).  "Nota 
sopra  alcuni  Iperboloidi  annessi  alia  cubica  gobba,"  E.  D'Ovidio : 
commences  with  a  resume  of  results  got  in  the  author's  "  Studio 
sulle  cubiche  gobbe,"  and  then,  amongst  other  matters,  specially 
ti'eats  of  the  properties  of  hyperboloids  through  three  chords  of  a 
cubic.  "  Constructions  planes  des  Elements  de  Courbui'e  de  la  sur- 
face de  I'onde,"  A.  Mannheim  :  starts  from  MacCuUagh's  generation 
of  the  wave-sui'face  and  construction  for  the  normal  at  any  point, 
and  then  determines  the  elements  of  curvature  of  the  surface*  (in 
this  we  find  the  author's  definition  of  nonnalie,  a  term  he  employs 
elsewhere  without  defining  it).  "Sulla  iutegrazione  delle  equazioni 
a  derivate  parziali  del  primo  ordiue,"  E.  Padova  :  is  an  extension  of 
a  method  of  Ampere's  to  any  number  of  Yariables,  and  shows  how 
it  leads  (avoiding  a  difficulty  indicated  by  Bertrand)  to  the  method 
given  by  Cauchy.  "  De  fractionibus  quibusdam  continuis,"  H.  J.  S. 
Smith  :  discusses  the  equations  PjP.^  — 2E,-=  +1,  P^P^— 3R'=  +1 
(adopting  a  lemma  due  to  Sylvester),  and  gives  certain  developments 
of  square  roots  in  the  form  of  continued  fractions.  "  Sopra  i  sistemi 
lineari  triplamente  infiniti  di  curve  algebriche  plane,"  E.  Caporali : 
the  object  of  this  memoir  is  the  solution  of  the  principal  problems 
of  numerical  (eniwierativa)  geometry  which  present  themselves  in 
the  study  of  the  triply  infinite  linear  systems  of  plane  curves.  The 
investigation  is  founded  on  stereometric  considerations  ;  and  the 
properties  obtained  are  got  from  the  study  of  a  surface  represented 
point  by  point  on  the  plane  of  the  linear  systems,  so  that  the  plane 
sections  have  for  images  the  curves  of  the  linear  system.  "Intorno 
ad  una  generalizzazione  di  alcuni  teoremi  di  Meccanica,"  V.  Cer- 
ruti ;  "  Sugli  assi  di  Equilibrio,"  Gt.  Bardelli ;  "  Sur  I'equation 
de  Eiccati,"  G.  Darbouxt:  want  of  space  forbids  our  noticing 
these  three  papers  as  we  could  wish ;  we  must  then  pass  on. 
"  Sur  deux  Algorithmes  analogues  a  celui  de  la  moyenne  Arith- 
metico-geometrique  de  deux  Elements,"  C.  W.  Borchardt :  this 
friendly  letter,  written  on  a  sick-bed,  applies  an  elegant  analysis  to 
what  is  sometimes  called  Schwab's  series  [discussed  in  Hansen's 
'  Theory  of  Perturbations,'  by  Glaisher  ("  Solutions  of  Cambridge 
Senate-House  Problems,  1878"), M.J. Tannery, and  others].  "Sopra 

*  The  author  says  his  solutions  "  reposent  sur  la  represeutation  geom6- 
trique  d'un  element  de  surface  reglee  au  moyen  d'une  droite  auxiliaii-e  et 
sur  la  representation  d'un  pinceau  de  droites  au  moyen  d'une  circonfe- 
rence  et  d'un  point." 

t  The  author  applies  a  covariantive  property  to  the  solution  of  an 
equation  studied  by  Prof.  Cayley  ('  Messenger  of  Mathematics,'  1874, 
p.  69). 
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una  forma  binaria  dell'  ottavo  ordine,"  and  "  II  risultante  di  due 
forme  binarie  I'una  cubica  e  I'altra  biqnadratica :"  two  notes  by  F. 
Brioschi.  "  Ueber  potentiale  n-facher  Mannigfaltigkeiten,"  L. 
Kronecker :  gives  a  very  simple  expression  for  the  potential  of  an 
ellipsoid,  of  n-plicity,  which  is  not  referred  to  its  axes.  "  Sopra  la 
propagazione  del  Calore,"  E.  Betti :  treats  of  the  movement  of  heat 
in  an  indefinite  isotropic  medium,  all  whose  points  are  of  zero  tem- 
perature with  the  exception  of  points  contained  in  a  certain  deter- 
minate space.  "  Ueber  quadratische  Kugelcomplexe  und  confocale 
Cycliden,"  T.  Eeye :  extends  the  notion  of  a  normal  to  spherical 
linear  complexes,  and  obtains  a  system  of  orthogonal  and  homo- 
focal  cyclides.  Alcuni  teoremi  sulle  funzioni  di  una  variabile 
complessa,"  U.  Dini :  discusses  theorems  due  to  Weierstrass,  Betti, 
and  Mittag-Leffler.  "  Einige  Bemerkuugen  iiber  die  Lame'schen 
Eunktionen,"  L.  Schlafli ;  "-XTeber  die  Abspiegelung  der  Sonnen- 
fleckenperiode  in  den  zu  Edm  beobachteten  magnetischen  Varia- 
tionen,"  E.  Wolf ;  "  Ueber  die  dreifachen  Secanten  einer  alge- 
braischen  Eaumcurve,"  C.  E.  Geiser :  this  last  discusses  a  problem 
in  numerical  geometry.  "Una  formola  fondamentale  concernente 
i  discriminanti  delle  Equazioni  differenziali  e  delle  loro  primitive 
complete,"  F.  Casorati :  finds  a  relation  between  the  discriminants 
of  a  differential  equation  and  of  its  primitive.  "  Sulle  curve  gobbe 
razionali  del  5°  ordine,"  E.  Bertini :  this  is  an  investigation  of  some 
properties  of  quintics  (skew,  rational  and  without  double  points) 
which  the  author  ranges  under  two  species.  "  8ui  momenti  ohli.qui 
di  un  Sistema  di  Punti  e  sull'  'imaginares  Bild '  di  Hesse,"  G.  Jung  : 
we  must  refer  our  readers  to  the  paper  for  the  definition  of  oblique 
moments  &c.  "  Sulla  teoria  degli  assi  di  rotazione,"  E.  Beltrami : 
an  excellent  paper,  which  fittingly  finds  a  place  here,  as  it  follows 
on  the  lines  of  Chelini's  "  Elementi  di  meccanica  razionale"  (and 
of  Prof.  Turazzo's  "  U  moto  dei  Sistemi  rigidi ").  "  Intorno  ad  un 
Testamento  inedito  di  Kicolo  Tartaglia,"  an  autographic  reproduc- 
tion which  is  presented  with  all  Signor  Boucompagni's  well-known 
wealth  of  bibliographical  illustration.  An  interesting  fact  which 
comes  out  is  the  settlement  of  the  date  of  Tartagha's  death  ("  a 
sette  ore  della  notte  dal  lunedi  13  al  martedi  14  dicembre  del 
1557  ")  against  the  erroneous  dates  given  by  Libri,  Poggendorff, 
Hankel,  and  others.  "  Sopra  una  certa  superficie  di  quart'  ordine," 
L.  Cremona :  treats  of  the  surface  generated  by  projective  pencils 
(fasci)  [S,-f-XS2  =  0,  S3-|-XS^=0]  of  surfaces  of  the  second  degree, 
on  the  supposition  that  the  surfaces  (S  =  0)  touch  at  the  same 
point. 

EOBEET  TUCKEE,  M.A. 
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June  20, 1883.— J.  W.  Hulke,  Esq.,  F.R.S.,  President,  in  the  Chair. 

^PHE  following  communications  were  read : — 
-'-        1.  "  On  the  Discovery  of  Ovibos  moschatus  in  the  Forest-bed, 
and  its  Range  in  Space  and  Time."      By  Prof,  W.  .Boyd  Dawkins, 
M.A.,  F.R.B.,  F.G.S. 

2.  "  On  the  Relative  Age  of  some  Valleys  in  Lincolnshire."  By 
A.  .T.  Jukes-Browne,  Esq.,  B.A.,  F.G.S. 

In  a  country  which  is  traversed  by  a  series  of  escarpments  or 
hiU-ranges,  the  vaUeys  by  which  its  drainage  is  effected  are  usually 
separable  into  two  sets  or  systems — one  parallel  to  the  strike  of  the 
ridges,  and  the  other  more  or  less  at  right  angles  to  the  same.  The 
origin  of  these  longitudinal  and  transverse  valleys  has  been  ex- 
plained by  Mr.  Jukes,  who  has  shown  that  the  course  of  a  stream 
flowing  in  a  transverse  valley  and  crossing  a  longitudinal  valley  is 
not  likely  to  be  diverted,  unless  something  happens  to  cut  a  deeper 
channel  down  the  longitudinal  valley  to  the  sea.  The  possibility  of 
this  will  depend  upon  the  strike  of  the  rocks  and  the  trend  of  the 
sea-coast ;  where  a  longitudinal  valley  or  the  interspace  between  two 
escarpments  abuts  upon  the  coast,  and  is  occupied  by  a  stream 
running  into  the  sea,  the  process  of  erosion  may  carry  the  sources 
of  this  stream  back  so  far  as  to  intercept  the  waters  of  a  transverse 
river  crossing  a  higher  part  of  the  same  general  depression  or  inter- 
space. The  author  believes  that  this  has  happened  in  some  in- 
stances, and  notably  in  the  case  of  two  Lincolnshire  valleys. 

1.  Valleys  of  the  Steej:iing  and  Calcehy  Beds. — These  two  streams 
have  their  sources  near  one  another  in  the  vicinity  of  Telford.  The 
Calceby  beck  occupies  a  transverse  valley,  and  flows  north-east  to  the 
Saltfleet  marshes  ;  the  Steeping  flows  in  a  longitudinal  valley  south- 
east to  the  fens  by  Wainfleet. 

The  disposition  of  the  Boulder-clays  (Hessle  and  Purple)  along 
the  eastern  border  of  the  chalk  wolds  affords  a  criterion  of  the  rela- 
tive age  of  the  valleys  which  open  eastward,  some  being  older  and 
some  newer  than  the  formation  of  those  clays.  Glacial  clays  and 
gravels  are  found  continuously  along  the  Calceby  valley,  and  occur 
also  in  the  valleys  of  its  tributaries  ;  the  same  deposits  sweep  round 
the  southern  end  of  the  Wold  hills  into  the  entrance  of  the  Steeping 
valley,  but  do  not  run  into  it ;  hence  it  would  appear  that  the 
Steeping  valley  is  of  later  date  than  the  Calceby  vaUey. 

Facts  were  given  in  support  of  the  hypothesis  that  the  Steeping 
valley  has  been  rapidly  developed  and  enlarged  by  the  combined 
action  of  rain  and  springs,  and  that  its  backward  extension  has 
.caused  the  interception  of  certain  streams  that  originally  flowed  into 
the  Calceby  valley.  As  a  matter  of  fact,  the  Steeping  valley  now 
extends  behind  the  abrupt  termination  of  a  broad  transverse  valley, 
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which  is  continuous  with  that  of  the  Calceby  beck,  while  the 
Telford  beck,  which  appears  to  have  originally  been  a  tributary  of 
the  Calceby  stream,  now  runs  into  the  Steeping ;  and  its  peculiar 
course  illustrates  the  manner  in  which  this  and  other  streams  have 
been  diverted  from  their  original  channels. 

2.  VaUeifs  of  the  Trent  and  WitJiam. — The  Trent  flows  in  a 
transverse  valley  as  far  as  Xewark,  and  is  then  suddenly  deflected 
northward  into  a  longitudinal  valley.  Proofs  are  given  that  its 
ancient  course  was  eastward,  by  Lincoln  to  the  Fens ;  and  a  remark- 
able series  of  old  river-gravels  are  described,  which  mark  out  the 
former  courses  of  the  rivers  Trent,  "Witham,  and  Devon. 

The  longitudinal  valley  along  which  the  Trent  now  flows,  from 
Kewark  to  Gainsborough,  may  have  been  excavated  in  the  first 
instance  by  a  tributar}-  of  the  Idle ;  the  recession  of  this  valley 
towards  that  of  the  Trent  (assisted  by  other  causes)  probably  led  to 
the  diversion  of  the  latter  river  from  its  original  transverse  valley 
into  that  of  the  Humber. 

The  study  of  these  changes  in  the  river-courses  of  Lincolnshire 
leads  to  the  conclusion  that  whenever  a  succession  of  ridges  and 
depressions  has  been  developed  out  of  the  surface  of  a  country,  a 
river  crossing  any  one  of  the  longitudinal  valleys  which  happens  to 
stretch  to  the  sea-coast  is  liable  to  diversion  by  the  backward  exten- 
sion of  a  stream  draining  directly  into  the  sea  from  the  termination 
of  the  longitudinal  vaUey. 

3.  "  On  the  Section  at  Hordwell  Clifis,  from  the  top  of  the  Lower 
Headon  to  the  base  of  the  Upper  Bagshot  Sands."  By  the  late  E. 
B.  Tawney,  Esq.,  M.A.,  F.G.S.,  and  H.  Keeping,  Esq.,  of  the  Wood- 
wardian  ^luseum.  Communicated  by  the  Eev.  Osmond  Fisher, 
M.A.,  F.G.S. 

The  authors,  after  a  brief  sketch  of  the  literature  of  the  subject 
and  of  the  method  which  they  have  adopted  in  measuring  the  beds 
in  the  Hordwell  section,  passed  on  to  describe  these,  viz.  the  fresh- 
water Lower  Headon  series  and  the  so-caUed  Upper  Bagshot  Sands 
of  the  Geological  Survey.  They  make  the  whole  thickness  of  the 
former  83|  feet.  The  bed  numbered  32  in  their  section  they 
identified  with  the  Howledge  Limestone  on  the  other  side  of  the 
Solent.  It  is  almost  the  highest  seen  in  the  section,  and  underlies 
the  true  Middle  Headon,  which  is  now  no  longer  exposed.  The 
authors  pointed  out  that  in  their  opinion  the  late  Marchioness  of 
Hastings  and  Dr.  "Wright  have  somewhat  misapprehended  the  posi- 
tion of  these  several  beds.  Details  were  then  given  of  the  remainder 
of  the  section,  and  comparisons  made  with  the  detaUs  published  by 
former  authors ;  after  which  the  authors  described  the  underlying 
estuarine  series,  or  Upper  Bagshot  Sands,  which  has  a  thickness  of 


4.  "On  some  new  or  imperfectly  known  Madre2)oraria  from  the 
Coral  Rag  and  Portland  Oolite  of  the  Counties  of  Wilts,  Oxford. 
Cambridge,  and  York."     By  R.  F.  Tomes,  Esq.,  F.G.S. 
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5.  "The  Geology  of  !XIonte  Somma  and  Vesuvius,  being  a  Study 
in  Yulcanology."     By  H.  J.  Johnston-Lavis,  Esq.,  F.G.S. 

The  author,  after  referring  to  the  vast  amount  of  literature  which 
has  appeared  dealing  with  the  same  subject,  stated  that  his  object 
was  to  lay  before  the  Society  the  results  of  his  personal  observations. 

The  external  form  and  general  features  of  Monte  Somma  having 
been  described,  the  origin  of  the  present  condition  of  the  volcano  was 
discussed  in  some  detail,  and  the  geological  structure  of  the  moun- 
tain and  of  the  surrounding  plain,  as  revealed  by  well-sections,  was 
carefully  considered. 

As  the  result  of  his  observations,  the  author  believes  that  he  is 
able  to  define  eight  successive  phases  in  the  history  of  the  volcano ; 
and  the  events  which  took  place  during  these  several  periods,  with 
the  products  of  the  eruption  during  each,  were  discussed  in  detail. 

The  earliest  certainly  recoguized  phase  in  the  history  of  the 
mountain  was  distinguished  by  chi'onic  activity,  exhibited  in  out- 
flows of  lava  and  the  ejection  of  scoria  and  ash.  Possibly,  however, 
a  still  earlier  and  paroxysmal  stage  is  indicated  by  some  of  the  phe- 
nomena described. 

Phase  II.  was  a  period  of  inactivity  and  denudation,  which  was 
brought  to  a  close  by  the  violent  paroxysms  of  Phase  III.,  followed 
by  the  chronic  activity  of  Phase  IV.  Phase  V.  marks  the  return  of 
a  period  of  inactivity  and  denudation,  which  was  again  followed  by 
the  paroxysms  of  Phase  VI.  and  the  less  violent  outbursts  of 
Phase  VII.,  the  last  subsiding  into  the  chronic  activity  which  is 
the  characteristic  of  Phase  VIIL,  the  modern  period  of  the  history 
of  the  volcano. 

The  products  of  each  of  these  periods  of  eruption  were  described 
in  great  detail. 

The  eruptive  phenomena  which  are  illustrated  by  these  studies 
of  Somma  and  Vesuvius  were  then  considered,  together  with  the 
nature  and  result  of  the  denudation  which  alternated  with  eruptive 
action  in  originating  the  present  form  of  the  mountain. 

The  paper  concluded  with  a  statement  of  fifty  propositions  on  the 
subject  of  vulcanology  which  appear  to  the  author  to  be  established 
by  the  studies  detailed  in  the  paper. 

6.  "iS'ote  on  '  Cone-in-Cone  '  Structure."  By  John  Young,  Esq., 
F.G.S. 

This  note  was  written  with  the  object  of  calling  the  attention  of 
the  Geological  Society  to  some  very  fine  and  remarkably  interesting 
examples  of  the  "  Cone-in-Cone  "  striicture. 

The  author,  after  referring  to  the  views  of  previous  authors  on 
the  origin  of  this  structure,  proceeded  to  describe  the  interesting 
examples  of  it  which  occur  in  the  coalfields  of  Ayrshire  and  Ren- 
frewshire. He  pointed  out  that  the  structure  is  generally  exhibited 
in  bands  overlying  beds  of  fossils. 

7.  "  A  Geological  Sketch  of  Quidong,  Manaro,  Australia."  By 
Alfred  Morris,  Esq.,  C.E.,  F.G.S. 

This  district  is  situated  about  250  miles  S.S.E.  from  Sydney.    The 
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cliffs  about  the  Bombala  river,  are  about  100  to  120  feet  high,  and 
formed  of  very  dark  limestone,  crowded  with  fossils,  chiefly  Penta- 
merus.  In  the  author's  opinion  there  has  been  great  disturbance  in 
this  region,  resulting  in  a  complete  change  in  the  course  of  the 
river  Bombala  and  a  displacement  of  the  shale.  A  mass  of  ferru- 
ginous sandstone  has  also  been  upheaved.  This,  as  well  as  the 
other  rocks  in  the  neighbourhood,  contain  Upper  Silurian  fossils. 
It  appears  to  have  been  altered  by  heat.  Pockets  of  galena  and 
copper  are  occasionally  found  in  the  district,  and  there  is  a  vein  of 
haematite.  Claj'-slates  occur  as  well  as  the  above  rocks,  the  cleavage 
being  generally  vertical  or  nearly  so. 


XXXS'^I.  Intelligence  and  Miscellaneous  Articles. 

ON  RADIOMETERS. 

To  the  Editors  of  the  Philosophical  Magazine  and.  Journal. 
Gentlemen, 
T  HAVE  learned  in  a  roundabout  way  that  Prof.  Osborne  Eey- 
-^  nolds  is  annoyed  with  me  because  I  have  not  carried  out  an 
intention  I  expressed  in  a  letter  to  him  two  years  ago,  which  was, 
as  well  as  I  can  recollect,  to  publish  something  more  on  the  subject 
of  Radiometers,  and  to  state  that  I  was  on  the  whole  satisfied 
with  his  position. 

I  did  not  do  so  because  I  got  rambling  on  other  matters,  and 
thought  that  by  my  silence  I  practically  accepted  his  answers  to 
my  questions  as  published  in  the  Philosophical  Magazine.  And  as 
concerns  some  points  I  wrote  to  him  about  privately,  and  which 
he  verv  kindlv  answered  at  great  length,  I  hardly  thought  them 
worth  publishing  alone  (though  I  asked  leave  to  incorporate  them 
in  what  I  then  intended  writing  upon  the  subject,  and  was  kindly 
authorized  to  do  so) :  for  I  felt  sure  that  as  it  was  my  stupidity  that 
had  mistaken  his  meaning,  others  were  very  unlikely  to  make  such 
mistakes  and  so  \^  ould  not  talce  any  interest  in  them. 

I  regret  taking  up  the  pages  of  the  Philosophical  Magazine  with 
such  a  purely  personal  matter;  but  as  I  should  be  very  sorry 
indeed  that  anv  one,  and  least  of  all  one  who  has  treated  me  as 
Prof.  Reynolds  has  done,  should  suppose  that  I  shirked  expressing 
mvself  as  satisfied  with  answers  to  questions  I  raised,  I  hope  you 
will  publish  this  letter ;  and  I  further  hope  that  Prof.  Reynolds 
will  forgive  me  for  having  forgotten  my  promise,  which  I  would 
certainly  never  have  done  if  I  had  thought  that  he  cared  one  bit 
what  I  "said  of  his  work,  which  speaks  for  itself  too  well  for  any 
mere  opinion  of  one  such  as  I  am  to  benefit  or  injure. 

Yours  obediently, 

Clarisford,  Killaloe,  Geoege  Feancis  Fitzgeeald. 

August  6, 1883. 
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XXXVII.  On  some  Controverted  Points  in  Geological  Clima- 
tologij ;  a  Reply  to  Professor  JS^ewcotnh,  Mr.  Hill,  and  others. 
By  James  Croll,  LL.D.,  F.R.S.* 

NINETEEN  years  ago  the  theory  was  advanced  that  the 
Glacial  Epoch  was  the  result  of  a  combination  of  phy- 
sical agents  brought  into  operation  by  an  inci*ease  in  the 
eccentricity  of  the  earth's  orbit.  Few  or  no  objections  ha^e 
been  urged  against  what  may  be  called  the  astronomical  part 
of  the  theory ;  but  the  portions  relating  to  these  physical 
agencies,  which  are  by  ftir  the  most  important  part,  have  from 
time  to  time  met  with  considerable  opposition.  Considering 
the  newness  of  the  subject,  and  the  complex  nature  of  many 
of  these  combinations  of  physical  agencies,  it  would  not  be 
surprising  if  some  of  the  original  deductions  in  regard  to 
them  proved  erroneous;  but  after  long  and  careful  reconsi- 
deration of  the  whole  matter,  I  have  not  found  reason  to 
abandon  any  of  them  or  alter  them  to  any  material  extent. 

The  only  class  of  objections  urged  against  the  theory  which 
I  have  as  yet  considered  at  length  are  those  relating  to  the 
cause  of  ocean-cui'rents,  and  their  influence  on  the  distribu- 
tion of  heat  over  the  globe  ;  and  I  think  it  will  be  admitted 
that  the  views  which  I  have  advocated  on  these  points  are 
now  being  pretty  generally  accepted. 

*  From  advance   sheets  of  the  'American  Jom-nal  of  Science '  for 
October  1883. 
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But  it  is  in  reference  to  the  influence  of  aqueous  vapour, 
fogs,  and  clouds  on  the  production  and  preservation  of  snow 
that  the  greatest  diversity  of  opinion  has  prevailed.  The 
object  of  the  present  article  is  to  examine  at  some  length  the 
principal  objections  which  have  been  advanced  in  regard  to 
this  part  of  the  inquiry.  I  shall  also  take  the  present  op- 
portunity of  discussing  more  fully  some  points  on  which  I 
have  been  sometimes  misunderstood,  and  which  appear  to 
have  been  treated  rather  too  briefly  on  former  occasions. 

In  the  'American  Journal  of  Science'  for  April  1876, 
Professor  Newcomb  has  done  me  the  honour  to  review  at  some 
length  my  work,  'Climate  and  Time;'  and  as  his  article  is 
mainly  devoted  to  a  criticism  of  my  reasoning  in  regard  to 
those  very  points  to  which  I  refer,  I  shall  begin  with  an 
examination  of  his  objections.  One  reason  for  entering  at 
some  length  into  an  examination  of  Professor  Newcomb's 
objections  is  the  fact  that  they  embrace  to  a  large  extent  those 
which  have  been  urged  by  reviewers  in  Great  Britain.  Some 
of  his  objections,  however,  as  will  be  seen,  are  based  upon  a 
misapprehension  of  my  reasoning. 

Temperature  of  Space. — One  of  the  most  important  factors 
in  the  theory  of  geological  climate  resulting  from  changes  in 
the  eccentricity  of  the  earth's  orbit  is  obviously  the  tempe- 
rature of  stellar  space.  Unless  we  have,  at  least,  some  rough 
idea  of  the  proportion  which  the  heat  derived  from  the  stars 
bears  to  that  derived  from  the  sun,  we  cannot  form  any 
estimate  of  how  much  the  temperature  of  our  earth  would  be 
lowered  or  raised  by  a  given  decrease  or  increase  of  the  sun's 
distance. 

The  question  of  the  temperature  of  space  has  been  investi- 
gated in  different  ways  by  Pouillet  and  Herschel  ;  and  the 
result  arrived  at  Avas  that  space  has  a  temperature  of  —  239°F., 
or  an  absolute  temperature  of  222°.  The  mean  absolute  tem- 
perature of  our  earth  is  about  521°.  Consequently,  according 
to  these  results,  the  heat  received  from  the  stars  is  to  that 
received  from  the  sun  as  222  to  299.  All  my  determinations 
of  the  change  of  temperature  due  to  changes  in  the  sun's 
distance  were  computed  on  these  data,  although  I  believe,  for 
reasons  stated,  that  space  must  have  a  much  lower  tempera- 
ture. Recent  observations  of  Professor  Langley  made  during 
the  Mount-Whitney  Expedition  confirm  the  correctness  of 
my  belief. 

Professor  Newcomb,  however,  wholly  ignores  all  that  has 
been  done  on  that  subject,  for  he  commences  his  review  by 
the  statement  that  "  practically  there  is  but  one  source  from 
which  the  surface  of  the  earth  receives  heat — the  sun,  since 
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the  quantity  received  from  all  other  sources  is  quite  insignifi- 
cant in  comparison." 

Surely  Professor  Newcomb  must  have  forgotten  all  about 
the  researches  of  Pouillet  and  Herschel  into  what  has  been 
termed  the  "Temperature  of  Space/'  or  he  could  not  have 
affirmed  so  positively  that  "  {)ractically  there  is  but  one  source 
from  which  the  earth  receives  heat,  and  that  all  other  sources 
are  quite  insignificant"^  without,  at  least,  giving  some  reason 
for  the  assertion. 

I  am  pleased  to  find  that  he  agrees,  in  the  main,  with  what 
has  been  advanced  in  '  Climate  and  Time'  in  reference  to  the 
heating-power  of  ocean-currents,  and  also  as  to  their  existence 
being  due  to  the  impulse  of  the  winds.  But  he  differs  widely 
from  me  in  regard  to  the  heat  conveyed  by  aerial  currents. 

On  the  Heat  conveyed  hy  Aerial  Currents. — I  stated  that  the 
quantity  of  heat  conveyed  from  equatorial  to  high  temperate 
and  polar  regions  is  trifling  in  comparison  with  that  conveyed 
by  ocean-currents ;  for  the  heated  air  rising  off  the  hot 
ground  of  the  equator,  after  ascending  a  few  miles  becomes 
exposed  to  the  intense  cold  of  the  upper  regions,  and  having 
to  travel  polewards  for  thousands  of  miles  in  those  regions,  it 
loses  nearly  all  the  heat  which  it  brought  from  the  equator 
before  it  can  possibly  reach  high  latitudes.  To  this  Professor 
Newcomb  objects  as  follows: — "He  (Mr.  Croll)  speaks  of  the 
hot  air  rising  from  the  earth  and  becoming  exposed  to  the 
intense  cold  of  the  upper  regions  of  the  atmosphere.  But 
what  can  this  cold  be  hut  the  coldness  of  the  very  air  itself 
lohich  has  been  rising  up  ?  If  the  wai-m  air  rises  up  into  the 
cold  air,  and  becomes  cooled  by  contact  with  the  latter,  the 
latter  must  become  warm  by  the  very  heat  which  the  former 
loses ;  and  if  there  is  a  continuous  rising  current  the  whole 
region  must  take  the  natural  temperature  of  the  rising  air. 
This  temperature  is,  indeed,  much  below  that  which  maintains 
at  the  surface,  for  the  simple  reason  that  air  becomes  cold  by 
expansion  according  to  a  definite  and  well-known  law.  Hav- 
ing thus  got  his  rising  current  constantly  cooled  off  by  contact 
ivith  the  cold  air  of  the  upper  regions,  it  has  to  pass  on  its 
journey  towards  the  poles,"  etc.  (p.  267)*. 

Here  the  cooling  of  the  ascending  air  is  attributed  to  two 
causes — (1)  the  heat  lost  by  expansion  as  the  air  rises;  (2)  the 
heat  lost  by  contact  with  the  colder  air  through  which  the 
ascending  air  passes  and  with  which  it  mixes  in  the  upper 
regions.  But  the  two  may  be  resolved  into  one,  viz.  the 
heat  lost  by  expansion  ;  for  the  cold  air,  to  which  the  ascend- 
ing air  communicates  its  heat  by  contact,  is  assumed  to  have 
*  The  italics  are  mine. 
T2 
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originally  derived  its  cold,  in  like  manner,  from  expansion. 
This  is  evident,  for  althouo-h  he  recognizes  the  effect  of  radia- 
tion  into  space,  he  assumes  that  this  loss  is  compensated  by 
counter- radiation.  The  upper  regions  are,  he  says,  exposed 
to  the  radiation  of  the  sun  on  the  one  side,  and  of  the  earth's 
lower  atmosphere  on  the  other,  and  there  is  no  proof  that 
these  do  not  equal  the  surface-temperature.  And  again,  when 
the  air  descends  in  high  latitudes  to  the  earth^s  surface,  an 
amount  of  heat  will  be  evolved  by  compression  equal  to  that 
which  it  lost  when  it  rose  from  the  equator. 

Professor  Newcomb  has  misapprehended  not  only  my 
meaning,  but  also  the  chief  reason  why  the  air  in  the  upper 
region  is  so  intensely  cold.  Any  one  who  has  read  what  I 
have  stated  in  pp.  35-40,  '  Chmate  and  Time,'  regarding  the 
temperature  of  space  will  readily  understand  what  I  mean  by 
the  temperature  of  the  upper  regions.  By  the  temperature  of 
stellar  space,  it  is  not  meant  that  space  itself  is  a  something 
possessed  of  a  given  temperature,  say  — 239°  F.  It  simply 
means  the  temperature  to  which  a  body  would  fall  were  it 
exposed  to  no  other  source  of  heat  than  that  of  radiation  from 
the  stars.  By  the  temperature  of  the  upper  regions  I  mean 
the  temperature  to  which  air  in  those  regions  sinks  in  con- 
sequence of  loss  from  radiation  into  space.  It  is  mainly  to 
this  cause,  and  not  to  the  loss  from  expansion,  as  Professor 
Newcomb  assumes,  that  the  intense  cold  of  the  upper  air  is 
due.  The  air  in  that  region  has  got  beyond  the  screen  which 
protected  it  when  at  the  earth's  surface,  and  it  then  throws  off 
its  heat  into  space  during  twelve  hours  of  night,  getting  no 
return  from  without  except  from  the  radiation  of  the  stars. 
And  even  at  noonday,  as  I  have  endeavoured  to  show  in 
Appendix,  p.  551,  the  ra)'S  of  a  burning  sun  overhead  would 
not  be  sufficient  to  raise  the  temperature  of  the  air  up  to  the 
freezing-point.  But  the  recent  observations  of  Professor 
Langley  prove  that  the  loss  of  heat  from  radiation  is  in  reality 
far  greater  than  I  had  anticipated.  He  says  : — ''  The  original 
observations,  which  will  be  given  at  length,  lead  to  the  con- 
clusion that  in  the  absence  of  an  atmosphere  the  earth's  tem- 
perature of  insolation  would  at  any  rate  faW  below  —  50"F.; 
by  which  it  is  meant  that,  for  instance,  mercury  would  remain 
a  solid  under  the  vertical  rays  of  a  tropical  sun  were  radiation 
into  space  wholly  unchecked,  or  even  if,  the  atmosphere  exist- 
ing, it  let  radiations  of  all  wave-lengths  pass  out  as  easily  as 
they  come  in  "  ('  Nature,'  August  3rd,  1882). 

The  temperature  of  the  upper  atmos})here,  even  after  making 
allowance  for  heat  received  from  below,  must  in  this  case 
be  at  least  nearly  80  degrees  below  the  freezing-point.     The 
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quantity  of  heat  lost  by  expansion  must  therefore  be  triflinoj 
compared  with  that  lost  by  radiation  ;  and  although  the  heat 
lost  by  expansion  is  fully  restored  by  compression,  yet  the  air 
would  reach  the  earth  deprived  almost  entirely  of  the  heat 
with  ^^'hich  it  left  the  equator.  All  that  it  could  possibly 
give  back  would  simply  be  the  heat  of  compression ;  and  this 
would  hardly  be  sufficient  to  raise  air  at  —50°  F.  to  the  freez- 
ing-point. How  then  can  the  polar  regions  be  greatly  the 
better  of  air  from  the  equatorial  regions  ?  Professor  New- 
comb  says: — '^Jf  the  upper  current  be  as  great  as  is  commonly 
supposed,  it  must  be  as  powerful  as  ocean-currents  in  tending 
to  equalize  the  temperature  of  the  globe."  How  can  this  be? 
W/it/  the  Mean  Tempeixtture  of  the  Ocean  should,  be  greater 
than  that  of  the  Land. — "  Another  proposition,^'  he  says, 
"  which  the  author  attempts  to  [)rove,  reasoning  which  seems 
equally  inconclusive,  is  that  the  mean  temperature  of  the 
ocean  is  gre-'^ter  than  that  of  the  land  over  the  entire  o'lobe." 
I  certainly  never  attempted  to  prove  that  the  mean  tempe- 
rature of  the  ocean  is  greater  than  that  of  the  land  over  the 
entire  globe.  The  very  chapter  to  which  he  here  refers,  and 
which  he  is  about  to  criticise,  was  written  to  explain  why  the 
mean  temperature  of  the  southern  or  water  hemisphere  is  less 
than  that  of  the  northern  or  land  hemisphere.  What  I  at- 
tempted to  prove  Avas,  not  that  the  moan  temperature  of  the 
ocean  is  greater  than  that  of  the  land,  but  that,  were  it  not  for 
certain  causes,  the  mean  temperature  of  the  ocean  ought  to  be 
greater  than  that  of  the  land  in  equatorial  regions  as  well  as 
in  temperate  and  arctic  regions.  ]n  other  words,  the  object 
of  the  chapter  is  to  prove  that  the  mean  temperature  of  the 
southern  or  water  hemisphere  is  less  than  that  of  the  northern 
or  land  hemisphere,  not,  as  is  generally  supposed,  because  the 
former  is  mainly  water  and  the  latter  land,  but  because  of  the 
enormous  amount  of  heat  transferred  from  the  former  to  the 
latter  hemisphere  by  means  of  ocean-currents  ;  and  that  were 
it  not  for  this  transference  the  temperature  of  the  water  would 
exceed  that  of  the  land  hemisphere.  And  it  is  in  order  to 
prove  this  that  the  "four  a  priori  reasons"  which  Professor 
Newcomb  criticises  were  adduced.  The  iirst  of  these  is  as 
follows  : — 

First. — '  The  ground  stores  up  heat  only  by  the  slow  process 
of  conduction,  whereas  water,  by  the  mobility  of  its  particles 
and  its  transparency  for  heat-rays,  especially  those  from  the 
sun,  becomes  heated  to  a  considerable  depth  rapidly.  The 
quantity  of  heat  stored  up  in  the  ground  is  thus  comparatively 
small,  while  the  quantity  stored  up  in  the  ocean  is  great.'* 
*  '  Climate  and  Time/  p.  90. 
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These  sentences  are  considered  unworthy  of  criticism.  Are 
they  really  so  unworthy  ?  Let  us  examine  them  a  little  more 
closely.  It  is  in  consequence  of  the  sun's  rays  being  able  to 
penetrate  to  a  great  depth  that  the  amount  of  heat  stored  up 
by  the  ocean  is  so  great ;  and  it  is  to  this  store  that  its 
warmth  during  winter  is  mainly  due.  The  water  is  diather- 
manous  for  the  rays  of  the  sun,  but  it  is  not  so,  for  reasons 
well  known,  for  the  rays  of  water  itself.  The  upper  layers  of 
the  ocean  will  allow  a  larger  portion  of  the  radiation  from  the 
sun  to  pass  freely  downward,  but  they  will  not  allow  radiation 
from  the  layers  underneath  to  pass  freely  upwards.  These 
upper  layers,  like  the  glass  of  a  greenhouse,  act  as  a  trap  to 
the  sun's  rays^  and  thus  allow  the  water  of  the  ocean  to  stand 
at  a  higher  temperature  than  it  would  otherwise  do.  Again, 
the  slowness  with  which  the  ocean  thus  parts  with  its  heat 
enables  it  to  maintain  that  comparatiyely  high  temperature 
during  the  long  winter  months.  And  again,  it  is  to  the  mobility 
of  the  particles  of  water,  the  depth  to  which  the  heat  pene- 
trates, and  the  rapidity  with  which  it  is  absorbed,  that  those 
great  currents  of  warm  water  become  possible.  Were  the 
waters  of  the  ocean,  like  the  land,  not  mobile,  and  were  only  a 
few  inches  at  the  surface  reached  by  heat  from  the  sun,  there 
could  be  no  Gulf-stream,  or  any  great  transference  of  heat  from 
the  Southern  to  the  Northern  hemisphere,  or  from  equatorial 
to  temperate  and  polar  regions,  by  means  of  oceanic  circulation. 

Second. — '  The  air  is  probably  heated  more  rapidly  by  con- 
tact with  the  ground  than  with  the  ocean  ;  but,  on  the  other 
hand,  it  is  heated  far  more  rapidly  by  radiation  from  the  ocean 
than  from  the  land.  The  aqueous  yapour  of  the  air  is  to  a 
great  extent  diathermanous  to  radiation  from  the  ground, 
while  it  absorbs  the  rays  from  water  and  thus  becomes  heated.' 

To  this  Professor  Newcomb  objects  as  follows  : — "  If,  then, 
the  air  is  really  heated  by  contact  with  the  ground  more 
rapidly  than  by  contact  with  the  ocean,  it  can  only  be  because 
the  ground  is  hotter  than  the  ocean,  which  is  directly  contrary 
to  the  theory  Mr.  Croll  is  maintaining.""  What  I  maintained 
was  that,  were  it  not  for  certain  causes,  the  mean  annual  tem- 
perature of  the  ocean  would  be  higher  than  that  of  the  laud. 
During  the  day  and  also  during  the  summer  the  surface  of 
the  ground  is  hotter  than  that  of  the  ocean  ;  and  the  air,  of 
course,  will  be  heated  more  rapidly  by  contact  with  the  former 
than  with  the  latter.  But  this  does  not  proye  that  the  air  is 
not  more  rapidly  heated  by  radiation  from  the  ocean  than 
from  the  land.  Professor  Newcomb  says  : — "  The  statement 
that  the  aqueous  yapour  of  the  air  is  diathermanous  to  radia- 
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tion  from  land,  but  not  to  that  from  water,  is  quite  new  to  us, 
and  very  surprising."  T  am  surprised  that  he  is  not  acquain- 
ted with  the  fact,  and  also  with  its  physical  explanation.  This 
will  help  to  account  for  his  inability  to  perceive  how  i^adiation 
from  the  ocean  may  heat  the  air  more  rapidly  than  radiation 
from  the  land,  even  though  the  surface  of  the  latter  may  be  at 
a  higher  temperature  than  that  of  the  former. 

He  says: — "The  rapidity  with  which  the  heating  process 
goes  on  depends  on  the  difterence  of  temperature,  no  matter 
whether  the  heat  passes  by  conduction  or  by  radiation."  This 
statement  will  hardly  harmonize  with  recent  researches  into 
radiant  heat.  It  is  found  that  the  rapidity  with  which  a  body 
is  heated  by  radiation  depends  upon  the  absorbing  power  of 
the  body  ;  and  the  absorbing  power  again  depends  upon  the 
quality  of  the  heat-rays.  Professor  Tyndall,  for  example, 
found  that  in  the  case  of  vapours,  as  a  rule,  absorption  dimi- 
nisJies  as  the  temperature  rises.  With  a  platinum  spiral 
heated  till  it  was  barely  visible,  the  absorption  of  the  vapour 
of  bisulphide  of  carbon  was  6*5,  but  when  the  spiral  was  raised 
to  a  white  heat  the  absorption  was  reduced  to  2'9.  A  similar 
result  took  place  in  the  case  of  chloroform,  formic  ether, 
acetic  ether,  and  other  vapours.  The  physical  cause  of  this  is 
well  known. 

If  the  aqueous  vapour  of  the  air,  he  says,  be  more  diather- 
manous  to  radiation  from  land  than  from  w^ater,  as  I  have 
stated,  then  I  assigned  directly  contrary  effects  to  the  same 
cause.  For,.  "  reasoning  as  in  (1),  he,  Mr.  Croll,  would  have 
said  that  the  air  over  the  land,  owing  to  its  transparency  for 
the  heat-rays  from  the  land,  becomes  heated  to  a  greater 
height  rapidly,  while  the  air  over  the  ocean,  not  being  trans- 
parent, can  acquire  heat  from  the  ocean  only  by  the  slow 
process  of  convection.'"  I  would  have  said  no  such  thing. 
Hadiation  from  the  surface  of  the  land  will,  no  doubt,  pene- 
trate more  freely  through  the  aqueous  vapour  than  radiation 
from  the  ocean ;  but  the  aqueous  vapour  will  not  absorb  the 
radiation  of  the  land  so  rapidly  as  that  of  the  ocean,  for  the 
ocean  gives  olf  that  quality  of  rays  which  aqueous  vapour 
absorbs  most  rapidly. 

This  is  not  in  opposition  to  what  I  have  stated  in  reason  (1); 
for  if  the  ground  were  transparent  to  the  sun's  rays  like  water, 
evidently  the  total  quantity  of  heat  absorbed  by  it  would  be 
greater  than  that  by  the  ocean.  But  radiation  from  the  sun 
heats  only  the  surface  of  the  ground,  all  below  the  surface 
depends  for  its  supply  on  the  slow  process  of  conduction, 
whereas  the  ocean  is  heated  by  direct  radiation  to  great 
depths.     Consequently  the  total  quantity  of  heat  absorbed  by 
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the  ocean,  say  per  square  mile,  in  a  given  time,  is  greater  than 
that  absorbed  by  the  land. 

Third. — '  The  air  radiates  back  a  considerable  portion  of  its 
heat,  and  the  ocean  absorbs  this  radiation  from  the  air  more 
readily  than  the  ground  does.  The  ocean  will  not  reflect  the 
heat  from  the  aqueous  vapour  of  the  air,  but  absorbs  it,  while 
the  ground  does  the  opposite.  Radiation  from  the  air,  there- 
fore, tends  more  readily  to  heat  the  ocean  than  it  does  the 
land.^ 

"  Here  we  have,"  he  says,  "  the  air  gi^^ng  back  to  the 
ocean  the  same  heat  which  it  absorbs  from  it,  and  thus  heating 
it."  If  Professor  Xewcomb  means  by  this  same  heat  the 
same  amount  of  heat,  then  1  believe  in  no  such  thing.  But 
if  his  meaning  be  that  here  we  have  the  air  giving  back  to  the 
ocean  a  quantity  of  the  heat  which  it  absorbed  from  it,  then 
he  is  certainly  correct  in  supposing  that  this  is  affirmed  by 
me.  But  this  is  a  conclusion  which  no  physicist  could  for  a 
moment  doubt.  To  deny  this  would  be  to  contradict  Prevost's 
well-known  theory  of  exchanges.  Did  the  air  throw  back  to 
the  ocean  none  of  the  heat  which  it  derives  from  it,  the  entire 
waters  of  the  ocean  would  soon  become  solid  ice.  In  fact,  as 
we  have  seen,  mercury  would  not  remain  fluid  and  every  living 
thing  on  the  face  of  the  globe  would  perish. 

He  states  that  reason  fourth  seems  to  be  little  more  than  a 
repetition  of  reason  second  in  a  different  form.  It  is,  how- 
ever, much  more  than  that.  It  is  a  demonstration  that  were 
it  not  for  the  causes  to  which  I  have  alluded,  the  mean 
temperature  of  the  water  hemisphere  ought  to  be  higher  than 
that  of  the  land  hemisphere ;  and  for  this  reason  I  shall  here 
give  the  section  in  full. 

Fourth. — '  The  aqueous  vapour  of  the  air  acts  as  a  screen  to 
prevent  the  loss  by  radiation  from  water,  while  it  allows 
radiation  from  the  ground  to  pass  more  freely  into  space  ; 
the  atmosphere  over  the  ocean  consequently  throws  back  a 
greater  amount  of  heat  than  is  thrown  back  bv  the  atmosphere 
over  the  land.  The  sea  in  this  case  has  a  much  greater 
difficulty  than  the  land  has  in  getting  quit  of  the  heat  received 
from  the  sun  ;  in  other  words,  the  land  tends  to  lose  its  heat 
more  rapidly  than  the  sea.  The  consequence  of  all  these  cir- 
cumstances is  that  the  ocean  must  stand  at  a  higher  mean 
temperature  than  the  land.  A  state  of  equilibrium  is  never 
gained  until  the  rate  at  which  a  body  is  receiving  heat  is 
equal  to  the  rate  at  which  it  is  losing  it  ;  but  as  equal  surfaces 
of  sea  and  land  receive  from  the  sun  the  same  amount  of  heat, 
it  therefore  follows  that  in   order  that  the  sea  may  get  quit  of 
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its  heat  as  rapidly  as  the  land,  it  must  stand  at  a  higher  tempe- 
rature than  the  land.  The  temperature  of  the  sea  must  continue 
to  rise  till  the  amount  of  heat  thrown  off  into  space  equals  that 
received  from  the  sun  ;  when  this  point  is  reached,  equilihrium 
is  estahlished  and  the  temperature  remains  stationary.  But, 
owing  to  the  greater  difficulty  that  the  sea  has  in  getting  rid 
of  its  heat,  the  mean  temperature  of  equilibrium  of  the  ocean 
must  be  higher  than  that  of  the  land  ;  consequently  the  mean 
temperature  of  the  ocean,  and  also  of  the  air  immediately  over 
it,  in  tropical  regions  should  be  higher  than  the  mean  tempe- 
rature of  the  land  and  the  air  over  it.^ 

Since  the  publication  of '  Climate  and  Time  '  the  accuracy 
of  this  conclusion  has  been  confirmed  in  a  remarkable  manner 
from  more  recent  researches  on  the  actual  mean  temperature 
of  the  two  hemispheres,  the  details  of  which  have  been  given 
by  Mr.  Ferrell  in  his '  Meteorological  Researches'  (Washington, 
1877).  It  is  found  that  them  ean  temperature  of  the  northern 
or  land  hemisphere  is  higher  than  that  of  the  southern  or 
water  hemisphere  up  only  to  about  latitude  35°,  and  that 
beyond  this  latitude  the  mean  temperature  of  the  water 
hemisphere  is  the  greater  of  the  two.  At  latitude  40°  the 
mean  temperature  of  the  southern  hemisphere  is  1°"4  higher 
than  that  of  the  same  parallel  on  the  northern  hemisphere. 
At  latitude  50°  the  difference  amounts  to  4°'4;  while  at  latitude 
60°  the  mean  temperature  of  the  southern  hemisphere  is 
actually  6°  higher  than  that  of  the  northern  on  the  same 
parallel.  The  mean  temperatures  of  the  two  hemispheres  are 
as  follows  : — 


Lat. ... 

0° 

10° 

20° 

30° 

40° 

50° 

60° 

70° 

80° 

Northern.. 

8U-1 

o 

810 

o 
77-6 

efe 

o 

56-5 

43-4 

o 
29-3 

o 

14-4 

o 
4-5 

Southern... 

80-1 

78-7 

74-7 

66-7 

57-9 

47-8 

35  3 

From  the  above  table  we  see  that  it  is  only  in  that  area 
lying  between  the  equator  and  latitude  35°  that  the  southern 
hemisphere  has  a  lowxr  mean  temperature  than  the  northern. 
But  it  is  from  this  area  that  the  enormous  amount  of  heat 
transferred  to  the  northern  hemisphere  is  mainly  derived. 
Were  the  transference  of  heat  to  cease,  the  temperature  of  this 
area  would  be  very  considerably  raised,  and  that  of  the  corre- 
sponding area  on  the  northern  hemisphere  lowered.  The 
result  would  doubtless  be  that  the  southern  hemisphere  down 
to  the  equator  would  then  be  warmer  than  the  northern.     But, 
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even  as  things  are,  as  Mr.  Ferrel  remarks,  "  the  mean  tempe- 
rature of  the  southern  hemisphere  is  the  greater  of  the  two/^ 
the  mean  temperature  of  the  southern  being  60°'8y  F.  and 
that  of  the  northern  59°-54  F. 

Heat  cut  off  by  the  Atmosphere. — Professor  Newcomb  says 
further,  "  Another  idea  of  the  author  which  calls  for  ex- 
planation is  that  solar  heat  absorbed  by  the  atmosphere  is 
entirely  lost,  so  far  as  warming  any  region  of  the  globe  is 
concerned.'^  This  is  no  idea  of  mine.  My  idea  is  not  that 
the  heat  cut  ofF  is  entirely  lost,  but  merely  that  the  greater 
part  is  lost.  A  large  portion  of  the  heat  is  reflected,  and  of 
that  absorbed  one  half,  perhaps,  is  radiated  back  into  space 
and  lost,  in  so  far  as  the  earth  is  concerned. 

Tables  of  Eccentricity. — Referring  to  my  tables  of  eccen- 
tricity of  the  earth^s  orbit,  he  says  : — "  That  there  are  from 
time  to  time  such  periods  of  great  eccentricity  is  a  well- 
established  result  of  the  mutual  gravitation  of  the  planets; 
but  whether  the  particular  epochs  of  great  and  small  eccen- 
tricity computed  by  Mr.  Croll  are  reliable  is  a  different 
question."  I  may  here  mention  that  Professor  McFarland^ 
of  the  Ohio  State  University,  Columbus,  a  few  years  ago, 
undertook  the  task  of  re-computing  every  one  of  the  150 
periods  given  in  my  tables,  and  he  states  that,  except  in  one 
instance,  he  did  not  find  an  error  to  the  amount  of  "OOl"^. 

"The  data  for  this  computation,"  continues  Professor  New- 
comb,  "  are  the  formulae  of  Le  Verrier,  worked  out  about 
18451,  without  any  correction  either  for  the  later  corrections 
to  the  masses  of  the  planets  or  for  the  terms  of  the  third 
order,  subsequently  discussed  by  Le  Verrier  himself.  The 
probable  magnitude  of  these  corrections  is  such  that  reliance 
cannot  be  placed  upon  the  values  of  eccentricity  computed 
without  reference  to  them  for  epochs  distant  by  merely  a 
million  of  years. '"" 

In  regard  to  this  objection  I  may  mention  that  the  whole 
subject  of  the  secular  variations  of  the  elements  of  the  pla- 
netary orbits  has  been  re-investigated  by  Mr.  Stockwell,  taking 
into  account  the  disturbing  influence  of  the  planet  Neptune, 
the  existence  of  which  was  not  known  at  the  time  Le  Verrier's 
investigations  were  made.  Professor  McFarland,  with  the  aid 
of  Mr.  StockwelFs  formulas,  has  computed  all  the  periods  in 
the  tables  referred  to  above ;  and  on  comparing  the  results 
found  by  both  formulae,  he  states  that  "  the  two  curves  exhibit 
a  general  conformity  throughout  their  whole  extent."  And 
his  computations,  I  may  state,  extend  from  3,200,000  years 

*  American  Journal  of  Science,  vol.  xi.  p.  456  (1876). 

t  Le  Verrier's  formulae  were  worked  out  several  vears  before  1845. 


in  Geological  Climatology .  251 

before  1850.  and  to  1,260,000  years  after  that  date  ;  or,  in 
other  words,  over  a  period  of  no  fewer  than  4,520,000  years*, 
thus  showing  that  Professor  Newcomb^s  objection  falls  to  the 
ground. 

Influence  of  Winter  in  Aphelion. — I  have  maintained  that 
at  a  time  when  the  eccentricity  is  high  and  the  winter  occurs 
in  aphelion,  the  great  increase  in  the  sun^s  distance  and  in  the 
length  of  the  winter  would  have  the  effect  of  causing  a  large 
increase  in  the  quantity  of  snow  falling  during  that  season. 
This  very  obvious  result  follows  as  a  necessary  consequence 
from  the  fact  that  the  moisture  Avhich  now  falls  in  the  form 
of  rain  would  then  fall  as  snow.  But  Professor  Newcomb 
actually  states  that  he  cannot  accept  the  conclusion  that  this 
would  lead  to  more  snow. 

Influence  of  a  Snow-covered  Surface. — I  have  argued  that 
this  accumulation  of  snow  would  lower  the  summer  tempera- 
ture, and  tend  to  prevent  the  disa])pearance  of  the  snow,  and 
have  assigned  three  reasons  for  this  conclusion  : — 

First. — Direct  radiation.  The  snow,  for  physical  reasons 
well  known,  will  cool  the  air  more  rapidly  than  the  sun's 
rays  will  heat  it.  This  is  shown  from  the  fact  that  in  Green- 
land, a  snow-  and  ice-covered  country,  a  thermometer  exposed 
to  the  direct  radiation  of  the  sun  has  been  observed  to  stand 
above  100°,  while  the  air  surrounding  the  instrument  was 
actually  12°  below  the  freezing-point.  Professor  Newcomb 
and  also  Mr.  Hill  t  regard  the  idea  that  this  could  in  any  way 
favour  the  accumulation  of  snow  as  absurd.  They  think  that 
in  fact  it  would  have  directly  the  opposite  effect.  They  have 
perceived  only  one  half  of  the  result.  It  is  quite  true,  as  they 
affirm,  that  the  cooling  of  the  air  by  the  snow  will  not  prevent 
the  melting  of  the  snow,  but  the  reverse.  There  is,  however, 
another  and  far  more  important  result  overlooked  in  their 
objection.  If  the  snow-  and  ice-covered  sui'face  keeps  the 
temperature  of  the  air,  in  summer,  below  the  freezing-point, 
which  it  evidently  does  in  Greenkmd  and  in  the  Antarctic 
continent,  the  moisture  of  the  air  will  fall  as  snow  and  not  as 
rain.  No  doubt  this  is  the  chief  reason  why  in  those  regions, 
even  in  the  middle  of  summer,  rain  seldom  falls,  the  precipita- 
tion being  almost  always  in  the  form  of  snow,  although  at  that 
very  season  the  direct  heat  of  the  sun  is  often  as  great  as  in 
India.    Were  the  snow  and  icy  mantle  removed  a  snow-shower 

*  In  this  laborious  undertaking  Professor  McFarland  computed,  by 
means  of  both  formulfe,  the  eccentricity  of  the  earth's  orbit  and  the 
longitude  of  the  perihelion  for  no  fewer  than  485  separate  epochs.  See 
American  Jom-nal  of  Science,  vol.  xx.  p.  105  (1880). 

t  '  Geological  Magazine '  for  January  1880,  p.  12. 
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in  summer  would  be  as  rare  a  phenomenon  in  those  regions 
as  it  would  be  in  the  south  of  England. 

Second. — '  The  rays  which  fall  on  snow  and  ice  are  to  a 
great  extent  reflected  back  into  space.  But  those  that  are 
not  reflected,  but  absorbed,  do  not  i-aise  the  temperature,  for 
they  disappear  in  the  mechanical  work  of  melting  the  ice.' 

This  reason  is  also  reo-arded  as  absurd.     The  heat  of  the 
sun  during  the  perihelion  summer  would,  he  says,  suffice  to 
melt  the  whole  accumulation  of  winter  snow  in  three  or  four 
days.     ''  The  reader,"  he  continues,  ''  can  easily  make  a  com- 
putation of  the  incredible  reflecting  power  of  the  snow  and  of 
the  unexampled  transparency  of  the  air  required  to  keep  the 
snow  unmelted  for  three  or  four  months.''^     Incredible  as  it 
may  appear  to  Professor  Newcomb,  I  shall  shortly  show  that 
a  le«s  amount  of  snow  than  the  equivalent  of  the  two  feet  of 
ice  which  he  assumes  does  actually,  in  some  places,  defy  the 
melting-power  of  a  tropical  sun.     But  he  misapprehends  my 
reasoning  here  also,  by  oyerlooking  the  more  important  factor 
in  the  affair,  namely,  the  keeping  of  the  air  in  the  summer 
belo^^■  the  freezing-point.     The  direct  effect  -that  this  has  in 
preyenting  the  sun  from  melting  the  snow  and  ice  will  be 
discussed  shortly  ;  but  the  ])oint  to  which  I  wish  at  present  to 
direct  special  attention  is  the  fact  that  if  the  air  is  kept  below, 
or  eyen  at  the  freezing-point,  snow  will  fall  and  not  rain. 
Snow  is  a  good  reflector  of  heat ;  consequently  a  large  portion 
of  the  sun's  rays  falling  on  the  snow  and  icy  surface  is  reflected 
back  into  space.     The  aqueous  yapour  of  the  air,  on  the  other 
hand,  as  the  yibrations  of  its  molecules  agree  in  period  with 
those  of  the  snow  and  ice,  cuts  off  a  large  portion  of  the  heat 
radiated  by  the  snow  surface  ;  but  here  in  the  case  of  rejiection 
under  consideration  the  rays  are  not  cut  off ;  for  the  reflected 
rays  are  of  the  same  character  as  the  incident  rays  which  pass 
so  freely  through  the  aqueous  yapour.     And  in  respect  to  the 
remaining  rays  which  are  not  reflected,  but  absorbed  by  the 
snow,  they  do  not  manage  to  raise  the  temperature  of  the 
snow  aboAe  the  freezing-point.     Consequently  the  air  is  kept 
in  the  condition  most  favourable  for  the  production  of  snow. 

Third. — '  Snow  and  ice  lower  the  temperature  by  chilling 
the  air  and  condensing  the  vapour  into  thick  fogs.  The  great 
strength  of  the  sun's  rays  during  summer,  due  to  his  nearness 
at  that  season,  would,  in  the  first  place,  tend  to  produce  an 
increased  amount  of  e^•aporation.  But  the  ])resence  of  snow- 
clad  mountains  and  an  icy  sea  would  chill  the  atmosphere  and 
condense  the  vapour  into  thick  fogs.    The  thick  fogs  and  cloudy 
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sky  would  effectually  prevent  the  sun's  rays  from  reaching  the 
earth,  and  the  snow  in  consequence  would  remain  unmelted 
during  the  entire  summer/ 

On  this  Professor  Newcomb's  criticism  is  as  follows  : — 
''  Here  he  (Mr.  Croll)  says  nothing  about  the  latent  heat  set 
free  by  the  condensation,  nor  does  he  say  where  the  heat 
goes  to  which  the  air  must  lose  in  order  to  be  chilled.  The 
task  of  arguing  with  a  disputant  who  in  one  breath  maintains 
that  the  transparency  of  the  air  is  such  that  the  rays  reflected 
from  the  snow  pass  freely  into  space,  and  in  the  next  breath 
that  thick  fogs  eflt'ectually  prevent  the  rays  e^"er  reaching  the 
snow  at  all,  is  not  free  from  embarrassment." 

If  he  really  supposes  my  meaning  to  be  that  the  air  is  so 
transparent  as  to  allow  the  incident  and  reflected  rays  of  the 
sun  to  pass  freely  without  interruption,  while  at  the  same 
time  and  in  the  same  place  the  air  is  not  transparent  but  filled 
with  dense  fogs  which  eflfectually  cut  off  the  sun's  rays  and 
prevent  them  from  reaching  the  earth,  then  I  do  not  wonder 
that  he  should  feel  embarrassed  in  arguing  with  me.  But  if 
he  supposes  my  meaning  to  be,  as  it  of  course  is,  that  those 
two  opposite  conditions,  existing  at  totall}^  different  times  or 
in  totally  different  places  at  the  same  time,  should  lead  to 
similar  results,  namely  the  cooling  of  the  air  and  consequent 
conservation  of  snow,  then  there  is  no  ground  whatever  for 
any  embarrassment  about  the  matter. 

"  We  might  therefore  show,"  he  states,  "  that  if  the  snow, 
air,  fog,  or  whatever  throws  back  the  rays  of  the  sun  into 
space  is  so  excellent  a  reflector  of  heat,  it  is  a  correspondingly- 
poor  radiator  ;  and  the  same  fog  which  will  not  be  dissipated 
by  the  summer  heat  will  not  be  affected  by  the  winter's  cold, 
and  will  therefore  serve  as  a  screen  to  prevent  the  radiation 
of  heat  from  the  earth  during  the  winter." 

There  are  few  points  in  connection  with  terrestrial  physics 
which  appear  to  be  so  much  misunderstood  as  that  of  the 
influence  of  fogs  on  climate.  One  chief  cause  of  these  mis- 
apprehensions is  the  somewhat  complex  nature  of  the  subject 
arising  from  the  fi^ct  that  aqueous  vapour  acts  so  very  differ- 
ently under  different  conditions.  When  the  vapour  exists  in 
the  air  as  an  invisible  gas,  we  have  often  an  intensely  clear  and 
transparent  sky,  allowing  the  sun's  rays  to  pass  to  the  ground 
with  little  or  no  interruption  ;  and  if  the  surface  of  the 
ground  be  covered  with  snow,  a  large  portion  of  the  incident 
rays  are  reflected  back  into  space  without  heating  either  the 
snow  or  the  air.  The  general  eflect  of  this  loss  of  heat  is,  of 
course,  to  lower  the  general  temperature.  But  when  this 
vapour  condenses  into  thick  fogs  it  acts  in  a  totally  different 
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manner.  The  transparency  to  a  great  extent  disappears,  and 
the  fog  then  cuts  off  the  sun^s  rays  and  prevents  them  from 
reaching  the  ground.  This  it  does  in  two  different  ways. 
1st.  Its  watery  particles,  like  the  crystals  of  the  snow,  are 
good  reflectors,  and  the  upper  surface  of  the  mass  of  fog  on 
which  the  raj-s  fall  acts  as  a  reflector,  throwing  back  a  large 
portion  of  the  rays  into  stellar  space.  The  rest  of  the  rays 
which  are  not  reflected  enter  the  fog  and  the  larger  portion 
of  them  are  absorbed  by  it.  But  it  will  be  observed  that  by 
far  the  greater  part  of  the  absorption,  if  not  nearly  all  of  it, 
will  take  place  in  the  upper  half  of  the  mass.  This  is  a 
necessary  result  of  a  recognized  principle  in  radiant  heat 
known  as  the  "sifting"'^  of  the  rays.  The  deeper  the  rays 
penetrate  into  the  fog,  the  less  will  be  the  amount  of  heat 
absorbed.  If  the  depth  of  the  mass  be  great,  absorption  will 
probably  entirely  disappear  before  the  surface  of  the  ground 
is  reached.  The  fog  will  begin,  of  course,  to  radiate  off  the 
heat  thus  absorbed  :  but  as  it  is  the  upper  half  of  the  mass 
which  has  received  the  principal  part  of  the  heat,  the  most  of 
this  heat  will  be  radiated  upward  into  stellar  space,  and,  like 
the  reflected  heat,  entirely  lost  in  so  far  as  heating  the  earth 
is  concerned.  A  portion  will  also  be  radiated  downward, 
some  of  which  may  reach  the  ground,  but  the  greater  portion 
will  be  reabsorbed  in  its  passage  through  the  mass.  We  have 
no  means  of  estimating  the  amount  of  heat  which  would  thus 
be  thrown  off  into  space  by  reflection  and  radiation  ;  but  it 
is  certainly  great.  I  think  we  may  safely  conclude  that  in 
places  like  South  Georgia  and  Sandwich  Land,  where  fogs 
prevail  to  such  an  extent  during  summer,  one  half  at  least  of 
the  heat  from  the  sun  never  reaches  the  ground.  A  depriva- 
tion of  sun-heat  of  a  much  less  extent  than  this  would 
certainly  lower  the  summer  temperature  of  these  places  far 
below  the  freezing-point,  were  it  not  for  a  compensating  cause 
to  which  I  shall  now  refer,  viz.  the  heat  "  trapped  "  by  the 
fog.  The  fog,  although  it  prevents  a  large  portion  of  the 
suu^s  heat  from  ever  reaching  a  place,  at  the  same  time 
prevents  to  a  great  extent  that  place  from  losing  the  little 
heat  which  it  does  receive.  In  other  words,  it  acts  as  a 
screen  preventing  the  loss  of  heat  by  radiation  into  space. 
But  the  heat  thus  "  trapped  ""  ncA^er  fully  compensates  for 
that  not  received,  and  a  lowering  of  temperature  is  always 
the  result. 

Had  all  those  considerations  been  taken  into  account  by 
Professor  Newcomb,  Mr.  Hill,  Mr.  Searles  Wood,  and  others, 
they  would  have  seen  that  I  had  by  no  means  overestimated 
the  powerful  influence  of  fogs  in  lowering  the  summer 
temperature. 
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The  influence  of  fogs  on  the  summer  temperature  is  a  fact 
so  well  established  by  observation  that  it  seems  strange  that 
any  one  should  be  found  arguing  against  it. 

Heat  Evolved  hy  Freezing. — There  is  one  objection  to  which 
I  may  here  refer,  and  which  has  been  urged  by  nearly  all  my 
critics.  It  is  said,  correctly  enough,  that  as  water  in  freezing 
evolves  just  as  much  heat  as  is  required  to  melt  it,  there  is  on 
the  whole  no  actual  loss  of  heat ;  that  whatever  heat  may  be 
absorbed  in  the  mechanical  work  of  melting  the  snow,  just 
as  much  was  evolved  in  the  formation  of  the  snow.  Conse- 
quently it  is  inferred,  in  so  far  as  climate  is  concerned,  the 
one  eftect  completely  counterbalances  the  other.  This  infer- 
ence, sound  as  it  may  at  first  sight  appear,  has  been  so  well 
proved  to  be  incorrect  by  Mr.  Wallace  that  I  cannot  do 
better  than  quote  his  words  : — 

"  In  the  act  of  freezing,  no  doubt  water  gives  up  some  of 
its  heat  to  the  surrounding  air,  but  that  air  still  remains  below 
the  freezing-jjoint  or  freezing  would  not  take  place.  The  heat 
liberated  by  freezing  is  therefore  what  may  be  termed  low- 
grade  heat — heat  incapable  of  melting  snow  or  ice;  while 
the  heat  absorbed  Avhile  ice  or  snow  is  melting  is  high-grade 
heat,  such  as  is  capable  of  melting  snow  and  supporting 
vegetable  growth.  Moreover,  the  low-grade  heat  liberated 
in  the  formation  of  snow  is  usually  liberated  high  up  in  the 
atmosphere,  where  it  may  be  carried  off  by  winds  to  more 
southern  latitudes ;  while  the  heat  absorbed  in  melting  the 
surface  of  snow  and  ice  is  absorbed  close  to  the  earth,  and  is 
thus  prevented  from  warming  the  lower  atmosphere,  which  is 
in  contact  with  vegetation.  The  two  phenomena  therefore 
by  no  means  counterbalance  or  counteract  each  other,  as  it  is 
so  constantly  and  superficially  asserted  that  they  do  "  ('Island 
Life,'  p.  140). 

The  Fundamental  Misconception. — I  come  now  to  a  mis- 
apprehension which  more  than  any  other  has  tended  to  pre- 
vent a  proper  understanding  of  the  causes  which  lead  to 
the  conservation  by  snow.  Whatever  the  eccentricity  of  the 
earth's  orbit  may  be,  the  heat  received  from  the  sun  during 
summer  is  more  than  sufficient  to  melt  the  snow  of  winter. 
Consequently  it  is  assumed  no  permanent  accumulation  of 
snow  can  take  place.  This  objection,  as  expressed  by  Mr. 
Hill,  is  as  follows  : — "  We  have  no  reason  to  suppose  that  at 
present,  in  the  northern  hemisphere,  more  snow  or  ice  is  any- 
where formed  in  winter  than  is  melted  in  summer.  With 
greater  eccentricity  less  heat  than  now  would  be  received  in 
winter,  but  exactly  as  much  more  in  summer.  More  snow 
would  therefore  be  formed  in  the  one  half  of  the  year,  but 
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exactly  as  much  more  be  melted  in  the  other  half.  The  colder 
winter  and  the  warmer  summer  would  exactly  neutralize  each 
other's  effects,  and  on  the  average  of  years  no  accumulation 
could  begin.  Prima  facie,  therefore,  high  eccentricity  will 
not  account  for  glacial  periods  "* .  In  the  language  of  Prof. 
Newcomb,  it  is  as  follows  : — "  During  this  perihelion  summer 
the  amount  of  heat  received  from  the  sun  by  every  part  of 
the  northern  hemisphere  would  suffice  to  melt  from  four  to 
six  inches  of  ice  per  day  over  its  entire  surface ;  that  is,  it 
would  suffice  to  melt  the  whole  probable  accumulation  in 
three  or  four  days.  The  reader  can  easily  make  a  computa- 
tion of  the  incredible  reflecting  power  of  the  snow  and  of 
the  unexampled  transparency  of  the  air  required  to  keep  the 
snow  unmelted  for  three  or  four  months." 

It  is  assumed  in  this  objection  that  because  the  heat  received 
from  the  sun  by  an  area  is  more  than  sufficient  to  melt  all  the 
snow  that  falls  on  it,  no  permanent  accumulation  of  snow 
and  ice  can  take  place.  It  is  assumed  that  the  quantity  of 
snow  and  ice  melted  must  be  proportional  to  the  heat  received. 
Suppose  that  on  a  certain  area  a  given  amount  of  snow  falls 
annually.  The  amount  of  heat  received  from  the  sun  per 
annum  is  computed  ;  and  after  the  usual  deduction  for  that 
cut  off  by  the  atmosphere  has  been  made,  if  it  be  found  that 
the  quantity  remaining  is  far  more  than  sufficient  to  melt  the 
snow,  it  is  then  assumed  that  the  snow  must  be  melted,  and 
that  no  accumulation  of  snow  and  ice  year  by  year  in  this 
area  is  possible.  To  one  approaching  this  perplexing  subject 
for  the  first  time  such  an  assumption  looks  very  plausible  ; 
but  a  little  reflection  will  show  that  it  is  most  superficial. 
The  assumption  is  at  the  very  outset  totally  opposed  to  known 
facts.  Take  the  lofty  peaks  of  the  Himalayas  and  Andes  as 
an  example.  Few,  I  suppose,  would  admit  that  at  these  great 
elevations  as  much  as  50  per  cent,  of  the  sun's  heat  could  be 
cut  off.  But  if  50  per  cent,  reaches  the  snow,  this  would  be 
sufficient  to  melt  fifty  feet  of  ice ;  and  this,  no  doubt,  is  more 
than  ten  times  the  quantity  which  actually  requires  to  be 
melted.  Notwithstanding  all  this  the  snow  is  never  melted, 
but  remains  permanent.  Take,  as  another  example.  South 
Georgia,  in  the  latitude  of  England.  Suppose  we  assume 
that  one  half  of  the  sun^s  heat  is  cut  off  b}^  the  clouds  and 
fogs  which  prevail  to  such  an  extent  in  that  place,  still  the 
remaining  half  would  be  sufficient  to  melt  upwards  of  thirty 
feet  of  ice,  which  is  certainly  more  than  the  equivalent  of  all 
the  snow  which  falls;  yet  this  island  is  covered  with  snow 
and  ice  down  almost  to  the  seashore  during  the  whole  year. 
*  Geological  Magazine,  January  18(^0,  p.  12. 
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Take  still  another  example,  that  of  Greenland.  The  quantity 
of  heat  received  between  latitudes  60°  and  80°,  which  is  that 
of  Greenland,  is,  according  to  Meech,  one  half  that  received 
at  the  equator;  and  were  none  cut  off,  it  would  be  sufficient 
to  melt  fifty  feet  of  ice.  The  annual  precipitation  on  Green- 
land in  the  form  of  snow  and  rain,  according  to  Dr.  Rink, 
amounts  to  only  twelve  inches  ;  and  two  inches  of  this  he  con- 
siders is  never  melted,  but  is  carried  away  in  the  form  of  ice- 
bergs. Mr.  Hill  maintains  *  that,  owdnor  to  the  orreat  thick- 
ness  of  the  air  traversed  by  the  sun's  rays,  and  the  loss  re- 
sulting from  the  great  obliquity  of  reflection,  the  amount  of 
heat  reaching  the  ground  would  be  insufficient  to  melt  more 
than  sixteen  feet  of  ice.  Supposing  we  admit  this  estimate 
to  be  correct,  still  this  is  nineteen  times  more  than  is  actually 
melted.  The  sun  melts  only  ten  inches,  notwithstanding  the 
fact  that  it  has  the  power  to  melt  sixteen  feet. 

In  short,  there  is  not  a  place  on  the  face  of  the  globe 
where  the  amount  of  heat  received  from  the  sun  is  not  far 
more  than  sufficient  to  melt  all  the  snow  which  falls  upon  it. 
If  it  were  true,  as  the  objection  assumes,  that  the  amount  of 
snow  melted  is  proportional  to  the  amount  of  heat  received 
by  the  snow,  then  there  could  be  no  such  thing  as  perpetual 
snow. 

The  reason  why  the  amount  of  snow  and  ice  melted  is  not 
necessarily  proportional  to  the  amount  of  heat  received  is  not 
far  to  seek.  Before  snow  or  ice  will  melt,  its  temperature 
must  be  raised  to  the  melting-point.  No  amount  of  heat, 
however  great,  will  induce  melting  to  begin  unless  the  inten- 
sity of  the  heat  be  sufficient  to  raise  the  temperature  to  the 
melting-point.  Keep  the  temperature  of  the  snow  below 
that  point,  and,  though  the  sun  may  shine  upon  it  for  count- 
less ages,  it  will  still  remain  unmelted.  It  is  easy  to  under- 
stand how  the  snow  on  the  lofty  summits  of  the  Himalayas 
and  the  Andes  never  melts.  According  to  the  observations 
made  at  Mount  Whitney,  to  which  reference  has  already  been 
made,  the  heat  of  even  a  vertical  sun  would  not  be  sufficient 
at  these  altitudes  to  raise  the  temperature  of  the  snow  to  near 
the  melting-point ;  and  thus  melting,  under  these  conditions, 
is  impossible.  The  snow  will  evaporate,  but  it  cannot  melt. 
But,  owing  to  the  frozen  condition  of  the  snow,  even  evapo- 
ration will  take  place  wdth  extreme  difficulty.  If  the  sun 
could  manage  to  soften  the  snow-crystals  and  bring  them 
into  a  semifluid  condition,  evaporation  would,  no  doubt,  go 
on  rapidly  ;  but  this  the  rays  of  the  sun  are  unable  to  do  ; 

*  Geological  Magazine,  April  1880. 
Phil  Mac/.  S.  5.  Yol.  16.  No.  100.  Oct.  1883.  U 
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consequently,  we  Lave  only  the  evaporation  of  a  solid,  which, 
of  course,  is  necessarily  small. 

It  may  here  be  observed  that  at  low  elevations,  where  the 
snoAvfall  is  probably  greater,  and  the  amount  of  heat  received 
even  less,  than  at  the  summits,  the  snow  melts  and  disappears. 
Here,  again,  the  influence  of  that  potent  agent,  aqueous 
vapour,  comes  into  play.  At  high  elevations  the  air  is  dry, 
and  allows  the  heat  radiated  from  the  snow  to  pass  into  space  ; 
but  at  low  elevations  a  very  considerable  amount  of  the  heat 
radiated  from  the  snow  is  absorbed  by  the  aqueous  vapour 
which  it  encounters  in  passing  through  the  atmosphere.  A 
considerable  portion  of  the  heat  thus  absorbed  by  the  vapour 
is  radiated  back  on  the  snow ;  but  the  heat  thus  radiated  being 
of  the  same  quality  as  that  which  the  snow  itself  radiates,  is 
on  this  account  absorbed  by  the  snow.  Little  or  none  of  it 
is  I'cflected,  like  that  received  from  the  sun.  The  consequence 
is,  that  the  heat  thus  absorbed  accumulates  in  the  snowf^l 
melting  takes  place.  Were  the  amount  of  aqueous  vapour 
possessed  by  the  atmosphere  sufficiently  diminished,  perpetual 
snow'  would  cover  our  globe  down  to  the  sea-shore.  It  is 
true  that  the  air  is  warmer  at  the  lower  than  at  the  higher 
levels,  and,  by  contact  with  the  snow,  must  tend  to  melt  it 
more  at  the  former  than  at  the  latter  position.  But  we  must 
remember  that  the  air  is  warmer  mainly  in  consequence  of 
the  influence  of  aqueous  vapour,  and  that,  were  the  quantity 
of  vapour  reduced  to  the  amount  in  question,  the  difference 
of  temperature  at  the  two  positions  would  not  be  great. 

But  it  may  be  urged,  as  a  further  objection  to  the  foregoing 
conclusion,  that,  as  a  matter  of  fact,  on  great  mountain-chains 
the  snow-line  reaches  to  a  lower  level  on  the  side  where  the 
air  is  moist  than  on  the  opposite  side  where  it  is  dry  and 
arid — as,  for  example,  on  the  southern  side  of  the  Himalayas 
and  on  the  eastern  side  of  the  Andes,  where  the  snow-line 
descends  2000  or  3G00  feet  below  that  of  the  opposite  or  dry 
side. 

But  this  is  owing  to  the  fact  that  it  is  on  the  moist  side 
that  by  far  the  greatest  amount  of  snow  is  precipitated.  The 
moist  winds  of  the  south-west  monsoon  deposit  their  snow 
almost  w^holly  on  the  southern  side  of  the  Himalaj-as,  and  the 
south-east  trades  on  the  east  side  of  the  Andes.  Were  the 
conditions  in  every  respect  the  same  on  both  sides  of  these 
mountain-ranges,  with  the  exception  only  that  the  air  on  one 
side  was  perfectly  dry,  allowing  radiation  from  the  snow  to 
pass  without  interruption  into  stellar  space,  while  on  the  other 
side  the  air  was  moist  and  full  of  aqueous  vapour  absorbing 
the  heat  radiated  from  the  snow,  the  snow-line  would  in  this 


171  Geological  Climatology.  259 

case  undoubtedly  descend  to  a  lower  level  on  the  dry  than 
on  the  moist  side.  Melting  would  certainly  take  place  at  a 
greater  elevation  on  the  moist  than  on  the  dry  side  ;  and  this 
is  Avliat  would  mainly  determine  the  position  of  the  snow-lino. 

The  annual  precipitation  on  Greenland,  as  we  have  seen,  is 
very  small,  scarcely  one  half  that  of  the  driest  parts  of 
Great  Britain.  This  region  is  covered  with  snow  and  ice, 
not  because  the  quantity  of  snow  falling  on  it  is  great,  but 
because  the  quantity  melted  is  small ;  and  the  reason  why  the 
snow  does  not  melt  is  not  that  the  amount  of  heat  received 
during  the  year  is  unequal  to  the  work  of  melting  the  ice, 
but  that,  mainly  through  the  dryness  of  the  air,  the  snow  is 
prevented  from  rising  to  the  melting-point.  The  very  cause 
which  prevents  a  heavy  snowfall  protects  the  little  which  does 
fall  from  disappearing.  The  same  remarks  apply  to  the  Ant- 
arctic regions. 

In  South  Georgia  and  Fuego,  where  clouds  and  dense  fogs 
prevail  during  nearly  the  whole  year,  the  permanent  snow 
and  ice  are  due  to  a  different  cause.  Here  the  snowfall  is 
great,  and  the  amount  of  heat  cut  off  enormous;  but  this 
alone  w^ould  not  account  for  the  non-disappearance  of  the 
snoAv  and  ice;  for,  notwithstanding  this,  the  heat  received 
is  certainly  more  than  sufficient  to  melt  all  the  snow  which 
falls,  great  as  that  amount  may  be.  The  real  cause  is  that 
the  heat  received  is  not  sufficiently  intense  to  raise  the  tem- 
perature to  the  melting-point.  More  heat  is  actually  received 
by  the  snow  than  is  required  to  melt  it;  but  it  is  dissipated 
and  lost  before  it  can  manage  to  raise  the  temperature  of  the 
snow  to  the  melting-point;  consequently  the  snow  is  not 
melted.  Here  snow  falls  in  the  very  middle  of  summer ; 
but  snow  would  not  fall  unless  the  temperature  were  near  the 
freezing-point. 

Foregoing  j^rinciples  applied  to  the  case  of  the  Glacial 
Epoch. — Let  us  now  apply  the  foregoing  principles  to  the 
case  of  the  glacial  epoch.  As  winter  then  occurred  in 
aphelion  during  a  high  state  of  eccentricity,  that  season 
would  be  much  longer  and  colder  than  at  present.  Snow  in 
temperate  regions  would  then  fall  in  place  of  rain  ;  and 
although  the  snowfall  during  the  winter  might  not  be  great, 
yet,  as  the  temperature  would  be  far  below  the  freezing-point, 
what  fell  would  not  melt.  As  heat,  which  produces  evapora- 
tion, is  just  as  essential  to  the  accumulation  of  snow  and  ice 
as  is  cold,  which  produces  condensation,  after  the  sun  had 
passed  the  vernal  equinox  and  summer  was  approaching,  the 
consequent  rise  of  temperature  w'ould  be  accompanied  by  an 
increase  in  the  snowfall.     A  meltino-  of  the  snow  would  also 

U2     " 
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begin  ;  but  it  would  be  a  very  considerable  time  before  the 
amount  melted  would  equal  the  daily  amount  of  snow  falling. 
Rain,  alternating  with  snow-showers,  would  probably  result; 
and,  for  some  time  before  midsummer,  snow  would  cease  and 
give  place  entirely  to  rain.  Melting  would  then  go  on 
rapidly,  and  by  the  end  of  the  summer  the  snow^  woitld  all 
disappear  except  on  high  mountain-summits  such  as  those  of 
Scotland,  Wales,  and  Scandinavia.  Before  the  end  of  autumn, 
however,  it  would  again  begin  to  fall.  Next  year  would 
bring  a  repetition  of  the  same  process,  with  this  difference, 
however,  that  the  snow-line  would  descend  to  a  lower  level 
than  in  the  previous  year.  Year  by  year  the  snow-line  would 
continue  to  descend  till  all  the  high  grounds  became  covered 
with  permanent  snow. 

It  would  not  require  a  very  great  amount  of  change  from 
the  present  condition  of  things  to  bring  about  such  a  result. 
A  simple  lowering  of  the  temperature,  which  would  secure 
that  snow,  instead  of  rain,  should  fall  for  six  or  eight  months 
in  the  year,  would  suffice ;  and  this  wotild  follow  as  a  neces- 
sary result  from  an  increase  of  eccentricity.  Now,  if  all  our 
mountain-summits  were  covered  with  permanent  snow  down 
to  a  considerable  distance,  the  valleys  would  soon  become 
filled  with  local  glaciers.  In  such  a  case  we  should  then  have 
more  than  one  half  of  Scotland,  a  large  part  of  the  north  of 
England  and  Wales,  with  nearly  the  whole  of  Norway, 
covered  with  snow  and  ice.  Here  a  new  and  powerful  agent 
would  come  into  operation  which  would  greatly  hasten  on  a 
glacial  condition  of  things.  This  large  snow-  and  ice-covered 
surface  would  tend  to  condense  the  vapour  into  snow.  It 
would,  during  summer,  chill  the  air  and  produce  dense  and 
continued  fogs,  cuttino-  off  the  sun's  ravs,  and  leadino-  to  a 
state  of  things  approaching  to  that  of  South  Georgia,  which 
would  much  retard  the  melting  of  the  snow. 

It  is  a  great  mistake,  as  I  have  repeatedly  shown,  to  sup- 
pose that  the  perihelion  summers  of  the  glacial  epoch  could 
be  hot.  No  snow-  and  ice-covered  continent  can  enjoy  a  hot 
summer.  This  is  clearly  shown  by  the  present  condition  of 
Greenland.  Were  it  not  for  the  ice,  the  summers  of  North 
Greenland,  owing  to  the  continuance  of  the  sun  above  the 
horizon,  would  be  as  warm  as  those  of  England;  but,  instead 
of  this,  the  Greenland  summers  are  colder  than  our  winters, 
and  snow  during  that  season  falls  more  or  less  nine  days  out 
of  ten.  But  were  the  ice-covering  removed,  a  snow-shower 
during  smumer  would  Ije  as  great  a  rarity  as  it  would  be  with 
us.  On  the  other  hand,  cover  India  with  an  ice-sheet,  and  the 
summers  of  that  place  would  be  colder  than  those  of  England. 


in  Geological  Climatology/.  261 

When  the  hioh  grounds  of  Scotland  and  Scandinavia,  with 
those  of  the  northern  parts  of  America,  became  covered  Avith 
snow  and  ice,  and  the  eccentricity  went  on  increasing,  a 
diminution  of  the  Gulf-stream  and  a  host  of  other  physical 
agencies,  all  tending  towards  a  glacial  condition  of  things, 
would  be  brought  into  operation.  This  would  ultimately  and 
inevitably  lead  to  a  general  state  of  glaciation,  without  the 
aid  of  any  of  those  additional  geographical  changes  of  land 
and  water  which  some  have  supposed. 

llie  Mutnal  Reaction  of  the  Physical  Agents. — Those  who 
think  that  the  agencies  to  which  I  refer  would  not  by  them- 
selves bring  about  a  glacial  condition  appear  to  overlook  a 
most  important  and  remarkable  circumstance  regarding  their 
mode  of  operation,  to  which  I  have  frequently  alluded  in 
'  Climate  and  Time '  (pp.  74-77)  and  other  places.  The  cir- 
cumstance is  this : — The  physical  agencies  in  question  not 
only  all  lead  to  one  result,  A'iz.  an  accumulation  of  snow  and 
ice,  but  their  efficiency  in  bringing  about  this  result  is  actu- 
ally strengthened  by  their  mutual  reaction  on  one  another. 
In  physics  the  effect  reacts  on  the  cause.  In  electricity  and 
magnetism,  for  example,  cause  and  effect  in  almost  every  case 
mutually  act  and  react  upon  each  other  ;  but  the  reaction  of 
the  effect  tends  to  weaken  the  cause.  Those  physical  agents 
to  Avhich  I  have  referred,  no  doubt,  in  their  mutual  actions 
and  reactions  obey  the  same  law;  but  in  reference  to  one 
paiiicular  result,  viz.  the  accumulation  and  conservation  of 
snow,  those  mutual  reactions  strengthen  one  another.  This  is 
not  reasoning  in  a  circle,  as  Mr.  Searles  Wood  supposes ;  for 
the  reaction  of  an  effect  may  on  the  whole  weaken  the  cause, 
and  yet  in  regard  to  a  particular  result  it  may  strengthen  it. 
In  the  case  under  consideration  the  agents  not  only  act  in 
one  direction,  but  their  efficiency  in  acting  in  that  one  direc- 
tion is  strengthened  by  their  mutual  reactions.  This  curious 
circumstance  throws  a  flood  of  light  on  the  causes  which 
tended  to  bring  about  the  glacial  epoch. 

To  begin  with,  we  have  a  high  state  of  eccentricity.  This 
leads  to  long  and  cold  winters.  The  cold  leads  to  snow  ;  and 
although  heat  is  given  out  in  the  formation  of  the  snow,  yet 
the  final  result  is  that  the  snow  intensifies  the  cold :  it  cools 
the  air  and  leads  to  still  more  snow.  The  cold  and  snow 
bring  a  third  agent  into  play — -fogs,  which  act  still  in  the 
same  direction.  The  fogs  intercept  the  sun's  rays;  this  inter- 
ception of  the  rays  diminishes  the  melting-power  of  the  sun, 
and  so  increases  the  accumulation.  As  the  snow  and  ice  con- 
tinue to  accumulate,  more  and  more  of  the  rays  are  cut  off; 
and,  on  the  other  hand,  as  the  rays  continue  to  be  cut  off,  the 
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7'ate  of  accumulation  increases,  because  the  quantity  of  snow 
and  ice  melted  becomes  thus  annually  less  and  less.  In  addi- 
tion, the  loss  of  the  rays  cut  off  by  the  fogs  lowers  the  tem- 
perature of  the  air  and  leads  to  more  snow  being  formed, 
while,  again,  the  snow  thus  formed  chills  the  air  still  more  and 
increases  the  fogs.  Again,  during  the  winters  of  a  glacial 
epoch,  the  earth  would  be  radiating  its  heat  into  space.  Had 
this  loss  of  heat  simply  lowered  the  temperature,  the  lowering 
of  the  temperature  would  have  tended  to  diminish  the  rate  of 
loss ;  but  the  result  is  the  formation  of  snow  rather  than  the 
lowering  of  the  temperature. 

Further,  as  snow  and  ice  accumulate  on  the  one  hemisphere 
they  diminish  on  the  other.  This  increases  the  strength  of 
the  trade-winds  on  the  cold  hemisphere  and  weakens  those  on 
the  warm.  The  effect  of  this  is  to  impel  the  warm  water  of 
the  tropics  more  to  the  warm  hemis^^here  than  to  the  cold. 
Suppose  the  northern  hemisphere  to  be  the  cold  one ;  then, 
as  the  snow  and  ice  begin  gradually  to  accumulate,  the  ocean- 
currents  of  that  hemisphere,  more  particularly  the  Gulf- 
stream,  begin  to  decrease  in  volume,  while  those  on  the 
southern  or  warm  hemisphere  begin  j^ari  passu  to  increase  *. 
This  withdrawal  of  heat  from  the  northern  hemisphere  favours 
the  accumulation  of  snow  and  ice  ;  and  as  the  snow  and  ice 
accumulate  the  ocean-currents  decrease.  On  the  other  hand, 
as  the  ocean-currents  diminish  the  snow  and  ice  still  more 
accumulate.  Thus  the  two  effects,  in  so  far  as  the  accumu- 
lation of  snow  and  ice  is  concerned,  mutually  strengthen  each 
other. 

The  same  process  of  mutual  action  and  reaction  takes  place 
among  the  agencies  in  operation  on  the  warm  hemisphere; 
only  the  result  produced  is  diametrically  opposite  to  that  pro- 
duced in  the  cold  hemisphere.  On  this  warm  hemisphere 
action  and  reaction  tend  to  raise  the  mean  temperature  and 
diminish  the  quantity  of  snow  and  ice  existing  in  temperate 
and  polar  regions. 

*  Prof.  Dana  has  shown  tliat  in  North  America  those  areas  \\'hich  at 
present  have  the  greatest  rainfall  are,  as  a  rule,  the  areas  which  -were 
most  glaciated  during  the  glacial  epoch.  Mr.  Searles  V.  Wood  (Geol. 
Mag.,  July)  maintains  that  this  fact  is  inconsistent  with  the  theory  that 
the  glacial  period  was  due  to  the  cause  to  which  I  attribute  it.  I  am 
totally  unable  to  comprehend  how  he  arrives  at  this  conclusion.  Sup- 
posing the  Gulf-stream,  as  I  have  maintained,  were  greatly  diminished 
during  the  glacial  period,  still  I  think  it  would  follow,  other  things  being 
equal,  that  the  areas  which  now  have  the  greatest  rainfall  would  during 
that  period  probably  have  the  greatest  snowfall,  and  consequently  the 
greatest  accumulation  of  ice.  The  amount  of  precipitation  might  be  less 
than  at  present;  but  this  would  not  prevent  the  areas  which  had  the 
greatest  snowfall  from  being  most  covered  with  ice. 
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The  primary  cause  of  all  these  physical  agencies  being  set 
in  operation  is  a  high  state  of  eccentricity  of  the  earth's 
orbit ;  and  with  a  continuance  of  that  state  a  glacial  epoch 
becomes  inevitable. 

The  Explanation  begins  loith  Winter. — Mr.  Hill  asks  why  I 
always  begin  in  my  explanation  with  the  aphelion  winter 
rather  than  with  the  perihelion  summer.  The  reason  is  that 
the  character  of  the  summer  is  determined  by  that  of  the 
winter,  and  not  the  winti'r  by  that  of  the  summer.  It  is 
true  that  to  a  certain  extent  the  influence  is  mutual ;  but  the 
effect  of  the  summer  on  the  Aviuter  is  trifling  in  comparison 
Avitli  that  of  the  winter  on  the  sunmaer.  To  begin  our  expla- 
nation with  the  summer  would  be  like  besinnino;  at  the  end 
of  a  story  and  telling  it  backward. 

M.  Woeikof  on  the  Cause  of  Glaciation. — In  an  article  by 
A.  Woeikof  on  "  Glaciers  and  Grlacial  Periods  in  their  rela- 
tions to  Climate  "  ('  Nature,'  March  2nd,  1882),  it  is  main- 
tained that  the  chief  cause  which  leads  to  the  formation  of 
snow,  and  consequently  to  a  glacial  condition,  is  a  low  surface- 
temperature  of  the  sea  surrounding  or  adjoining  the  land. 
When  the  surface-temperature  of  the  water  much  exceeds  the 
freezing-point,  the  vapour,  he  says,  evaporated  from  the  sea 
and, condensed  on  the  land  will  be  rain  and  not  snow  ;  but 
when  the  temperature  of  the  water  is  near  the  freezing-point, 
snow  will  be  the  result.  A  diminution,  for  example,  in  the 
heat  brought  by  the  Grulf-stream  that  would  very  greatly 
lower  the  surface-temperature  of  the  sea  surrounding  Great 
Britain  would,  he  says,  bring  about  a  heavy  snowfall  and 
lead  to  permanent  snow  and  ice.  Again,  he  maintains,  ''  As 
there  is  no  reason  to  suppose  that  the  surface-temperature  of 
the  sea  would  be  lower  during  winter  in  aphelion  and  high 
eccentricity,  it  follows  that  there  will  not  be  more  snow  than 
now  in  countries  where  rain  is  the  rule,  even  in  winter,  all 
other  things  equal. '^ 

There  is  surely  a  fallacy  lurking  under  this  theory  of  M. 
Woeikof.  Snow  instead  of  rain  is  not,  as  he  supposes,  owing 
to  the  low  temperature  of  the  water  from  which  the  vapour 
is  derived,  but  to  the  low  temperature  of  the  air  where  the 
vapour  is  precipitated. .  Of  course,  when  the  surface  of  the 
sea  is  near  the  freezing-point,  the  air  over  the  sea  and  the 
adjoining  land  is  usually  also  not  far  from  the  freezing-point, 
and  consequently  the  precipitation  is  more  likely  to  be  snow 
than  rain.  If  the  air  be  cold,  as  it  generally  is  over  a  snow- 
and  ice-covered  country,  a  high  temperature  of  the  adjoining 
seas,  were  this  possible,  would  greatly  increase  the  snowfall. 
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because   it  would   greatly  augment   the  quantity  of  vapour 
which  would  be  available  for  snow. 

I  shall  next  examine  at  considerable  length  Mr.  Alfred  R. 
Wallace's  modification  of  the  theory,  as  given  in  '  Island  Life.' 

XXXVIII.   On  Mr.  Heath's  Criticism  of  Ferrel's  Theory/  of 
Atmosplieric  Currents.     By  Fraxk  Waldo*. 

IT  is  not  astonishing  that  Mr.  Heath  should  not  have  a  cor- 
rect idea  of  the  Theory  of  Atmospheric  Currents  accepted 
bv  the  meteorologists  of  today  ;  but  he  was  rather  hasty  in 
writing  the  criticisms  on  Mr.  Ferrel's  paper  which  have  just 
appeared  (in  the  July  number  of  this  Journal). 

I  should  do  nothing  more  than  refer  the  critic  to  papers 
from  which  he  could  obtain  information,  if  it  were  not  that  an 
answer  to  his  remarks  is  called  for,  not  at  all  to  defend  Ferrel, 
because  that  is  unnecessary,  but  to  bring  this  matter  a  little 
more  prominently  before  those  who  have  read  the  criticism 
referred  to,  and  who,  if  they  accept  it,  will  form  an  incorrect 
notion  of  the  theory  of  atmospheric  currents. 

In  the  first  place  the  critic  seems  to  be  almost  totally  un- 
acquainted with  the  literature  of  the  subject.  It  is  true  that 
he  has  apparently  read  Ferrel's  first  mathematical  paper, , and 
some  minor  papers  in  'Nature  ;'  but  he  makes  no  reference  to 
the  other  papers  (more  than  sixty)  on  this  topic  which  have 
appeared  within  the  last  twenty-five  years. 

Tlie  whole  subject  is  one  that  has  been  much  neglected  in 
England  ;  and,  a})art  from  the  papers  in  '  Nature,'  an  article 
published  by  Mr.  Daniel  Yaughan  of  Cincinnati  (U.S.)  in  the 
British-Association  Report  for  1859,  and  an  article  by  Professor 
Everett,  I  know  of  no  purely  English  writings  which  can  be 
called  at  all  important  on  the  new  dynamical  meteorology. 

I  will  first  take  up  some  of  the  points  touched  upon  by  the 
critic,  and  make  a  few  references  to  the  literature. 

Dr.  Haughton,  as  quoted  on  page  13,  renders  only  due 
credit  to  Ferrel  when  he  says  that  Ferrel  has  given  a  solution, 
which  is  in  general  satisfactory,  of  the  problem  of  air-currents 
in  his  important  memoir.  This  memoir  is  justly  considered 
the  first  of  the  series  of  papers  which  folloAved,  in  which  the 
atmospheric  movements  are  deduced  dynamically  ;  and  it  is 
recognized  as  the  most  important  jiaper  in  the  earlier  history 
of  the  new  meteorology — new  as  opposed  to  the  Dovian. 

Mr.  Heath  says  (pp.  14-15): — "A  mass  situated  anywhere 
near  the  surface,  but  unconnected  with  it  and  unresisted 
by  the  air.  if  put  in  motion,  will  begin  to  move  in  fixed 
*  Comnmuicated  bv  the  Author. 
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space,  in  a  straight  line,  in  a  direction  and  with  a  velocity 
compounded  of  the  velocity  it  had  in  common  with  the  surface 
at  that  place  and  that  of  the  impulse  given  to  it,  in  accordance 
with  the  principle  of  the  Parallelogram  of  Velocities,  and  will 
be  drawn  out  of  that  line  only  downwards,  by  the  force  of 
gravity  at  the  centre  of  the  earth  :  and  therefore  it  will  never 
leave  the  plane  of  the  great  circle,  fixed  in  space,  which  com- 
prises the  original  direction  and  this  centre."  This  refers  to 
absolute  motion,  while  the  question  is  one  of  relative  ;  it  will 
be  spoken  of  further  on.  HoAvever,  that  this  absolute  motion 
is  not  in  the  least  contradictory  to  the  ajiplicition  of  the  prin- 
ciple of  the  preservation  of  areas  as  carried  out  by  Ferrel  and 
others  and  as  questioned  by  Mr.  Heath,  is  proven  by  Dr.  A. 
Sprung  in  an  article,  "  Zur  Anwendung  des  Princips  der 
Flachen  in  der  Meteorologie,"  Oesterr.  Zeitschrift  filr  Meteo- 
7'oloc/ie,  Band  xvi.  page  62. 

On  page  15  he  remarks  that  Sir  John  Herschel,  in  his 
'  Meteorology,'  does  not  mislead  his  readers  as  Ferrel  does. 
It  may  be  here  remarked  that,  in  the  book  referred  to,  Her- 
schel did  not  give  the  true  theory  of  the  winds  as  at  present 
accepted.  Ferrel  was  right  in  speaking  of  the  Avrong  teach- 
ing of  the  text-books,  because  it  is  only  a  few  years  since  the 
true  explanation  was  first  given  in  any  of  them,  and  even 
now  those  in  which  it  is  found  can  be  counted  on  the  fingers 
of  one  hand. 

The  "  force '^  which  is  described  on  page  15  as  incomprehen- 
sible is  explained  in  Poisson's  paper  on  projectiles,  "  Memoire 
sur  le  mouvement  des  projectiles  dans  Fair,  en  ayant  egard 
a  la  rotation  de  la  terre,"  lu  a  I'Academie  des  Sciences,  le  14 
novembre  1837,  Journal  de  V Ecole  Polyteclinique,  cahier  xxvi. 
There  is  also  a  discussion  on  the  subject  in  the  Comjjtes  Ren- 
dus,  tome  xlix.  &c.,  &c.  ;  and  Poisson's  paper  is  mentioned  in 
Routh's  '  Rigid  Dynamics'  (3rd  edition),  1877,  p.  218. 

In  regard  to  Ferrel's  criticisms  of  Colding,  he  was  right 
in  saying  that  Colding  did  not  take  into  account  one  compo- 
nent of  the  effect  of  the  earth's  I'otation. 

As  to  Ferrel  and  Everett  having  jointly  discovered  this 
component,  there  has  never,  to  my  knowledge,  been  sucih  a 
claim  made.  It  was  discovered  many  years  previously,  but  was 
rediscovered  by  Ferrel  independentlv. 

In  regard  to  the  two  points  brought  out  on  page  18 — first, 
the  application  of  the  principle  of  the  conservation  of  areas, 
and,  secondly,  the  path  of  a  body  on  the  earth's  surface — Mr. 
Heath  is  in  error  in  his  criticism.  As  to  the  first  point,  this  is 
not  the  first  time  that  the  application  of  this  theorem  has  been 
questioned.     Dr.   Thiesen   employs  it  in  an  article  "  Ueber 
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Bewegungen  auf  der  Erdoberflliche,"  pages  203-206,  Band 
xiv.  of  the  Oesterreichisclien  Zeitschrift  filr  Meteorologie,  and, 
on  being  criticised  for  doing  so,  replies,  "  the  area  principle 
is  always  applicable  in  a  determined  plane,  if  the  pi'ojection 
of  the  forces  acting  in  this  plane  has  no  momentum'"  (see  page 
88,  Band  xv.  of  the  same  Journal).  Also,  page  89,  '•  In  the 
present  case,  in  which  the  earth  is  regarded  as  a  rotating  bodj, 
the  attracting  force  as  well  as  the  predominating  pressure 
force  on  the  eai'th^'s  surface  lies  in  the  meridian,  and  conse- 
quently has  in  the  equatorial  plane  no  momentum  of  rotation 
in  relation  to  the  earth's  axis." 

On  page  40  of  KirchhofF's  Mechanik  (2nd  edition),  as  well 
as  in  Schell's  TJieorie  der  Beicegiing  nnd  der  Krdfte  (2nd 
edition),  pages  351-354,  is  found  the  theorem  of  the  conser- 
vation of  areas  and  the  cases  to  svhich  it  can  be  applied  ;  and 
here  we  find  the  theorem  employed  by  Thiesen.  This  proves 
conclusively  that  Ferrel  is  correct  in  using  it. 

With  respect  to  the  second  point,  on  page  209  of  the 
third  edition  of  Bouth's  '  Dynamics  '  we  find  the  following 
theorem: — "In  finding  the  motion  of  a  particle  of  mass  ra 
with  reference  to  any  moving  axes,  we  may  treat  the  axes  as 
if  thev  were  fixed  in  space,  provided  we  regard  the  particle  as 
acted  on,  in  addition  to  the  impressed  forces,  by  two  forces: — 
(1)  a  force  equal  and  opposite  to  that  which  would  constrain 
the  particle  to  remain  fixed  to  the  moving  axes,  and  which  is 
measured  by  mf,  where  /  is  the  reversed  acceleration  of  the 
point  of  moving  space  occupied  by  the  particle  ;  (2)  a  force 
perpendicular  to  both  the  direction  of  relative  motion  of  the 
particle  and  to  the  central  axis  or  axis  of  rotation  of  the  mov- 
ing axes,  and  which  is  measured  by  2m\Vi  sin  6,  where  V  is 
the  relative  velocity  of  the  particle,  H  the  resultant  angular 
velocity  of  the  moving  axes,  and  6  the  angle  between  the 
direction  of  the  velocity  and  the  axis  of  rotation." 

It  is  a  question  of  relative  motion  that  is  being  considered ; 
and  it  is  evident,  as  Bouth  remarks  on  page  213,  that  "the 
motion  of  a  body  on  the  surface  of  the  earth  is  not  exactly  the 
same  as  if  the  earth  were  at  rest." 

A  casual  reader  might  see  part  of  Ferrel's  jiaper  in  the 
same  light  as  Mr.  Heath  ;  but  we  must  remember  that  it  is 
to  be  taken  for  the  most  part  as  a  qualitative  and  not  a  quan- 
titative investigation. 

Although  not  in  formula,  yet  in  words  the  equation  of  con- 
tinuity is  taken  into  account. 

On"  pages  18  to  23  we  find  a  more  detailed  criticism  of 
Ferrel's  paper. 

That  FerreFs  results  were  somewhat  peculiar  is  to  be  ad- 
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mitted;  and  it  was  perhaps  this  peculiarity  that  kept  them  so 
long  unrecognized  ;  hut  careful  study  has  led  to  their  accept- 
ance by  the  foremost  meteorologists.  He  could  not  hope  to 
solve  the  complex  problem  as  it  really  exists^  and  was  obliged 
to  make  his  solution  very  general. 

On  pp.  386-391,  Band  xiv.  of  the  Oesterr.  Zeitsch.  filr  Me- 
teoroloyie  is  given  a  review  of  the  first  part  of  Ferrel's  elabo- 
ration, mentioned  below,  of  his  early  paper;  pp.  161-175  and 
276-283  of  the  xvii.  Band  of  the  same  Journal  contain  a 
review  of  the  second  part ;  and  the  whole  was  again  reviewed 
in  '  Nature '  last  year. 

It  appears  as  though  Ferrel's  critic  had  written  his  article 
from  the  point  of  view  of  a  student  of  Laplace  and  Airy,  and 
had  not  examined  the  more  modern  text-books  on  mechanics 
to  see  if  Ferrel's  reasoning  was  admissible. 

It  is  hoped  that  instead  of  heeding  the  warning  that  has 
been  sounded  against  Ferrel,  the  readers  of  this  Journal  will 
read  the  elaborations  of  his  first  paper,  given  as  Appendices 
to  the  U.  S.  Coast-Survey  Reports  for  1875  and  1878. 

Mr.  Heath^s  paper  will  have  one  good  effect,  I  hope;  and 
that  is,  to  interest  some  of  the  English  mathematicians  and 
physicists  in  this  subject. 


XXXIX.    On  the  Equation  to  the  Secular  Inequalities  in  the 
Planetary  Theory.     By  J.  J.  Sylvester,  F.R.S.* 

AVERY  long  time  ago  I  gave,  in  this  Magazine,  a  proof 
of  the  reality  of  the  roots  in  the  above  equation,  in 
which  I  employed  a  certain  property  of  the  square  of  a  sym- 
metrical matrix  which  was  left  without  demonstration.  I  will 
now  state  a  more  general  theorem  concerning  the  product 
of  any  two  matrices  of  which  that  theorem  is  a  particular  case. 
In  what  follows  it  is  of  course  to  be  understood  that  the 
product  of  two  matrices  means  the  matrix  correspondino-  to  the 
combination  of  two  substitutions  which  those  matrices  represent. 
It  will  be  convenient  to  introduce  here  a  notion  (which 
plays  a  conspicuous  part  in  my  new  theory  of  multiple  algebra), 
viz.  that  of  the  latent  roots  of  a  matrix — latent  in  a  somewhat 
similar  sense  as  vapour  may  be  said  to  be  latent  in  water 
or  smoke  in  a  tobacco-leaf.  If  from  each  term  in  the  diagonal 
of  a  given  matrix,  \  be  subtracted,  the  determinant  to  the 
matrix  so  modified  will  be  a  rational  integer  function  of  X, ; 
the  roots  of  that  function  are  the  latent  roots  of  the  matrix  ; 
and  there  results  the  important  theorem  that  the  latent  roots  of 

*  Communicated  by  the  Author. 
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any  function  of  a  matrix  are  respectively  the  same  functions 
of  the  latent  roots  of  the  matrix  itself:  ex.gr.  the  latent 
roots  of  the  square  of  a  matrix  are  the  squares  of  its  latent 
roots. 

The  latent  roots  of  the  product  of  two  matrices,  it  may  be 
added,  are  the  same  in  whichever  order  the  factors  be  taken. 
If,  now,  m  and  n  be  any  two  matrices,  and  M.^=mn  or  wm,  I 
am  able  to  show  that  the  sum  of  the  products  of  the  latent 
roots  of  M  taken  i  together  in  every  possible  way  is  equal  to 
the  sum  of  the  products  obtained  by  multiplyino-  every  minor 
determinant  of  the  i'th  order  in  one  of  the  two  matrices  in,  n  by 
its  altruistic  ojyposite  in  the  other:  the  reflected  image  of  any 
such  determinant,  in  respect  to  the  principal  diagonal  of  the 
matrix  to  which  it  belongs,  is  its  proper  opposite,  and  the 
corresponding  determinant  to  this  in  the  other  matrix  is  its 
a  It  mist  ic  opposite. 

The  proof  of  this  theorem  will  be  given  in  my  large  forth- 
coming memoir  on  Multiple  Algebra  designed  for  the  'Ame- 
rican Journal  of  Mathematics.' 

Suppose,  now,  that  ni  and  n  are  transverse  to  one  another, 
i.  e.  that  the  lines  in  the  one  are  identical  with  the  columns  in 
the  other,  and  rice  versa,  then  any  determinant  in  rn  becomes 
identical  with  its  altruistic  opposite  in  n;  and  furthermore,  if 
rn  be  a  symmetrical  matrix,  it  is  its  own  transverse.  Con- 
sequently we  have  the  theorem  (the  one  referred  to  at  the 
outset  of  this  paper)  that  the  sura  of  the  i-ary  products  of  the 
latent  roots  of  the  square  of  a  symmetrical  matrix  (?".  e.  of  the 
squares  of  the  roots  of  the  matrix  itself)  is  equal  to  the  sum  of 
the  squares  of  all  the  minor  determinants  of  the  order  i  in  the 
matrix:  whence  it  follows,  from  Descartes's  theorem,  that  when 
all  the  terms  of  a  symmetrical  matrix  are  real,  none  of  its 
Litent  roots  can  be  pure  imaginaries,  and,  as  an  easy  inference, 
cannot  be  any  kind  of  imaginaries;  or,  in  other  Avords,  all  the 
latent  roots  of  a  symmetrical  matrix  are  real,  which  is  Laplace's 
theorem. 

I  may  take  this  opportunity  of  stating  the  important  theorem 
that  if  A-i,  Xgj  •  •  •  ^i'  iii'P  the  latent  roots  of  any  matrix  m,  then 

^  (m  — X2)(ni— X3)  .    .  {m—X) 

This  theorem  of  course  presupposes  the  rule  first  stated  by 
Prof.  Cayley  (Fhil.  Trans.  1857)  for  the  addition  of  matrices. 

When  any  of  the  latent  roots  are  equal,  the  formula  must 
be  rej)laced  by  another  obtained  from  it  l)y  the  usual  me- 
thod   of   infinitesimal    variation.      if  (j)ni  =  ni'^,    it  gives   the 
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expression  for  the  (wtli  root  of  the  matrix;  and  we  see  that  the 
number  of  such  roots  is  co*,  where  i  is  the  order  of  the  matrix. 
When,  however,  the  matrix  is  ^initary,  i.  e.  all  its  terms  except 
the  diagonal  ones  are  zeros  or  zeroidal,  i.  e.  when  all  its  terms 
are  zeros,  this  conclusion  is  no  longer  applicable,  and  a  certain 
definite  number  of  arbitrary  quantities  enter  into  the  general 
expressions  for  the  roots. 

The  case  of  the  extraction  of  any  root  of  a  unitary  matrix 
of  the  second  order  was  first  considered  and  successfully 
treated  by  the  late  Mr.  Babbage  ;  it  reappeai's  in  M.  Serret's 
Cours  d\4.lc/el)re   superieure.''''       This    problem    is    of   course 

the  same  as  that  of  findino;  a  function  -,  of  any  given 

order  of  periodicity.  My  memoir  will  give  the  solution  of  the 
corresponding  problem  for  a  matrix  of  any  order.  Of  the 
many  unexpected  results  which  I  have  obtained  by  ray  new 
method,  not  the  least  striking  is  the  rapprochement  which  it 
establishes  between  the  theory  of  Matrices  and  that  of  Inva- 
riants. The  theory  of  invariance  relative  to  associated  Matrices 
includes  and  transcends  that  relative  to  algebraical  functions. 

XL.  On  the  Influence  of  the  Jjirection  of  the  Lines  of  Force 
on  the  Distribution  of  Electricity  on  Metallic  Bodies.  By 
Alfred  Tribe,  F.Inst. C,  Lecturer  on  Chemistry  in  Dnl~ 
wich  College^. 

I  WISH  it  to  be  understood  at  the  outset  that  the  results 
on  electrical  distribution,  to  which  reference  will  be  made 
in  this  paper,  were  obtained  during  the  electrolysis  of  a  solu- 
tion of  copper  sulphate,  by  determining  the  amount,  extent, 
position,  or  nature  of  the  electrochemical  action  set  up  on  a 
metallic  plate,  or  other-shaped  conductor,  immersed  in  the 
electrolyte,  but  not  in  metallic  connexion  with  the  battery- 
electrodes.  I  would  also  point  out  that  when  I  speak  of  the 
lines  of  force  as  having  a  certain  direction  with  regard  to  a 
part  or  parts  of  a  metallic  plate,  or  other-shaped  analyzer,  or 
as  having  a  certain  direction  with  regard  to  the  boundary  of 
an  electrochemical  deposit,  it  is  to  be  understood  that  such 
would  be  the  direction  supposing  the  analyzer  itself  exercised 
no  disturbing  influence  on  these  imaginary  lines  in  the  field 
of  action. 

I.  When  the  direction  of  the  lines  of  force  is  parallel  to  the 
sides  and  perpendicular  to  the  ends  of  the  metallic  conductor. 

Some  six  years  ago  (Proc.  Roy.   Soc.   1877,  no.  181),  I 

*  Commanicated  by  the  Author. 
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ascertained,  quantitatively,  the  distribution  of  negative  electri- 
city on  a  rectangular  silver  plate,  by  determining  the  amount 
on  successive  surfiices  of  equal  area,  and  also  on  successive 
surfaces  of  equal  length,  measured  from  the  apex  of  a  diamond- 
shaped  plate  of  the  same  metal.  The  plates  were  in  the 
position  in  the  electrolytic  field  indicated  in  the  above  sub- 
title, and  were  under  similar  conditions  as  to  the  strength  of 
electrolyte,  current,  &c. 

The  bare  experimental  data  given  in  my  former  paper 
become  much  more  instructive  when  the  figures  express  the 
quantity  of  electricity  found  on  equal  areas  of  the  respective 
plates,  as  is  done  in  the  following  table.  For  convenience  of 
comparison,  the  quantity  on  the  end  surface  of  the  rectangle 
is  taken  as  100,  and  all  the  other  equal  areas  are  calculated  to 
this  standard. 


Distance  in  millimetres 

from  the  end  facing 

+  electrode. 

On  the  rectangular 
plate. 

On  the  diamond 
plate. 

U    to     2 

1000 

19(56 

2    „     4 

64-8 

428 

4    „     6 

62-4 

220 

6    „     8 

42-7 

161 

8    „   10 

36-5 

147 

10    „   12 

30-3 

124 

12    „   14 

25-5 

88 

14    „   16 

20-7 

74 

16    „   18 

15-8 

51 

18    „   20 

7-6 

38 

20    „  22 

trace 

24 

22    „  24 

6 

The  distribution  of  positive  electricity  was,  at  the  same  time, 
determined  on  a  cylinder  of  pure  copper  ;  and  taking  the 
electricity  found  on  the  rounded  end  of  the  conductor  as  ]  00, 
the  quantities  on  approximately  equal  areas  of  the  other  parts 
were  as  shown  below: — 


Distance  in  millimetres 

from  the  end  facing 

—  electrode. 

0  to     2 

1000 

2    .,     4 

45-7 

4    .,     6 

34-7 

6    „     8 

29-5 

8    „   10 

24-1 

10    „   12 

19-6 

12    „    14 

17-5 

14    „   16 

14-7 

16    „   ]8 

12-8 

18    „   20 

10-6 

20    „  22 

8-9 

22    „   24 

66 
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These  results  establish,  and,  I  think,  conclusively,  that  the 
distribution  of  electricity  on  conductors  in  an  electric  field, 
when  the  direction  of  the  lines  of  force  is  perpendicular  to 
their  ends,  and  when  the  material  of  the  field  consists  of  an 
electrolyte,  is  generally  similar  to  what  is  known  to  be  the 
distribution  of  electricity  on  conductors  in  an  electric  field 
when  the  material  consists  of  a  gaseous  dielectric.  And  the 
relatively  great  electric  density  found  on  the  end  surface  of 
the  rhombus  would  also  appear  to  establish  a  very  close  resem- 
blance (of  course  under  the  given  conditions)  between  the 
action  of  the  points  of  conductors  in  electrolytic  and  dielectric 
fields  respectively. 

In  the  experiments  now  to  be  described,  I  cm])loyed  a  trough 
305  millim.  long,  120  broad,  and  128  deep,  copper  electrodes 
of  the  same  area  as  the  ends  of  the  trough,  a  5-per-cent. 
solution  of  copper  sulphate,  and  a  current  of  one  ampere 
flowing  for  six  minutes. 

II.  When  the  direction  of  the  lines  of  force  makes  an  oblique 
angle  with  the  sides  of  the  metallic  conductor. 

In  a  former  paper  in  the  '  Philosophical  Magazine,'  June 
1881,  p.  447,  it  was  shown  that  when  the  direction  of  the  force  is 
parallel  to  the  plane  of  the  analyzing  plate,  and  perpendicular 
to  its  ends,  the  electrification  of  the  same  sign  is  identical  in 
area  on  both  sides  of  the  plate;  also  that  when  the  force  makes 
an  oblique  angle  with  the  plane  of  the  metallic  plate,  the 
electrification  of  the  same  sign  differs  in  area  on  the  sides  of 
the  plate;  and,  furthermore,  that  this  difference  in  area  in- 
creases as  the  plane  of  the  plate  approaches  a  right  angle  to 
the  direction  of  the  lines  of  force. 

In  the  annexed  table  are  set  out  the  areas  in  square  milli- 
metres of  the  electrifications  and  intermedial  spaces,  side  by 
side  with  the  angle  of  inclination  of  the  plane  of  the  plates. 
The  analyzers  employed  were  plates  of  fine  silver  measuring 
67x7  millimetres.  The  expressions  "+  side,'"  " —  side"  in 
the  table  refer  to  the  side  of  the  analyzer  opposite  to  the  +  or 
—  electrode  respectively. 


—  electrification. 

Intermedial  space. 

4-  electrification. 

Angle. 

+  side.  1  —  side. 

+  side. 

—  side. 

+  side.     —  side. 

o 

0 

1 
112           112 

91 

91 

266           266 

22i 

126           105 

91 

80 

252           284 

45 

136      !      84 

112 

112 

221           273 

67i 

152       1      52 

202 

217 

115       1     200       ' 

79 

121       1     trace 

348 

364 

trace          105 
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It  is  evident  from  these  results  that  as  the  plane  of  the  plate 
became  perpendicular  to  the  direction  of  the  lines  of  force — 
first,  the  area  of  —  electrification  increased  on  the  +  side  (at 
least  to  67^°)  and  decreased  on  the  —  side  of  the  same  plate; 
secondly,  the  area  of  +  electi'itication  decreased  on  the  +  side, 
and  varied  irregularly  on  the  —  side;  and,  thirdly,  the  area 
of  the  intermedial  space  generally  increased  on  both  sides. 

I  have  not  explored  the  distribution  of  electricity  on  these 
plates  by  actual  chemical  analysis;  but,  judging  from  the 
colour  and  general  appearance  of  the  electro-deposits,  it 
would  appear  that  as  the  direction  of  the  force  approached  a 
perpendicular  to  the  plane  of  the  analyzers  the  quantity  of 
electricity  on  the  plates  diminished,  and  that  the  electric 
density  also  diminished  at  the  respective  ends  of  the  plates. 

In  support  of  the  first  of  these  conclusions,  I  would  point 
to  some  experiments  bearing  on  the  subject  described  in  my 
paper  in  the  '  Proceedings  of  the  Royal  Society,'  1876,  p.  313. 

III.  Wlien  the  direction  of  the  lines  of  force  is  jjerjyendicular 
to  the  plane  of  the  metallic  conductor. 

There  evidently  exists,  as  we  have  just  seen,  a  relation 
between  the  quantity  of  electricity  set  up  on  an  analyzing 
plate  and  the  direction  of  the  lines  of  force  to  its  plane,  from 
which  it  would  follow  that  the  minimum  quantity  would  be 
found  when  the  plane  was  perpendicular  to  the  direction  of 
the  force.  Such  is  the  case.  In  fact,  the  only  sign  of  electri- 
fication noticeable  on  a  plate  in  this  position,  of  the  dimensions 
of  those  employed  in  the  experiments  described  in  II.,  was  a 
mere  trace  of  copper,  longitudinally  arranged  along  the  central 
part  of  that  side  of  the  plate  facing  the  +  electrode.  This 
latter  fact  was  pointed  out  in  my  paper  in  the  '  Philosophical 
Magazine'  for  June  1881,  [5]  xi.  p.  448. 

The  further  investigation  of  this  subject  has  brought  out 
many  points  of  interest.  It  has  shown  that  the  distribution 
of  electricity  on  a  metallic  plate  is  totally  different  when  its 
plane  is  respectively  parallel  or  perpendicular  to  the  direction 
of  the  lines  of  force.  It  has  already  been  pointed  out  that, 
when  the  direction  is  parallel,  the  maximum  electric  density 
is  at  the  ends  of  a  rectangular  })late,  and  diminishes  towards 
the  centre;  but,  conversely,  when  the  direction  is  perpendi- 
cular, the  maximum  electric  density  would  appear  to  be  on  the 
central  parts  and  evidently  diminishes  towards  the  edges, 
where,  and  for  some  distance  from  which,  signs  of  electrifi- 
cation are  entirely  absent.  Again,  when  the  direction  is 
parallel,  the  points  or  angular  projections  of  the  conductor, 
as  has  also  been  pointed  out,  accumulate  a  proportionally  very 
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large  quantity  of  electricity ;  but  experiment  shows  that  the 
function  of  points  and  angular  projections  is  the  reverse  of 
this  when  the  plane  of  the  conductor  is  perpendicular  to  the 
lines  of  force.  It  has  shown  also  that  the  ai'ea  of  electrifica- 
tion, and,  judging  from  the  appearance  of  the  electro-deposits, 
the  quantity  of  electrification  likewise,  increases  in  an  in- 
creasing proportion  as  the  area  of  the  plate  increases,  and 
furthermore  that,  with  plates  of  a  given  area,  the  area  of 
electrification  (and  probably  the  amount)  is  determined  solely 
by  the  relation  between  the  lengths  and  breadths  of  the  plates. 
In  the  annexed  table  is  sett  ou  the  areas  of  the  —  electrifi- 
cations registered  on  plates  differing  in  shape  but  of  equal  area, 
side  by  side  with  other  particulars;  and  fig.  1  gives  a  rough  idea 
of  the  appearance  of  the  plates  with  the  electro-deposit  thereon*. 


Area  in  square 
millimetres. 

Dimensions  in  milli- 
metres. 

—  electrifications  in 
square  millimetres. 

600 

1000 X   5 
66-6  X  7-5 
.500x10 
33-3x15 
22-4  X  22-4 

0 

40 

180 

270 

370 

Fitr.  1. 


^\\^^!;$:§i$p\\\\\\\^\^\~** 


*  Facsimiles  of  these  plates,  and  of  others  described  in  my  former 
papers,  are  given  in  the  second  edition  of  Gordon's  '  Physical  Treatise  on 
Electricity,'  vol.  ii. 

Fhil.'Mag.  S.  5.  Vol.  16.  No.  100.   Oct.  1883.  X 
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In  the  following  table  is  set  out  in  square  millimetres  the 
areas  also  of  the  —  electrifications  registered  on  a  series  of 
plates  of  the  same  shape  but  of  difierent  areas,  side  by  side 
with  other  particulars. 


Areas  in  square 
millimetres. 

Dimensions  in  milli- 
metres. 

—  electrifications  in 
square  miUimei;res. 

100 

225 

400 

1600 

10X10 
15x15 
20x20 
40X40 

0 

64 

225 

1225 

In  this  paper  I  have,  for  the  most  part,  spoken  of  the  distri- 
bution of  electricity  on  metallic  plates;  but  I  have  satisfied 
mjself  that  the  distribution  on  other- shaped  conductors  is 
similarly  modified  by  alterations  in  the  direction  of  the  lines 
of  force.  In  illustration  of  this  I  subjoin  a  diagram  (fig.  2) 
showing  the  distributions  registered  on  a  cone  with  a  hemi- 
spherical base,  placed  so  that  its  longer  diameter  was  respec- 
tively parallel  and  perpendicular  to  the  direction  of  the  lines 
of  force.  The  non-shaded  parts  of  the  figures  represent  the 
zones  of  no  electrochemical  action. 

Ficr.  2. 


The  experiments  described  and  referred  to  in  this  paper 
have  shown : — 

I.  That  in  a  given  electrolytic  field  the  quantity,  the 
distribution,  and  the  area  of  electrification  on  a  given  metallic 
plate  are  severally  determined  by  its  inclination  to  the  direction 
of  the  lines  of  force. 

II.  That  in  a  given  electrolytic  field  the  quantity  and  area 
of  electrification  on  a  metallic  plate  of  a  gisen  area,  when  its 
plane  is  perpendicular  to  the  direction  of  the  lines  of  force, 
are  determined  by  the  relation  between  its  length  and  breadth. 

III.  That  in  a  given  electrolytic  field  the  quantity  and  area 
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of  electrification  on  a  plate  of  a  given  shape,  when  its  plane 
is  perpendicular  to  the  direction  of  the  lines  of  force,  increase 
in  an  increasing  proportion  as  the  dimensions  of  the  plate 
increase. 

IV.  That  the  distribution  of  electricity  on  a  plate  is  sub- 
stantially reversed  when  its  plane  is  respectively  parallel  or 
perpendicular  to  the  direction  of  the  lines  of  force. 

V.  That  when  the  direction  of  the  lines  of  force,  in  an 
electrolytic  field,  is  parallel  to  the  sides  and  perpendicular  to 
the  ends  of  a  metallic  conductor,  the  distribution  of  electricity 
thereon  is  similar  to  the  distribution  of  electricity  set  up  on  a 
similar-shaped  conductor,  in  air  or  other  gaseous  dielectric, 
and  subjected  to  ordinary  inductive  forces. 

VI.  That  the  power  of  points  in  accumulating  electricity  is, 
under  the  conditions  set  out  in  V.,  similar  to  the  power  shown 
in  air  when  the  conductor  to  which  they  are  attached  is  sub- 
jected to  ordinary  inductive  forces. 

In  conclusion,  I  would  point  out  that  our  knowledge  of  the 
power  of  points  to  accumulate  electric  force,  and,  generally, 
of  the  distribution  of  electricity  on  conductors  subjected  to 
ordinary  inductive  forces  in  air,  has  been  obtained  under 
circumstances  where  it  may  be  supposed  that  the  direction  of 
the  lines  of  force  was  more  or  less  parallel  to  the  sides  and 
perpendicular  to  the  ends  of  such  conductors.  But  I  venture 
to  think,  seeing  the  close  analogy  which  evidently  exists  under 
certain  circumstances  between  the  distribution  of  electricity 
on  conductors  in  electrolytes  and  in  dielectrics,  that  the  further 
exploration  of  electrical  distribution  on  conductors  in  air  sub- 
jected to  inductive  forces  differing  in  direction,  will  show  that 
the  laws  governing  the  distribution  of  electricity  on  conductors 
in  the  respective  electric  fields  are  similar,  if  not  identical. 
In  other  words,  the  distribution  of  electricity  on  metallic  bodies 
in  air  may  be  found  to  be  as  dependent  upon  the  direction  of 
the  lines  of  force  as  in  electrolytes. 

August  1883. 

XLI.   The  Dilatation  of  Crystals  on  Change  of  Temperature. 
By  L.  Fletchek,  M.A.,  of  the  Mineral  Department,  British 
Museum ;  late  Felloio  of  University  College,  Oxford*. 
[Second  paper.] 
[Plate  in.] 

IN  a  previous  paper  bearing  the  above  titlef,  read  before  the 
Crystallological  Society  in  November  1879,  the  following 
properties  were  shown  to  follow  from  the  assumption  that  the 

*  Read  before  the  Crystallological  Societv,  July  3,  1883. 
t  Phil,  Mag.  1880,  vol.  ix.  p.  81. 
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geometrical  and  physical  characters  of  a  crystal  are  the  same 
along  all  lines  having  the  same  direction  : — 

1.  A  plane  of  physical  and  geometrical  symmetry  is  perma- 
nent for  all  changes  of  temperature  so  long  as  the  crystalline 
arrangement  is  preserved.  A  crystal  may  thus,  theoretically 
at  least,  pass  on  mere  change  of  temperature  from  a  system 
of  lower  to  one  of  higher  symmetry,  but  not  vice  versa,  "with- 
out a  preliminary  destruction  of  the  crystalline  arrangement 
of  its  molecules. 

2.  A  sphere  at  one  temperature  in  general  becomes  an 
ellipsoid  at  a  second. 

3.  Any  three  lines  mutually  perpendicular  at  the  first  tem- 
perature become  three  conjugate  diameters  of  the  ellipsoid  at 
the  second. 

4.  One  particular  triad  of  lines,  namely  that  which  at  the 
second  temperature  coincides  with  the  axes  of  the  ellipsoid,  is 
rectangular  at  both  temperatures  :  the  lines  of  this  triad  are 
the  directions  of  greatest  mean  and  least  expansion,  and  have 
been  called  by  Neumann  thermic  axes. 

5.  The  pair  of  diameters  at  right  angles  to  the  circular 
sections  of  the  ellipsoid  are  such  that  the  expansion  of  all 
crystal-lines  normal  to  them  at  the  second  temperature  has 
been  the  same  :  they  thus  present  a  character  analogous  to 
that  of  the  optic  axes  and  of  the  magnetic  axes  of  Pllicker. 

6.  One  triad  of  lines  has  absolutely  the  same  position  in 
space  at  the  two  tem])eratures,  and  at  the  suggestion  of  Prof. 
Maskelyne  has  been  designated  as  a  triad  of  atropic  lines  ; 
being  in  general  not  at  right  angles,  they  are  distinct  from 
the  thermic  axes  ;  and  if  jjermanently  fixed  in  space  for  all 
variations  of  temperature  they  must  be  intimately  related  to 
the  structure  of  the  crystal,  and  would  in  such  case  have  a 
claim  to  be  regarded  not  as  arbitrary  but  as  veritable  axes  of 
the  crystal. 

7.  An  infinite  number  of  triads  of  lines  can  be  found 
which  retain  their  mutual  inclinations  while  changing  their 
directions  in  space:  the  lines  of  such  triads  will  in  this  paper  be 
designated  as  isotropic ;  the  so-called  thermic  axes  are  merely 
the  particular  triad  of  isotropic  lines  for  which  the  angles  of 
mutual  inclination  are  right  angles. 

8.  If  in  a  crystal  belonging  to  the  Oblique  system  the  two 
lines  in  \\\e  symmetry-plane  Avhich  are  atropic  for  one  pair  of 
temperatures  are  atropic  for  all  others,  no  lines  isotropic  for 
one  pair  of  temperatures  will  retain  their  inclination  perma- 
nently, and  thus  having  no  constancy  of  inclination  can  scarcely 
be  important  as  structural  lines  of  the  crystal. 

It  was  further  shown  that  in  the  Cubic  system  all  lines,  and 
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in  the  Tetragonal  and  Hexagonal  systems  all  lines  parallel  or 
perpendicular  to  the  axis  of  highest  symmetry,  are  permanent 
in  direction  on  change  of  temperature  of  the  crystal ;  that  in 
the  Rhombic  system  both  the  thermic  axes  and  the  atropic 
lines  are  coincident  with  the  crystallographic  axes  ;  that  in 
the  Oblique  system  one  thermic  axis  and  one  atropic  line 
coincide  with  the  crystallographic  axis  perpendicular  to  the 
plane  of  symmetry,  while  the  remaining  thermic  axes,  atropic 
lines,  and  crystallographic  axes  lie  without  any  evident  con- 
nection in  the  plane  of  symmetry  ;  and  that  in  the  Anorthic 
system  the  thermic  axes,  atropic  lines,  and  crystallographic 
axes  are  apparently  quite  independent  of  each  other. 


With  the  view  of  experimentally  testing  the  above  theory 
of  the  possible  want  of  permanency  of  the  thermic  axes,  Mr. 
Beckenkamp*,  at  the  instance  of  Professor  Groth,  has  under- 
taken in  the  Strassburg  laboratory  the  onerous  task  of  making 
precise  measurements  of  the  angles  of  anorthite,  axinite,  ortho- 
clase,  and  gypsum  at  various  temperatures;  and  for  this  pur- 
pose a  large  goniometer  reading  to  seconds  has  been  at  his 
disposal.  Deducing  from  these  measurements  the  positions 
of  the  thermic  axes  by  the  help  of  formulae  constructed  by 
the  elder  and  younger  Neumann  for  Oblique  and  Anorthic 
crystals  respectivelyf,  Mr.  Beckenkamp  finds  that,  while  the 
variation  in  the  case  of  the  other  minerals  examined  is  within 
the  limits  of  the  errors  of  experiment,  in  a  crystal  of  anorthite 
the  axis  of  minimum  expansion  for  the  pair  of  temperatures 
20° — 80°  C.  is  as  much  as  26°  36' distant  from  the  corresponding 
axis  for  the  pair  of  temperatures  20° — 200°  C;  and  Mr.  Becken- 
kamp further  states  that  it  is  unnecessary  to  show  that  this  is 
beyond  any  possible  experimental  error. 

Any  deviation,  however  small,  from  absolute  rectangularity 
of  the  lines  which  are  thermic  axes  for  one  pair  of  tempera- 
tures being  clearly  fatal  to  their  permanency,  the  magnitude 
of  this  deviation  was  not  touched  upon  in  the  first  paper.  As, 
however,  the  chang-e  in  the  mutual  inclinations  of  these  lines 
could  scarcely  be  expected  to  exceed  a  few  seconds,  and  the 
change  in  the  position  of  the  thermic  axes  perhaps  a  few 
minutes,  it  seemed  necessary  to  carefully  examine  the  original 
formula3  of  Neumann  and  the  observations  and  calculations 
of  Beckenkamp  before  such  an  enormous  variation  as  26°  36' in 
the  position  of  a  thermic  axis  could  be  considered  absolutely 

*  Zeitsckrift  fur  Ej-ystallographie,  1881,  vol.  v.  p.  436 ;  and  1882,  vol.  vi, 
p.  450. 

t  Pogg.  Ann.  1833,  vol.  xxvii.  p.  240 ;  and  1861,  vol.  cxiv.  p.  492. 
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proved.     An  examination  undertaken  with  this  object  in  view 
has  led  to  the  gradual  development  of  the  present  paper. 


It  was  soon  found  that  the  formulas  of  Neumann  are  so 
complex,  and  are  arrived  at  bj  so  complicated  a  method,  that 
it  was  far  from  easy  to  become  quite  confident  that  some  small 
error  might  not  have  crept  in  to  invalidate  the  result,  more 
especially  as  Beckenkamp  had  himself  had  occasion  to  point 
out  two  printer's  errors  in  the  formula  of  the  original  paper  of 
Neumann.  This  feeling  will  perhaps  be  more  intelligible  if  we 
give  Neumann's  statement  of  the  method  by  which  the  ther- 
mic axes  are  to  be  actually  calculated.  It  is  as  follows  : — 
"  Let  OA,  OB,  OC  be  the  crystallographic  axes  and  have 
lengths  A,  B,  C  respectively:  take  three  rectangular  axes  cc^,  a:^, 
.2?3,  .^3  being  coincident  with  OC,  .ro  in  the  plane  AOC  and 
perpendicular  to  OC,  and  Xi  perpendicular  to  the  plane  AOC. 
Let  «!  ag  «3j  /^i  ^2  ^3,  7i  72  73  be  the  direction-cosines  of  OA, 
OB,  OC  at  the  initial  temperature  6  with  respect  to  the  axes 
A'l,  .^2, 1^3 ;  let  the  increments  at  the  second  temperature  6  of 
the  nine  cosines  «i,  «2)  "35  &c-  &c.  be  denoted  by  Aaj,  A«2, . . . , 
and  of  the  lengths  A,  B,  C  by  AA,  AB,  AC.  For  brevity 
write 

AA_AC_Aa  AB      AC  _  A6 

"aT      "C"  ~   a     ""'        B  C    ~   b' 


and  let  a  denote  the  determinant 

«1       «2       «3 

|Si     /Ss     ^3 
Yi     72     73 
Find  nine  constants  A  from  the  following  formula: — 
da 


A2'  = 


dak 


da    .  .        da    . 


+ 


da  Aa  da  Ab  . 

d^u~^'''^'dfkT^' 


a  a 

and  construct  the  equations 

2(A/-E)C,      +   (A/'  +  A2')C2  +  (A/''  +  A30C3=0, 
(A2'  +  A/0Ci  +  2(A2"-R)C2     +  {Ar  +  ^z")O^^0, 

(A3'  +  A/'0Ci+   (A3''  +  A2''0C2  +  2(A3'''-R)C3  =0, 
C?+  Cl+  Cl^l. 

Determine  the  roots  Ri,  Rg,  R3  of  the  cubic  equation 
2(A/-R)        (A/'  +  AsO 


(A/''  +  A3') 


(A/-hA/0  2(A2''-R)      (A2''^  +  A3'0 


=  0. 
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Substituting  in  turn  these  roots  in  the  preceding  equations, 
calculate  the  values  of  Ci,  C2,  C3:  each  set  of  values  of  Cj,C2,C3 
will  give  the  direction-cosines  relative  to  the  rectangular  axes 
jci,  x^,  x^  of  the  directions  at  the  second  temperature  6'  of 
thermic  axes  for  the  pair  of  temperatures  6  and  6'^ 

It  is  not  recorded  that  Neumann  himself  made  any  practi- 
cal use  of  these  formulae;  and  it  would  appear  that  Pape,  by  his 
determination  of  the  thermic  axes  of  crystals  of  copper  sul- 
phate*, was  the  first  to  show  that  they  come  within  the  range 
of  practical  crystallography  :  the  actual  results,  however,  can- 
not be  very  precise,  seeing  that  the  instrument  employed  only 
afforded  readings  to  a  minute.  Beckenkamp  has  now  made 
extensive  use  of  these  formulse  to  ascertain  whether  or  not  in 
an  Auorthic  crystal  the  same  crystal-lines  remain  permanently 
at  right  angles,  and  decides  the  question  in  the  negative. 

It  had  occurred  to  the  writer  that  results  deduced  from  these 
formula  would  really  be  useless  for  the  purpose  of  testing  the 
permanency  of  the  thermic  axes,  since  the  equations  are  ob- 
tained by  neglecting  small  quantities  of  the  second  order  upon 
which  one  would  expect  any  change  in  the  thermic  axes  to 
depend.  In  fact  it  will  be  shown  later  that  on  reversing  the 
oi'der  of  the  temperatures,  exactly  the  same  equations,  and  con- 
sequently the  same  direction-cosines^  as  before  will  be  ob- 
tained; but  this  time  they  must  give  the  position  of  the  thermic 
axes  at  the  lower  instead  of  at  the  higher  temperature.  In 
other  words,  the  formulae  only  give  the  position  of  the  thermic 
axes  within  an  angular  distance  equal  to  the  actual  displace- 
ment of  the  corresponding  crystal-lines  by  the  change  of  tem- 
perature. 

As,  however,  the  calculated  deviation  of  26°  36'  in  the  position 
of  one  of  the  thermic  axes  of  anorthite  is  evidently  far  beyond 
the  displacement  of  any  lines  of  the  crystal,  it  would  appear  to 
result  from  some  other  cause  than  the  neglect  of  the  terms  of 
the  second  order. 


Since  it  is  very  difficult  to  imagine  that  two  lines  of  a 
crystal  can  have  the  same  mutual  inclination  at  two  different 
temperatures  and  yet  deviate  therefrom  at  intermediate  ones, 
we  propose  to  show  in  the  first  place  by  actual  calculation 
that  such  a  property  is  undoubtedly  characteristic  of  crystal- 
line bodies  ;  and  incidentally  we  shall  find  the  deviation  in 
the  case  of  the  particular  mineral  used  for  illustration,  thus 
obtaining  a  clue,  however  faint,  to  the  order  of  magnitude 
of  this  deviation  in  the  general  case. 

*  Pogg.  Ann.  1868,  vol.cxxxv.  p.  1. 
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The  mineral  we  select  for  this  illustration  is  rock-crystal; 
and  for  the  following  reasons  : — 

1st.  Any  section  through  the  morphological  axis  contains 
two  lines  which  are  at  once  thermic  axes  and  atropic  lines  for 
all  temperatures; 

2ndly.  The  expansions  along  these  atropic  lines  have  been 
determined  by  Fizeau  with  great  accuracy ;  and 

3rdly.  These  expansions  are  very  different,  one  being  almost 
double  the  other. 

The  precision  attained  by  the  method  of  Fizeau*  will  be 
better  appreciated  if  we  mention  that  two  determinations 
made  with  especial  care  at  times  separated  by  an  interval  of 
about  twelve  months,  during  which  the  apparatus  had  been 
heated  and  cooled  some  hundreds  of  times,  gave  for  the  co- 
efficient of  expansion  in  the  direction  of  the  morphological 
axis  0-0000078118  and  0-0000078117  respectively. 

We  may  here  conveniently  call  attention  to  the  fact  that 
Fizeau's  method  when  employed  alone  gives  the  variation  in 
the  thickness  of  the  plate  and  not  the  variation  in  length  of  a 
crystal-line  initially  normal  to  its  faces,  the  two  quantities 
only  being  identical  when  the  same  line  of  the  crystal  is  per- 
manently normal  to  the  plate.  If  h  be  the  initial  thickness  of 
the  plate,  and  h'  the  length  at  the  second  temperature  of  a 
line  which,  though  at  the  first  temperature  normal  to  the 
plate,  is  at  the  second  temperature  inclined  to  the  normal  at 
an  angle  6,  the  quantity  measured  by  Fizeau  is  //  cos  6 — h, 
and  differs  from  the  true  expansion  of  the  crystal-line,  namely 
h' —  h,  by  a  quantity  // (1  — cos  ^),  which,  though  always 
small,  is  in  many  cases  quite  appreciable  ;  if,  for  instance,  for 
an  interval  of  temperature  of  100°  C.  the  normal  be  rotated 
through  an  angle  of  10',  as  is  sometimes  the  case,  the  correc- 
tion of  the  coefficient  of  expansion  for  that  interval  is  -0000042 
and  for  an  interval  of  1°  C.  is  -000000042,  quantities  scarcely 
to  be  neglected. 

The  present  illustration  is  so  chosen  that  this  difficulty  does 
not  present  itself,  the  expansions  having  been  determined  by 
Fizeau  from  plates  normal  to  permanently  atropic  lines. 

Let  X  0  Z  (PI.  III.  fig.  1)  be  any  section  of  a  crystal  of 
quartz  of  which  0  Z  is  the  morphological  axis  and  OX  any  line 
perpendicular  to  it,  these  lines  being  permanent  in  direction  in 
space  for  all  changes  of  temperature  ;  let  the  unit  lengths 
along  0  X,  0  Z  at  the  initial  temperature  ^i  become  a,  /3  at  the 
temperature  t^ ;  let  L'  X'  be  the  position  at  the  second  tempe- 
rature of  the  line  which  initially  has  the  position  L  N,  and  let 

•  Comptes  Bendtis,  1868,  vol.  Ixvi.  p.  10013. 
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0  P',  0  P  be  the  corresponding  normals  from  0.     Then 

OU  =  «OL, 

whence 

tanFX=§^;  =  ^g^  =  |tanPX.  .     .     .     (1) 

Similarly,  if  OQ',  OQ  be  the  normals  to  a  second  plane  at 
these  two  temperatures, 

tan  Q'X=  |tan  QX  ; (2) 

whence,  if  the  angle  P'Q'  =  PQ,  or  the  planes  P,  Q  be  isotropic 
for  the  two  temperatures  ^i,  <2j  we  have 

tan  (Q'X-FX)=  tan  (QX-PX), 
or 

x(tanQX— tanPX)  ,       __  ^^ 

/3^       ^  '         tanQX-tanPX 


1  +  g  tan  QX  tan  PX        ^  +  ^^^  ^^  ^^^  P^' 
whence 

tan  QX= ^ =tan  YZ  from  (1),     .      (3) 

|tanPX 
P 
or 

QX=P'Z  =  90°-FX, (4) 

a  simple  relation  giving  the  position  of  a  plane  Q  isotropic 
for  this  pair  of  temperatures  to  a  given  plane  P. 

It  is  now  necessary  to  find  the  angle  P''Q''  between  these 
same  planes  P,  Q  at  a  third  temperature  t^. 

If  the  unit  lengths  along  OX,  OZ  at  t^  become  a  and  b 
respectively  at  t^,  we  find,  just  as  before,  that 

tanP''X=^'tanPX, 


tan  Q^'X=  7  tan  QX, 


=  7^cotPX,  from(3); 
0  a 
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whence 

tan  Q^T^^  ^  tan  (Q^^X-P^^X) 
tanQF  tan(QX-PX) 

J^cotPX-JtanPX  1+? 

o  a  b  u 

X 


1+^-  ^cotPX-tanPX 

=  ^±1_  0,   'iK^), (5) 

b     „a  ub^-\-Qa^  ^  ' 

«-  +  /3- 
a        b 

a  relation  which  holds  rigorously  for  any  crystal-section  con- 
taining two  rectangular  atropic  lines. 

The  planes  P,  Q  will  thus  not  be  permanently  isotropic  unless 

a5(a  +  |S)   equals  ah^  +  ^a"^,  or  n=  j    for  all  temperatures — a 

condition  which  is  only  satisfied  for  those  crystals  in  which  a 
is  permanently  equal  to  /3. 

In  the  case  of  rock-crystal,  according  to  Fizeau's  measure- 
ments     if 

^1  =  10°  C,     ^2  =  80°  C,  and  ^3  =  50°  C, 

a  =1-00100163, 

^=1-000552895, 

a  =  1-00055808, 

5=1-00030532; 

whence,  if  P,  Q  be  two  planes  isotropic  for  the  pair  of  tempe- 
tures  10° — 80°  C,  the  angle  between  them  at  50°  C.  will  be 
given  by  the  equation 

^TZr  =  "^^^  =1-00000002473, 
tanQP         a.¥  +  pa^ 

or,  to  the  second  order  of  small  quantities, 

Q''F'-QP=0-000000012365sin2QP.     .     .      (6) 

Hence  the  variation  in  the  angle  PQ  will  not  exceed  ^.-^oth  of 
a  second. 

If  a  =  1  +  m,  /3  =  1  +  w,  rt  =  1  +  f?,  h  =  1+e,  and  higher 
powers  than  the  square  of  the  small  quantities  m,  n,  d,  e  be 
neglected,  it  will  be  found  that 

ah{oL  +  ^)  _^       {d—e)(m  —  n-cl  +  e) 
'^^W+W~  2  ' 

*  Comptes  Jtendus,  186G,  vol.  Ixii.  p.  1145. 
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and  thus  to  the  same  approximation, 

Q,'T''-QF  =  (d-e)(m-n-d  +  e)  ^^"|Q^.     .    .  (7) 

Substituting  the  above  values  of  m,  71,  d,  e,  it  will  be  found  in 
this  manner  that 

Q'/p// _QP= 0-000000012384  sin  2QP,    .    .    (8) 

which  is  virtually  the  same  result  as  before. 

Again,   from  equation  (1)  we   have  for  the  intermediate 
temperature  ^3, 

tanP''X="tanPX, 
o 

"'""""^  ^tanPX-tanPX 

ta„P"P=ta„(P"X-PX)=  ^^tanP-XtanPX' 

and,  neglecting  small  quantities  of  the  second  order, 

FT=^^^sin2PX (9) 

If  for  the  sake  of  example  we  take  PX  =  30°,  we  find  in  this 
way  that  the  displacement  of  P  for  the  change  of  temperature 
10° — 50°  C.  is  about  23'':  the  change  in  the  inclination  of  P 
to  Q  for  the  change  of  temperature  10° — 50°  is  thus  less  than 
the  ■92V0  P^^^  of  the  absolute  displacements  of  the  poles  P  and  Q. 
From  the  above  we  think  it  will  be  clear  that  lines  may  be 
isotropic  for  one  pair  of  temperatures  without  being  so  for 
others;  that  when  there  are  two  perpendicular  atropic  lines, 
this  variation  of  angle  will  be  a  small  quantity  of  the  second 
order  ;  and,  further,  that  lines  may  be  isotropic  for  one  pair 
of  temperatures  and  yet  be  absolutely  without  claim  to  im- 
portance as  axes  of  the  crystal. 


In  the  previous  paper  it  was  mentioned  that,  whether  the 
indices  of  the  planes  be  rational  or  irrational,  or,  what  comes 
to  the  same  thing,  whether  the  planes  be  natural  or  artificial, 
the  indices  will  be  unaltered  by  any  change  of  temperature 
of  the  crystals  ;  and,  further,  that  the  anharmonic  ratios  of 
any  four  natural  or  artificial  planes  in  the  same  zone  must  be 
likewise  constant  on  change  of  temperature,  for  they  can  be 
expressed  in  terms  of  the  constant  indices*.  Considerable  use 
of  the  latter  property  is  made  in  the  proof  of  the  various  pro- 
positions given  in  the  present  paper  ;  as  in  the  case  of  the 
anharmonic  ratios  themselves,  the  formulae  are  true  whatever 
*  'A  Tract  on  Crystallography,'  by  W.  H.  Miller,  1863,  p.  10. 
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the  relative  positions  of  the  poles  if  arcs  measured  in  opposite 
directions  are  regarded  as  opposite  in  sign. 

Prop.  I.  Qiven  the  alterations  of  the  angles  between  three 
planes  of  a  cone,  to  determine  the  displacement  of  a  fowth  plane 
of  the  zone  [see  also  Props.  V.  and  VI.]  (fig.  2). 

Let  the  poles  a,  c,  d  at  the  first  temperature  take  up  the  posi- 
tions a',  c' ,  d'  at  the  second;  and  let  it  be  required  to  find  P', 
the  position  at  the  second  temperature  of  a  pole  having  the 
position  P  at  the  first. 

From  the  constancy  of  the  anharmonic  ratios  we  have 

[c'cZTV]  =  [c^Pfl], 


and 

whence 

If 


sin  Y'a!  sin  d!c  _  sin  Pa  sin  dc 
sin  Y'c    sin  d'a'      sin  Pc  sin  da 

sin  Y'o!         _  sin  Pa  sin  do  sin  d'a' 
sin  (P'a'— (/aQ      sin  Pc   ?k\xd'c'  sinc^a 

sin  Pa    sin  dc    sin  d'a' 
tan  Air  =^ — ^-  -; — y-,   —. — -j—i 
^       sm  Pc   sm  dc     sm  da 

a  known  quantity,  then 

tan  (PV-  ^')  =  tan  ^-^ cot  (^-45°), 

a  logarithmic  formula  by  means  of  which  the  arc  P'a'  can 
readily  be  calculated. 

Peop.  II.  Given  the  alterations  of  the  angles  between  three 
planes  of  a  zone,  to  determine  the  position  of  a  plane  in  the  same 
zone  isotropic  to  one  of  them. 

As  before,  let  a,  c,  d  be  the  given  poles,  and  let  it  be  required 
to  find  a  pole  a  isotropic  to  a. 

From  the  constancy  of  the  anharmonic  ratios, 

[ctcda^  =  [a'c'd'a'l, 
whence 

sin  ac  sin  da  _  sin  aV   sin  d'a' 

sin  a  a  sin  dc       sin  a' a'  sin  d'c' 
By  hypothesis, 

aa  =  a'a', 
and  thus 

sinac  _  sin  dc    sin  d'a' 

sin  a'c'      sin  da  sin  d'(/ 
or 

sin  (ac  —  aa)   _sin<^/c    sin  d'a' 

sin  (aV  —  aa)~  sin  da   sin  d'c' 


on  Change  of  Temperature.  285 

If  sin  dc  sin  d'a^ 

tan  d>=  -. — ^7-7  —. — ^— J 
'^      sin  dc    sm  aa 

a  known  quantity,  then 

,      /a'c'  +  ac           \            a'c'—ac         /^co  ,  jl\ 
tan (  — ^ aa\=  tan  — tan  (45  +9), 

from  which  the  arc  au  can  be  readily  found. 

Prop.  III.    To  find  a  relation  beticeen  any  two  pairs  of  iso- 
tropic planes  in  the  same  zone. 

If  a,  a,  P,  Q  be  two  pairs  of  isotropic  planes,  we  have,  as 
before, 

[aPQ«]  =  [aT'QV], 


or 


And  since 
we  have 


sin  aV  sin  Qa      sin  a'V  sin  Q'a' 
sin  aa.  sin  QP       sin  a' a'  sin  Q'P' 

aa  =  aV  and  QP  =  QT', 

sin  a'V       sin  Qa 


sin  aV       sin  Q^a' 
or 

sin(qP  +  PF-«aO_sin(QV  +  QQ^-«aO 
sin  aP  sin  Q'a' 

But 

PF  =  QQ' and  aa'  =  ff a'; 
hence 

«P=QV. 

Or,  if  two  pairs  of  planes  be  simultaneously  isotropic,  the  angle 
between  two  of  the  planes,  one  from  each  pair,  at  the  first 
temperature  is  equal  to  the  angle  between  the  other  two  planes 
at  the  second  temperature. 

Corollary. — In  the  fii'st  paper  it  was  shown  from  mecha- 
nical considerations  that,  for  any  pair  of  temperatures,  at  least 
one  pair  of  real  planes  is  atropic. 

If  a,  a  be  the  poles  of  a  pair  of  these  planes,  the  relation  just 
given  becomes 

aP  =  QV 

Or  if  in  any  crystal  two  planes  are  isotropic  for  a  given  change 
of  temperature,  the  angle  which  one  of  the  isotropic  planes 
makes  at  the  first  temperature  with  either  of  the  atropic  planes 
is  equal  to  the  angle  which  the  second  isotropic  plane  makes 
at  the  final  temperature  with  the  remaining  atropic  plane. 
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Prop.  IV.  If  tioo  planes  at  right  angles  to  the  plane  of  sym- 
metry of  an  Oblique  crystal  he  permanently  atropic,  no  other 
p>lanes  in  this  zone  retain  their  mutual  inclination  at  all  tempe- 
ratures (fig.  3). 

As  before,  let  a,  a  be  the  planes  which  are  permanently 
atropic,  and  let  P,  Q  be  planes  isotropic  for  one  pair  of  tempe- 
ratures; whence  PQ  =  P'Q'  and  PP'=QQ'.  From  the  last 
corollary  aP  =  Q'a:  if  p,  q,  S  be  the  points  of  bisection  of  the 
arcs  PP',  QQ'j  ««  respectively, 

ap  =  qa,    py=PQ  =  FQ',  and  joS  =  Sg=  ^• 

Whence,if  the  angle  between  the  isotropic  planes  P,Qbe  given, 
the  positions  of  p,  q,  the  middle  points  of  the  arcs  of  displace- 
ment PP',  QQ',  are  absolutely  definite. 

But  if  the  temperature  of  the  crystal  be  again  changed  and 
the  poles  P'  Q'  take  up  new  positions  V"  Q^',  it  is  seen  that  the 
middle  points  of  the  arcs  PP''  and  QQ''  do  not  now  coincide 
with  J)  q;  in  other  words,  the  planes  P  Q  no  longer  retain  their 
mutual  inclination. 

Pkop.  V.  The  following  method  of  calculating  the  displace- 
ment of  a  given  pole  is  sometimes  more  convenient  than  the 
method  indicated  in  Prop.  I. 

Let  a,  a  be  the  poles  of  any  pair  of  isotropic  planes,  and 
d,  d!  the  positions  of  a  third  pole  at  the  two  temperatures  :  if 
P,  P'  be  the  corresponding  positions  of  a  fourth  pole,  we  have, 
as  before, 

[aPrfa]  =  [aTV/V], 

sin  Pa  sin  da      sin  Va!  sin  d!a! 


or 


sin  pa  sin  <ia 

sin  Pa  sin  Y'aJ  _ 

sin  Pa  sin  P'a'      sin  da.  sin  d!oI 


sin  P'a'  sin  d'a' 
sin  da  sin  d'a! . 


and  is  therefore,  so  long  as  we  keep  to  the  same  pair  of  tem- 
peratures, constant  for  all  positions  of  P. 
Let 

PV-P«  =  PV-Pa=^; 
then 


whence 


sin  Pa  sin  P'a'  __  1  +  tan  6  cot  Pa, 
sin  Pa  sin  PV      1  +  tan  6  cot  Pa 

1  +  tan  6  cot  Pa      ^ 

=  1  +  ^, 


1  +  tan  6  cot  Pa 

where  e  is  some  small  quantity  dependent  upon  the  tempera- 
tures, but  independent  of  P. 
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Prop.  VI.  To  find  an  approximate  formula  for  the  displace- 
ment of  a  given  pole  P. 

Neglecting  in  the  last  formula  higher  powers  of  d  than  the 
square,  we  find  that 

(1  +  tan  e  cot  Pa)(l  -tan  6  cot  Pa  +  tan^  $  cot^  Pa)  =  1  +  e, 

tan  6  =  -. sin  Pa  sin  Pa  +  tan^  6  cot  Pa. 

sm  aa 

If  $1  be  the  first  approximation  to  6,  obtained  by  neglecting 
the  term  of  the  second  order  tan^  0  cot  Pa,  we  have 

01  =  k  sin  Pa  sin  Pa, 

where  k=  -. ,  and  is  thus  a  small  quantity  independent  of 

sm  aa  i  j  r 

the  position  of  P. 

If  $2  be  the  second  approximation, 

^o  =  ^i  +  tan2^^cotPa. 

Prop.  VII.   To  determine  the  value  of  the  coefficient  k. 
Let   <^   be   the   variation    of  any  given  angle  Qa ;    then 
(Prop.  V.) 


l+e  = 


_  1  +  tan  ^  cot  Qa 


whence 


1  +  tan  (p  cot  Qa 

(cot  Qa— cot  Qa)  tan  ^ 
1  +  tan  ^  cot  Qa 


and  ,  _      e      _  sin  ^ 

*       sin  ua      sin  Qa  sin  ( Qa  +  ^) 

a  logarithmic  formula  by  means  of  which  h  can  be  readily 
found. 

Prop.  VIII.  To  find  the  maximum  and  minimum  values  of 
the  term  of  the  second  order  tan"^  O-^  cot  Pa. 

This  proposition  is  convenient  for  determining  whether  or 
not  the  term  can  be  neglected  in  comparison  with  experi- 
mental errors. 

Let  a=:180° — eta, 

then 

tan^  6,  cot  Pa  =  k'sir^  Pa  sin"  ( Pa  +  a)  -. — :pp- 

^  ^  sm  Pa 

=  f  sin2Pasin2(Pa  +  a). 

The  maximum  value  of  the  term  can  never  exceed  ^. 

Differentiating  with  respect  to  Pa,  we  have  for  a  maximum 
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or  minimum, 

2cos2Pasm2(Pa  +  a)  +  2sin2Pasin(Pa  +  a)cos(Pa  +  a)  =  0, 

or 

sin  (Pa  +  a)  sin  (oPa  +  a)  =  0. 

If  sin  (Prt  +  «)  =  0  the  displacement  of  the  pole  is  absolutely 
zero. 

From  sin  (3Pa  +  a)  =  0  we  deduce 

Ta=  — ,     _  +  60°,  or  ^  + 120°. 

The  corresponding  values  of  the  above  term  are 

2-sm^gaa,     ^  sm^  (— +120°j,     -^sm'^^-UO-). 

Peop.  IX.  To  find  the  lines  of  greatest  and  least  expansion 
lying  in  a  given  zone  of  any  crystal. 

If  6  be  the  common  displacement  of  any  two  isotropic  poles 
P,  Q  lying  in  the  zone,  we  find  from  Prop.  Y.  that 

tan^  = 
whence 


cot  Pa  —  (1  +  f)  cot  Pa       cot  Qa  —  (1  +  e)  cot  Qa 


sin  Pa  sin  Qa 


=  l  +  «; 


sin  Pa  sin  Qa 

an  equation  which  may  readily  be  transformed  into  a  loga- 
rithmic formula  for  determining  Q  the  plane  isotropic  to  P, 
if  a,  a,  ^,  and  P  be  given. 

If  the  isotropic  planes  be  rectangular,  as  is  the  case  when 
their  intersections  with  the  zone-plane  are  the  lines  of  greatest 
and  least  expansion, 

Qa=Pa-|-90°, 

Qa=Pa  +  90°; 

and  the  above  relation  becomes 

sin  2  Pa      ^ 

=  1  +  ^, 


sin  2  Pa 


whence 


tan(2Pa  — aa)=  f  1+     j  tan  aa. 


from  which  two  positions  of  P  may  be  deduced. 

Prop.  X.  If  the  atropic  planes  be  permanent  and  two  other 
planes  he  isotropic  for  a  given  pair  of  temperatures,  to  find  the 
change  in  the  nmtual  inclination  of  the  latter  at  other  tempe- 
ratures. 

If  6,  <j)  be  the  displacements  of  P  and  Q  respectively  for  a 
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change  of  temperature  defined  by  the  above  quantity  e,  then, 
as  before, 

tan  d: 


cot  Pa— (1  +  e)  cot  Pa 

tan  (b  =  — —T=: TTj r TT— J 

cot  (^a  —  ( 1  +  e)  cot  Qa 

whence 

,      //3_j,\_  cot  Q«— cot  Pa  — (l  +  e)(cot  Qa— cotPa) 

a^H   ~^^~^ e'^  +\_cotFci-{l  +  e')cotFa][cotQ<i—(l-^e)cotQ,a]' 

If  the  planes  P,  Q  are  isotropic  for  a  change  of  temperatures 
defined  by  the  small  quantity /corresponding  to  e,  it  will  fol- 
low in  exactly  the  same  way  that 

cotQa— cotPa  — (l+/)(cotQa— cotPa)  =  0. 

Substituting  in  the  above  value  of  tan  (6  —  <p),  we  get 

tan  (d-6)=  e(f-e)(cot  Qa-cot  Pa) 

^        ^^      e'^+[cotPa— (l+e)cotPa][cotQa— (l  +  e)cotQa]' 

and  to  the  second  order  of  small  quantities, 

e(f—e)(coH 
[cot  Pa  —  cot  Pa] 

sin  PQ  sin  Pa  sin  Qa 


i      //J     j.\       /  J'      \  e(f—e)(coiQa—coiFa) 

^       ^^         -^       ^  [cot  Pa  -  cot  Pa]  [cot  Qa  —  cot  Qa] 


=  e(f-e) 


sm*  01  a 


Unless  sin  ota  is  very  small  and  comparable  with  e  and  /,  the 
variation  in  the  inclination  of  P  to  Q  is  a  small  quantity  of 
the  second  order. 

Prop.  XI.  We  shall  now  consider  the  results  which  are 
obtained  on  neglecting  the  squares  of  small  quantities. 

(a)  We  have  already  seen  in  Prop.  VI.  that  the  displace- 
ment of  any  pole  P  is  in  this  case  given  by  the  relation 

6=-k  sin  Pa  sin  P«, 

where  k  is  some  small  quantity  independent  of  the  position 
of  P. 

(6)  If  7,  S  be  the  variations  of  the  arcs  ac,  ad,  then 

7  =  ^  sin  ca  sin  (aa.—ac), 

S  =  k  sinda  sin  (aa — ad), 

whence  both  aa  and  k  can  be  determined.  Practically,  how- 
ever, it  is  quite  as  easy  to  use  the  rigorous  formulge  of  Pro- 
positions II.  and  VII. 

(c)  From  the  symmetry  of  the  expression  k  sin  Pa  sin  Pa 
Phil.  Mag.  S.  5.  Vol.  16.  No.  100.  Oct.  1883.  Y 
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with  respect  to  a  and  a,  it  is  seen  immediately  that  any  two 
poles  equidistant  respectively  from  a  and  a  and  lying  in  the 
arc  aoL  are  isotropic. 

(d)  As  a  particular  case,  the  directions  of  greatest  and  least 
expansion  are  inclined  at  an  angle  of  45°  on  opposite  sides  of 
the  bisector  of  the  arc  aa,  and  thus  have  fixed  directions  in 
space  at  all  temperatures  if  the  planes  a  a.  are  themselves  per- 
manent in  direction  :  as  the  crystal-lines  momentarily  coinci- 
dent with  them  are  in  motion,  the  crystal-lines  cannot  retain 
this  property  of  being  directions  of  greatest  and  least  expan- 
sion (see  previous  Paper). 

{e)  If  ^,  ^  be  the  variations  of  the  arcs  Pa,  Qa  for  the  same 
change  of  temperature, 

Q  _  sin  Pa  sin  P« 
<^       sin  Qa  sin  Qa* 

Hence  if  the  planes  a  a  be  permanently  isotropic,  the  incre- 
ment of  any  arc  Pa  bears  a  constant  ratio  to  that  of  any 
other  arc  Qa  for  all  temperatures. 

(/)  If  P,p  be  any  two  rectangular  planes  and  d,  &  the  re- 
spective variations  of  the  arcs  Pa,  pa, 

0  +  6'  =  k  [sin  Pa  sin  Pa+  sinpasinpa]  =k  cos  oui, 

or  6  +  6'  is  constant  for  all  positions  of  P  and  p. 

If  (j),  ^'  be  the  corresponding  variations  for  two  other  rectan- 
gular planes  Q,  ^,  then,  as  before,  cf) +  (})'  =  k  cos  aa,  whence 
6  —  (l>=—{6'  —  (f)')',  or  the  increase  of  the  angle  between  any 
two  planes  P,  Q  is  equal  to  the  diminution  of  the  angle  between 
the  planes  pei-pendicular  to  them. 

Prop.  XII.  The  motion  of  the  plane-normal  OP  is  quite 
distinct  from  that  of  the  crystal-line  OP  (fig.  4). 

It  is  easy  to  fall  into  the  mistake  of  assuming  that  the  for- 
mula d  =  k  sin  Pa  sin  Pa  gives  the  displacement  of  the  crystal- 
line OP.  That  this  is  not  actually  the  case  will  be  clear  from 
the  following  : — 

Let  the  jyole  P  take  at  the  second  temperature  the  position 
P'  on  the  circle  of  projection,  and  the  point  P  the  position  p'  on 
the  ellipse  :  the  normal  OP  thus  becomes  the  normal  OP', 
but  the  crystal-line  OP  becomes  the  crystal-line  Op';  further, 
the  plane  tangent  to  the  circle  at  P,  and  thus  having  OP  for 
normal,  will  become  the  tangent  plane  to  the  ellipse  at  p',  to 
which  the  ray  Op'  is  only  normal  when  p'  is  at  the  extremity 
of  a  principal  axis. 

The  difl^'crence  of  motion  of  the  plane-normal  OP  and  the 
crystal-line  OP  may  be  found  thus  : — 

"Let  Q  be  a  })olo  distant  1)0°  from  P,  so  that  Qa  =  Pa  +  90° 
and  Qa=Pa  +  90°  :  if  Q'  be  the  displaced  position  of  the  pole 
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Q,  then  (Prop.  VI.) 

Q'OQ =X-  sin  Qa  sin  Qa  =  k  cos  Pa  cos  Pa. 

Now  the  crystal-line  RQ  taiii;ent  to  the  circle  at  Q,  and 
thus  parallel  to  the  line  OP,  will  become  a  tangent  line  r'q' 
to  the  ellipse  and  parallel  to  the  tangent  to  the  circle  at  Q'; 
since  parallel  lines  of  the  crystal  are  rotated  through  the  same 
angle,  the  crystal-line  OP  will  be  rotated  through  the  same 
angle  as  the  tangent  to  the  circle  at  Q,  i.  e.  through  the  angle 
k  cos  Prt  cos  P«.  The  difference  of  motion  of  OP  the  normal 
and  OP  the  xaj  will  therefore  be 

k  sin  Pa  sin  Pa  —  k  cos  Pa  cos  Pa, 
or  —  k  cos  (Pa  -|-  Pa), 

which  will  only  vanish  when 

Pa  +  Pa  =  (2n+l)|, 

which  is  the  case  when  OP  is  a  line  of  greatest  or  least  ex- 
pansion (see  Prop.  XI.  d). 

Prop.  XIII.   To  find  a  physical  expression  for  the  quantity  k 

We  have  already  seen  that  in  the  formula  d  =  k  sin  Pa  sin  Pa^ 
a,  a  are  two  isotropic  poles ;  we  shall  now  show  that  the  co- 
efficient k  when  expressed  in  circular  measure  is  equal  to  the 
difference  of  the  greatest  and  least  coefficients  of  expansion 
of  the  crystal-lines  lying  in  the  plane  of  the  zone. 

Let  Oa,  Oa  be  the  normals  to  a  pair  of  isotropic  planes  a,  a.-, 
and  let  OL,  OM,  OL',  OM'  be  the  positions  of  the  crystal- 
lines of  greatest  and  least  expansion  at  the  two  temperatures. 

If  OP,  OF  be  the  normals  to  LM,  L'M',  and  S,  h^  the  coeffi- 
cients of  expansion  of  the  lines  OL,  OM,  we  must  have 

whence 

tanFOL^_  1  +  S 
tan  POL    ~  l  +  V 

Since  by  Prop.  IX.  the  position  of  L,  and  by  Prop.  I.  the  arc 
L'a'  can  be  calculated  to  any  degree  of  accuracy,  and  also 
the  arc  P'a'  corresponding  to  any  known  arc  Pa,  the  relation 

1-f8  _tan(PV-LV) 

1  -1-  81        tan  (Pa  —  La) 

the  rati( 
to  any  degree  of  precision. 


1   I  ^ 

is  one  from  which  the  ratio  :, ^  can  likewise  be  calculated 

i  +01 


Y2 


292         Mr.  L.  Fletcher  on  the  Dilatation  of  Crystals 

Neglecting  squares  of  small  quantities, 

tan  FOL'-tan  POL  =  (S-Si)  tan  POL  ; 
or,  to  the  same  approximation, 

FOL'-POL  =  (S-80  sin  POL  cos  POL. 
Since 

FOL'  -  POL = FOP  -  L^OL, 

we  may  write  the  relation  thus, 

P'OP-L'OL=  (S-Si)  sill  POL  cos  POL  .     .     .    (A) 

From  the  above  formula  (Prop.  VI.)j 

FOP  =  /;  sin  Pa  sin  Pa=  \  [cosaa-  cos(P«  +  Pa)]. 

Li 

By  Proposition  XII.  the  motion  of  the  crystal-line  OL  is 
the  same  as  that  of  the  plane-normal  OL,  for  OL  is  a  line  of 
greatest  or  least  expansion. 

Hence 

L'OL  =  ^•sin  LasinLa=  -[cosaa— cos  (La  +  L«)], 
and 
FOP-L'OL=  I  [cos  (La  +  La) -cos  (Pa  +  Pa)] 

,    .    Pa  — La  +  Pa  — La   .    Pa  +  La  +  Pa  +  La 

=  a;  sm ^ sm 

=  /.-sinPLsin  (PL  +  La  +  L«). 
But,  by  Prop.  XL  (fZ), 

sin  (La  +  La)  =  +  1. 
Hence 

P'OP-L'OL=+XsiuPLcosPL.     .     .     .     (B) 

Equating  the  two  values  given  by  (A)  and  (B),  we  find  h 
is  equal  to  +(S  — S^),  and  is  independent  of  the  particular 
pair  of  isotropic  poles  a,  a  employed  in  the  formula  Q  = 
k  sin  Pa  sin  Pa. 

The  positive  or  negative  sign  must  be  taken  according  as 
sin  (La  +  La)  is  equal  to  +1  or  —1,  OL  being  that  axis  for 
which  the  coefficient  of  expansion  is  8. 

Prop.  XIV.  To  find  the  coefficient  of  expansion  A  of  a  line 
OP  inclined  to  a  direction  of  greatest  or  least  expansion  at  an 
angle  6  (fig.  5). 

Let  8,  Sj  be  the  coefficients  of  expansion  of  the  lines  OL,  OM, 
and  let  it  be  required  to  find  the  coefficient  of  expansion  of 
OP  where  POL  =  ^. 

If  P'X',  N'O  be  the  rectangular  coordinates  of  P',  the  second 
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position  of  P,  referred  to  the  lines  OL',  OM',  the  correspond- 
ing positions  of  the  crjstal-lines  OL,  OM,  then,  as  before, 

0N'  =  (1  +  S)  ON=(l  +  S)OPcos6', 
and  FX'  =  (l  +  Si)PN  =  (l  +  8i)0Psin^. 

Whence,  neglecting  squares  of  small  quantities, 

0V'''=  0P-(1  +  2S  cos-  e  +  2Si  sin-  d) ; 
a^^^if  0P'=(1  +  A)0P, 

A  =  Scos-^  +  Sisin2  6', 
o^'  A-8=(Si-S)sin2^. 

Prop.  XV.  To  determine  the  expansion  perpendicular  to 
the  symmetry-plane  of  an  Oblique  crystal  (fig.  6). 

If,  at  the  two  temperatures,  hm,  hm'  be  the  angular  dis- 
tances from  5  of  a  pole  not  lying  in  the  plane  of  symmetry,  it 
was  shown  (Prop.  XIII. ),  from  the  fact  of  hh  remaining  per- 
manently a  quadrant,  that,  omitting  small  quantities  of  the 
second  order, 

hm' —bm  =  (^8.2  —  A)  sin  bm  sin  mh, 

A  being  the  coefficient  of  expansion  of  Oh,  the  line  of  inter- 
section of  the  zone-plane  \_bm'\  with  the  plane  of  symmetry, 
and  So  fte  coefficient  of  expansion  of  Ob,  a  line  perpendicular 
to  the  plane  of  symmetry. 

If  6  be  the  inclination  of  Oh  to  that  thermic  axis  of  which 
the  coefficient  of  expansion  is  S,  then  (Prop.  XIV.) 

A-S  =  (Si-S)sin-6', 

whence 

5      jv         hmf—bm  .^      ^\    •  -^  a 

bo  —  o=—. — -J -. z  +(oi— o)  sm-  tf. 

sin  bm  sm  mh 


We  shall  now  illustrate  the  above  formulse  by  a  practical 
application  of  them. 

The  only  published  measurements  of  the  angles  of  an 
Oblique  crystal  at  different  temperatures  were,  until  the  recent 
determinations  of  Beckenkamp,  those  made  upon  gypsum  by 
Mitscherlich,  the  discoverer  of  the  angular  variations  produced 
in  crystals  by  change  of  temperature.  From  these  measure- 
ments Xeumanu  has  calculated  the  positions  and  expansions  of 
the  thermic  axes,  and  we  shall  thus  be  able  to  directly  com- 
pare the  results  obtained  by  his  method  with  those  deduced 
from  the  preceding  formula. 

Fig  7  a  represents  a  crystal  of  gypsum :  b  is  the  cleavage- 
plane  and  plane  of  symmetry  (0  1  0),  m,  mi  are  planes  of  the 
prism  {1  10},  and  /  ?i  of  the  form  {111};  the  planes  a  (1  0  0), 
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f/  (1  0  1),  if  they  had  presented  themselves,  would  have  trun- 
cated the  edges  m  m^,  1 1^  respectively. 

In  the  original  paper*  Mitscherlich  states  that,  on  a  variation 
of  temperature  amounting  to  100°  C,  the  angle  between  the 
planes  mnii  becomes  more  obtuse  by  10'  50'',  the  angle  be- 
tween the  planes  /  ly  more  obtuse  by  8'  25",  and  the  angle 
between  the  edges  d  a  more  obtuse  by  7'  26". 

It  is  worthy  of  remark  that,  from  the  other  results  given  in 
the  same  paper,  we  infer  that  these  variations  have  not  been 
directly  observed,  but  have  been  calculated  from  the  observed 
differences  on  the  assumption  that  the  changes  of  angle  are 
proportional  to  the  changes  of  temperature  and  are  independent 
of  the  absolute  temperatures  at  which  the  measurements  are 
made.  Perhaps  this  may  partly  account  for  the  difference  in 
the  results  obtained  by  Mitscherlich  and  Beckenkamp. 

Mitscherlich  gives  no  absolute  measurements  and  no  initial 
temperature.  We  shall  adopt  the  absolute  values  as  deter- 
mined by  Neumann!  for  an  initial  temperature  of  about  1 8|°  C, 
and  used  by  him  in  his  own  calculations. 

We  then  have 


First  temperature 
[Neumann]. 

am  3-1  19 
dl  18  9 
ad     52   16 


Variations 
[Mitscherlich]. 

-5  25 
-4  12-5 

-7  26 


Second  temperature. 


a'  m! 

d'V 

a'd' 


34  13  35 

18     4  47-5 
52     8  34 


Let  the  zone  m  I  (fig.  7  6)  meet  the  plane  of  symmetry  in 
the  pole  c  (0  0  1) ;  we  require  to  calculate  ac. 

In  the  spherical  triangle  m  h  I,  knowing  the  two  sides  m  h, 
h  I,  and  the  included  angle  «i  h  I,  or  the  arc  a  d,  we  find  that 
at  the  first  temperature  «?  /  =  49°0'  35"*73,  and  at  the  second 
temperature  =48°  56'  4"-63  ;  also  the  angle  mlb  at  the  first 
temperature  =59°  55'  31  "'7,  and  at  the  second  =  59°  58' 
44""5 :  hence  from  the  right-angled  triangle  cdl,  knowing  d  I 
and  the  angle  dlc{  =  mlh),  we  find  that  rfc  at  the  first  tem- 
perature =  28°  16'  37"'2,  and  at  the  second  temperature 
=  28°  14'  20"-8. 

By  addition  we  have 

ac  .  .  .  80°  32'  37"-2,         a'c' 

(a)  Find  the  pole  a  isotropic  to  a. 
have 

^_  sin  dc  sin  d'a'  _  sin  28°  16'  37"-2  sin  52°  8'  34" 
*''''  '^~  sin  d'c'  sin  da    ~  sin  28°  14'  20"-8  sin  52°  16'  0"' 

*  Ahh.  d.  k.  P.  Ak.  zu  Berlin,  1825,  p.  212. 
t  Po^.  Ann.  1833,  vol.  xxvii.  p.  262. 


.  .  80°  22'  54"-8. 
From  Prop.  II.  we 
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whence 

<^  =  44°59'  13'''93. 

Also 

(a'c'  +  ac         \  a'c'  —  ac,       ,..^  ,    ,. 

tan  I  — aa.\  =  tan  — - —  tan  (45   +  4>) ; 

whence 

tan  (80°  27'  46"-aa)  =  -tan  4'  51"-2  tan  89°  59'  13''-93, 
_tan4'5r'-2 
~  tan  46''-U7 

=  tan  81°  0'  35''-7, 
and 

oa  =  161°28'2r'-7, 

the  arc  being  measured  in  the  positive  direction,  namely  ac. 
Also 

«=180°-aa  =  18°3r  38"-3. 

{U)  Neglecting  squares  of  small  quantities,  as  is  done  by 
Neumann,  the  positions  of  the  lines  of  greatest  and  least  ex- 
pansion can  now  be  immediately  found.  From  Prop.  XI.  d,  if 
T  be  the  axis  nearest  to  a  in  the  arc  a«, 

aT=^-45° 

=  35°  44'  10"-85. 

Neumann  gives  as  result  35°  46'. 

(c)  If  8,  Sj  be  the  principal  expansions,  we  have  seen  (Prop. 
XIII.),  that 

hx—l  —  k  =  — ^ ; ^-, 

sm  ra  sin  ra. 

for  in  this  case  sin  (Ta  +  Ta)  =  —  1 . 
If  P  coincide  with  c,  we  find 

582*4  X  circ.  meas.  of  1" 


Si-S= 


sin  80°  32'  37"-2  sin  80°  55'  44"-5 

=  •0028987, 

where  S  refers  to  the  axis  nearest  to  the  pole  a  in  the  arc 
aa.     Neumann  gives  as  result  "002892. 

Finally,  by  the  method  of  Prop.  XV.,  illustrated  later  by 
example  (page  300),  62  —  8  may  be  calculated. 

To  ascertain  to  what  extent  we  shall  be  justified  in  neglect- 
ing the  small  terms  of  the  second  order,  we  shall  make  some 
calculations  founded  on  the  more  exact  formulae  given 
above  : — 
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(a)  From  Prop.  VII.  we  have 

sin  CO.  sin(ca  +  (p)' 
where  -we  may  write 

ca=     80°  32'  ST'-2, 

ca= -80°  55M4''-5, 

(f>  =  -6S2"-4:; 
whence 

=     -0029001 
in  circular  measure.    Whence,  as  before  only  to  the  first  ap- 
proximation, 

Si-8  =  -0029001. 

(h)  If  01  be  the  displacement  of  a  pole  P  when  small  quan- 
tities of  the  second  order  are  neglected,  Ave  have 

Oi^=k  sin  Pa  sin  Ya.  =  k  sin  Pa  sin  (Pa  —  aa), 
=  k  sin  Pa  (sin  Pa  +  a- 180°), 
=  —k  sin  Pa  sin  (Pa  +  a); 

whence  in  the  present  instance 

e^=  -598''-18  sin  Pa  sin  (Pa  + 18°  SV  38''-3). 

To  show  the  displacements  in  various  parts  of  the  zone,  the 
values  of  6^  for  poles  at  every  10°  from  a  are  given  below  : — 


Pa. 

0i". 

Pa. 

0i". 

P«. 

e-'. 

o 

10 

-  49-61 

o 

70 

-561-92 

o 

130 

-239-24 

20 

-127-44 

80 

-582-58 

140 

-140-75 

30 

-224-10 

90 

-567-18 

150 

-  59-49 

40 

-327-94 

100 

-517-57 

160 

-  5-26 

50 

-420-43 

110 

-439-74 

170 

+  15-40 

60 

-507-69 

120 

-343-08 

180 

0 

Perhaps  the  alteration  of  the  angles  in  vaz'ious  parts  of  the 
zone  is  more  clearly  shown  by  taking  the  differences  of  the 
above  terms,  and  thus  finding  the  variations  of  a  series  of 
arcs  each  of  which  is  initially  10°  in  length. 
We  then  have  (still  neglecting  squares  of  small  quantities): — 
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Arc. 

V'ariation. 

Arc. 

Variation 

o          o 

10-20 

-  77-83 

100-110 

+   77-83 

20-30 

-  96-66 

110-120 

+   96-66 

30-40 

-103-84 

120-130 

+  103-84 

40-50 

-  98-49 

130-140 

+   98-49 

50-60 

-  81-26 

140-150 

+   81-26 

60-70 

-  54-23 

150-160 

+   54-23 

70-80 

-  20-66 

160-170 

+   20-66 

80-90 

+   15-40 

170-180 

-  15-40 

This  table  also  serves  as  a  numerical  example  of  Prop.  XI. /, 
which  states  that  to  this  approximation  the  quantities  in  the 
second  and  fourth  columns  are  equal  in  magnitude  but  oppo- 
site in  sign. 

To  proceed  to  the  next  degree  of  approximation  we  must 
calculate  the  value  of  the  expression  tan  '-0^  cot  Pa,  and  substi- 
tute in  the  formula 

^2  =  ^i  +  tan-^i  cot  Pa. 

The  smaller  term  calculated  for  every  10°  is  given  in  the 
following  table  in  seconds  : — 


Pa. 

tan^  01  cot  Pa. 

Pa. 

tan-  0j  cot  Pa. 

Pa. 

tan^0iCotPa. 

o 
10 

+007 

o 

70 

-hO-56 

o 

130 

-0-23 

20 

+0-22 

80 

+0-29 

140 

-0-11 

30 

+0-42 

90 

0 

150 

-003 

40 

+0-62 

100 

-0-23 

160 

0 

50 

+0-74 

110 

-0-34 

170 

-0-01 

60 

+0-72 

120 

-0-33 

180 

i 

0 

The  second  term  is  thus  a  positive  maximum  for  a  pole 
between  50°  and  60°;  a  negative  maximum  for  a  pole  between 
110°  and  120°,  and  also  for  a  pole  between  160°  and  180°; 
the  largest  maximum  being  the  one  first  mentioned. 

We  find  from  Prop.  VIII.  that  the  exact  distances  of  these 
poles  from  a  are  respectively 

53°  49'  27''-2,  113°  49'  27''-2,  173°  49'  27"-2; 

and  the  largest  maximum  will  be 

|-  sin^  107°  38'  54"-4 
=  0"-80. 
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The  second  term  thus  reaches  a  maximum  value  of  only 
four-fifths  of  a  second,  and  only  exceeds  half  a  second  for 
poles  in  the  small  arc  extending  from  SS*^  to  70°  from  a.  The 
second  term  might  thus,  in  the  case  of  gypsum  at  least,  be 
neglected  in  comparison  with  experimental  errors. 

To  find  the  exact  positions  of  the  lines  of  greatest  and  least 
expansion,  assuming  the  measurements  of  the  angles  to  be  perfect. 
From  page  290, 

^-1-=/.= -0029001, 


whence 


-=2170-332. 

e 


If  T  be  the  principal  axis  nearest  to  a,  then,  from  Prop.  IX., 

tan(2Ta  — aa)=  (1  +  - I  tan  aa= 2171"332  tan  aa; 

whence 

2Ta-aa  +  90°  =  283'H6, 

and 

Ta=35°46'32''-58. 

To  test  the  accuracy  of  the  formulae  we  may  calculate  the 
motions  of  T  and  Ti  respectively  relative  to  that  of  a. 

(a)  For  the  motion  of  T, 

0,=  -598"-18  sin  35°  46'  32"-58  sin  (35°  46^  32"-58  +  18°  31'  38"-3) 

=  -284"-000, 
^2-6'i  =  tan26'iCotTa 
=  +0"-54266; 

whence  the  motion  of  T  to  the  second  order  of  small  quantities 
is  283"-457. 

(b)  For  the  motion  of  Tj, 

6'i=-598"-18   sin  125°  46^  32"-58    sin  (125°  46' 32''-58 
=  -283-178,  +18°  31' 38-3) 

6,-6,  =tan2^i  cot  T,a=  -0''-28014; 

whence  the  motion  of  Tj  to  the  second  order  of  small  quanti- 
ties is  283''*458.  T  and  Ti  are  therefore  isotropic,  and  distant 
90°  from  each  other  at  both  temperatures. 

We  may  remark  that  the  values  above  deduced  agree  very 
satisfactorily  with  Prop.  IV.,  which  states  that  the  middle  point 
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of  the  arc  traced  out  by  T  must  be  distant  exactly  45°  from 
the  point  of  bisection  of  the  arc  aa. 

To  find  the  change  at  the  second  temperature  in  the  mutual 
inclination  of  tico  planes  which  at  the  first  temperature  are  per- 
pendicular to  each  other  hut  inclined  to  the  thermic  axes  at  an 
angle  of  V  (Prop.  VL). 
If  P,  Q  be  the  two  planes, 

Pa  =  36°  46'  32"-58,     Qa  =  P«  +  90°. 
(a)  For  the  motion  of  P, 
6/i=-598'M8   sin  36°  46'  32"-58   sin 55°  18'  10''-88 

=  -294''-438, 
tan^  e^  cot  Prt=  +  0-56080; 

whence  the  motion  of  P  is  -293"-877. 
{h)  For  the  motion  of  Q, 
^j=-598''-18   sin  126°  46'  32"-58  sin  145°  18'  10"-88 

=  -272"-740, 
tan2^iCotQa=-0"-26955; 

whence  the  motion  of  Q  is  273"-010;  and  the  change  of  incli- 
nation of  P  to  Q  is  only  20"-867. 

If,  then,  we  wish  to  find  by  trial  a  pair  of  planes  which  can 
be  proved  by  direct  measurement  of  the  angle  between  them 
to  retain  their  perpendicularity,  a  possible  error  of  one  second 
in  the  measurement  of  the  angle  between  the  planes  will  lead 

^   3600 
to  a  possible  error  ol  ^Q.gjjy,  or  172-52  seconds  in  the  deter- 
mination of  the  position  of  the  pair  of  planes  relative  to  the 
given  plane  a. 

To  find  the  motion  relative  to  the  plane  a  of  a  plane  inclined 
to  a.  at  an  initial  angle  of  1°  (Prop.  VI.). 

Here  d^=  -598"-18  sin  1°  sin  19°  31'  38"-3 

=  -3"-4895, 
and 

tan^^i  cot  Pa =0; 

whence  the  motion  relative  to  a  is  only  —  3"-4895.  Hence 
if  we  are  given  the  plane  a,  and  are  required  to  find  a  plane  a 
which  can  be  proved  by  direct  measurement  to  be  equallj' 
inclined  to  a  at  the  two  temperatures,  a  possible  error  of  one 
second  in  the  measurement  of  the  angle  between  the  planes 
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will  lead  to  a  possible  error  of  ^  ,  .,,^^  =  1031'7  seconds  in  the 
^  3-4b9o 

determination  of  the  isotropic  plane  «. 

The  last  two  numerical  results  serve  to  illustrate  the  diffi- 
culty which  would  be  experienced  in  attempting  to  detennine 
by  direct  measurement  whether  two  planes  are  absolutely  or 
only  approximately  coincident  with  isotropic  planes;  in  other 
words,  whether  or  not  two  planes  are  permanently  isotropic. 

TJie  expansion  ^2  perpendicular  to  the  plane  of  symmetry 
found  (Prop.  XV.), 

Since  aTis  35°  46'  32"-58,  the  expansion  A  in  the  direction 
Oo  will  be  given  by 

A-8=(S,-S)  sin- 35°  46'  32"-58  [Prop.  XIV.], 

where  8i-S=: -0029001; 

thus  A -S=+ •000991177. 

Also  (Prop.  XIII.) 

sm  zbm 
From  page  294,  hm' —  hm  =  b'  W, 

whence  §2 -A=  + -0033839, 

and  S2-S  =0-0043757. 

Keumann's  result  is  0-004371. 


With  the  exception  of  Propositions  IV.  and  XV.,  which  re- 
quire the  zone-plane  to  be  a  plane  of  symmetry,  all  the  above 
propositions  are  applicable  not  only  to  planes  perpendicular  to 
a  plane  of  symmetry,  but  to  any  zone  of  a  crystal  whatever  the 
system  to  which  the  crystal  belongs;  but  it  is  clear  that  the 
directions  of  the  maximum  and  minimum  expansions  of  the 
crystal  for  lines  lying  in  a  given  zone-plane  are  only  those  of 
the  principal  expansions  of  the  whole  crystal  when  the  zone- 
plane  is  a  plane  of  symmetry. 

[To  be  continued.] 

XLII.  The  Laic  of  Error.     By  F.  Y.  Edgeworth*. 

THE  Law  of  Error  is  deducible  from  several  hypotheses, 
of  which  the  most  important  is  that  every  measurable 
(physical  observation,  statistical  number,  &c.)  may  be  regarded 
*  Communicated  by  the  Author. 
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as  a  function  of  an  indefinite  number  of  elements,  each  element 
being  subject  to  a  determinate,  although  not  in  general  the 
same,  law  of  facility.  Starting  from  this  hypothesis,  I  attempt, 
Jirst,  to  reach  the  usual  conclusion  by  a  path  which,  slightly 
diverging  from  the  beaten  road,  may  afford  some  interesting 
views  ;  secondly,  to  show  that  the  exceptional  cases  in  which 
that  conclusion  is  not  reached  are  more  important  than  is 
commonly  supposed. 

The  first  step  is  one  taken  by  Mr.  Glaisher*,  enabling  us 
to  regard  the  compound  error  as  a  linear  function  of  the  inde- 
finitely numerous  elements.  A  second  step  is,  after  Laplace, 
to  express  the  sought  function  as  a  particiilar  term  of  a  cer- 
tain multiple.  Let  us  suppose  at  first  that  the  elemental 
facility-functions  are  all  identical  and  symmetrical,  involving 
only  even  powers  of  one  and  the  same  variable;  say  y=f(z'^)j 
where 


I 


f{z^)dz=l. 


Then  the  sought  expression,  the  ordinate  of  the  curve  under 
which  the  values  of  the  compound  error  are  ranged,  say  Uxs 
(where  x  is  the  extent  of  error,  and  s  the  number  of  elements), 

is  the  -th  term  of  the  multiple 

[/(^)r^ + &c.  +/(2«)^~'  +A<^)t-'  +f(!'>y  +A'^y + /(2w)^+2 

+  &c.  +/(.)r^Y. 

X 

Observing  the  formation  of  the  coefficient  of  f  •"  in  the  (s+  l)th 
power  of  the  expression  within  the  brackets,  we  have 


*s+l 


,-=         Az)U:,+.,sdz,         .        .        .        .        (1) 


when  only  even  powers  of  z  are  involved  ;  for  otherwise  the 
above  integral  will  have  to  be  separated  into  three  parts. 
Assuming  such  a  tendency  towards  a  limiting  form  that  the 
efiect  of  proceeding  from  the  sih.  to  the  (s  +  l)th  power  is 
indefinitely  small  (for  that  part  of  the  result,  those  values  of 
a  with  which  we  are  concerned),  we  may  write  the  left-hand 

member  of  (1),  u+  ~^.     The  right-hand  member  may  be  ex- 
*  Monthly  Notices  Roy.  Astron.  See.  vol.  xl. 
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panded  (the  odd  terms  vanishing  bj  hypothesis), 

provided  that  we  take  for  granted  what  DeMorgan  has  postu- 
lated {EncycL  Metr.  §  88)  and  Mr.  Crofton  calls  the  "  usual 
assumption  "  *,  that  the  mean  powers  of  the  elemental  errors 
are  not  infinite.  In  this  case  an  approximate  solution  of  (1) 
is  afforded  by  a  solution  of  the  partial  differential  equation 

du c"    d^H  .t^. 

dl~4'd^ ^^ 

(where  o"  =  l  ^'^f{.^)dz).  For  let  iv  be  a  solution  of  (2); 
then  the  right-hand  member  of  equation  (1) 

=  1    f{z)  dm  +  -J  -y^  +  terms  of  the  order  of  (  j  y^  j 

raised  to  the  second,  third,  &c.  powers, 
=  "+  T  T^  "*"  terms  of  the  orders  (  y; )  '  (  7"  )  j  <^c., 


"'^  d^u 


=  zi  +  —  -j-^  +  terms  of  orders  which  may  by  hypothesis 

be  neglected, 

=M-|-  -7-=  the  left-hand  member  of  equation  (1).    Q.  E.  D. 
ds  ■ 

Equation  (2)  has  two  general  symbolical  solutions  in  terms 

respectively  of  —  and  y-.     The  former  is  resolvable  into  two 

series  given  by  Poissonf,  involving  respectively  even  and  odd 
powers  of  x.     The  even  series  is 

4    2  i,  ,    1  L^ 


1  +  i  4  A-2  -^  +  IT  -;  ^^  +  «fec.]<^(.s-). 


Now  the  rough  general  experience,  or  intuition,  which  allows 

us  to  assume  that  -y^  and  higher  differentials  may  be  neglected 

for  some  values  at  least  of  a*,  allows  us  to  assume  that  such  values 
occur  about  the  centre  of  the  compound  curve.  The  assump- 
tion holds  accordingly  for  x  =  0.     But  when  ^^■  =  0,  u  =  <p{s). 

*  Phil.  Trans.  1870,  p.  183. 

t  Mecanique,  p.  '60^.     Of.  Fourier,  Chaleur,  cb.  9. 
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Therefore  —^  and  higher  differentials  may  be  neglected  rela- 
tively to  -J-.  Therefore  the  third  and  following  terms  of  the 
above  series  may  be  neglected  relatively  to  the  second,  for 
values  of  x  such  that  ( .^^  -9  -r)  mav  be  neglected.  In  that 
case  the  solution  may  be  written 


or,  if  we  put  -^  for  (^, 


^  r      2^^  fY.s)-| 


This  is  approximately  equal  to 


2  Jji^yji'js) 


^{S) 


And,  z/we  may  regard  the  last  written  expression  as  the  ap- 
propriate form  of  the  sought  function  in  x,  then  the  condition 
of  a  facility-curve  (that  the  integral  between  the  extreme 
limits  equal  unity)  will  afford  a  differential  equation  to  deter- 
mine '«|'~(s).  The  solution  is  y^{^^=^c\/  Tr\/ s  +  K;  where  A  is 
a  constant  which  will  be  found  to  be  zero.  But  I  submit  that 
the  condition  on  which  the  differential  equation  for  t/t  is  based 
is  not  in  general  valid;  that,  for  instance,  in  some  cases  it 
would  be  proper  to  equate  the  truncated  series  of  Poisson,  not, 
as  above,  to 


1    w-,-^-^-^ +'<■'> 


but  to 


1      ,  ,  2x'yjr'{s) 

,  ,   .  log_i—  log_i— ;r    .  /  X  • 


The  inappropriateness  of  the  former  expression  appears  from 
the  principle  stated  on  page  304,  which  seems  also  to  bar  the 
parallel  step*  (from  1  —  nrx'^  to  e-*--'^)  iu  the  ordinary  method. 
The  odd  series  is,  I  think,  inappropriate  to  the  case  of  even 
elements. 

*  Mr.  Glaisher  suspects  the  safety  of  this  step  (Monthly  Notices  Roy. 
Astron.  Soc.  1873). 
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The  other  general  symbolical  solution  of  equation  (2)  is 

u=e    4  ^2  (f)(^x). 

Here,  if  we  may  choose  4>{x)  at  pleasure,  we  may,  by  choosing 
it  suitably,  avail  ourselves  of  the  theorem  given  by  Mr.  Crofton 
(Phil.  Trans.  1870,  p.  187),  in  whose  steps  we  are  now  almost 
treading.  But,  again,  I  submit  that  this  procedure  is  in 
general  illegitimate;  that<^(.r)  is  not  to  be  chosen  at  pleasure, 
but  so  as  to  satisfy  the  condition 

C-     dnU 

and  that  when /is  hyper-exponential  then  the  theorem  of  Mr. 
Crofton  does  not  apply. 

Subject  to  this  limitation,  the  preceding  proof  of  the  law  of 
error  may  be  extended  to  the  case  in  which  the  component 
element  facility-curves  are  not  identical  (when  c^  is  to  be 
regarded  as  a  function  of  s,  and  for  sc^  must  be  substituted 
2c^,  approximately  J  c-fZ6')   and  to  unsymmetrical  curves.     By 

taking  account  of  quantities  of  the  order  -j-j-  we  may  obtain  a 

second  approximation  to  the  law  of  error. 

There  is  another  mode  of  dealing  with  equation  (1)  which 
has  the  advantage  of  being  applicable  to  those  cases  in  which 
the  mean  powers  of  error  are  not  finite.  It  begins  by  expand- 
ing the  right-hand  member  in  terms  of  x  and  neglecting 
those  above  a  certain  order,  and  then  proceeds  somewhat  as 
follows: — Construct  the  form  of  the  sought  compound,  partly 
by  observing  the  initial  tendency  exhibited  by  the  superim- 
position  of  two  or  three  elements,  and  partly  upon  the  prin- 
ciple that  the  compound  has  the  same  mean  poxcers  fnite  and 
infinite  as  the  element,  and  a  certain  analogous  theorem  relating 

to  mean  exponentials,  such  as  j     e~^^f{^)dz.    Having  assumed 

the  form  of  the  sought  function,  determine  its  constants  by 
the  differential  equations  presented  by  the  conditions 


&c.  =  &c., 

the  powers  of  -^  above  a  certain  degree  being  neglected. 
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Example  1.  (Mean  powers  all  finite.) 

(where  a  +  /3=l,  yS<^). 

Assume  as  the  appropriate  final  form 

1  -£i 

— = — =p    c  . 

VTTVC 

Changing  x  io  z  in  this  expression,  and  prefixing  f{z)  as  a 
factor,  and  equating  the  integral  between  extreme  limits  to 

1  +  -^  )  -7= — 7—  or  Uso — i  —r=  —J ,  we  find  C  =  sc^.    Which  so- 

lution  is  such  that  the  superimposition  of  the  element/(^)  trans- 
forms u  into  Ws+i,  not  onlj  as  regards  the  absolute  term  of  m, 

but  also  for  the  coefficient  of  x^\  -r  &c.  beino-  neglected  \  . 

Example  2.  (Mean  powers  above  second  infinite.) 


( 


Assume,  upon  the  principles  above  stated,  as  the  final  form, 
2P^  1 

and,  proceeding  as  before,  construct  a  differential  equation 
for  P  ;  from  which  it  will  be  found  that  P  =  2^s  +  Kp — a 

solution  true  for  the  second  power  of  x,  the  first  power  of  — . 

ds 
A  similar  result  will  be  found  when  the  denominator  is  not 
square  ;  in  which  case  pq  takes  the  place  of /:>^  in  the  com- 
pound. 

It  may  be  observed  that  if  the  average  curve  be  formed 
(which  is  done  by  changing  x  in  the  compound  to  s^  and 
multiplying  the  result  by  s),  the  absolute  term  of  the  averao-e 
is  approximately  equal  to  the  absolute  term  of  the  element 
multiplied  by  ivs,  when  the  denominator  is  square,  other- 
wise an  additional  factor  appears.  When  the  denominator 
is  higher  than  a  biquadratic,  the  elemental  absolute  temi  is 
still  to  be  multi})lied  by  vs;  but  for  the  factor  ^  must  be 
substituted  a  larger  fraction — on  to  the  case  when  all  the 
mean  powers  become  finite  and  the  fraction  becomes  unity. 

Since  now  the  fundamental  equation  (1)*  is  satisfied  iii  the 
same  sense  in  example  2  as  in  example  1,  I  submit,  in  the 
*  Above,  page  301. 
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absence  of  evidence  to  the  contrary,  that  non-exjwnential  laws 
of  error  of  the  kind  considered  in  example  2  do  occur  in  rerum 
naturd,  that  the  "  ancient  solitary  reign  "  of  the  exponential 
law  of  error  should  come  to  an  end,  and  that  the  received  for- 
mula for  the  probable  error  of  the  average  requires  modifi- 
cation. 

This  conclusion  will  be  best  confirmed  by  considering  the 
objections  which  may  be  brought  against  it. 

(1)  There  is,  first,  the  direct  appeal  to  experience — to  regis- 
ters of  observations,  such  as  Airy  has  appended  to  his  treatise. 
I  find  that  there  is  no  difficulty  in  ranging  under  a  curve  of 

the  form  — the  observations  which  are  registered 

by  Airy,  or  those  which  are  given  under  the  article  ''Moyenne" 
in  the  '  Medical  Cyclopaedia.'  Quetelet's  statistics  of  conscripts 
may  be  less  accommodating;  but  the  fact  that  the  exponential 
law  of  error  is  verified  in  one  case  does  not  prove  that  it  is 
universally  true. 

In  the  sequel  to  this  paper  we  shall  be  presented  with  an 
instance  of  a  non-exponential  form,  if  not  in  nature,  at  least 
in  art — the  art  of  measurement.  The  analogue  in  relation  to 
the  law  of  error  of  that  incident  of  the  method  of  least  squares 
is  the  following: — Instead  of  the  hypothesis  with  which  we 
started*,  of  determinate  elemental  facility-curves,  suppose  a 
source  of  error  consisting  of  a  probability-curve  with  centre 
fixed  but  modulus  varying  at  random  between  certain  limits. 
Let  there  be  taken  an  indefinite  number  of  couples  (or,  mutatis 
mutandis,  triplets  &c.)  of  observations.  Select  all  the  couples 
which  have  the  same  difference,  say  b.  Then  the  law  of  error  for 
the  mean  of  those  couples  is  non-exponential.  I  do  not  kno\N', 
however,  that  this  method  of  selective  generation  has  any  exist- 
ence outside  the  sphere  of  art;  and  I  notice  it  here  chiefly  for  the 
interest  of  the  hypothesis  of  elements  with  varying  modulus, 
which  in  general  leads  to  an  (elemental)  facility-function,  not 
indeed  with  finite  mean  powers,  yet  unfamiliar — for  instance, 
not  at  first  sight  included  in  the  type  given  by  DeMorgan 
{Encycl.  Metrop.  §  88). 

(2)  An  appeal  may  be  made  to  a  less  specific  experience, 
namely  the  factf  that  groups  of  actual  errors  do  possess  finite 
mean  powers.  But  here  the  premises  relate  to  actual  facility- 
curves,  which  have  somehow,  in  coming  into  existence,  lost  the 
tails  attached  to  them  by  theory.     The  conclusion  relates  to 

•  the  tail  of  the  typical  ideal  curve.  It  would  be  equally  easy, 
in  the  case  of  the  orthodox  curve,  to  name  caudal  properties 

*  Above,  pago  301 . 

t  Cf.  the  pass;age  in  DeMorgau's  article  just  quoted. 
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(analogous  to  that  of  infinite  mean  powers)  which,  though 
postulated  by  theory,  are  absent  in  fact.     For  instance,  the 

mean  exponentials  of  the  form  j    6+"^  x  (pcLv,  where  ^  is  the 

C/  —  CC 

law  of  error,  ought  to  be  infinite  for  the  probability-curve. 
But  in  fact  a  finite  cluster  of  points  cannot  present  this  infinity. 

(3)  The  objection  may  be  transferred  from  experience  about 
(presumably)  compound  errors  to  assumption  about  elemental 
errors.  It  seems  sufficient  to  reply  that,  as  the  probable  error 
of  a  non-exponential  facility-function  may  be  made  infini- 
tesimal, so  an  element  of  this  type  may  become  identical  with 
the  received  type  to  all  intents  and  purposes,  except  indeed 
that  of  generation.  The  body  of  the  two  forms  may  be  sen- 
sibly identical ;  what  shape  is  to  be  (approximately)  assigned 
to  the  tail  is  a  nice  question  of  relative  infinities,  concerning 
which,  I  suspect,  not  much  is  known. 

(4)  In  fine  it  may  be  objected  that  the  non-exponential 
curves  are  not  reproductive  in  the  same  sense  as  the  proba- 
bility-curve ;  that  the  superposition  of  two  cun^es  of  the 
former  kind  does  not  result  in  a  curve  of  the  same  type. 
Whatever  force  there  is  in  this  objection  is  counteracted  by 
the  remark  that  the  property  in  question  is  shared  by  multi- 
tudes of  forms  other  than  the  simple  exponential — namely,  all 

of  the  type 

If*'" 
y(,r)=— I     £-«   cos  aci' .  rfa  (a  not  changing  sign), 

where  t  is  any  positive  quantity,  integer  or  fractional.     For 


i.r 


1        < 

f{x}  cos  ax  (Lv  =  —  e  ~  *  . 


Whence  it  appears,  by  putting  u=0,  that/(.«)  fulfils  the  con- 
dition that  its  integral  between  the  extreme  limits  should  be 

7  /» 

unitv.     And  it  also  fulfils  the   condition  that  ~  should  be 

ax 

always  negative.     Now,  by  the  Laplace-Poisson  analysis,  the 

compound  curve  is  found  to  be 


if. 


e    **  cos  ax  (let, 


which,  by  putting  oc—s   *^,  we  may   reduce  to  the  parent 
type.     The  probable  error  of  the  average  is  that  of  the  original 

curve    divided    by    s~^;    not  in  general   s^.      Which  was 
especially  to  be  proved. 

Z2 
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So  far  we  have  taken  for  granted  that  the  compound  curve 
does  tend  to  a  limitino-  form,  that  the  average  curve  is  less 
dispersed  than  the  original,  on  the  strength  of  an  unwriiteu 
common  sense,  or  unsymbolic  reasoning,  such  as  Mr.  Venn,  with 
his  usual  clearness,  has  expressed  in  the  chapter  on  the  Method 
of  Least  Squares  in  his  '  Logic  of  Chance.'  But  in  Chance,  as 
in  other  provinces  of  speculation  which  have  been  invaded  by- 
mathematics,  common  sense  must  yield  to  symbol.     The  fact 

.                      I        c  . 

that  in  the  case  of  one  particular  curve,  —  -3 2,  noticed  by 

Poisson,  the  average  is  neither  more  nor  less  dispersed  than, 
is  the  same  as,  the  original,  suggests  that  there  may  be  forms 
on  the  other  side,  so  to  speak,  of  this  particular  form.     And 

such,  for  instance,  the  form (^  positive  both  ways) 

4(1 +A")^ 

is  found  to  be;  if  the  average  of  two  curves  be  taken  according 
to  the  principle  of  page  305  (modified  for  the  case  of  odd 
powers  of  the  variable).  This  property  of  divergence,  as  it 
may  be  termed,  is  even  more  clearly  exhibited  by  the  Laplace- 
Poisson  analysis,  if  in  our  adumbration  of  that  analysis 
(above,  p.  307)  we  put  t  a  positive  fraction.  La  our  second 
paper  it  will  be  shown  that  the  advantage  of  taking  an  average 

depends  upon  the  property  that  the  integral  I   udx  is  for 

Jo 
every  value  of  .r  greater  in  the  case  of  the  average  than  the 
original  curve.  This  property  is  now  seen  not  to  be  universal. 
With  some  surprise  I  find  that  divergence  is  not  confined 
to  curves  all  of  whose  mean  powers  are  infinite.  Take,  for 
example, 

1        (^^-1) 
(l  +  .r)"       2 

The  absolute  term  of  the  compound  of  two  is,  by  our  method, 

p  _J^       (n-Vf  _2_      {n-iy 

The  absolute  term  of  the  average  is  double  this;  that  is,  less 

than  — ^—   the  absolute  term  of  the  original. 

The  preceding  propositions  have  corollaries  relating  to  the 
hyperphysical  applications  of  the  Calculus  of  Probabilities. 

'  (1)  The  conclusion  that  a  considerable  department  of  the 
Calculus  of  Probabilities,  the  calculation  of  probable  errors,  is 
less  arithmetically  precise  than  is  commonly  supposed,  is,  if 
correct,  not  unimportant;    for  the  claims  of  the  calculus  to 
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be  applied  to  the  human  sciences  have  been  prejudiced  by 
its  pretensions  to  arithmetical  precision.  The  mathematical 
forms  of  the  science  have  been  unnecessarily  weighted  with 
numerical  content.  The  logic  of  Mr.  Venn  is  supposed  to  fall 
with  equal  force  on  those  who  pretend  to  estimate  numerically 
evidence  and  inverse  probability,  and  those  who  hold  that  the 
entangled  quantitative  relations  which  are  presented  in  this 
as  in  other  departments  of  the  human  sciences  are  best  un- 
ravelled by  the  aid  of  symbols  representative,  not  of  number 
indeed,  yet  of  quantity.  But  if  the  extravagant  pretensions 
to  numerical  accuracy  be  abandoned,  the  moderate  claim  put 
in  for  mathematical  reasoning  may  be  received  with  more 
favour.  If  our  First  Part  has  shown  that  the  calculation  of 
"probable  error"  is  often  not  arithmetical,  our  Second  Part 
may  show  that  the  calculation  of  disadvantage  is  often  mathe- 
matical. 

(2)  The  property  of  divergence  in  the  average,  in  so  far  as 
it  is  connected  with  extent  of  error  ia  the  individual,  may  be 
looked  for  in  moral  measurements,  which  seem  to  admit  of 
more  nearly  infinite  error  than  physical  observations.  Accord- 
ingly the  process  of  taking  a  mean  between  different  judgments 
is  not  necessarily  advantageous  in  the  case  of  bad  authorities. 
By  multiplying  authorities  we  may  go  further  and  fare  worse; 
but  in  touching  on  the  art  of  measurement  we  have  already 
reached  our  Second  Part. 

King's  College,  London. 


Postscript,  Septe^nber  27. — If  the  limits  of  the  elemental  errors 
are  finite,  the  proof  of  the  Law  of  Error  by  way  of  equation  (2) 
becomes  rigorous — analogous  to  Fourier's  reasoning,  Theorie  de 
Ghaleur,  art.  377  sqq. 

XLIII.  On  Laplace's  Theory  of  Capillarity.  By  Lord  Ray- 
LEIGH,  D.C.L.,  F.R.S.,  Cavendish  Professor  of  Physics  in 
the  University  of  Cambridge*. 

EROM  the  hypothesis  of  forces  sensible  only  at  insensible 
distances  Laplace f,  it  is  well  known,  arrived  at  the  con- 
clusion that  the  pressure  within  a  sphere  of  liquid  of  radius  h 
may  be  expressed  by 

K+f (1) 

H  is  the  constant  on  which  capillary  phenomena  depend,  and 

*  Communicated  by  the  Author. 

t  Mecanique  Celeste,  Supplement  to  Tenth  Book. 
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the  effect  of  the  second  term  may  be  represented  by  the  fric- 
tion of  a  constant  tension  in  the  superficial  layer.  According 
to  Laplace^s  theory,  however,  the  first  term  K  is  enormously 
the  greater;  only,  being  the  same  at  all  jioints  in  the  interior 
of  the  fluid,  whatever  may  be  the  form  of  the  boundary,  it 
necessarily  escapes  direct  observation. 

When  two  liquids  are  in  contact  the  difference  of  pressures 
within  them  will  still  be  of  the  form  (1),  but  the  values  of  K 
and  H  will  depend  upon  the  properties  of  both  kinds  of 
matter. 

The  existence  of  an  intense  molecular  pressure  K  is  a  ne- 
cessary part  of  Laplace's,  and  probably  of  any  similar,  theory 
of  these  phenomena;  but  it  has  not  met  Avith  universal  accept- 
ance*. The  difficulty  which  has  been  felt  appears  to  depend 
upon  an  omission  in  the  theory  as  hitherto  presented.  Before 
we  can  speak  of  K  as  a  molecular  pressure  proper  to  the  liquid, 
it  is  necessary  to  show  that  the  change,  which  we  may  denote 
by  Ki3,  experienced  in  passing  the  surface  dividing  liquid  L 
from  liquid  II L  is  identical  with  the  sum  of  the  changes  de- 
noted by  Ki2  and  K23;  so  that  it  makes  no  difference  whether 
we  pass  from  I.  to  III.  directly  or  by  way  of  11.  That  this 
should  be  the  case  upon  Laplace^s  principles  will  be  shown 
further  on.  The  point,  however,  is  so  important  that  I  pro- 
pose to  give  in  addition  a  proof  of  much  wider  generality,  by 
which  the  relation  is  placed  upon  a  sound  basis.  The  exist- 
ence of  an  intense  internal  pressure  is  probable  for  many 
reasons;  and  it  is  hoped  that  no  further  difficulty  need  be  felt 
in  admitting  it  as  a  legitimate  hypothesis. 

Let  us  imagine  different  kinds 
of  liquids,  varying  continuously  A 

or  discontinuously,to  be  arra'iged 
in  plane  strata,  and  let  us  examine 
the  difference  of  pressure,  due  to  P 

the  attracting  forces,  at  two  points  ~       "  ~       ~~~~~ 

A  and  B,  round  each  of  which  the  q 

fluid  is  uniform  to  a  distance  ex-    

ceeding  the  range  of  the  forces. 
The   difference   of    pressure    in 

crossing  any  infinitely  thin  stra-  

tum  at  P  is  due  to  the  forces 

operative  between  P  and  all  the  other  strata.  The  force  be- 
tween one  of  the  interior  strata  Q  and  P  will  depend  upon  the 
thicknesses  of  the  strata,  upon  the  nature  and  condition  of  the 
fluids  composing  them,  and  upon  the  distance  PQ.     But  what- 

*  Quincke,  Pogg.  Ann.  1870.   Also  Riley,  Phil.  Mag.  March  1883. 
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ever  may  be  the  law  of  the  action  in  these  respects,  the  force 
exerted  by  Q  upon  P  must  be  absolutely  the  same  as  the  force 
exerted  by  P  upon  Q.  Now,  as  we  pass  downwards  from  A 
to  B,  every  pair  of  elements  between  A  and  B  comes  into 
consideration  twice.  In  passing  through  P  we  find  an  in- 
crease of  pressure  due  to  the  action  of  Q  upon  P,  but  in 
passing  through  Q  we  have  an  equal  diminution  of  pressure 
due  to  the  action  of  P  upon  Q.  Along  the  whole  path  from 
A  to  B  the  only  elements  which  can  contribute  to  a  final  dif- 
ference of  pressure  are  those  which  lie  outside,  i.  e.  in  the  fluid 
above  A  and  below  B.  By  hypothesis  the  action  of  the  fluid 
above  A  on  the  strata  traversed  in  going  towards  B  ceases 
within  the  limits  of  the  uniform  fluid  about  A;  and  conse- 
quently the  whole  difference  of  pressure  due,  according  to  this 
way  of  treating  the  matter,  to  the  fluid  above  A  depends  only 
upon  the  properties  of  A.  In  like  manner  the  ditference  due 
to  the  fluid  below  B  depends  only  upon  the  properties  of  B; 
and  we  conclude  that  the  whole  diflference  of  pressure  due  to 
the  action  of  the  forces  along  the  path  AB  depends  upon  the 
properties  of  the  fluids  at  A  and  B,  and  not  upon  the  manner 
in  which  the  transition  between  the  two  is  made.  In  par- 
ticular the  difference  is  the  same  whether  we  pass  direct  from 
one  to  the  other,  or  through  an  intermediate  fluid  of  any  pro- 
perties whatsoever. 

It  is  evident  that  the  enormous  pressure  which  Laplace's 
theory  indicates  as  prevalent  in  the  interior  of  liquids  cannot 
be  submitted  to  any  direct  test.  Capillary  observations  can 
neither  prove  nor  disprove  it.  But  it  seems  to  have  been 
thought  that  the  relation 

Ki3=Ki2  +  K23 (2) 

implies  a  corresponding  relation  between  the  capillary  con- 
stants 

Hi3=Hi2  +  H23; (3) 

and  the  fact  that  (3)  is  inconsistent  with  observation  is  sup- 
posed to  throw  doubts  upon  (2).  Indeed  Mr.  Riley*,  in  his 
interesting  remarks  upon  Capillary  Phenomena,  goes  the 
length  of  asserting  that,  according  to  Laplace,  K  is  a  function 
of  H.  It  is  thus  important  to  show  that  Laplace^s  principles, 
even  in  their  most  restricted  form,  are  consistent  with  the  vio- 
lation of  (3). 

In  attempting  calculations  of  this  kind  we  must  make  some 
assumption  as  to  the  forces  in  operation  when  more  than  one 
kind  of  fluid  is  concerned.     The  simplest  supposition  is  that 

*  Loc.  cit.  p.  193. 
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the  law  of  force  between  any  two  elements  is  always  the  same, 
^(?'),  as  a  function  of  the  distance,  and  that  the  difference 
between  one  fluid  and  another  shows  itself  only  in  the  inten- 
sity of  the  action.  The  coefficient  proper  to  each  fluid  may 
be  called  the  "  density,"  without  meaning  to  imply  that  it  has 
any  relation  to  inertia  or  weight.  The  force  between  two 
elements  (of  unit  volume)  of  fluids  I.  and  II.  may  thus  be 
denoted  by  pip2  <^(^r);  that  between  two  elements  of  the  same 
fluid  by  pI  cf)(r),  or  p^  (j>{r),  as  the  case  may  be. 

We  will  first  examine  the  forces  operative  in  a  fluid  whose 
density  varies  slowly,  that  is  to  say  undergoes  only  a  small 
chauD-e  in  distances  of  the  order  of  the  range  of  the  forces, 
supposing,  for  simplicity,  that  the  strata  are  surfaces  of  revolu- 
tion round  the  axis  of  z.  The  first  step  will  be  to  form  an 
expression  for  the  force  at  any  point  0  on  the  axis. 

The  direction  of  this  force  is  evidently  along  c,  and  its 
magnitude  depends  upon  the  variation  of  density  in  the  neigh- 
bourhood of  O.  If  the  density  were  constant,  there  would  be 
no  force.     AVe  may  write 


^dp^^cPp^'  ^cPp 


or  in  polar  coordinates, 

r,       dp  ^  ,   d'p  r"^  cos'^  9      d^-p  7^'^  sin^  6  .     3 

6p=  -rrrcos6+  -r-V, h  y-V,   — r. h  terms  m J"'.  (4) 

'^      dz  d.z"        2  dx~        2  ^  ^ 

For  the  attraction  of  the  shell  of  radius  r  and   thickness  dr 
we  have 

27rr2 dr  cf,{r)  1%  cos  esmdde=^ r^  <f){r)  dr^^  +  ...; 
*-  0 

and  for  the  complete  attraction, 

-^  ;^  j     r^  (^(?')  dr  +  terms  in  \     r^  (/>(?•)  dr. 
^    "~Jo  Jo 

The  difference  of  pressure  corresponding  to  a  displacement  dz 
is  found  by  multijjlying  this  by  p  dz.     Thus 


» 0 

p^—p2=  ^   (p?— Pa))     r^4>(r)d7'  +terms  in  j    r^^(r)dr.  (5) 


and 
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Laplace  employs  a  function  i/r,  such  that 

^A^r'4>{r)dr=\   fir)dr;     ....     (6) 

and  he  finds  that  in  the  case  of  a  uniform  fluid  in  contact  with 
air  the  principal  term,  K,  depends  upon  ["^{r)  dr,  and  the 
second,  H,  upon  j  ?">/r(r)  cZ>'.  For  the  continuously  varying 
fluid  here  considered,  we  see  from  (5)  that 

p^-p,  =  27r(p1-pl)\     ^lr{r)dr,        .     .     .     (7) 

»    0 

and  that  there  is  no  term  of  the  order  of  the  capillary  force. 
Equation  (7)  agrees  with  our  general  result  that  the  difference 
of  pressures  required  to  equilibrate  the  forces  operating  be- 
tween two  points  depends  only  upon  the  nature  of  the  fluid  at 
the  final  points;  and  it  shows  further  that,  under  the  more 
special  suppositions  upon  which  the  present  calculation  pro- 
ceeds, the  molecular  pressure  at  any  point  is  to  be  regarded  as 
proportional  to  the  square  of  the  density. 

But  what  is  more  particularly  to  be  noticed  is  that,  in  spite 
of  the  curvature  of  the  strata,  there  is  no  variation  of  pressure 
of  the  nature  of  the  capillary  force;  from  which  we  may  infer 
that  the  existence  of  a  capillary  force  is  connected  with  sud- 
denness of  transition  from  one  medium  to  another,  and  that  it 
may  disappear  altogether  when  the  transition  is  sufficiently 
gradual. 

For  the  further  elucidation  of  this  question  we  will  now 
consider  the  problem  of  an  abrupt  transition.  It  does  not 
appear  that  Laplace  has  anywhere  investigated  the  forces 
operative  at  the  common  surface  of  two  fluids  of  finite  density, 
but  the  results  given  by  him  for  a  single  fluid  are  easily  ex- 
tended. 

Let  0  A  (equal  to  a)  be  the 
radius  of  a  spherical  mass  of 
liquid  of  "  density "  p.2,  sur- 
rounded by  an  indefinite  quan- 
tity of  other  fluid  of  density  pi, 
and  let  us  consider  the  varia- 
tion of  pressure  along  a  line  from  a  point  (say  0)  removed 
from  the  surface  on  one  side  to  a  point  B  also  removed  from 
the  surface  on  the  other  side.  The  difference  of  pressure  cor- 
responding to  each  element  of  the  path  0  B  is  found  by  mul- 
tiplying the  length  of  the  element  by  the  local  density  of  the 
fluid  and  by  the  resultant  attraction  at  the  point. 

The  attraction  of  the  whole  mass  of  fluid  may  be  regarded 
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as  due  to  an  unintorriipted  mass  of  infinite  extent  of  density 
pi,  and  to  a  spherical  mass  0  A  of  density  (p.2—pi).  Since 
the  first  part  can  produce  no  effect  at  any  part  of  0  B,  we  have 
to  deal  merely  with  the  attraction  of  the  sphere  0  A. 

Laplace  has  shown  that  if  0  A  were  of  unit  density,  its 
action  along  the  lino  0  A  would  be 


K  + 


H 


where 


K  =  27r  (     -^(r)  dr,     H  =  27r  T   r  yp-(r)  dr; 


(8) 


while  along  A  B  its  action  would  be 


K- 


H 


The  loss  of  pressure  in  going  outwards  from  0  to  A  is  thus 


and  from  A  to  B, 


(p,-P,>,(k+-); 


(p,-p>.(k--). 


Accordingly  the  whole  difference  of  pressure  between  O  and 
Bis 

K(p|-p?)  +  f(p2-Pi)^ (9) 

Thus,  in  addition  to  the  former  result  that  the  difference  of 
pressure  independent  of  curvature  varies  as  {p^—pf):  we  see 
that  the  capillary  pressure,  proportional  to  the  curvature, 
varies  as  {p^—pif. 

The  reasoning  just  given  is  in  fact  little  more  than  an  ex- 
pansion of  that  of  Young*.  If  the  effect  depends  only  upon 
the  difference  of  densities,  it  cannot  fail  to  be  proportional  to 

Writing  Hi2  =  H(pi— pg)^,  we  see  that  there  is  no  reason 
whatever  for  supposing  that  the  capillary  constants  of  three 
liquids  should  be  subject  to  the  relation 

Hi3=Hi2  +  H23. 

On  the  contrary,  the  relation  to  be  expected,  if  the  supposi- 
tions at  the  basis  of  the  present  calculations  agree  with  reality, 

^'  VHi3=>/Hi2+n/H23 (10) 

*  Encyc.  Brit.  1816.     Young's  works,  vol.  i.  p.  408. 
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In  (10)  the  three  radicals  are  supposed  to  be  positive,  and  H13 
is  the  greatest. 

If  we  suppose  that  the  third  fluid  is  air,  and  put  p^  =  0,  we 
have 

^Ha2=s/Hi-vH2, (11) 

in  which  Hi  >  Hg.     From  (11) 

Hi2  =  Hj  —  H2  — 2^/1112  n/H2, 

so  that 

Hi2<(Hi-H2) (12) 

The  reason  why  the  capillary  force  should  disappear  when 
the  transition  between  two  liquids  is  sufficiently  gradual  will 
now  be  evident.  Sujipose  that  the  transition  from  0  to  /o  is 
made  in  two  equal  steps,  the  thickness  of  the  intermediate 
layer  of  density  \p  being  large  compared  to  the  range  of  the 
molecular  forces,  but  small  in  comparison  with  the  radius  of 
curvature.  At  each  step  the  difference  of  capillary  pressure 
is  only  \  of  that  due  to  the  sudden  transition  from  0  to  p, 
and  thus  altogether  half  the  effect  is  lost  by  the  interposition 
of  the  layer.  If  there  were  three  equal  steps,  the  effect  would 
be  reduced  to  one  third,  and  so  on.  When  the  number  of 
steps  is  infinite,  the  capillary  pressure  disappears  altogether. 

Although  the  relation  (12)  is  given  by  Quincke*  as  the 
result  of  experiment,  the  numerical  values  found  by  him  do 
not  agree  with  (11).  In  most  cases  the  tension  at  the  common 
surface  of  two  liquids  exceeds  that  calculated  from  the  sepa- 
rate tensions  in  contact  with  air.  This  result,  which  must  be 
considered  to  disprove  the  applicability  of  our  special  hypo- 
theses, need  not  much  surprise  us.  There  was  really  no  ground 
for  the  assumption  that  the  law^  of  force  is  always  the  same 
with  the  exception  of  a  constant  multiplier.  The  action  of 
one  fluid  upon  another  might  follow  an  altogether  different 
law  from  its  action  upon  itself.  Besides  this  we  are  not  en- 
titled to  assume  that  a  fluid  retains  its  properties  close  to  the 
surface  of  contact  with  another  fluid.  Even  if  the  hypothesis, 
%vhich  would  refer  every  thing  to  a  difference  of  "  densities," 
were  correct,  its  application  would  be  rendered  uncertain  by 
any  modifications  which  the  contiguous  layers  of  different 
liquids  might  impose  upon  one  another.  As  we  have  seen,  if 
this  modification  were  of  the  nature  of  making  the  transition 
less  abrupt,  the  capillary  forces  would  be  thereby  diminished. 

September  18. 

*  Loc.  cit.  pp.  27,  87. 
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XLIV.  Notices  respecting  Neio  Books. 

Formulaire  pratique  cle  V Electricien.  Par  E.  Hospitaxiee,  Inge- 
nieur  cles  arts  et  manufactures,  Professeur  a  Vecole  de  pliysique  et 
cle  cliimie  inclustrielles  cle  la  ville  cle  Paris. 

^pHE  aim  of  this  book,  as  given  in  the  preface,  is  to  assist 
-*-  amateurs  and  those  who  are  engaged  in  electrical  engineering 
by  throwing  together  in  a  convenient  form  for  reference  the 
formulae  connected  with  its  various  branches,  and  the  guiding 
principles  underlying  the  various  operations  that  an  electrician 
may  find  himself  called  on  to  conduct.  It  is  designed,  in  short,  as 
a  practical  handbook  on  electrical  subjects. 

The  first  part  treats  of  the  definitions  and  general  laws  of 
electricity  and  magnetism.  It  may  be  noted  that  the  custom  of 
English  writers  is  followed  in  naming  the  poles  of  a  magnet,  the 
north  pole  being  the  north-seeking  pole  of  the  magnet.  The 
second  part  treats  of  units,  and  contains  several  useful  tables,  such 
as  are  to  be  found  in  the  "  Eeport  of  the  Committee  on  Electrical 
Standards  appointed  by  the  British  Association,"  and  in  '  Elus- 
tratious  of  the  C.Gr.S.  vSystem  of  Units '  by  Professor  Everett. 
Among  the  units  is  included  the  "  watt,"  which,  however,  is  taken 
to  be  an  amount  of  work  and  not  a  rate  of  working.  This  is  not 
the  meaning  attached  to  the  watt  by  its  originator.  It  is  to  be 
hoped  no  coufusiou  will  arise  as  to  the  meaning  of  this  convenient 
term,  for  it  would  be  a  pity  if,  after  its  use  had  become  general,  it 
had  to  be  abandoned  to  avoid  ambiguity,  as  in  the  case  of  the 
"  weber." 

Brief  descriptions  of  various  forms  of  apparatus  and  methods 
employed  in  making  electrical  measurements  form  the  third  part 
of  the  book.  This  contains  diagrams  of  the  various  circuits 
employed  in  the  ordinary  tests ;  and  it  may  be  noted  that  the  con- 
ventional sign  here  used  for  a  battery  is  just  the  reverse  of  that 
ordinarily  employed  in  English  text-books.  The  fourth  part, 
comprising  nearly  half  the  book,  treats  of  applications  of  electricity 
to  useful  purposes,  and  gives  some  accounts  of  the  results  already 
achieved.  Details  such  as  algebraical  and  trigonometrical  formulae, 
specific  gravities,  resistances  of  metals  and  alloys,  &c.  &c.,  which 
are  frequently  required  in  practical  work,  are  presented  in  a 
tabular  form,  and  the  values  of  various  quantities  (such  as  the 
E.M.F.  of  cells,  accumulators,  and  thermopiles)  are  duly  recorded. 
Probably  the  sections  dealing  with  generators  and  motors  will  be 
found  of  considerable  interest,  giving  as  they  do  in  a  tabular  form 
the  results  claimed  for  various  machines.  The  concluding  pages 
of  this  part  treat  very  briefly  of  telegraphy  and  telephony :  this 
portion  of  the  work  might  well  be  amplified,  and  illustrated  with 
diagrams  of  the  circuits  in  common  use,  in  a  future  edition. 

G.  A.  Care,  Linit.  R.E. 
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XLV.  Intelligence  and  Miscellaneous  Articles. 

ON  PROFESSOR  LANGLEY's  "  SELECTIVE  ABSORPTION." 
BY  C.  H.  KOYL*. 
"r\IIEING  a  series  of  years,  beginning  with.  1859,  Prof.  Tyndall 
-'-^  carried  on  expei-iments  which  demonstrated  the  great  absorptive 
power  of  water,  carbonic  dioxide,  and  the  vapour  of  water  in  the 
infra-red  region  of  the  spectrum,  and  which  also  demonstrated  the 
non-absorptive  character  of  these  substances  in  the  visible  parts. 
Other  investigators  have,  almost  without  exception,  arrived  at  the 
same  conclusions ;  and  it  now  appears  beyond  dispute  that  pure 
water  with  its  vapour  and  pure  carbonic  dioxide  deeply  absorb  the 
long-wave  rays,  but  exercise  little  influence  upon  the  shorter.  The 
same  series  of  experiments  proves  also  that  dry  oxygen  and  dry 
nitrogen,  either  singly  or  mixed,  are  almost  without  effect  upon  any 
part  of  the  spectrum. 

Our  atmosphere  is  composed  principally  of  oxygen,  nitrogen, 
watery  vapour,  and  carbonic  dioxide.  It  follows,  then,  that  when 
there  are  not  clouds  or  suspended  haze  the  sky  may  be,  as  far  as 
pure  absorption  is  concerned,  almost  perfectly  transparent  to  the 
visible  rays  of  solar  energy,  but  to  the  longer  waves  opaque,  to  a 
degree  dependent  upon  the  amount  of  dissolved  aqueous  vapour. 

Until  within  a  short  time  actual  experiments  upon  the  absorption 
of  the  earth's  atmosphere  as  a  whole  have  been  of  little  value  because 
of  deficient  apparatus  ;  but  since  the  invention  and  application  to 
this  work  of  the  bolometer  by  Prof.  Langley,  we  are  able  to  arrive 
at  approximate  results.  In  his  late  paper  he  shows  that  the  ratios 
of  energy  in  different  wave-lengths  stopped  by  our  atmosphere  are 
not  by  any  means  such  as  we  should  expect  from  the  laboratory 
experiments  above  mentioned,  but  that  if  e',  e",  e"  represent  the 
amounts  of  energy  transmitted,  (e')  to  our  atmosphere,  (e")  through 
it  on  a  clear  day  with  a  noon  sun,  and  (e'")  with  a  low  sun,  the 
ratios  will  be  about  as  follows  for  three  representative  wave-lengths, 
in  the  ultra-violet,  in  the  green,  and  in  the  infra-red : — 


1 

;  X  ... 
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■oOO 
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353 
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570 
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demonstrating  immediately  the  fact  that  though  some  54  per  cent, 
of  long-wave  energy  is  transmitted  at  low  sun,  only  about  8  per 

*  Abstract  of  remarks  at  a  meeting  of  the  University  Scientific  Asso- 
ciation, May  2,  1888. 
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cent,  of  short-wave  radiation  reaches  us  under  similar  circumstances. 
The  intermediate  rays  are  transmitted  in  amounts  propo  -tional  to 
some  direct  function  of  the  wave-length.  It  seems  almost  certain, 
from  TyndalFs  experiments  above  quoted,  that  these  short  waves 
are  not  absorbed  in  the  ordinary  acceptation  of  the  term.  What 
then  becomes  of  them  ?        * 

In  1869  Tyndall  demonstrated  that  if  ordinary  hght  fall  upon  a 
cloud  of  suspended  matter  in  sufficiently  great  subdivision,  the  long 
waves  pass  through  unhindered,  while  the  blue  are  reflected ;  and 
from  this  he  deduced  an  explanation  of  the  colour  of  the  sky.  In 
1880  I  published  a  brief  paper  experimentally  extending  these 
results  to  ordinary  coatings  of  oxides  of  the  metals  projected  upon 
charcoal  by  a  blowpipe-flame.  From  these  it  was  shown  that  an 
oxide  in  thin  layers  might  reflect  only  a  beautiful  blue ;  that  if  the 
coating  naturally  absorbed  blue,  it  reflected  in  preponderance  in 
thin  layers  the  next  longer  wave-length  ;  and  that,  in  fact,  the 
amount  and  character  of  reflection  depended  upon  the  size  of 
particles  and  thickness  of  layer.  Xo  quantitative  measurements 
were  made ;  but  from  the  magnificent  character  of  the  blues  obtained, 
I  concluded  that  nearly  all  the  incident  light  of  that  wave-length 
was  reflected.  Applying  this  theory  to  the  sky,  we  have  an  expla- 
nation not  only  of  its  blue  colour  and  of  its  sunset  tints,  but  also 
of  Prof.  Langley's  results  that  through  the  lower  air,  fuU  of  these 
floating  particles,  the  rays  of  shorter  wave-length  do  not  penetrate. 
It  is  not  selective  absorption;  it  is  selective  reflection. — JoJins 
Hojylcins  University  Circular,  August  1883. 


ON  THE  EECIPROCAL  EXCITATION  OF  ELASTIC  BODIES  TUNED  TO 
NEARLY  THE  SAME  PITCH.       BY  DE.  G.  KEEBS. 

When  two  strings  tuned  perfectly  alike  are  stretched  upon  the 
same  monochord,  it  is  well  known  that  each  is  capable  of  causing 
the  other  to  vibrate  with  it.  The  same  is  true  of  two  tuning-forks 
of  exactly  the  same  pitch  placed  opposite  each  other  on  two  reso- 
nators. 

But  if  the  pitch  of  two  strings  is  not  exactly  the  same,  the 
deeper-toned  one  can  excite  the  higher,  but  not  the  higher-toned 
one  the  lower,  provided  that  the  difference  between  the  numbers  of 
vibrations  amounts  to  at  least  2  or  3,  at  most  3  or  4. 

Conviction  of  this  is  obtained  when  the  strings  are  first  brought  to 
exactly  the  same  pitch,  and  then  the  tension  of  one  of  them  some- 
what relaxed :  if  now  one  of  the  strings  be  struck  or  pulled  in  the 
middle  with  the  finger,  after  a  paper  rider  has  been  placed  on  the 
other,  it  can  be  distinctly  seen  that  the  rider  leaps  from  the  higher- 
toned  string  if  the  difference  of  the  numbers  of  vibrations  amounts 
to  3  or  4,  while,  conversely,  the  rider  upon  the  deeper-toned  string 
remanis  almost  unmoved  when  the  higher-toned  is  struck. 

If  the  difference  of  the  numbers  of  vibrations  amounts  not  to  2, 
each  string  is  in  a  condition  to  excite  the  other ;  but  the  deeper- 
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toned  is  observed  to  act  more  powerfully  ou  tlie  higber  than  vice 
versa. 

For  a  couiiterproof ,  the  string  which  just  now  was  the  lower  can 
be  stretched  more  strongly,  so  that  it  becomes  the  higher,  &c. 

The  limits  of  the  excitability  moreover  follow  the  length,  thick- 
ness, and  tension.  With  short,  thick,  strongly  stretched  strings 
the  Umit  of  excitability  of  the  higher  by  the  deeper-toned  lies  at  a 
difference  of  1  or  2  vibrations  in  a  second. 

With  tuning-forks,  particularly  those  with  short  thick  prongs, 
the  difference  of  the  numbers  of  vibrations  must  not  amount  to  1, 
if  the  deeper-toned  is  to  be  able  to  excite  the  higher.  It  was, 
however,  on  tuning-forks  that  I  first  observed  the  phenomenon.  I 
had  two  forks  upon  equal  resonators,  which  were  said  to  have 
exactly  the  same  pitch.  I  placed  them  over  against  one  another, 
and  struck  one  of  them,  when  the  other  did  not  sound  with  it ;  but 
when  I  struck  the  other,  the  first  replied  very  audibly.  Having 
found  out  which  of  the  two  forks  gave  the  higher  tone,  I  loaded 
one  of  its  prongs  wit  a  little  wax,  and,  by  repeated  alteration  of  the 
loading,  easily  arranged  so  that  each  fork  was  in  a  condition  to 
excite  the  other  with  equal  force.  I  now  augme  Qted  the  load  of 
the  originally  higher-toned  fork,  and  found  that  now  this  could 
excite  the  other,  but  not  vice  versa. — Wiedemann's  Annalen,  xix. 
pp.  935,  936.  

ELEVATED  CORAL  REEFS  OF  CUBA. 
BY  W.  0.  CROSBY*. 

Mr.  Crosby  describes  in  this  paper  the  elevated  coral  reefs  of  Cuba, 
and  draws  from  them  the  apparently  well-sustained  conclusion  that 
they  indicate  a  slow  subsidence  during  their  formation,  and  hence, 
further,  that  Darwin's  theory  of  the  origin  of  cor;il  islands  is  the 
true  theory.  The  lowest  reef-terrace  of  the  northern  side  of  the 
island  has  a  height  of  30  feet,  and  varies  in  width  from  a  few"  rods 
to  a  mile ;  it  was  once  plainly  the  fringing  reef  of  the  shore.  The 
second  reef-terrace  rises  abruptly  from  the  level  of  the  lower  to  a 
height  of  200  to  250  feet,  and  bears  evidence  of  ha\ing  been  of  like 
origin  with  the  lower.  The  altitude  of  the  third  raef  is  about  500 
feet ;  and  the  fourth  has  a  height  east  of  Baracoa,  near  the  Tumuri 
River,  "  of  probably  not  less  than  800  feet."  These  old  reef- 
terraces  extend,  "  with  slight  interruptions,  around  the  entire  coast 
of  Cuba ;  and  in  the  western  part  of  the  island,  where  the  erosion 
is  less  rapid  than  further  east,  they  are  the  predomiuant  formation, 
and  they  are  well  preserved  on  the  summits  of  the  highest  hills. 
Mr.  Alexander  Agassiz  states  that  the  hills  about  Havanna  and 
Matanzas,  which  reach  a  height  of  over  200  feet,  are  entirely  com- 
posed of  reef-limestone." 

In  the  precipitous  mountain  called  El  Yunque  (the  Anvil),  five 
miles  west  of  Baracoa,  reef-limestone,  1000  feet  thick,  constitutes 
the  upper  half  of  the  mountain,  the  lo«er  part,  on  which  the  reef 
rests,  consisting  of  eruptive  rocks  and  slates :  and  originally  the 
upper  limit  of  this  modern  limestone  formation  must  have  been 
*  Proc.  Boston  See.  Nat.  Hist. 
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2000  feet  above  i;he  sea-level.  ]\Ir.  Sawkins  gives  2000  feet  as 
the  maximum  thickness  of  the  Jamaica  elevated  coral  reefs  above 
the  sea. 

Evidence  that  the  reefs  were  not  formed  during  a  progressive 
rising  of  the  land  is  drawn  from  the  thickness  of  the  reefs.  Mr. 
Crosby  observes  that  the  reefs  reaching  to  a  height  of  500  and 
100()  feet,  if  not  also  to  that  of  2000  feet,  show,  by  the  remains 
within  them,  that  they  were  made  chiefly  of  reef-building  corals, 
and  hence  that  tliey  were  not  begun  in  deep  water,  as  is  assumed 
in  the  theory  of  Mr.  Agassiz,  but  that  they  were  made  in  shallow 
water  during  a  progressive  subsidence.  Mr.  Crosby  concludes  as 
follows : — 

"  We  have  theii  apparently  no  recourse  but  to  accept  Darwin's 
theory  as  an  adequate  explanation  of  the  elevated  reefs  of  the 
Greater  Antilles,  and  therefore  to  admit  that  the  upheaval  of  this 
portion  of  the  earth's  crust  has  been  interrupted  by  periods  of 
profound  subsidence  during  which  the  reefs  were  formed.  The 
subsidence  o£  ;i000  feet,  of  which  El  Tunque  is  a  monument, 
must  have  reduced  the  Greater  Antilles  to  a  few  lines  of  small 
but  high  and  rugged  islands ;  and,  as  Mr.  Bland  has  shown,  this 
fully  accounts  for  the  absence  in  these  immeiise  tracts  of  all  large 
animals,  although  they  were  abundant  here  in  Pliocene  and  earlier 
times." 

The  writer  adds  here  the  folloN^ing  objections  to  the  theory  of 
the  formation  of  coral  atolls  in  deep  waters  out  of  the  calcareous 
secretions  of  doep-water  life  : — (1)  It  is  very  improbable  that  sub- 
marine eruptions  ever  make  the  large  and  well-defined  craters, 
like  those  of  subaerial  action,  which  are  appealed  to  in  order  to 
explain  the  lagoon  feature  of  atolls :  (2)  Many  coral  atolls  are 
twenty  miles  or  more  in  diameter,  which  is  vastly  larger  than 
the  largest  of  craters  ;  (3)  The  atolls  are  never  circular,  and  the 
larger  have  the  irregularities  of  outline  or  diversities  of  form  cha- 
racterizing other  large  islands  of  the  ocean  ;  (4)  In  the  actual  reefs 
and  islands  of  the  I'eejee  group  (see  the  map  of  the  islands  in  the 
writer's  '  Corals  and  Coral  Islands')  all  the  conditions,  from  the 
first  stage  to  that  of  the  almost  completed  atoll,  are  well  illustrated, 
one  island  he.ving  only  a  single  peak  of  rock  within  the  lagoon, 
not  yi-jj  of  the  whole  area,  which  a  little  more  of  subsidence 
would  put  beneath  the  waters  and  leave  the  lagoon  wholly  free. — 
J.  D.  Daka  in  Silliman's  American  Journal  for  August  1883. 


POSTSCEIPT  TO  DK.  CROLL's  PAPER  ON  GEOLOGICAL 
CLIMATOLOGY. 
September  22. — Since  this  paper  was  written.  Baron  Xor- 
denskjcild  has  returned,  and,  as  might  have  been  expected,  found 
Greenland  to  be  a  desert  of  ice,  with  the  surface  of  the  icy  plain 
sloping  upwards  towards  the  interior.  The  results  of  this  Expedi- 
tion, however,  are  of  the  most  important  character,  affording,  as 
they  do,  a  stiiJdng  confirmation  of  the  true  theory  of  continental  ice. 
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XLVI.    On  certain  Molecular  Constants. 
By  Feederick  Guthrie.* 

[Plates  IV.  &  v.] 

Path-densitif.     Path-mass.     Liquid  Slabs.     Metallic 
Diffusion. 

§  1.  pATH-DENSITY.—Yov  some  years  past  I  have 
been  trying  to  make  clear  to  myself  and  others 
the  idea  of  path-density  as  distinguished  from  ordinary  den- 
sity. One  is  reluctant  to  introduce  new  conceptions  into 
science  unless  they  are  called  for  by  existing  known  tacts,  or 
unless  they  suggest  the  existence  of  unknown  ones.  The 
idea  of  path-density  arose  from  the  attempt  to  get  an  insight 
into  the  condition  of  the  common  surface  of  two  media,  and 
especially  of  that  imperfectly  understood  condition  of  the 
surface  of  liquid  masses,  known  as  Surface-tension  or  Skin, 
The  connexion  between  path-density  and  surface-tension  will 
be  shown  in  §§  13,  14. 

§  2.  If  a  given  mass  of  matter  alters  its  volume,  it  thereby 
alters  its  density.  If  a  point  or  minute  piece  of  matter  which 
weighs  a  gram  were  to  swell  to  the  size  of  a  cube  centimeter, 
or  if  a  cube  yard  of  matter  weighing  a  gramt  were  to  shrink 
to  the  size  of  a  cube  centimeter,  matter  of  unit  density  Avould 

*  The  experimental  parts   of  tliis  paper  were  communicated  to  the 
Physical  Society  dm-ing  the  Session  1882-83. 
f  I  use  the  terms  "  gram  as  weight"  and  "gram  as  mass"  indiscriminately, 
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be  obtained  (water  at  4°  C).     Expressed  generally, 

§  3.  (a)  A  cube  centimeter  of  loater  at  4°  C.  moves  in  a 
straight  line  at  right  angles  to  one  of  its  faces  at  a  uniform 
rate  of  1  centimeter  in  1  second.  It  traces  out  a  path  of  unit 
density.  This  conception  is  perhaps  put  into  a  more  useful 
form:  (fi)  A  square  centimeter  of  surf  ace  having  the  mass  of  1 
gram  moves  at  the  rate  of  1  centimeter  a  second  ;  its  path  is  of 
unit  density.  The  thickness  of  the  surface  is  here  nothing, 
and  its  density  is  infinite.  More  generally:  (7)  Unit  path- 
density  is  made  when  a  plane  surface  of  area  ~  centimeter, 

.     .       1  .  .  .  ° 

weighing  —  gram,  moves  icith  unifo7'm  velocity. 

Perhaps  this  is  clearer  if  we  imagine  an  infinite  series  of 
square  centimeter-gram-surfaces  following  one  another  at 
equal  intervals  of  1  centimeter  apart,  and  moving  at  any  velo- 
city along  a  straight  path  at  right  angles  to  them.  Then  any 
cubic  centimeter  of  such  an  infinite  path  will  weigh  1  gram. 
Returning  to  concrete  examples:  — 
If  Td  denote  path-density, 

S  denote  density  (specific  gravity), 

I  denote  the  thickness  in  direction  of  motion  (centimeter), 

r  denote  rate  (centimeter-second); 

^^^^°  P^=^ (1) 

§  4.  The  few  following   obvious  deductions  may  serve  as 

illustrations.      Td=S  when  -=1;  that  is,  when  the  space 

passed  over  by  any  point  of  the  moving  mass  in  a  unit  of 
time  is  the  same  as  the  length  of  the  matter  which  passes 
through  that  point  when  the  point  is  at  rest.  In  other  words, 
there  must  be  no  gaps.  Moving  continuous  matter  has  a 
path  of  the  same  density  as  the  matter  itself. 

§  5.  If  the  mass  be  at  rest,  the  expression   (1)  becomes 

A         5^ 

Td=  —^ — )  which,  though  of  ambiguous  form,  here  means 

that  Fd=B.  The  two  O's  are  equal,  having  been  derived  from 
rational  diminution  of  I  and  r.  The  same  is  true  if  r  and  / 
are  both  infinite. 

It  is  clear,  but  must  be  especially  noted,  That  the  ratio 
between  the  path-densities  Fda^  and  Fda,  is  the  same  whether 
those  paths  are  generated  by  the  single  transit  {in  an  eternity^  of 
the  masses  Ai  and  A3  moving  at  the  rates  rx  and  t^  respectively: 
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07'  hy  an  endless  succession  of  masses  Aj  moving  at  the  rate  v^Mt 
a  distance  d  apart,  and  an  endless  succession  of  masses  Aj 
moving  at  the  rate  Y2  at  the  same  distance  d  apart :  or  hy  the 
same  masses  Aj  and  A2  returning  at  equal  intervals  with  the 
velocities  r^  and  rg. 

These  statements  may  be  illustrated  as  follows: — Let  there 
be  (Plate  IV.  fig.  1)  an  annular  tube  b  of  12  cub.  centim. 
capacity,  and  let  there  be  1  cub.  centim.  of  water  at  a.  At 
whatever  rate  a  may  pass  round  b,  the  density  of  the  path  is 
the  same,  namely  j  ^  •  -"-f  ^^  niove  round  at  the  rate  of  once 
in  a  second,  let  its  path-density  be  Pd.  If,  now,  it  moves  round 
n  times  in  a  second,  then  in  expression  (1)  r  becomes  nr,  and 
I  becomes  nl;  so  that  Prf  remains  unchanged. 

Again,  if  the  tube  b  be  doubled  in  length,  the  path-density 
will  be  halved  at  whatever  rate  a  may  move. 

§  6.  When  an  irregularly*  shaped  mass  of  uniform  density 
moves  with  uniform  velocity  in  a  straight  line,  the  path  is  of 
uniform  density  longitudinally  but  varies  in  density  trans- 
versely (like  a  sword-stick). 

Taking  the  case  of  a  triangle  moving  on  its  base  (fig.  2, 
PL  IV.),  we  have  at  once 

Yda  _  a 
Td,  ~  b' 

The  distances  a  and  b  are  here  indeed  nothing  more  than 
the  expression  I  in  §  3,  equation  (1). 

§  7.  If  /  be  constant,  that  is  if  the  moving  matter  have 
equal  thickness  all  over  in  the  direction  of  its  motion,  varia- 
tion in  density  at  diff*erent  parts  will  of  course  produce  corre- 
sponding and  proportional  variation  in  the  path-densit3^ 

It  follows  that  a  heavy  sector  of  a  circle  of  unit  density 
revolving  about  the  centre  of  the  circle  will  give  rise  to  a  path 

which  is  of  uniform  density,  and  whose  density  is        q,  if  6  be 

the  angle  of  the  sector.  The  shadow  of  such  a  disk  is  uni- 
formly dense  or  the  moving  disk  is  equally  transparent  to  light. 

If  a  heavy  line  revolve  about  one  of  its  ends,  the  density  of 
the  path,  which  is  a  circular  surface,  varies  inversely  with  the 
distance  from  the  centre.  The  shadow  of  such  a  revolving  line 
(or  narrow  strip)  varies  in  density  according  to  the  same  rule. 

§  8.  The  path-density  of  a  hea^^  plane  moving  parallel  to 
itself,  as  in  §   3  (/3),  but  inclined  to  its  path  at  an  angle  0,  is 

Td 

7j ,  if  Td  be,  as  before,  the  path-density,  when  the  plane  is  at 


sm 


Any  shape  excepting  a  prism  having  parallel  back  and  front  faces. 
2A2 
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right  angles  to  the  path.     The  sectional  area  of  the  path  is  of 
course  proportionally  less,  being  sin  6. 

§  9.  Path-mass. — For  unit  of  path-mass  it  will  be  conve- 
nient to  take  the  same  conditions  of  motion  as  before  (§  3), 
namely,  a  square  gram-centimeter  moving  at  the  rate  of 
1  centimeter  in  1  second  at  right  angles  to  itself. 

If  two  such  plates  follow  one  another  in  a  second,  the  path- 
density  and  the  path-mass  are  both  doubled.  If  they  are 
placed  edge  to  edge  in  one  plane  and  move  with  the  unit 
velocity,  their  path-mass  will  be  doubled.  For  the  path  has 
the  unit  density  but  double  the  volume  of  that  generated  by 
the  single  square.     Just  as  in  ordinary  mass  we  have 

M  =  SV 
(where  M  =  mass,  8  =  density,  and  V  =  volume),  so  here   we 
have 

Of  course,  if  the  path  be  maintained  at  uniform  density  by 
the  passage  of  successive  surfaces,  the  total  mass  will  be  infinite. 
But  the  mass  per  unit  length  is  proportional  to  the  sectional 
area  of  the  path  at  right  angles  to  it.  And  this  is  the  case 
when  a  finite  path  is  maintained  at  constant  density  by  the 
to-and-fro  motion  of  the  surface  or  by  its  orbital  return,  as 
in  §  5. 

§  10.  However  a  mass  of  matter  may  rotate,  however  irre- 
gular it  may  be  in  shape  or  density,  however  it  may  change 
its  shape  or  density,  and  whatever  may  be  its  velocity  or  change 
of  velocity,  its  total  path-mass  is  constant  for  the  same  time- 
interval  provided  onlv  its  mass  remains  the  same. 

§  11.  If  the  earth's  orbit  be  300,000,000  kilometers  in  dia- 
meter (a  little  more  than  18(3,000,000  miles)  and  its  diameter 
be  8000  miles,  the  height  of  a  cylinder  having  the  same  volume 
as  the  earth  and  the  same  diameter  is  5333  miles,  or  8580'797 
kilometers.  It  therefore  appears  that  the  mean  orbit-density 
of  the  earth  is  7*761  times  the  specific  gravity  of  the  earth, 
or,  say,  about  39  or  40. 

§  12.  If  a  single  moving  atom  were  enclosed  in  a  box  of 
fixed  internal  dimensions,  the  mean  density  of  the  gas  con- 
structed by  it  would  be  constant,  however  the  atom  might 
move.  But  if  the  atom  move  to  and  fro  between  opposite 
walls  with  acceleration,  say  harmonically,  its  path  will  be 
denser  at  its  extremities  and  densest  at  the  walls  according  to 
the  law  of  sines,  or  as  though  the  material  area  between  a 
semicircle  and  its  tangent  had  been  compressed  upon  the  tan- 
gent (fig.  3). 

§  13.  The  increased  path-density  caused  by  the  retardation 
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of  solid  matter  towards  the  end  of  its  harmonic  excursions 
is  visible  with  a  vibrating  rod  whose  excursions  are  many 
times  longer  than  its  thickness.  Better  with  a  long  mono- 
chord  wire.  The  shadow  of  such  a  wire  shows  most  distinctly 
the  increased  path-density  at  its  edges  when  it  vibrates  in  a 
plane  at  right  angles  to  the  light.  If  such  a  cord  be  made  to 
vibrate  in  a  circular  path,  or  if  an  upright  rod  be  fastened  ex- 
centrically  to  the  top  of  a  humming-top,  the  shadoAv  is  also 
graduated,  being  densest  at  the  edges.  Here  we  have  really 
of  course  the  projection  of  a  circular  path  of  uniform  density 
on  a  tangent  to  the  circle,  precisely  as  in  §  12.  The  vibrating 
solids  have  skins. 

§  14.  The  hypothesis  which  I  submit,  and  which  is  quite 
independent  of  the  facts  of  the  preceding  paragraphs,  is 
briefly  that,  when  a  mass  of  liquid  has  a  free  surface,  while 
the  internal  particles  have  paths  more  or  less  free,  those  that 
strike  the  bounding  surface  never  have  free  paths  unless  they 
strike  it  at  such  angles  as  enable  them  to  escape  as  vapour.  They 
are  momentarily  at  rest;  and  however  small  and  elastic  (in 
regard  to  the  surface)  they  may  be,  they  form  a  dynamic  (ever 
renewed)  skin,  which  in  its  turn  acts  as  a  chock  upon  the  pass- 
ing particles,  delays  them,  and  so  thickens  their  crowd. 

There  is  accordingly  at  all  such  surfaces  an  increased  den- 
sity due  to  diminished  mean  velocity;  and  it  is  this  increased 
density  which  forms  the  so-called  surface-tension  or  skin. 
Gases  and  vapours  should  have  such  skins  at  the  bounding 
surface  between  themselves  and  liquids  and  solids;  and  perhaps 
it  is  for  this  reason  that  a  solid  has  the  power  of  what  is  vir- 
tually condensing  a  gas,  even  sometimes  to  liquefaction,  upon 
its  surface. 

§  15.  Liquid  Slabs. — Whether  or  not  the  hypothesis  in  §  14 
as  to  the  cause  of  surface-tension  be  correct,  and  whether  or 
not  the  terms  surface-tension  or  skin  be  either  of  them  satis- 
factory, it  is  convenient  to  adopt  some  such  expression  for  the 
apparent  toughness  of  the  surfaces  of  liquids.  When  a  little 
liquid  is  poured  upon  a  flat  horizontal  surface  which  is  not 
attacked  by  the  liquid,  a  circular  disk  of  liquid  is  formed,  the 
shape  of  the  edge  of  which  has  been  v^ery  fully  examined  by 
Quincke  and  others.  In  most  such  cases,  one  of  the  most 
important  factors  is  the  specific  relationship  in  the  sense  of 
adhesion  between  the  solid  and  the  liquid.  In  fact  the  ques- 
tion, like  all  questions  of  capillarity,  involves  density  (and 
gravitation),  cohesion,  adhesion,  and  surface-tension.  Such 
experiments  show  the  relationship  between  two  bodies  as  well 
as  the  physical  attributes  of  one.  About  twenty  years  ago  I 
made  an  attempt  to  get  rid  of  the  factor  adhesion,  with  partial 


326  Frederick  Guthrie  on  certain 

success,  by  examining  the  size  of  a  liquid  drop.  But  I  soon 
found  that  other  factors,  notably  the  shape  of  the  solid  bodies 
from  wh'ch  the  dropping  occurred,  and  the  rate  of  dropping, 
introduced  arbitrary  conditions  which  removed  the  measure- 
ments from  the  class  of  simple  physical  constants. 

§  16.  The  plan  adopted  in  the  following  experiments  is  the 
endeavour  to  support  a  mass  of  liquid  above  a  plane  surface 
in  such  a  way  that  no  actual  contact  ensues,  not  even  such  as 
takes  place  between  clean  glass  and  mercury.  If  such  can 
be  done,  it  is  clear  that  we  shall  have  a  circular  flat  slab  with 
rounded  edges,  and  into  the  shape  of  that  slab  the  influence 
of  adhesion  by  no  means  enters.  If  the  thickness  of  the  slab 
be  found  to  be  a  constant,  we  shall  have  a  constant  as  charac- 
teristic as  density,  and,  like  density,  varying  for  the  same 
mass  only  according  to  volume,  such  volume-change  in  our 
case  being  brought  about  by  heat  alone.  Such  slab-thickness 
has  for  its  negative  influence  the  action  of  gravity  (density), 
for  its  positive  the  cohesion  and  surface-tension. 

§  17.  The  actual  measurements  of  the  slab-thickness  I  have 
performed  in  two  ways: — (1)  by  a  spherimeter  which,  when 
used  as  such,  gives  results  trustworthy  to  the  yo§oo  of '"in  inch. 
But  the  upper  of  the  two  surfaces  whose  distance  has  to  be 
measured  being  liquid,  and  the  lower  one  not  very  hard,  the 
spherimeter  cannot  be  used  by  the  method  of  touch.  Accord- 
ingly I  have  measured  the  slab-thickness  indirectly.  A  known 
volume  of  the  liquid  is  poured  on  the  surface,  and  teased  into 
the  circular  form  if  it  shows  any  noticeable  departures  from  it. 
Four  or  five  diameters  are  measured  by  means  of  a  small  hori- 
zontal cathetometer.  The  mean  being  taken,  an  allowance 
has  to  be  made  for  the  meniscus.  This  reduces  the  shape  to 
the  cylindrical,  from  which  the  thickness  h  is  deduced  by 
means  of  the  equation 

§  18.  In  regard  to  the  actual  apparatus: — Upon  a  thick 
round  slab  of  paraffin,  a  foot  in  diameter  and  4  inches  thick, 
a  massive  foot  of  plaster  is  cast.  The  whole  is  placed  on 
a  three-screw  levelling  support.  The  surface  of  the  paraffin 
is  scraped  into  a  true  plane.  When  water  was  being  exa- 
mined, the  surface  of  the  paraffin  was  lightly  powdered  with 
lycopodium  and  the  water  poured  on  vertically  from  a  fine 
opening.  With  some  care  a  perfectly  round  slab  of  water 
6  inches  in  diameter  can  be  formed,  whicli  is  so  free  to  move 
that  the  greatest  nicety  of  adjustment  in  the  levelling-screws 
is  necessary.     Precisely  the  same  arrangement  can  be  adopted 
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for  mercury.  But  it  was  found  that  for  the  latter  liquid  a 
sheet  of  blotting-paper  wetted  and  allowed  to  dry  on  a  sheet 
of  plate-glass  gave  results  identical  with  those  of  the  paraffin 
surface.  The  paper  surface  was  used  in  some  of  the  expe- 
riments. As  to  the  allowance  for  the  meniscus,  it  is  clear 
that  this  is  of  less  consequence  with  large  slabs  than  with 
small  ones.  Indeed,  with  slabs  a  few  inches  in  diameter  the 
meniscus  might  be  neglected.  This  was  imperfectly  shown 
in  the  case  of  mercury  by  adding  exactly  equal  volumes  to  a 
small  slab.  After  the  slab  had  passed  2  inches  in  diameter, 
each  additional  volume  produced  a  "  pai'abolic  '^  increase  in 
the  diameter.  Data  derived  from  this  and  from  the  mea- 
surement of  an  enlarged  photograph  of  the  edge  gave  me 
as  a  mean  2  millim.  to  be  deducted  from  the  diameter  in  the 
case  of  mercury.  Assuming  it  to  be  the  same  for  water, 
the  error  incurred,  after  making  this  reduction,  could  not 
in  a  6-inch  slab  be  more  than  ^^q  of  the  diameter.  This 
would  be  negligible  in  the  deduced  thickness. 

§  19.  I  give  the  following  datum  for  mercury  on  account 
of  the  accidental  coincidence  of  the  experimental  numbers 
with  numbers  easy  of  remembrance,  excepting  as  to  the  tem- 
perature, which  is,  however,  not  far  from  the  conventional 
temperature  of  60°  F. 

100  cub.  centim.  of  mercury  at  14°  C.  has  an  extreme 
radius  of  100  millim. 

,  _      100,000 
'     3-1416x992' 

thickness  of  mercury  slab  =  3*248  millim. 

In  the  case  of  water  it  was  found  so  difficult  to  get  a  nearly 
circular  slab  with  100  cub.  centim.,  that  only  50  were  em- 
plo^'ed.  The  slab  may  then  be  teased  into  a  circular  form  by 
means  of  a  stick  of  paraffin  covered  with  lycopodium. 

50  cub.  centim.  of  water  at  14°  C.  has  an  extreme  radius  of 
54*8  millim. 

.^         50,000 

3-1416  X  (53-8)2' 

thickness  =5-50  millim. 

Glycerine  *  is  a  beautiful  liquid  in  this  respect.  It  is  kept 
off  from  the  paraffin  surface  by  a  very  faint  blush  of  lycopo- 
dium, and  it  travels  very  slowly.  It  can  be  got  into  a  circular 
slab  more  easily  than  water;  but,  perhaps  on  account  of  its 
capillary  action  towards  its  lycopodium  props,  it  is  more  per- 
sistent in  its  motion.     In  fact,  unless  there  be  hills  of  that  sub- 

*  CommerciaJ,  "Price's." 
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stance  to  confront  it,  it  rolls  along  (for  that  is  the  motion  of  a 
slab  however  large)  and  forms  a  "  level,"  which  requires  a  very 
steady  support  to  avoid  the  notion  that  its  motion  is  affected 
by  the  gravity  of  the  observer. 

50  cub,  centim.  of  glycerine  at  14°  C.  has  an  extreme  radius 
of  59  millim. 

,  _        50,000 
3-1416  X  (58)*-^' 
thickness  =4*731  millim. 

§  20.  Accordingly,  taking  the  slab  thickness  of  water  as 
unity,  we  maj-  begin  a  table  which  will  at  some  future  time 
assuredly  be  extended. 

Specific  Slab-thickness  (at  14°  C). 

Water   .      =1-0000, 

Glycerine  =0-8602, 

Mercury  =0-5906. 
These  numbers  may  be,  with  instruction,  considered  in  re- 
ference to  the  numliers  in  table  vii.  which  concern  the  drop 
sizes  of  the  same  three  liquids  in  the  'Proceedings  of  the  Royal 
Society,'  1864,  p.  17  ["  Recess  "].  It  will,  I  have  no  doubt, 
appear  that  in  all  cases  the  greater  the  drop-size  the  greater  the 
slab-thickness.  Water  will,  no  doubt,  again  assert  its  singu- 
larity and  exhibit  the  greatest  slab-thickness. 

§  21.  Restrained  as  slabs  are  in  their  form  by  skin-tension 
as  well  as  cohesion,  it  is  found  that  the  addition  of  a  liquid 
which  diminishes  the  former  diminishes  also  the  slab-thick- 
ness. Taking  25  cub.  centim.  of  water  at  14°  C,  a  slab 
was  formed  having  38  millim.  corrected  radius.  This  gives 
a  thickness  of  5-51  millim.  Such  a  slab  is  unchanged  if 
touched  in  the  middle  by  a  drop  of  glycerine.  But  on  touch- 
ing it  with  "  glacial  ''  acetic  acid,  it  instantly  acquires  a  cor- 
rected radius  of  44  millim.,  or  thickness  of  4-16  millim.  This 
means  a  diminution  in  thickness  of  very  nearly  25  per  cent., 
or  one  quarter.  The  question  therefore  presented  itself,  What 
is  the  slab-thickness  of  "  glacial  "  acetic  acid  ? 

I  reserve  the  results  of  my  experiments  in  the  direction  of 
the  relationship  between  the  liquids  and  the  alteration  of  skin- 
tension. 

§  22.  The  mercury  slab,  like  the  water  slab,  has  what  vir- 
tually amounts  to  a  skin;  and  it  became  interesting  to  exa- 
mine the  conditions  of  this  skin  or  region  of  surface-tension. 
If  lycopodium  be  strewn  U[)on  the  surface  of  a  mercury  slab,  and 
a  little  tin,  zinc,  or  lead,  or  amalgam  of  these  metals,  be  made 
to  touch  the  slab  in  the  middle,  no  noticeable  disturbance 
takes  place.     But  if  such  a  sltd)  be  touched  by  an  amalgam 
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of  K  or  Na,  the  slab  instantly  expands,  and  the  film  of  lyco- 
podium-powder  on  its  surface  cracks  radially,  exposing  the 
brilliant  metallic  surface,  which  is  seen  to  be  agitated  over  its 
whole  extent.  In  a  few  seconds  the  slab  contracts  to  its  ori- 
ginal size  and  the  lycopodium  cracks  heal. 

Does  this  extension  of  the  slab  depend  upon  the  diminu- 
tion of  the  cohesion  of  the  mass  of  the  mercury,  or  upon  a 
surface  effect  ? 

§  23.  I  frequently  in  my  researches  have  had  recourse  to 
the  fact,  which  I  first  described  in  the  year  1863,  that  a  little 
sodium  added  to  mercury  enal)les  that  metal  to  touch  with 
positive  capillarity  metals  which  in  its  and  their  ordinary 
state  are  not  wetted  by  the  liquid  metal.  I  here  make  use  of 
the  same  fact.  A  platinum  tube,  6  millim.  in  internal  dia- 
meter and  2  centim.  in  height,  is  rubbed  and  soaked  in  some 
weak  sodium  amalgam,  and  then  washed  in  several  quan- 
tities of  pure  mercury.  Placing  such  a  tube  vertically  in  the 
middle  of  a  slab  of  mercury  so  that  its  lower  edge  is  clear 
of  the  surface  upon  which  the  mercury  slab  rests,  we  have 
the  condition  shown  in  fig.  4.  A  little  grain  of  sodium 
amalgam  dropped  into  the  platinum  tube  causes  no  imme- 
diate change;  but  in  a  time  measurable  by  seconds,  say  20 
to  30  seconds,  the  slab  starts  on  its  expansion  and  reaches 
its  maximum  size,  apparently  immediately.  It  seems,  then, 
that  since  the  effect  is  not  instantaneous,  it  is  a  surface  effect. 
The  effect  when  produced  is  due  to  an  alteration  of  the  surface 
between  the  tube  and  the  outer  portion  of  the  slab.  By 
dipping  the  platinum  tube  further  down  into  the  slab  so  as  to 
be  within  ^  of  an  inch  of  the  bottom,  I  have  found  the  effect 
to  be  distinctly  delayed. 

§  24.  The  fact  mentioned  in  §  23,  that  the  release  of  the 
mercury  skin-tension  by  sodium  is  brought  about  after  a  time, 
short  indeed,  but  appreciable  when  introduced  into  the  central 
part  of  a  liquid  slab  inside  the  platinum  tube,  points  to  the 
existence  of  a  true  diffusion  between  the  metals;  and  this  leads 
to  the  third  part  of  this  communication.  For  I  have  exa- 
mined already  a  few  such  cases,  which  I  will  now  describe, 
because  I  believe  the  subject  of  elementary  diflFusion  has  been 
neglected  excepting  in  the  case  of  gases,  and  even  here  but 
little  is  really  known. 

§  25.  Metallic  Diffusion. — The  metals  potassium  and  sodium 
suggested  themselves  of  course  at  once.  They  offer  excep- 
tional facilities  for  the  determination  of  the  composition  of  the 
mixture,  when  they  have  diffused  through  mercury,  because 
the  mere  addition  of  water  translates  the  alkaline  metal  into 
hydrogen.     The  neutralization  of  the  alkalized  water,  say,  by 
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hydrochloric  acid,  and  subsequent  evaporization  and  weighing, 
give  a  control  upon  the  hydrogen  translation  of  the  alka- 
line metal.  The  mercury  is  thereupon  left  nearly  ready  for 
weighing. 

On  the  other  hand,  I  have  not  yet  been  able  to  establish  a 
column  of  mercury  having  an  unlimited  stock  of  pure  cold 
alkaline  metal  above  pure  mercury  at  the  same  temperature 
beloA^'.  I  do  not  see  the  possibility  of  it.  Granted  that 
when  such  metals  as  tin,  or  lead,  or  gold,  or  silver  dissolve 
in  mercury  heat  may  move,  such  movement  of  heat  is, 
I  should  think,  swamped  in  its  power  of  causing  convec- 
tion-currents by  the  conductivity  of  the  mass.  But  in  the 
case  of  the  alkaline  metals  the  first  contact  of  the  two 
metals  is  accompanied  by  so  much  heat  that  the  condi- 
tions obtainable  ^^dth  other  metals  are  here  far  more  difficult. 
Perhaps  mercury  and  sodium  brought  into  contact  at  a  tem- 
perature far  below  the  freezing-point  of  mercury  might  give 
the  required  starting-point.  If  their  contact  were  real  and 
the  elevation  of  temperature  very  gradual  and  well  controlled, 
we  might  have  a  trustworthy  condition  ;  but  scarcely  at  a 
single  temperature. 

feuch  a  condition  would  represent  a  certain  fixed  sodium 
potential  (not  infinite,  because  the  sodium  has  to  be  disin- 
tegrated), on  the  one  hand,  and  a  lower,  but  not  zero,  on  the 
other;  and  between  the  two  the  integral  of  the  resistances 
of  the  various  amalgams  after  the  first  contact. 

§  26.  This  being  so,  I  elected  to  employ  sodium  amalgam 
and  potassium  amalgam  rather  than  the  free  metals. 

On  mixing  sodium  ^^ith  mercury,  the  two  combine  with 
great  energy  and  liberate  so  nnich  heat  as  to  point  to  a 
loss  of  volume.  Is  this  loss  of  volume,  if  it  take  place  under 
any  circumstance,  so  great  as  to  give  rise  to  an  amalgam 
having  a  greater  density  than  mercury  itself? 

If  —  be  the  density  of  mercury  and  — ^  that  of  sodium, 

and  if  V3  be  the  volume  of  the  amalgam,  then  the  density  of 
the  amalgam  would  be  equal  to  that  of  the  merctiry,  if 
mi  +  m^  _  ?Wj 

or 


•3  =  V,(l+^). 

V  mi/ 


If  I's  should  be  less  than  this  for  any  ratio  between  the  con- 
stituents, the  convection-currents  of  sodium  would  at  all 
events  begin  to  flow  down  if  such  an  amalgam  were  at  the  top 
of  the  mercurial  column. 
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On  this  point,  without  making  a  study  of  the  specific 
gravity  of  alloys  of  sodium  of  different  strengths,  I  liave  satis- 
fied myself  that,  as  long  as  the  amalgam  is  liquid,  it  is  lighter 
than  mercury.  This  is  easily  shown  by  introducing  mercury 
into  one  limb  and  the  various  liquid  amalgams  of  sodium  into 
the  other  limb  of  a  long  U-tube:  whereupon  the  pure  mercury 
always  prevails  in  weight.  Now  when  a  solid  amalgam  of 
sodium  is  brought  into  contact  with  mercury,  heat  may  be 
either  set  free  or  absorbed.  Chemists  will  understand  me  if  I 
remind  them  that  a  pounds  of  w^ater  mixed  with  b  pounds  of 
chloride  of  calcium  will  give  a  body  which  will  set  free  or 
absorb  heat  according  as  a  is  greater  or  less  than  x. 

§  27.  Accordingly  I.  made  a  pound  or  two  of  a  sodium  amal- 
gam of  such  a  strength  as  to  be  solid  at  the  atmospheric  tem- 
perature. This  was  beaten  up  in  an  iron  mortar  as  it  cooled. 
Putting  some  of  this  into  a  porcelain  crucible,  plunging  it  into 
water  containing  a  few  drops  of  hydrochloric  acid,  and  collect- 
ing the  hydrogen,  it  was  found  that  after  a  day  or  tw^o,  if  the 
amalgam  w\as  occasionally  stirred,  all  evolution  of  hydrogen 
ceased;  the  volumes,  reduced  to  dry  hydrogen  at  0°  C.  and 

760 millim., were-!  -.^.q  >  cub.  centim.     The  mercury,    after 

,     .  .       A        -K    r  15-1096       m,.       .         ,1 

drying,  was  found  to  weigh  ■(  1^.7 sir  gives  the  per- 

centage of  the  amalgam  which  I  shall  call  Am  amalgam:  — 

Hg 98-2         97-97         98-08 

Na J^  2-03  1-92 

100-0  100-00  100-00  (mean) 
The  ideal  amalgam  would  perhaps  be  one  of  such  a  compo- 
sition that  heat  would  neither  be  set  free  nor  absorbed  on 
further  mixing  with  mercury.  But  such  an  ideal  condition 
could  only  be  ideal  in  its  beginning,  and,  I  think,  disturb- 
ances due  to  this  cause  are  insensible  in  comparison  with  other 
sources  of  error.  The  above  amalgam  when  stirred  with  mer- 
cury may  reduce  its  temperature  as  much  as  5°  C. 

I  am  informed  that  sodium  may  contain  a  large  quantity  of 
hydrogen.  I  am  not  called  on  to  discuss  the  experiments  (not 
my  own)  upon  which  this  rests;  but  I  think  that  any  consider- 
able quantity  woukl  be  expelled  on  amalgamation.  Perhaps 
the  glow  or  blush  to  be  described  immediately  and  in  §  28  is 
due  to  the  escape  of  residual  hydrogen  at  the  released  tension- 
surface  of  the  mercuiy. 

The  first  experiment  in  regard  to  the  diffusion  of  sodium  out 
of  this  amalgam  into  mercury  was  of  course  a  qualitative  one. 
A  U-tube  (fig.  5,  PI.  V.)  was  made  of  glass  tube  of  ^  inch  in- 
ternal diameter — the  one  limb.  A,  being  about  3  inches  and  the 
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other,  B,  about  2^  inches  long,  reckoned  from  the  inner  bend  a. 
This  was  fastened  into  a  mass  of  fusible  metal  foot  to  give  sta- 
bility. The  U-tube  \\as  dried  perfectly  under  the  ordinary  air- 
condition,  and  received  pure  dry  mercury,  which  stood  in  both 
limbs  at  a  height  of  about  2|  inches  (reckoned  from  a).  The 
whole  was  placed  in  a  flat-bottomed  vessel  g  containing  a  little 
melted  paraffin,  and  then  upon  an  immovable  slab,  to  which  it 
was  stuck  by  a  few  drops  of  paraffin.  The  vessel  g  then  received 
water  slightly  acidulated  with  HCl  so  as  to  cover  the  mercury 
in  the  shorter  limb,  and  reach  about  g-  inch  above  the  edge  of 
the  glass  tube  on  that  side.  A  test-tube  filled  with  similarly 
acidulated  water  was  inverted  over  the  shorter  limb.  Upon  the 
surface  of  the  mercury  in  A  about  15  grams  of  the  amalgam 
Am  was  placed;  this  was  covered  with  petroleum,  and  the 
tube  was  plugged  with  cotton-wool. 

Immediately  after  introducino;  the  sodium  amalo;am  a  kind 
of  frosted  appearance  is  seen  on  the  immediately  lower  parts 
of  the  mercury  and  glass  surface  in  A.  This  appearance,  which 
is  a  blush  of  bubbles,  creeps  downwards  with  strange  rapidity, 
reaching  the  bend,  sa}^  2^^  inches,  in  a  quarter  of  an  hour. 

In  about  30  hours,  bubbles  of  hydrogen  appear  at  the  sur- 
face of  the  mercury  in  B  and  collect  in  the  pneumatic  tube. 
Such  evolution  continues  sensible  for  about  a  month.  After 
two  months  such  evolution  ceased,  the  contents  were  emptied 
out,  thereby  being  of  course  mixed,  and  no  further  evolution 
of  hydrogen  could  be  detected. 

Such  a  method  of  experimentation  is,  however,  far  from 
quantitative,  because,  when  the  sodium  has  diffused  down 
through  A  as  far  as  a,  it  will,  being  lighter  than  mercury,  rise 
throuoh  B  and  cause  whirls. 

The  ideal  condition  of  such  diffusion  would  be  of  course 
similar  to  the  ideal  condition  of  heat-  or  electrical  transference, 
where  one  may  have  a  given  potential  at  one  end  of  the  column, 
and  a  given  lower  one,  fancifully  called  zero,  at  the  other. 

Perhaps  this  condition  is  to  be  attained  with  the  greatest 
practical  completeness  by  the  simple  lonrf  vertical  column. 

§  28.  Three  glass  burettes  were  made,  about  a  foot  in 
length  and  an  inch  in  internal  diameter.  They  were  drawn 
out  sharply  at  the  bottom  into  capillary  tubes,  upon  which 
pressure-taps  were  fixed  in  the  ordinary  way.  These  were 
nearly  filled  with  pure  mercury.  A  little  of  the  mercury 
was  allowed  to  run  through  so  as  to  fill  the  capillary  and  caout- 
chouc tube. 

Upon  a  tube  so  prepared  and  filled,  about  15  grams  of  the 
amalgam  Am  were  placed.  The  amalgam  Avas  thereupon 
covered  liberally  with  petroleum;  and  the  top  of  the  tube  was 
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slightly  corked.  Instantly  clouds  of  minute  bubbles  beoran 
to  make  their  ajjpearance  between  the  mercury  and  the  glass. 
In  half  an  hour  the  whole  column  appeared  frosted  (see  §  27). 
On  drawing  oflF  a  measure,  say  ^  of  the  whole,  from  the  bottom 
after  two  or  three  hours,  no  appreciable  amount  of  hydrogen 
was  to  be  got  from  it. 

Accordingly  the  tube  was  reemptied,  cleaned,  dried,  and 
refilled.  The  amalgam  (A;?;)  was  then  allowed  to  rest  upon 
the  top  for  14  days  and  nights  in  an  undisturbed  and  steady 
place,  where  the  temperature  ranged  from  13°  to  18°  C.  At 
the  end  of  this  time  the  amalgam  was  drawn  off.  The  draw- 
ing off  was  effected  as  follows: — A  little  block  of  paraffin 
was  hollowed  so  as  to  haAC  a  smooth  cavity  of  the  capacity  of 
about  j^-  of  the  tube  in  fig.  6.  The  edge  was  ground  flat,  and 
a  flat  slab  of  paraffin  served  as  a  cover.  The  amalgam  was 
drawn  into  this  very  slowly  so  as  to  stand  above  the  edge;  the 
slab  being  then  pressed  down,  a  unit  volume  was  entrapped. 
This  being  transferred  to  a  porcelain  capsule,  the  few  drops  of 
overflow  were  returned  to  the  unit  measure,  which  was  again 
filled  up,  and  so  on.  The  six  lowest  measures  (each  about  ^^) 
did  not  show  a  trace  of  hydrogen.  The  seven  higher  ones 
evolved  hydrogen  in  the  quantities  shown  in  the  following 
table,  in  which  the  actual  weights  of  the  mercury  are  re- 
duced to  100,  the  cub.  centim.  of  hydrogen  being  recalculated 
and  reduced  to  dry  hydrogen  at  0°  C.  and  760  millim.  It 
appears  that  in  14  days  the  sodium  had  penetrated  down  a 
little  more  than  halfway,  say  7  inches,  in  quantity  appreciable. 
I  put  now  these  results  in  such  a  form  that  they  may  be  as  far 
as  possible  immediately  comparable  with  the  results  obtained 
by  other  metals.  They  come  out  as  follows: — 
Per  cent.  Na.  Hg.  Na. 

•0035 100  and  -0035 

•0178 „       „     -0178 

•0605 „      „    •ooeG 

•1769 „       „     ^1772 

•2034 „       „     ^2038 

•22115 „       „     -230 

•2414 „       „     ^242 

§  29.  A  potassium  amalgam  prepared  in  a  similar  manner 
was  found,  when  analyzed  as  in  §  27,  to  have  the  composition 
1-34  per  cent,  of  K.  About  the  same  quantity  of  this  was 
put  into  the  same  tube  as  had  been  used  for  the  Na,  under, 
as  far  as  possible,  the  same  conditions. 

Reducing  the  evolved  H  to  0°  and  760,  as  before,  it  was 
found  that  the  13  volumes  of  the  column  (all  of  which  were 
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nearly  equal  except  the  last,  which,  instead  of  about  84-82 
grams  of  mercury,  only  held  ahout  52,  for  this  was  the  drain- 
age from  the  amalgam),  had  the  composition: — 
Per  cent,  of  K, 
0-00082 

•0038 

•0146 

•0331 

•1185 

•2061 

•2811 

•3490 
As  to  the  comparison  between  Na  and   K,  we  need  only 
contemplate  the  potential  difference  between  1*92  and  1*3'4 
respectively. 

With  regard  to  the  frosted  appearance  mentioned  in  §§  27, 
28,  it  can  scarcely  be  doubted  that  the  minute  bubbles  which 
compose  it  are  hydrogen,  due  to  the  film  of  water  or  vaponr 
on  the  glass.  But  while  this  appearance  travels  at  the  rate 
of  at  least  one  foot  an  hour,  there  is  no  sensible  quantity 
of  Na  to  be  found  at  even  a  lesser  depth  after  fourteen  days. 
The  effect  must  therefore  be  a  surface-effect,  and  be  of  the 
same  order  as  the  effect  described  in  §  22,  where  the  mercury- 
slab  expands  when  touched  by  sodium  amalgam,  on  account  of 
the  metals  spreading  almost  instantaneously  over  its  surface 
and  enfeebling  its  skin.  The  condition  actually  set  up  in  the 
mercury  column  is  probably  this : — A  minute  film  of  sodium 
spreads  downwards  between  the  mercury  and  the  glass  :  this 
decomposes  the  water  on  the  glass,  and  so  clothes  the  glass 
with  a  film  of  minute  hydrogen  bubbles,  and  the  mercury  sur- 
face with  a  film  of  caustic  soda,  which  latter  is  in  absolute 
contact  with  the  mercury  surface.  It  is  a  question  whether 
the  sodium  film  is  less  than,  equal  to,  or  more  than  sufficient 
to  decompose  the  water — probably  more.  At  all  events  it  is  so 
minute  as  not  to  exhibit  itself  in  any  chemical  reaction.  The 
spectroscopic  reaction  here  has  no  significance. 

The  curves  Na  and  K,  Plate  IV.,  which  represent  these  expe- 
riments graphically,  are  not  directly  comparable  with  the  curves 
Sn,  Pb,  and  Zn  (§  31)  in  the  same  plate,  because  in  the  case 
of  Na  and  K,  for  reasons  given  in  §  25,  it  was  found  necessary 
to  start  with  an  amalgam,  and  indeed  with  one  containing  only 
about  2  per  cent,  of  sodium.  The  time  in  the  case  of  the  Na 
and  K  amalgams  was  also  only  a  little  less  than  half  that  occu- 
pied in  the  diffusion  of  Zn,  Pb,  and  Sn. 

§  30.  The  rapid  penetration  of  zinc  by  mercury  suggested 
the  question  whether,  when  an  amalgam  of  an  alkaline  metal 
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was  presented  to  zinc,  the  mercury  would  penetrate  the  zinc 
and  carry  the  alkaline  metal  with  it.  Accordingly  the  above 
potassium  amalgam  was  introduced  into  a  hollow  cylinder  of 
cast  zinc,  17  millim.  internal,  and  21  millim.  external  dia- 
meter (thickness  2  millim.),  45  millim.  external  height,  35 
millim.  internal  height  (10  millim.  thickness  of  bottom).  The 
amalgam  was  scraped  upon  the  zinc  so  as  to  ensurCgContact,  and 
then  covered  with  petroleum.  The  zinc  cylinder  was  thereupon 
corked  up  and  covered  with  paraffin.  It  was  placed  in  a 
beaker  of  distilled  water  and  covered  with  a  tube  of  water 
according  to  fig.  7.  After  two  months'  standing  at  a  uni- 
form temperature  of  about  15°,  scarcely  a  pin's-head  volume 
of  gas  had  collected  in  the  top  of  the  tube.  Abundance 
of  the  semiflocculent  fine  oxyhydro-carbonate  had  collected 
on  the  zinc  and  at  the  bottom  of  the  beaker.  That  part 
on  the  zinc  was  rubbed  off"  the  zinc  with  an  ivory  blade, 
and,  together  with  the  sediment  in  the  beaker,  dissolved  in 
hydrochloric  acid  overneutralized  with  ammonia  and  sulphide 
of  ammonium.  After  separation  of  the  Zn,  no  trace  of  K 
could  be  found.  No  potassium  had  found  its  way  through  the 
zinc.  Perhaps  a  more  remarkable  fact  still  is  this,  that  on 
scraping  about  a  gram  of  the  solid  metal  from  the  outside  of 
the  zinc  cylinder,  not  a  trace  of  mercury  could  be  found  in 
it.  Not  only,  therefore,  did  the  alkaline  metal  fail  to  follow 
the  mercury  into  the  zinc,  but  it  prevented  the  mercury  from 
entering  the  zinc.  Compare  this  with  §  32,  where  the  cylinder 
of  zinc  is  literally  "  slaked  "  by  the  mercury. 

§  31.  Cylinders  of  zinc,  lead,  and  tin  were  cast,  an  inch  and  a 
quarter  long  and  ^  inch  in  diameter.  These  were  floated  on  the 
mercury  contained  in  the  tubes  described  in  §  28.  The  quantity 
of  the  mercury  in  each  tube  was  such  that  it  stood  at  the  same 
height,  reckoning  from  the  bottom  of  each  cylinder.  The 
burettes  had  been  previously  lashed  to  massive  stands,  cork 
buffers  being  interposed  between  the  tubes  and  the  stands. 
The  three  were  placed  side  by  side  on  a  slab  let  into  the  wall, 
and  were  protected  as  much  as  possible  by  cloths  from  sudden 
changes  of  temperature.  The  mean  temperature  was  15°  C. 
The  experiments  lasted  a  month,  and  the  extreme  range  of 
temperature  was  from  13°  C.  to  17°*  5  C. 

At  the  end  of  the  month  (31  days)  the  mercury  was  run 
off  from  the  bottom  very  slowly  and  discontinuously  into  the 
paraffin  vessel  described  in  §  28  ;  so  that,  with  the  exception 
of  the  top  quantities,  the  volumes  of  the  successive  portions 
were  very  nearly  the  same.  With  regard  to  the  top  quantities, 
it  is  clear  that,  since  the  metals  float  at  different  depths  in  the 
mercury,  the  surfaces  of  contact  are  not  the  same  in  the 
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several  cases  ;  and  therefore  these  top,  or  richest,  amalgams 
can  scarcely  be  compared.  Again,  the  shape  of  the  bottom  of 
the  tube  with  its  capillary  &c.  puts  the  lowest  or  poorest  out 
of  court.  But  as  the  contents  of  the  lower,  irregular  part  of 
the  tube  is  not  more  than  a  third  of  the  volume  of  the  unit 
measure,  it  is  only  the  very  lowest  amalgam  that  need  be 
rejected. 

In  each  case  there  were  twelve  full  unit  vessels  drawn  off, 
and  in  each  case  a  fraction  of  a  thirteenth,  which  last  contained 
the  drainage  from  the  metal. 

Through  the  kindness  of  Dr.  Hodgkinson  a  number  of 
these  amalgams  were  analyzed  in  the  chemical  laboratory  by 
Messrs.  Adie,  Gahan,  and  Grange,  to  whom  I  am  therefore 
indebted.  These  three  gentlemen  analyzed  the  zinc,  lead,  and 
tin  amalgams  respectively.  The  metals  were  determined  in 
the  following  manners: — 

Lead. — The  amalgam  dissolved  in  nitric  acid  and  evapo- 
rated with  sulphuric  acid,  and  the  residue  either  ignited 
directly  or  after  washing  with  dilute  alcohol  (as  sulphate  of 
lead). 

Tin. — The  amalgam  dissolved  in  nitric  acid,  evaporated  to 
dryness,  and  ignited  (as  metastannic  acid). 

Zinc. — (a)  By  dissolving  in  nitric  acid,  evaporating  to  dry- 
ness, and  igniting  ;  or  (J3)  by  separating  the  mercur}^  as  sul- 
phide and  the  zinc  as  sulphide,  and  igniting  ( both  as  oxide  of 
zinc). 

§  32.  In  Table  I.  the  results  of  such  determinations  are 
given,  so  that  the  proportion  of  the  errors  of  analysis  may  be 
compared  with  the  true  diffusion  in  each,  and  the  diflPerenee 
of  diffusion  in  the  three  cases. 

At  the  end  of  the  experiment  the  cylinders  of  tin  and  lead 
presented  nothing  remarkable  in  appearance.  On  standing  a 
couple  of  months  the  upper  part  of  the  lead  cylinder  has 
become  as  hard  as  zinc,  though  there  is  no  sensible  deforma- 
tion. The  zinc  cylinder  swelled  considerably  in  the  tube  ; 
and  when  left  to  itself  afterwards,  though  drained  from  the 
mercury,  it  continued  to  swell  and  crack,  and  ultimately  fell 
to  pieces  like  a  "  lime-light  "  lime  cylinder  when  slaked.  Two 
cones  with  their  apices  towards  the  centre  of  the  cylinder 
were  formed  at  top  and  bottom  ;  the  cracking  otherwise  was 
for  the  most  part  in  radial  planes. 

In  Plate  V.  the  percentages  of  metal  in  the  several  amal- 
gams of  the  three  metals  are  given  gra])liical]y,  and  witliout 
rounding  off  or  other  interpolation.  The  iibscissa?  reckoned 
from  the  left  are  distances  from  the  bottom;  the  ordinatesare 
the  corresponding  percentages  of  the  respective  metals. 
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Zinc.  Per  cent 

Lead.    Per  cent.       Tin.    Per  cent. 

1  (bottom) 

{2-Si}  0-063 

{t^}  »-i»e 

fO-13    ] 

\  0-21    I  0-171 

[0-174  J 

2 

{SSS}  0-078 

3 

{S.1i}«-^'^ 

{2-1}    0-21. 

4 

^]  ^-^ 

5 

{olS}  <>« 

{S:S} «« 

6 

1  0--'l^  1  0-109 
1  0-183  J  "  ^^'"^ 

7 

{S:Si}  o-^"^ 

{«|S}    0-63 

8 

10-266)0 -'60 

9 

1  0-337  1 

^  0-338  I  0-333 

[  0-325  J 

{SS?}  o-«^'« 

{»«}    '-^ 

10 

■(?S?}0«7 

11 

{S:S!}«-^«i 

{i-JI}  »■» 

1-68  ] 
•  1-41  I     1-45 
.1-25J 

12 

f  0-5731  ,,.-, 

10-569)  o-sa 

13  (top) 

1  0-618-1  ^..^^ 
to-735[0-6'' 

{11?}  >-*^ 

f  1-86  1 

\  1-87  }    1-83 

11-76 

§  33.  It  appears  accordingly  that  the  three  metals  lead, 
tin,  and  zinc,  all  of  which  and  all  of  whose  amalgams  are 
lighter  than  mercury,  diffuse  downwards  through  this  latter 
metal  in  such  a  fashion  that  they  appear,  after  a  month's 
interval,  in  appreciable  quantity  at  a  depth  of  a  foot  beneath 
the  surface  when  the  temperature  is  about  16°-17°  C. 
With  regard  to  this  latter  point,  as  to  temperature,  T  suppose 
that  mercury  is  so  good  a  conductor  of  heat  that  the  influence 
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of  convection-currents  is  at  least  as  inconsiderable  as  in  the 
experiments  which  have  been  performed  for  determining  the 
diffusion  of  soluble  salts  in  water.  It  is  scarcely  worth  while 
amusing  oneself  by  dividing  these  diffusion  percentages  by  the 
so-called  "  atomic  weights  "  of  the  metals.  A  more  serious 
consideration  might  be  the  result  of  the  division  of  the  diffused 
weight  by  the  specific  gravity  of  the  metal.  Comparing  the 
numbers  of  the  group  Sn,  Pb,  and  Zn  with  one  another,  we 
may  remember  that  the  metals  are  all  cast,  and  therefore  so 
far  indefinite  in  structure.  This  may  be  especially  the  case 
with  zinc,  which  cracks  and  thereby  allows  the  mercury  to 
rise  by  capillarity  and  so  enrich  itself,  and  generally  set  up 
conditions  of  amalgamation  which  I  do  not  care  to  trace,  for 

1  do  not  see  my  way  through. 

As  to  the  comparison  of  the  alkaline  group  with  the 
Sn,  Pb,  Zn  groups,  such  comparison  must  be  vague,  for  the 
reason  that  the  K  and  Na  are  employed  as  amalgams  (as 
though  one  would  study  the  diffusion  of  nitre  into  water  by 
employing  a  solution  of  nitre  containing  only  2  per  cent,  of 
the  anhydrous  salt) ;  whereas  the  Sn,  Pb,  and  Zn  are  use 
with  what  was  supposed  to  be  a  sufficient  supply  of  pure  100- 
per-ccnt.  metal.  But  this  imperfection  of  these  conditions  is 
manifest  if  we  remember  that  while  the  solid  metal  melts  and 
dissolves  downwards,  the  liquid  mercury  rises.  Accordingly 
there  is,  after  the  first  instant  of  contact,  supposing  the  metals 
diffuse,  no  constant  metallo-motive  force  in  the  same  place. 

§  34.  I  conclude  therefore  that  the  general  curve  of  amal- 
gamation, and  therefore  of  alloyage,  and  therefore  perhaps 
of  elementary  atomic  and  molecular  diffusion  generally,  is  of 
the  kind  shown  in  fig.  8.  In  the  case  of  Na  almost  the  com- 
plete curve  was  obtained  j  whereas  in  the  case  of  Zn  the  point 
of  contriflexure  had  not  been  reached.  The  very  fact  that 
the  K  and  Na  curves  are  more  complete,  in  this  fashion, 
than  the  Pb,  Zn,  and  Sn,  prove  to  my  mind  that  K  and  Na 
have  a  far  greater  diffusive  energy  than  the  heavier  metals 
examined.  And  although  in  this  case  the  percentage  of  metal 
actually  found  at  a  given  depth  was  in  all  cases  much  less 
than  the  percentages  of  the  heavier  metals,  it  will  be  borne  in 
mind  that,  while  the  latter  were  fewer  and  had  acted  for 
thirty-one  days,  the  former  were  amalgams  containing  less  than 

2  per  cent,  of  the  metal.  Comparing  K  with  Na,  I  do  not 
think  we  can  draw  any  conclusion  beyond  the  rather  negative 
one,  that  the  superior  diffusive  faculty  which  seems  to  be  the 
property  of  K  salts  in  regard  to  water  does  not  evidence  itself, 
if  it  exist,  when  tliat  metal  and  sodium  are  compared  in  respect 
to  their  diffusion  in  mercury.     I  am  far  from  asserting  that 
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such  preeminence  may  not  exist ;  but  I  do  not  think  that  it  is 
here  made  consj^icuoiis. 

My  friend  Prof.  Chandler  Roberts  has  for  a  long  time  been 
engaged  in  studying  the  diffusion  of  melted  metals,  and  the 
matter  has  been  a  subject  of  frequent  conversation  between  us. 
I  await  with  great  interest  the  details  of  his  experiments.  The 
relative  dates  of  our  publication  have  no  relation  to  the  dates  of 
our  experiments. 


XLVII.    On  Laplace's  Theory  of  Capillarity. 
By  A,  M.  WORTHINGTON,  M.A. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 
Gentlemen, 
npHE  appearance  of  Lord  Rayleigh's  paper  on  Laplace's 
•JL  Theory  of  Capillarity  encourages  me  to  send  you  some 
remarks  on  the  same  subject  which  I  had  prepared  some  months 
ago  in  connexion  with  work  on  capillarity  on  which  I  have  been 
engaged.  I  should  be  glad,  however,  that  it  should  appear  on 
the  present  occasion,  as  I  think  it  may  be  of  some  use  in 
explaining,  rather  more  explicitly  than  Lord  Rayleigh  attempts 
to  do,  how  the  misconception  of  Laplace's  quantity  K  has 
arisen — a  misconception  which  has  become  of  almost  historical 
importance  in  connexion  with  this  subject. 

The  object  with  which  Laplace  sets  out  is  to  explain  the 
fact  that  the  hydrostatic  pressure  in  a  liquid  just  below  a 
curved  surface  differs  from  the  hydrostatic  pressure  just  below  a 
plane  surface  by  an  amount  depending  on  the  curvature  of  the 
surface. 

He  gives  the  accompanying  figure,  representing  a  vertical 
section  of  a  capillary  tube  NE 
plunged  in  a  vessel  A  C  con- 
taining a  liquid  which  wets  the 
tube. 

V  R  Z  0  represents  an  infi- 
nitely thin  canal  or  filament  of 
the  liquid  whose  cross  section 
is  taken  as  the  unit  of  area,  and 
which  meets  the  plane  surface 
at  V  and  the  curved  surface  at 
its  lowest  point  0.  On  the  as- 
sumption that  the  fluid  is  of  uni- 
form density  throughout,  and 
that  between  any  pair  of  ele- 
mentary volumes  of  it  there  is  an  attraction  which  is  a  function 
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only  of  their  masses  and  the  distance  between  them,  and  that 
this  function  vanishes  M'hen  the  distance  becomes  sensible,  he 
points  out  that  any  elementary  length  dz  of  the  filament  at  a 
sensible  distance  below  the  surface  is  attracted  by  the  sur- 
rounding liquid  equally  in  all  directions,  and  that  to  establish 
hydrostatic  equilibrium  in  the  canal  it  is  only  necessary  to 
show  that  the  pressure  on  the  liquid  of  the  canal  at  V  exceeds 
the  pressure  at  0  by  the  weight  of  the  column  reaching  from 
0  to  the  level  of  V.  He  therefore  examines  the  action  of  the  sur- 
rounding liquid  on  the  topmost  element  of  the  canal  at  V,  and 
finds  that  it  can  be  expressed  by  a  certain  integral,  which  he 
calls  K,  and  is  of  the  nature  of  a  pull  downwards,  producing  a 
pressure  K  on  the  base  of  the  element  dz  which  is  transmitted 
along  the  canal.  At  the  other  extremity  0  of  the  canal 
there  is  the  same  action  K  downwards  due  to  the  liquid 
below  the  tangent-plane  K  0 1,  and  at  the  same  time  an 
action  upwards  due  to  the  meniscus  N  K I  ^l,  which  latter 

XT 

action  he  finds  can  be  expressed  by  y,  where  H  is  a  second 

integral  and  h  the  radius  of  the  curved  surface  (supposed  in 
the  first   instance   spherical).     And  he  points  out  that  this 

TT 

second  quantity  -j-  is  very  much  smaller  than  the  quantity  K; 

and  he  argues  that  the  elevation  of  the  liquid  in  the  canal 
Z  0  above  the  level  Y  is  due  to  the  attraction  of  the  meniscus. 

This  proceeding  is  perfectly  legitimate.  It  explains  the 
equilibrium  of  one  portion  of  the  fluid,  namely  the  infinitely 
thin  filament,  considered  on  the  supposition  that  the  surround- 
ing liquid  is  in  equilibrium  both  with  itself  and  with  all  por- 
tions of  the  filament  at  a  depth  greater  than  dz  below  the 
surface.  But  it  does  not  account  for  this  latter  equilibrium. 
Nevertheless  Laplace  goes  on  as  if  he  had  now  explained  the 
elevation  of  the  whole  of  the  liquid  in  the  tube.  In  doing  so 
he  tacitly  assumes  that  the  argument  is  equally  applicable  (or 
at  least  applicable  in  kind)  to  all  the  filaments  of  which  the 
liquid  in  the  tube  may  be  regarded  as  composed.  It  is  here 
that  his  theory  is  incomplete. 

Li  considering  that  the  equilibrium  of  the  filament  is  deter- 
mined by  the  pressures  parallel  to  its  length  produced  b}'  the 
action  of  the  surrounding  liquid  on  the  topmost  element  at 
each  end,  Laplace  assumes  that  all  elements  at  a  greater  depth 
below  the  surface  are  in  equilibrium  with  the  liquid  around 
them.  If  this  assumption  is  made  for  one  filament,  it  must  be 
made  for  all.  In  other  words,  he  really  starts  with  the  assump- 
tion that  all  the  liquid  at  a  depth  greater  than  dz  below  the 
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surface  is  in  equilibrium  with  itself,  and  then  considers  the 
action  between  this  mass  and  the  surface  layers. 

Now  to  every  action  there  is  an  equal  and  opposite  reaction, 
and  consequently  the  attraction  K  downwards  of  any  topmost 
element  dz  at  the  plane  sui  face  by  the  surrounding  liquid  is 
accompanied  by  an  equal  attraction  of  the  surrounding  fila- 
ments upwards  exercised  on  portions  whose  depth  is  greater 
than  f/^,  i.e.  on  portions  in  other  respects  in  equilibrium;  and 
since  the  sum  of  the  actions  K  downwards  in  all  the  filaments 
is  equal  to  the  sum  of  the  reactions  upwards,  it  is  evident  that 
no  pressure  will  be  transmitted  to  the  liquid  in  the  canal  at  a 
sensible  depth  below  the  surface,  but  that  the  only  effect  of 
these  equal  and  opposite  forces  is  to  create  an  elastic  reaction 
within  the  liquid. 

This  is  equivalent  to  saying  that  each  layer  of  the  liquid  of 
less  than  sensible  thickness  throughout  the  liquid  clings  to 
the  next  with  a  cohesive  force  producing  what  may  be  called 
a  molecular  pressure  of  the  nature  of  an  elastic  reaction 
within  the  liquid.  This  molecular  pressure  is  not  transmitted, 
like  an  hydrostatic  pressure,  through  the  liquid  to  any  sensible 
distance,  but  at  any  point  has  its  origin  in  the  molecular 
actions  in  the  immediate  neighbourhood  of  that  point. 

Although  Laplace  consistently  adopts  the  fiction  that  this 
molecular  pressure  K  is  transmitted  along  any  infinitely  thin 
canal  from  the  surface  and  balanced  by  an  equal  pressure 
transmitted  from  the  other  end,  yet  he  seems  to  have  had  a 
perfectly  correct  view  of  the  physical  meaning  of  the  quantity. 

Thus,  in  his  introduction  on  p.  351,  Mtcanique  Celeste, 
Supplement  au  Livre  X.,  he  says: — "Je  pense  que  de  ce 
terme  (K)  dependent  la  suspension  du  mercure  dans  un  tube 
de  barometre  a  une  hauteur  deux  ou  trois  fois  plus  grande  que 
celle  qui  est  due  a  la  pression  de  Tatmosphere,  le  pouvoir  re- 
fringent  de  corps  diaphanes,  la  cohesion,  et  generalement  les 
affinites  chimiques." 

Again,  in  No.  11,  p.  391,  in 
considering  the  pressure  trans- 
mitted along  an  elementary 
canal  V  S  R  to  the  plane  sur- 
face N  E,  of  an  immersed  solid, 
after  pointing  out  that  the  pres- 
sure transmitted  along  S  R  is 
equal  to  the  external  pressure 
P,  +K,  +^.VS,  he  goes  on 
to  say  : — "  L'action  dont  le 
fluide  du  canal  R  S  est  anime 
est    egale:    1°  a    Faction    du 
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fluide  sur  ce  canal,  et  cette  action  est  egale  a  K;  2°  a  Paction 
du  plan  sur  le  meme  canal.  Mais  cette  action  est  detruite  par 
I'attraction  du  fluide  sur  le  plan,  et  il  ne  peut  en  resulter  dans 
le  plan  aucune  tendance  a  se  mouvoir;  car,  en  ne  considerant 
qu«  ces  attractions  reciproques,  le  fluide  et  le  plan  seraient 
en  repos,  Taction  etant  egale  et  contraire  a  la  reaction;  ces 
attractions  ne  peuvent  produire  qu'une  adherence  du  plan  au 
fluide,  et  Ton  peut  ici  en  faire  abstraction.  II  suit  de  la 
que  le  fluide  presse  le  point  R  avec  une  force  egale  a 
p  +  K  +^  .VS-K,  ou  simplement  P  +g .  VS."  Thus  show- 
ing quite  clearly  that  he  did  not  regard  the  pressure  K  as 
capable  of  being  transmitted  to  a  solid  surface. 

It  is  important,  however,  to  observe  that  in  the  next  page, 
when  comparing  the  pressures  at  the  two  sides  of  the  plate  at 
another  level,  he  does  not  take  the  trouble  to  cancel  K  in  this 
way,  but  speaks  of  it  as  transmitted  to  the  plate,  but  balanced 
by  an  equal  pressure  transmitted  from  the  other  side.  He 
writes  carelessly  in  fact.  And  though  in  the  very  next  para- 
graph, in  treating  in  precisely  the  same  manner  the  pressure 
at  a  third  point,  he  again  accurately  cancels  the  K  before  it 
reaches  the  plate,  it  is  probable  that  he  does  so  because  of  the 
necessity  of  getting  rid  of  it  (there  being  at  this  point  nothing 
but  atmospheric  pressure  at  the  other  side  of  the  plate),  rather 
than  from  a  sense  of  the  importance  of  using  language  that 
should  be  strictly  correct. 

It  will  be  observed,  however,  that  he  consistently  speaks  of 
the  elevation  of  the  liquid  in  a  capillary  tube  as  due  to  the 
attraction  of  the  meniscus,  and  not  to  the  excess  of  pressure 
at  the  plane  surface. 

I  have  quoted  these  passages  because  they  show  clearly  that 
Laplace  did  not  himself  fall  into  the  error  of  regarding  the 
pressure  K  as  transmitted  to  immersed  solids,  or  of  consider- 
ing the  elevation  of  the  liquid  as  due  to  a  vis  a  tergo  having  its 
origin  in  the  free  surface.  It  is  not  surprising,  however,  that 
others  should  have  fallen  into  this  mistake  when  we  find 
that  he  occasionally  used  language  which  could  only  encou- 
rage such  a  view. 

It  may  be  noticed  that,  through  taking  for  granted  the 
equilibrium  of  all  the  liquid  except  the  single  canal  which 
he  considers,  Laplace  does  not  at  first  discover  the  real  seat 
of  the  external  force  by  which  the  liquid  is  elevated.  In 
the  Second  Supplement,  however,  proceeding  by  a  different 
method,  he  traces  it  to  the  action  of  the  solid  matter  of  the 
tube  just  beyond  the  edge  of  the  liquid  where  it  meets  the  inner 
wall  of  the  tube. 

It  is  well  known  that  Young  objected  to  La])lace's  theor}-- 
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that  he  had  not  considered  the  "  repulsive  force  of  heat 
within  the  hquid  " — a  phrase  of  which  the  nearest  modern 
equivalent  would  be  "  the  repulsive  or  elastic  reaction  between 
the  molecules  considered  with  reference  to  temperature;^'  and 
indeed  the  passage  which  I  have  quoted  is,  I  believe,  the  only 
one  in  which  Laplace  takes  any  elastic  reaction  into  consi- 
deration. 

In  a  short  paper  published  in  the  BiiUetin  de  la  Socie'tS  jPhi- 
lomafhique  de  Paris,  1819-1822  (referred  to  by  Poisson),  after 
pointing  out  that  the  chemical  attraction  is  very  great  while 
the  capillary  effect  is  very  small,  he  says: — "  La  theorie  que 
j'ai  donnee  de  ces  phenomenes  embrasse  Paction  des  deux 
forces  dont  je  viens  de  parler  en  prenant  pour  Fexpression 
integrale  de  I'effet  capillaire,  la  difference  des  deux  integrates 
relatives  a  I'attraction  moleculaire  et  a  la  force  repulsive  de 
la  chaleur  ce  qui  repond  a  I'objection  du  savant  physicien 
M.  Young/''  Poisson,  however,  points  out  that  this  answer 
is  quite  insufficient;  and  in  his  own  theory,  by  examining 
carefully  into  the  nature  of  the  internal  equilibrium  in  which 
the  "repulsive  force  of  heat  "  is  involved,  concludes  (1)  that 
there  must  be  a  very  rapid  increase  of  density  close  to  the 
surface  as  w-e  descend  into  the  liquid,  and  (2)  that  but  for 
this  great  variation  of  density  none  of  the  phenomena  of 
capillarity  would  occur.  Clerk  Maxwell,  in  his  article  in  the 
Encyclopedia  Britannica  on  this  subject,  speaks  of  the  latter 
conclusion  as  mathematically  wrong,  by  which  I  think  he 
means  that  in  liquids,  for  example,  much  less  compressible 
than  any  we  know  of,  there  would  still  be  a  surface-tension, 
though  the  variation  of  density  near  the  surface  was  vanishingly 
small. 

Laplace  does  indeed  point  out,  on  p.  494  in  the  General  Con- 
siderations appended  to  the  Second  Supplement,  that  the  com- 
pression of  the  liquid  is  zero  at  the  surface,  and  increases  with 
extreme  rapidity,  reaching  a  constant  value  before  a  sensible 
depth  below  the  surface  is  attained.  But  he  is  content  with 
this  cursory  observation.  Had  he  attended  sufficiently  to  this 
point,  he  would  probably  not  have  spoken  as  he  does  in  the  last 
paragraph  of  his  treatise  of  the  idea  of  a  surface-tension,  where 
he  endorses  the  view  of  Segner: — "  Qu'elle  n^^tait  qu\me 
fiction  propre  a  representer  les  phenomenes,  mais  que  I'on  ne 
devait  pas  admettre  qu^iutant  qu'elle  se  rattachait  a  la  loi 
d'une  attraction  insensible  a  des  distances  sensibles." 

These  words  of  Laplace  have,  I  believe,  contributed  greatly 
to  hinder  the  acceptance  of  the  idea  of  a  surface-tension.  That 
he  should  have  held  such  a  view  is,  however,  not  surprising; 
for  it  can  be  shown  that  it  is  in  virtue  of  this  very  extension  of 
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the  hquid  near  the  surface,  which  he  ignores,  that  the  surface- 
tension  exists,  and  that  the  surface  layers  are  a  seat  of  energy, 
and  physically  different  from  the  liquid  in  the  interior. 
I  am,  Gentlemen, 

Your  obedient  Servant, 
CHfton,  October  1,  1883.  A.  M.  WoETHINGTON. 

XL  VIII.  The  Dilatation  of  Crystals  on  Change  of  Temperature. 
By  L.  Fletcher,  M.A.,  of  the  Mineral  Department,  British 
Museum;  late  Felloiv  of  University  College,  Oxford. 
[Continued  from  p.  300.] 
Second  Part. 

ALTHOUGH  we  can  thus  find  to  any  degree  of  accuracy 
the  isotropic  planes  and  the  maximum  and  minimum 
expansions  for  lines  in  any  zone-plane  of  an  Anorthic  crystal, 
and  therefore  the  positions  and  relative  magnitudes  of  the 
principal  axes  of  the  section  of  the  ellipsoid  made  by  the  given 
zone-plane,  the  above  method  cannot  be  satisfactorily  extended 
to  the  calculation  of  the  directions  and  relative  magnitudes  of 
the  three  principal  expansions  of  the  crystal. 

We  shall  accordingly  solve  the  problem  in  an  entirely 
different  way,  and,  to  render  the  solution  for  three  dimensions 
more  easy  to  follow,  shall  take  first  the  case  of  an  Oblique 
crystal  and  obtain  remarkably  simple  formulae  for  the  calcu- 
lation of  the  thermic  axes  directly  from  the  parameters  them- 
selves. 

At  the  first  temperature  let  OA,  OB,  OC  be  the  crystallo- 
graphic  axes,  and  let  their  lengths  be  denoted  by  A,  B,  C  ; 
as  usual  let  OB  be  the  axis  perpendicular  to  the  plane  of 
symmetry  containing  the  two  axes  OA,  OC.  At  the  second 
temperature  the  axis  OB'  will  coincide  in  direction  with  OB, 
but  will  have  a  length  B',  and  the  axes  OA,  OC  will  have 
taken  up  new  directions  OA',  OC  and  new  lengths  A',  C. 

The  measurement  of  the  angles  of  a  crystal  at  two  tempe- 
ratures can  give  only  relative,  not  absolute,  displacements  of  the 
lines;  and  without  affecting  calculations  of  these  relative  posi- 
tions, the  crystal  may  be  imagined  to  be  rotated  at  the  second 
temperature  round  OB  until  OC  coincides  in  direction  with 
OC.  If  it  should  be  hereafter  necessary  to  determine  the 
absolute  dis[)lacement  of  any  line,  this  imaginary  rotation  of 
the  line  with  the  whole  crystal  will  have  to  be  compounded 
with  the  relative  displacement  now  about  to  be  calculated; 
till  then  this  rotation  of  the  whole  crystal  may  be  disrcarded. 

It  will  be  convenient  first  to  calculate  from  the  alterations 
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of  the  lines  OA  and  OC  the  corresponding  alterations  of  a 
line  OX  in  the  plane  AOC  and  initially  at  right  angles  to  OC 
(fig.  8). 

Denote  as  usual  the  angle  AOC  by  /S. 

(1)  Let  a,  z  be  the  coordinates  of  a  point  P  referred  to  the 
rectangular  axes  OX,  OC,  and  Xi,  z^  the  coordinates  of  the 
same  point  referred  to  the  oblique  axes  OA,  OC;  draw  PX 
parallel  to  CO  and  meeting  OX,  OA  in  X  and  M  respectively. 

Then  ar  =  OX,         0=PX, 

^i  =  OM,       ^i  =  PM; 
whence 

X  =  A'l  sin  /3,    e = £-1  +  A'l  cos  /3,  "| 

.V  •     •     •     (!•) 

and  a;i=—. — >,,      Zi=z—x  cot  S. 

sm  jS  -* 

(2)  At  the  second  temperature  OA,  OC  become  OA',  OC^ 
whilst  6  becomes  /S'  and  OP,  OP';  if,  as  before,  a  hne  P'M' 
be  drawn  parallel  to  OC  or  OC,  then,  since  parallel  lines  or 
parts  of  the  same  line  retain  their  ratios  on  change  of  tempera- 
ture of  the  crystal, 

OM'_(W_A' 
OM 

FM' 


PM 


OA  ■ 

"A^ 

OC 

C 

OC 

~c 

whence,  if  ^i,  ^^  be  the  coordinates  OM',  P'M',  of  P'  referred  to 
the  axes  OA',  OC, 

A'  A'      r 


A  A  sin  /3 

ri=^'PM=^(.~-^  cot/3). 

(3)  If,  further,  ^,  ^  be  the  coordinates  of  P'  referred  to  the 
old  rectangular  axes  OX,  OC,  then,  just  as  in  equations  (I.), 

|=|isin/3', 

t=^i  +  fiCos/3'; 

whence  the  rectangular  coordinates  of  P',  namely  ^,  ^,  are 
related  to  the  rectangular  coordinates  of  P,  namely  x,  z,  by 
the  equations 


1= 


A'  sin  j3'  >! 


'  A   sin  /3  ' 

^=a;^  -^r^  +z^, — .^  — cot/3.    I 
A    sm  p         (j         L  J 
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(4)  Let  P,  E  be  the  expansions  of  the  unit  lines  in  the 
directions  OX,  00,  and  let  E  be  the  angle  of  rotation  of  the 
crystal-line  OX  for  the  given  change  of  temperature;  then 

R  -  -  -  1 
it  -  j^       1. 

For  the  point  X  we  have,  by  writing  .^■  =  0X,  and  ^  =  0 
in  equations  (II.), 

^       OX'     ,       A'sin/3'     . 

P  =  ox-^  =  A^W3-^'  Hin.) 

and,  neglecting  small  quantities  of  the  second  order, 

_  XX;  _  A'cos/3'  _  C'cos/3 
OX  ~  A  sin  |3        C  sinT^* 

(5)  In  exactlj^  the  same  way  in  which  the  relations  of  the 
rectangular  coordinates  ^,  ^  of  any  point  at  the  second  tempe- 
rature to  those  of  the  same  point  at  the  first  were  found  in 
terms  of  the  alterations  of  the  crystal-hnes  OA,  00,  and  of  the 
angle  AOC,  we  can  find  these  coordinates  in  terms  of  the  altera- 
tions of  the  crystal-lines  OX,  00,  and  of  the  angle  XOC;  in 

OX'        OA' 
fact  we  need  only  to  write    in  equations  (II.)  j~^  for  -pr — , 

XOC  for  AOC,  and  X'OC  for  A'OC.  The  relations  may  be 
determined  also  by  substituting  in  equations  (II.)  the  values 
of  the  coefficients  given  by  equations  (III.). 

We  thus  get,  neglecting  squares  of  small  quantities, 


or,  reversing, 


^=(1  +  P).', 
t=(l+Ii)r  +  E 


.;}••••    (I^^-) 


..  =  (1-E)r-Er.    /      •     •     •     •     W 
(6)  We  can  now  find  a  formula  for  the  determination  of  the 

lines  of  greatest  and  least  expansion  in  either  of  the  following 

ways  : — 

First  Method. — Let  y![r,  yjr'  be  the  inclinations  of  the  same 

crystal-line  OP,  OP'  to  the  line  OX  at  the  two  temperatures ; 

then,  from  equations  (IV.), 

whence  tan  yjr'  —  tan  i/r  =  ( R  —  P)  tan  yfr  +  E; 
and,  still  neglecting  squares  of  small  quantities, 

^|r'  —  ^|r  =  (R  — P)  siu  •\/r  COS  \{r  +  ^  COS^  t//-. 
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For  the  line  perpendicular  to  OP,  where  T/r^  =  i/r  +  — ,  we 
have 

""^i  ~~V^i  =  —  (R— P)  sini/r  cosi/r  +  E  sin^-»/r, 

whence,  if  the  lines  be  isotropic,  we  have,  by  equating  the  above 
values, 

tan2.|r  =  p^ (VI.) 

Second  Method. — From  equations  (V.)  it  is  seen  that  the 
circle  a;^  +  z^  =  l  will  become  the  ellipse 

(l-2P)f-2E|^+(l-2R)?2  =  l, 
whence,  by  the  usual  formula,  if  i/r,  i^  +  -  be  the   inclinations 
of  the  axes  of  the  ellipse  to  the  axis  OX, 

tan  2'>/r=  p^^^j^, 

as  before. 

(7)  By  measurement  of  the  angles  of  a  crystal,  not  the  abso- 
lute lengths  A,  B,  C,  but  the  ratios  A  :  B  :  C  are  determined, 
and  are  generally  expressed  by  the  symbol  a  :  1  :  c.  If  the 
parametral  ratios  for  the  two  temperatures  be  a  :  1  :  c  and 
a  :  1  :  c',  we  shall  thus  have  A  =  Ba,  C  =  Bc;  similarly  for  the 
second  temperature,  A'  =  B'a',  C'^B'c';  whence,  if  X  be  the 
coefficient  of  expansion  in  the  direction  OB  and  therefore 

B' 

^=(1+A,),  we  may  write,  still  neglecting  squares  of  small 

quantities, 

A'      ,,      ^.a'      a'     , 

g=(l+X)^^=^-+X. 

A'  C  . 
Substituting  these  values  of  -^,  p-  in  equations  (HI.),  we  find 

that  we  may  write 

V=p  +  \,     U=r  +  \,     E  =  e,  '] 
where 

a'  sin  B'     , 

^       a  sm  p 

,;  ;>      .    .    .     (VII.) 

r= 1, 

c 

_a'  cos/3'     c'  cos/3 
a  sin  /3       c  sin  /3 
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(8)  Substituting  these  values  of  P,  R,  E  in  the  expression 
for  the  inclinations  of  the  thermic  axes,  we  get 

a'cos/3'      c' cos/3 

.       T  ,          E  e  a  sin  c  sin  B 

tan  2i/r=- — ^  = =    — ,   .    fl, r-^j 

'       r  —  K      p—r  a'  sm  p'      d 

a  sin/3       c 

from  which,  it  may  be  remarked,  \  has  disappeared.     Simpli- 
fying, we  get 

l^-tan/3 
tan  2i/r  = 


a'      c' 
a       c 


tan  /3  + 1 


/3'-/3 
If       a'_c; 

^=  tan  X,  we  have  ^=  ^.    .     .     .      (VIIL) 

These  simple  formulae  (VIII.)  thus  give  the  directions  of  the 
thermic  axes  in  terms  of  the  parameters  at  the  two  tempe- 
ratures. 

(9)  To  determine  the  principal  expansions  directly  from 
the  parameters  at  the  two  temperatures. 

(a)  From  Prop.  XIV.,  p.  292,  we  know  that  if  A  andAi 
be  the  expansions  in  directions  inclined  to  a  thermic  axis  at 
angles  6  and  ^  respectively, 

A-S=(8i-S)  sin- 6*, 
Ai-8  =  (8i-S)sin2</.; 


whence 


Ai-A=(Si-8)  (sin^  (/)-  sin-  6) 

=  (Si  -  8)  sin  (</)  +  ^)  sin  (^-6), 


and  g^_g^  Ai-A 


sm{4>  +  d)  sin  {(fy-ey 

If  the  directions  6,  ^  coincide  with  the  lines  OA,  OC  respec- 
tively, 

and 


Ai- 

-A 

A' 
A 

~  c 

a' 
a' 
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Substituting  these  values  in  the  above  formula  we  get 

^~^^"sin/3sin(2>|.+/3)-         *     "     '     ^^^'^ 
Since  £^'_^' 

the  equation  (IX.)  may  be  expressed  also  in  the  following 
wavs 

a^_^ 

8-8,=   .\  ?      =   /r^     •     .     .     (X.) 
sm  p  sin  y^       sm  p  cos  ;;^  ^ 

{h)  From  the  above  we  also  have 

A-S=(Si-S)cos2(i/r  +  /3), 
and 

A,  — S=(Sj  — S)  cos-i/r, 

where  A  and  Aj  are  the  expansions  along  OA,  OC. 

If  82  be  the  expansion  perpendicular  to  the  symmetry-plane, 

^       W     ^      ^      K'      a'      ^       .       a'       .       a'  — a 

62=  ^  —  l  =  \=- =1  +  A =A 1 

B  A       a  a  a 

similarly 

Hence 

S2-S=-'^  +  (Si-S)  cosset +  /3) 

= +  (Si  — S)  COS-  y^r; 

from  either  of  which  equations  82  —  8  can  be  found. 

(10)  We  shall  illustrate  the  above  formulge  by  application  to 
the  same  case  as  before. 

From  the  angles  given  on  page  294,  it  follows  from  the 
usual  formula?,  namely, 

tan  ma 
sm  ac  ' 
cot  lb 


sin  da ' 
^=180°-ac, 
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that  the  parameters  are  as  follows  : — 

First  temperature.         Second  temperature. 
a  =  0-6919835,  a'  =  0-6899715, 

c=0-4145025,  c'=0-4134817, 

/3=99°27'22'^-8,      i8'  =  99°  37' 5''-2; 

whence 

a'  —  a      c'  —  c 

,  .    ,  ~  ^  •002907584--002462712 

(«)    tanx= 

and 


/3'-/3  582-4  X  cm.  of  1"       ' 

;)j;  =  180°-8°57'13''-6, 

,^=?^=35°47'41''-8. 


The  previous  method  gave  as  a  first  approximation  35°  44'' 
10'''85  (page  295),andas  a  second  approximation  35°46'32'''58 
(page  298). 

a'  —  a     d  —  c 


sin  /3  sin  ^ 

-00444872 

~      sin  99^  27'  22"-8  sin  8''  57'  13"-6' 
whence  S^-S^  0-00289776. 

The  previous  method  (page  295)  gave  0-0028987,  and  Neu- 
mann's result  was  0-002892. 

=  +  -002907584  +  0-00289776  cos^  135°  15'  4"-6 
=  -004369172. 
Again, 

82  —  3= f-(Si  — 5)  COS^i/r 

=  •002462712  + -00289776  008^35°  47'  41"-8 
=  •004369172. 

The  previous  method  gave  0-0043757  (page  300);  Neumann's 
result  was  0-004371. 

[To  be  continued.] 
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XLIX.  Tlie  Ice  of  Greenland  and  the  Antarctic  Continent  not 
due  to  Elevation  of  the  Land.  By  James  CrolLj  LL.l)., 
F.R.S* 

f^REENLAND. — The  only  two  continents  on  the  globe 
covered  by  permanent  ice  and  snow  are  Greenland  and 
the  Antarctic.  But  are  these  continents  to  be  regarded 
as  Highlands  or  as  Lowlands  ?  It  is  an  opinion  held  by 
many  that  these  regions  are  greatly  elevated,  and  that  it  is 
mainly  owing  to  this  elevation  that  they  are  so  completely 
buried  under  ice.  I  have  been  wholly  unable  to  find  evidence 
for  any  such  conclusion.  It  is  of  course  true  that,  in  regard 
to  Greenland  at  least,  the  observations  of  Rink,  Heyes,  Nor- 
denskjold,  Jensen,  Brown,  and  others  show  that  the  upper 
surface  of  the  inland  ice  is  greatly  elevated  above  the  sea-level. 
Dr.  Rink,  for  example,  states  that  the  elevation  of  this  icy 
plain,  at  its  junction  with  the  outskirts  of  the  country  where 
it  begins  to  lower  itself  through  the  valleys,  in  the  ramifica- 
tions of  the  Bay  of  Omenak  is  about  2000  feet,  from  which  it 
gradually  rises  toioards  the  interior.  Nordenskjold,  30  miles 
from  the  coast,  reached  an  elevation  of  2200  feet,  and  found 
the  ice  continued  to  7'ise  imcards.  Heyes,  who  penetrated  50 
miles  into  the  interior,  found  the  elevation  about  5000  feet, 
and  still  continuing  to  slope  upwards  toioards  the  interior  of  the 
continent.  This  upward  slope  is  a  necessary  condition  of  con- 
tinental ice,  and  must  continue  till  the  centre  of  dispersion  is 
reached.  As  the  larger  portion  of  the  Greenland  ice  is  dis- 
charged at  the  west  coast,  it  is  probable  that  this  centre  of 
dispersion,  or  rather  ice-shade,  will  lie  nearer  to  the  east  coast 
than  to  the  west.  There  is  little  doubt  that  the  greater  part 
of  the  surface  of  the  inland  ice  is  far  above  the  snow-line  ;  but 
this  does  not  prove  that  Greenland  is  an  elevated  country, 
for  this  elevation  of  the  upper  surface  of  the  ice  may  be  due 
entirely  to  the  thickness  of  the  sheet.  If  the  sheet  is  at  least 
1000  or  2000  feet  thick  at  its  edge,  it  is  not  surprising  that  it 
should  be  5000  feet  thick  50  miles  in  the  interior,  seeing  that 
it  is  a  physical  and  mechanical  necessity  that  continental  ice 
should  gradually  thicken  tow^ards  the  centre  of  dispersion. 
It  has  been  shown  from  physical  considerations  ('  Climate 
and  Time,'  pp.  374-386)  that  the  thickness  of  the  ice  in 
the  centre  of  Greenland  is  probably  upwards  of  2  miles, 
and  that  the  Antarctic  ice-cap  at  the  South  Pole,  which  is 
most  likely  not  far  from  the  centre  of  dispersion,  must  be  over 
6  miles  in  thickness. 

*  Co.imiLinicated  by  the  Author. 
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Certainly  no  one  has  ever  seen,  and  probably  no  one  ever  will 
see,  elevated  land  under  the  ice  either  of  Greenland  or  the 
Antarctic  continent;  and  to  assume  its  existence  because  those 
regions  are  so  completely  glaciated  would  simply  be  to  beg 
the  very  question  at  issue. 

It  will  doubtless  be  urged  that,  although  the  ground  under 
the  ice  may  not  be  elevated,  yet  there  may  be  lofty  mountain- 
chains  in  the  interior  which  might  account  for  the  origin  of 
the  ice.  We  have,  I  think,  good  grounds  for  concluding  that 
if  there  are  mountain-ranges  in  the  interior  of  Greenland  (of 
which  there  is  absolutely  no  proof,  although  one  or  two  iso- 
lated peaks  have  been  seen),  they  must  be  wholly  buried  under 
the  ice.  For  if  mountain-masses  rise  above  the  icy  mantle, 
there  ought  to  be  evidence  of  this  in  the  form  of  broken  rock, 
stones,  earth,  and  other  moraine  matter  lying  on  the  inland 
ice.  "  But  as  soon  as  we  leave  the  immediate  vicinity  of  the 
coast,"  says  Dr.  Brown,  "  no  moraine  is  seen  coming  over  the 
inland  ice.  No  living  creature,  animal  or  plant,  except  a 
minute  alga."  This  could  not  possibly  be  the  case  if  ranges 
of  mountains  rose  above  the*  general  ice-coverino;.  These 
mountain-ranges,  if  they  exist,  are  doubtless  covered  with  snow 
and  their  sides  with  glaciers ;  but  this  would  not  prevent 
pieces  of  broken  rock  and  stones  from  rolling  down  upon  the 
inland  ice.  In  fact  it  would  have  the  very  opposite  result ; 
for  glaciers  would  be  one  of  the  most  effective  agents  possible 
in  bringing  down  such  material,  and  it  is  certain  that  no 
avalanche  of  snow  could  take  place  without  carrying  along 
with  it  masses  of  stones  and  rubbish.  All  these  materials 
brought  down  from  the  sides  of  the  projecting  peaks  would  be 
deposited  on  the  surface  of  the  inland  ice  and  carried  along 
with  it  in  its  outward  motion  from  the  centre  of  dispersion, 
and  could  not  fail  to  be  observed  did  they  exist.  The  fact 
that  no  such  thing  is  ever  seen  is  conclusive  proof  that  these 
supposed  projecting  mountain- ranges  do  not  exist. 

But  it  may  still  be  urged  that  the  absence  of  moraine  matter 
on  the  surface  of  the  inland  ice  is  not  sufficient  evidence  that 
they  do  not  exist;  for  as  this  material  from  the  interior  would 
have  to  travel  hundreds  of  miles  before  reaching  the  outskirts, 
a  journey  occupying  a  period  of  many  years,  the  stones  would 
become  buried  under  the  successive  layers  of  ice  formed  on 
the  surface  during  their  passage  outwards.  But  supposing 
this  were  the  case,  these  buried  moraines,  if  they  existed, 
ought  to  be  seen  projecting  from  the  edge  of  the  sheet  at 
places  where  icebergs  break  otf,  and  also  on  the  edges  of  the 
icebergs  themselves  near  to  their  tops  ;  but  such,  I  presume, 
is  never  the  case.     Further,  as  the  inland  ice  has  to  force  its 
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way  through  the  comparatively  narrow  fjords  before  reaching 
the  sea,  the  moraines  could  not  fail  to  be  occasionally  observed 
did  they  exist. 

But  supposing  there  were  mountains  in  the  interior,  this 
would  not  account  for  the  general  ice-coverino-.  It  would 
not  account  for  the  mtervening  spaces  between  the  mountains 
being  filled  up  with  ice.  To  account  for  the  whole  country 
being  covered  with  ice  through  the  influence  of  mountains,  we 
should  have  to  assume  that  it  was  studded  over  with  them  at 
no  great  distance  from  one  another  ;  otherwise  all  that  we 
should  have  would  simply  be  local  glaciers. 

Dr.  Robert  l>rown,  one  of  the  highest  authorities  in  matters 
relating  to  Greenland,  who  does  not  believe  in  the  existence 
of  mountain-masses  in  the  interior,  says  : — ''  I  do  not  think  a 
range  of  mountains  at  all  necessary  for  the  formation  of  this 
huge  7ner  de  glace,  for  this  idea  is  derived  from  the  Alpine  and 
other  mountain-ranges,  where  the  glacial  system  is  a  petty 
affair  compared  with  that  of  Greenland.  I  look  upon  Green- 
land," he  continues,  "  and  its  interior  ice-field  in  the  light  of 
a  broad- lipped  shallow  vessel,  but  with  breaks  in  the  lip  here 
and  there,  and  the  glacier  like  some  viscous  matter  in  it.  As 
more  is  poured  in,  the  viscous  matter  will  run  over  the  edges, 
naturally  taking  the  line  of  the  chinks  as  its  line  of  outflow. 
The  broad  lips  of  the  vessel,  in  my  homely  simile,  are  the  out- 
lying islands  or  'outskirts;'  the  viscous  matter  in  the  vessel, 
the  inland  ice  ;  the  additional  matter  continually  being  poured 
in,  the  enormous  snow-covering,  which,  winter  after  winter, 
for  seven  or  eight  months  in  the  year,  fells  almost  continuously 
on  it ;  and  the  chinks  or  breaks  in  the  vessel  are  the  fjords  or 
valleys  down  which  the  glaciers,  representing  the  outflowing 
viscous  matter,  empty  the  surplus  of  the  vessel"  *. 

In  North  Greenland  and  along  Smith  Sotmd  a  warm  south- 
east  wind,  somewhat  similar  to  the  Fohn  of  Switzerland,  has 
been  reported  in  the  middle  of  winter.  From  this  it  has  been 
inferred  by  some  that  there  must  be  high  ranges  of  mountains 
in  the  interior  from  which  this  wind  descends.  There  are, 
however,  certainly  no  good  grounds  for  such  a  conclusion  ; 
for  we  know  that  the  upper  surface  of  the  inland  ice  of  Xorth 
Greenland,  50  or  100  miles  from  the  outskirts,  has  an  eleva- 
tion of  at  least  4000  or  5000  feet.  Now  a  wind  crossing  this 
icy  plateau  and  descending  to  the  sea-level  would  have  its 
temperature  raised  by  upwards  of  20°,  and  also  its  capacity 
for  moisture  at  the  same  time  greatly  increased.  The  conse- 
quence would  therefore  be  that,  in  the  midst  of  a  Greenland 
winter,  such  a  wind  would  be  felt  to  be  hot  and  dry. 
*  '  Arctic  Papers  for  the  Expedition  of  1875,'  p.  24. 
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The  opinion  was  expressed  by  Giesecke,  who  long  resided 
in  Greenland,  that  that  country  is  merely  a  collection  of 
islands  fused  together  by  ice.  This  opinion  is  concurred  in 
by  Dr.  Brown,  who  says  that  "  most  likely  it  will  be  found 
that  Greenland  will  end  in  a  broken  series  of  islands  forming 
a  Polar  archipelago.  That  the  continent  (?)  is  itself  a  series 
of  such  islands  and  islets — consolidated  by  means  of  the  inland 
ice  —  I  have  already  shown  to  be  highly  probable,  if  not  abso- 
lutely certain,  as  Giesecke  and  Scoresby  affirmed."  It  has 
long  been  a  belief  that  several  of  the  west-coast  fjords  cut 
through  Greenland  from  sea  to  sea — in  short,  that  they  are 
simply  straits  filled  up  with  ice.  The  important  bearing  that 
this  island-condition  of  Greenland  has  on  the  explanation  of 
the  warm  interglacial  periods  of  that  country  will  be  shown 
in  a  future  article. 

Antarctic  Regions. — It  needly  hardly  be  remarked,  that  what 
has  been  stated  as  to  the  total  absence  of  proof  that  Greenland 
possesses  elevated  plateaus  and  ranges  of  lofty  mountains  holds 
in  a  still  more  marked  degree  in  reference  to  the  Antarctic 
continent.  Here  is  a  region  nearly  3000  miles  across,  buried 
under  ice,  on  which  the  foot  of  man  uever  trod.  There  is  not 
the  shadow  of  a  ground  for  concludino-  that  the  interior  of  this 
immense  region  is,  under  the  ice,  greatly  elevated,  or  that  it 
possesses  lofty  mountain-ranges.  The  probability  seems  rather 
to  be  that,  like  Greenland,  the  area,  as  Sir  Wyville  Thomson 
supposes,  consists  of  comparatively  low  dismembered  land  or 
groups  of  islands  bound  together  by  a  continuous  sheet  of  ice. 
"  We  have  no  evidence,"  says  Sir  Wyville,  "  that  this  space, 
which  includes  an  area  of  about  4,500,000  square  miles,  nearly 
double  that  of  Australia,  is  continuous  land.  The  presumption 
would  seem  rather  to  be  that  it  is  at  all  events  greatly  broken 
up;  a  large  portion  of  it  probably  consisting  of  groups  of  low 
islands  united  and  combined  by  an  extension  of  the  ice-sheet.^^ 

"  Various  patches  of  Antarctic  land,"  he  continues,  "  are 
now  known  with  certainty,  most  of  them  between  the  paral- 
lels of  65°  and  70°  S.  ;  most  of  these  are  comparatively  low, 
their  height,  including  the  thickness  of  their  ice-covering, 
rarely  exceeding  2000  to  3000  feet.  The  exceptions  to  this 
rule  are  the  volcanic  chain,  stretching  from  Balleny  Island  to 
latitude  78°  S.;  and  a  group  of  land  between  55°  and  95°  west 
longitude,  including  Peter  the  Great  Island,  Alexander  Land, 
Graham  Land,  Adelaide  Island,  and  Louis  Philippe  Land. 
The  remaining  Antarctic  Land,  including  Adelie  Land,  Clairie 
Land,  Sabrina  Land,  Kemp  Land,  and  Euderby  Land,  nowhere 
rises  to  any  great  heioht"*. 

*  'Lecture  ou  Antarctic  liegiuus'  (Collins,  Glasgow,  1877)  ;  'Nature/ 
vol.  XV. 
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There  is  another  class  of  facts  which  shows  still  more  con- 
clusively the  probably  low  flat  nature  of  most  of  the  Antarctic 
regions.  I  refer  to  the  character  of  the  great  ice-barrier,  and 
the  bergs  which  break  off  from  it.  The  icebergs  of  the  southern 
ocean  are  almost  all  of  the  tabular  form,  and  their  surface  is 
perfectl}-  level,  and  parallel  with  the  surface  of  the  sea.  The 
icebergs  are  all  stratified  ;  the  stratifications  run  parallel  with 
the  surface  of  the  berg.  The  stratified  beds,  as  we  may  call 
them,  are  separated  from  each  other  by  a  well-marked  blue 
band.  These  blue  lines  or  bands,  as  Sir  Wyville  Thomson 
remarks,  are  the  sections  of  sheets  of  clear  ice;  while  the  white 
intervening  spaces  between  them  are  the  sections  of  layers  of 
ice  Avhere  the  particles  are  not  in  such  close  contact  and  pro- 
bably contain  some  air.  The  blue  bands,  as  Sir  Wyville  sug- 
gests, probably  represent  portions  of  the  snow  surface  which 
during  the  heat  of  summer  becomes  partially  melted  and 
refrozen  into  compact  ice  ;  while  the  intervening  white  por- 
tions re})resent  the  snow  of  the  greater  part  of  the  year,  which 
of  course  would  become  converted  into  ice  without  ever  being 
actually  melted.  It  is  therefore  more  than  probable  that  each 
bed  with  its  corresponding  blue  band  may  represent  the  for- 
mation of  one  year.  Judging  from  the  number  of  these  layers 
in  an  iceberg,  some  of  these  layers  must  be  of  immense  age, 
occupying  a  period  probably  of  several  thousand  years  in  their 
formation.  And  as  the  ice  is  in  a  constant  state  of  motion 
outwards  from  the  centre  of  dispersion — probably  the  South 
Pole — the  bergs  before  becoming  detached  from  their  parent 
mass  must  have  traversed  a  distance  of  hundreds  of  miles. 

The  fact  that  these  bergs  must  have  travelled  from  great 
distances  in  the  interior  is  further  evident  from  the  following 
consideration.  The  distance  between  the  well-marked  blue 
lines  is  greatest  near  the  top  of  the  berg,  where  it  may  be  a 
foot  or  more,  and  becomes  less  and  less  us  we  descend,  until, 
near  the  surface  of  the  water,  it  is  not  more  than  two  or  three 
inches.  This  diminution  in  the  thickness  of  the  ice-strata 
from  the  top  downwards  has  been  considered  by  Sir  Wyville 
to  be  mainly  due  to  two  causes — compression,  and  melting  of 
the  ice,  particularly  the  latter.  But  in  my  paper  on  the 
Antarctic  Ice  (Quart.  Journ.  of  Science,  Jan.  1879)  I  have 
shown  that,  although  compression  and  melting  may  have  had 
something  to  do  in  the  matter,  this  thinning  of  the  strata  from 
the  top  downwards  is  a  necessary  physical  consequence  of  con- 
tinental ice  radiating  from  a  centre  of  dispersion.  Assuming 
the  South  Pole  to  be  this  centre,  a  layer  which  in,  say,  lati- 
tude 85°  covers  1  square  foot  of  surface  will,  on  reaching 
latitude  80°,  cover  2   square   feet ;    at  latitude   70°  it  will 
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occupy  4  square  feet,  and  at  latitude  60°  the  space  covered 
will  be  6  square  feet.  Then  if  the  layer  was  1  foot  thick  at 
latitude  85°,  it  would  be  only  6  inches  thick  at  latitude  80°, 
3  inches  thick  at  latitude  70°,  and  2  inches  at  latitude  60°. 
Had  the  square  foot  of  ice  come  from  latitude  89°  it  would 
occupy  30  square  feet  by  the  time  it  reached  latitude  60°,  and 
its  thickness  would  be  reduced  to  3^  of  a  foot,  or  §  of  an  inch. 

Now  the  lower  the  layer  the  older  it  is,  and  the  greater 
the  distance  which  it  has  travelled.  A  layer  near  the  bottom 
may  have  been  travelling  from  the  Pole  for  the  past  10,000 
or  15,000  years,  whereas  a  layer  near  the  top  may  perhaps 
not  be  20  years  old,  and  may  not  have  travelled  the  distance 
of  a  mile.  The  ice  at  the  bottom  of  a  berg  may  have  come 
from  near  the  Pole,  whereas  the  ice  at  the  top  may  not  have 
travelled  100  yards. 

There  is  still  another  consideration  which  must  be  taken 
into  account.  It  is  this :  the  icebergs  all  seem  to  bear  the 
mark  of  their  original  structure,  and  the  horizontal  stratifica- 
tions appear  also  never  to  have  been  materially  altered  in  their 
passage  from  the  interior.  This  fact  seems  to  have  struck 
Sir  Wyville  forcibly.  "  I  never  saw,"  he  says,  "  a  single 
instance  of  deviation  from  the  horizontal  and  symmetrical 
stratification  which  could  in  any  way  be  referred  to  original 
structure  ;  which  could  not,  in  fact,  be  at  once  accounted 
for  by  changes  which  we  had  an  opportunity  of  observing 
taking  place  in  the  icebergs.  There  was  not,  so  far  as  we 
could  see,  in  any  iceberg  the  slightest  trace  of  structure 
stamped  upon  the  ice  in  passing  down  a  valley,  or  during  its 
passage  over  roches  moiitonnees  or  any  other  form  of  uneven 
land  ;  the  only  structure  except  the  parallel  stratifications 
which  we  ever  observed  which  could  be  regarded  as  bearing 
upon  the  mode  of  original  formation  of  the  ice-mass,  was  an 
occasional  local  thinning-out  of  some  of  the  layers  and  thicken- 
ing of  others,  just  such  an  appearance  as  might  be  expected 
to  result  from  the  occasional  drifting  of  large  beds  of  snow 
before  they  have  time  to  become  consolidated." 

There  cannot,  I  think,  be  the  shadow  of  a  doubt  that  these 
thin  horizontal  bands  of  clear  blue  ice,  with  their  less  dense 
and  white  intervening  beds,  are  the  original  structure  of  the 
bergs.  And  it  is  evident  that  if  the  ice  had  crossed  mountain- 
ridges,  valleys,  or  other  obstructions  in  the  course  of  its 
journey  from  the  interior,  these  beds  cculd  not  have  avoided 
being  crushed,  fractured,  broken  up,  and  mixed  together. 
Had  this  happened,  it  would  bave  been  ])hysically  impossible 
that  they  could  ever  have  been  restored  to  their  old  positions. 
Ice  is,  no  doubt,  plastic,   and  pressure,  along  with  motion, 
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might  perhaps  induce  fresh  lines  of  stratification;  but  neither 
motion  nor  pressure  could  have  selected  broken  blue  bands 
from  among  the  white  and  placed  them  in  their  old  positions. 

Why  the  icebergs  from  Grreenland  are  not  of  the  tabular 
form  and  stratified  like  those  of  the  Antarctic  regions,  is 
doubtless  owing  to  the  fact  that  the  Greenland  ice  is  dis- 
charged through  narrow  fjords,  which  completely  destroy  the 
original  horizontal  stratifications. 

Let  us  now  see  the  consequence  to  which  the  foregoing 
considerations  all  lead.  The  tabular  form  and  flat-topped 
character  of  the  icebergs,  with  their  perfectly  horizontal  bed- 
ding, show  that  they  have  been  formed  on  a  flat  and  even 
surface.  They  show  also  that  this  flat  surface  is  not  a  mere 
local  affair,  but  that  it  must  be  the  general  character  of  the 
Antarctic  hind  ;  for  all,  or  nearly  all,  of  the  bergs  are  of  this 
tabular  form.  Again,  the  unaltered  character  of  the  stratifi- 
cations of  the  bergs  shows  that  there  can  be  no  great  moun- 
tain-ranges,  or  even  much  rough  and  uneven  ground  in  the 
interior;  for  if  there  were,  the  bergs  in  their  passage  outwards 
would  have  had  to  pass  over  it ;  and  this  they  could  not  have 
done  and  still  have  retained,  as  they  actually  have,  their  hori- 
zontal stratifications  undisturbed.  These  icebergs,  as  we  have 
seen,  must  have  traversed  in  their  outward  motion,  before 
being  disconnected  with  the  ice-sheet,  a  distance  of  hundreds 
of  miles  ;  yet  none  of  them  bear  the  marks  of  having  passed 
down  or  across  a  valley  or  even  over  roches  moutonnees. 

That  the  Antarctic  continent  has  a  flat  and  even  surface,  the 
character  of  the  icebergs  shows  beyond  dispute.  But  this,  it 
wall  be  urged,  does  not  jjrove  that  this  surface  may  not  be 
greatly  elevated  ;  in  other  words,  that  it  may  not  be  a  flat 
elevated  plateau.  This,  of  course,  is  true  ;  but  it  is  evidently 
far  more  likely  that  this  region,  nearly  3000  miles  across, 
should  consist  of  flat  dismembered  land,  or  groups  of  low 
islands  separated  and  surrounded  by  shallow  seas,  than  that  it 
should  consist  of  a  lofty  plateau  without  either  hills,  valleys, 
or  mountain-ridges.  In  this  case  it  may  be  that  the  greater 
part  of  the  Antarctic  ice-cap  rests  on  land  actually  below  sea- 
level — viz.  on  the  floor  of  the  shallow  seas  surrounding  those 
island-groups.  We  know  that  such  a  condition  of  things 
was  actually  the  case  in  regard  to  the  great  ice-sheet  of  North- 
western Europe  during  the  glacial  epoch.  A  glance  at  the 
Chart  of  the  path  of  the  ice  given  in  '  Climate  and  Time,' 
p.  448  (which  since  its  publication  has  been  proved  to  be  cor- 
rect in  almost  every  particular),  will  show  that  the  larger  portion 
of  the  sheet  rested  on  the  bed  of  the  Baltic,  German  Ocean, 
and  the  seas  around  Great  Britain  and  Ireland  and  the  Orkney 
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and  Shetland  islands.  That  the  Antarctic  ice  was  formed  on 
low  and  flat  land  bordered  for  considerable  distances  by  shoal 
water  was  the  opinion  also  of  Sir  Wyville  Thomson. 

Assuming  then,  what  seems  thus  probable,  that  the  Antarctic 
regions  consist  of  low^  discontinuous  land,  it  will  help  to  explain, 
as  will  be  shown  in  a  future  paper,  the  disappearance  of  the  ice 
during  the  warm  interglacial  periods  of  the  southern  hemisphere. 

On  the  Argument  against  the  Existence  of  a  South-Polar  Ice- 
cap.— We  have  certainly  no  evidence  that  during  even  the 
severest  part  of  the  glacial  epoch  an  ice-cap,  like  that  advo- 
cated by  Agassiz  and  other  extreme  glacialists,  ever  existed 
at  the  North  Pole  ;  I  am,  however,  unable  to  admit  with 
Mr.  Alfred  R.  Wallace  that  some  such  cap,  though  of  smaller 
dimensions,  does  not  at  present  exist  at  the  South  Pole.  Speak- 
ing of  the  Antarctic  ice-cap,  Mr.  Wallace  says  : — "  A  similar 
ice-cap  is,  however,  believed  to  exist  on  the  Antarctic  Pole  at 
the  present  day.  We  have,  however,  shown  that  the  produc- 
tion of  any  such  ice-cap  is  improbable,  if  not  impossible  ; 
because  snow  and  ice  can  only  accumulate  where  precipitation 
is  greater  than  melting  and  evaporation,  and  this  is  never  the 
case  except  in  areas  exposed  to  the  full  influence  of  the  vapour- 
bearing  winds.  The  outer  rim  of  the  ice-sheet  would  in- 
evitably exhaust  the  air  of  so  much  of  its  moisture,  that  what 
reached  the  inner  parts  would  produce  far  less  snow  than  would 
be  melted  by  the  long  hot  days  of  summer"*. 

This  opinion,  that  the  mass  of  ice  is  probably  greatest  at  the 
outer  rim,  which  of  course  is  most  exposed  to  moist  winds, 
and  that  it  gradually  becomes  less  and  less  as  we  proceed 
inwards  till  at  last  it  disappears  altogether,  is  by  no  means 
an  uncommon  one.  At  the  present  moment  while  I  write 
(July  9th),  Professor  Nordenskjold  is  probably  attempting 
to  cross  the  inland  ice  of  Greenland  with  the  hope  of  finding 
in  the  interior,  hills,  valleys,  and  green  fields  completely  free 
from  ice. 

It  by  no  means  follows,  as  some  might  be  apt  to  suppose, 
that  the  ice  must  be  thickest  where  the  snowfall  is  greatest. 
In  case  of  continental  ice  the  greatest  thickness  must  always 
be  at  the  centre  of  dispersion  ;  but  it  is  here  that,  owing  to 
distance  from  the  ocean,  the  snowfall  is  likely  to  be  least. 

We  have  no  reason  to  believe  that  the  quantity  of  snow 
falling,  at  least  at  the  South  Pole,  is  not  considerable.    Lieut. 

*  'Island  Life,'  p.  150.  I  am  unable  to  reconcile  tlie  above  altogether 
■with  what  Mr.  AVallace  says  at  page  132,  where  he  refers  approvingly 
to  my  statement  that  the  Antarctic  ice-sheet  has  been  proved  to  be  in  some 
places  at  least  over  a  mile  in  thickness  at  the  edge,  and  that  it  must  con- 
sequently be  far  thicker  inland. 
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Wilkes  estimated  the  snowfall  of  the  Antarctic  regions  to  be 
about  30  feet  per  annum;  and  Sir  John  Ross  says  that  during 
a  whole  month  they  had  only  three  days  free  from  snow.  But 
there  is  one  circumstance  which  must  tend  to  make  the  snow- 
fall near  the  South  Pole  considerable,  and  that  is  the  inflow  of 
moist  winds  in  all  directions  towards  it ;  and  as  the  area  on 
which  these  currents  deposit  their  snow  becomes  less  and  less 
as  the  Pole  is  reached,  this  must,  to  a  corresponding  extent, 
increase  the  quantity  of  snow  falling  on  a  given  area.  Let  us 
assume,  for  example,  that  the  clouds  in  passing  from  lat.  60° 
to  lat.  80°  deposit  moisture  sufficient  to  produce,  say,  30  feet 
of  snow  per  annum,  and  supposing  that  by  the  time  they 
reach  lat.  80°  they  are  in  possession  of  only  one  tenth  part  of 
their  original  store  of  moisture,  still,  as  the  area  between  lat. 
80°  and  the  Pole  is  but  one  eighth  of  that  between  lat.  60° 
and  80°,  this  would  notwithstanding  give  24  feet  as  the  annual 
amount  of  snowfall  between  lat.  80°  and  the  Pole. 

However  small  may  be  the  snowfall,  and  consequent  amount 
of  ice  formed  annually  around  the  South  Pole,  unless  it  all 
melted  it  must  of  necessity  accumulate  year  by  year  till  the 
sheet  becomes  thickest  there  ;  for  the  ice  could  not  move  out 
of  its  position  till  this  were  the  case.  But  supposing  there 
were  no  suow  whatever  falling  at  the  Pole  and  no  ice  being 
formed  there,  still  this  would  not  alter  this  state  of  matters  ; 
for  in  this  case  the  ice  forming  at  some  distance  from  the  Pole 
all  around  would  flow  back  towards  the  centre,  and  continue 
to  accumulate  there  till  the  resistance  to  the  inward  flow 
became  greater  than  the  resistance  to  the  outward;  btit  this 
state  would  not  be  reached  till  the  ice  became  at  least  as 
thick  on  the  poleward  as  on  the  outward  side.  There  is  no 
evading  of  this  conclusion  unless  we  assume,  what  is  certainly 
very  improbable,  if  not  impossible,  viz.  that  the  ice  flowing 
polewards  should  melt  as  rapidly  as  it  advances.  We  know, 
however,  that  in  respect  to  the  ice  which  flows  outwards 
towards  the  sea  little,  if  any,  of  it  is  melted  ;  and  it  is  only 
after  it  breaks  ofl'  in  the  form  of  bergs  and  floats  to  warmer 
latitudes  that  it  disappears,  and  that  even  with  difficulty.  It 
is  therefore  not  likely  that  the  ice  flowing  inwards  towards  the 
Pole,  and  without  the  advantage  of  escape  in  the  form  of  bergs, 
should  all  happen  to  melt.  If  little  or  none  of  the  ice  flowing 
toward  the  tiquator  melts,  it  is  physically  impossible  that  all 
the  ice  flowing  polewards  should  manage  to  do  so  ;  and  if  it 
did  not  all  meit,  it  would  accumulate  year  by  year  around  the 
Pole  till  it  acquired  a  thickness  sufficient  to  prevent  any  further 
flow  in  that  direction,  or,  in  other  words,  till  its  thickness  at 
the  Pole  became  as  trreat  as  it  is  all  around. 
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The  opinion  that  the  great  mass  of  the  ice  on  the  Antarctic 
continent  and  also  on  Greenland  lies  near  to  the  outer  edge, 
and  that  it  gradually  diminishes  inwards  till  at  last  it  disap- 
pears, is  evidently  one  based  on  a  misa])prehension  as  to  the 
physical  conditions  of  continental  ice.  I  cannot  help  believing 
that  had  Professor  Nordenskjold  duly  reflected  on  the  neces- 
sary physical  and  mechanical  conditions  of  the  problem  which 
he  is  endeavouring  to  solve,  he  would  not  have  undertaken 
the  journey  across  the  Greenland  ice. 

Note,  Septemher  227id. — Baron  Nordenskjold  has  just  re- 
turned, and,  as  might  have  been  expected,  he  found  the 
interior  of  Greenland  a  desert  of  ice,  with  the  icy  plain  gra- 
dually sloj)ing  upwards  to  the  interior.  The  ice  rose  at  the 
furthest  spot  reached  (280  miles  from  the  coast)  to  7000  feet 
above  the  sea,  and  was  still  seen  to  rise  to  the  east.  The 
results  of  the  expedition  are,  however,  of  the  miost  important 
character,  confirming,  as  they  do,  the  true  theory  of  conti- 
nental ice. 


L.   The  Method  of  Least  Squares.     By  F.  Y.  Edgeworth, 
M.A.,  Lecturer  on  Logic  at  Kiny\'<  College,  London*. 

I. 

ri'^HE  Law  of  Error  and  the  Method  of  Least  Squares  do 
-L  not  traverse  the  same  ground  ;  and  the  direction  of  the 
one  course  of  reasoning  is  inverse  to  that  of  the  other.  In  the 
former  we  derive  the  formation  of  a  sourcej  of  error  from  the 
confluence  of  an  indefinite  number  of  small  tributaries.  Li 
the  latter  we  start  from  a  position  lower  down  on  the  stream 
of  causation,  from  observations  resulting  from  a  source  of 
error,  and  reason  up  from  given  observations  (accompanied 
with  some  knowledge  of  the  source  of  error  from  which  they 
result)  to  (a  more  complete  knowledge  of)  the  source  of  error, 
the  facility-curve  under  which  the  observations  range  them- 
selves. For  example: — Given  Xi,  x^,  &c.  observations  diver- 
ging according  to  a  probabilily-curve  of  known  modulus,  but 
unknown  centre,  to  determine  the  centre.  These  distinctions 
are  likely  to  recommend  themselves  to  those  who  have  studied 
Mr.  Glaisher's  article  and  other  first-rate  authorities.  But 
there  is  another  distinction,  more   interesting  to  the  philo- 

*  Communicated  by  the  Antlior. 

t  According  to  the  received  view,  one  particular  source — the  probability- 
curve  ;  according  to  our  views,  a  great  variety  of  facility-curves  (see  pre- 
vious paper). 
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soplier  and  less  familiar  to  tlie  mathematician,  namely,  that 
in  the  Law  of  Errors  we  are  concerned  only  with  the  objec- 
tive quantities  about  which  mathematical  reasoning  is  ordi- 
narily exercised  ;  whereas  in  the  Method  of  Least  Squares,  as 
in  the  moral  sciences,  we  are  concernc^d  with  a  psychical 
quantity — the  greatest  jjossihle  qnantity  of  advantage.  To  illus- 
trate this  application  of  mathematics  to  ])sychical  quantity  is 
the  primary  object  of  the  following  paper;  a  secondary  pur- 
pose is  to  classify  the  problems  falling  under  our  title  (taken 
in  a  wide  sense),  and  to  offer  some  contributions  towards  their 
solution. 

In  order  to  attain  the  first  object  it  is  not  necessary  to  go 
much   beyond   Laplace's   Method  of  Least  Squares.     Li  the 
problem  of  Book  II.  art.  20  Laplace  in  effect,  if  not  very  ex- 
plicitly, assumes  that  the  sought  result  may  be  regarded  as  a 
linear  function  of  the  observations.     He  posits  this  form  of 
the  result,  not  assuming  that  the  most  probable  value  expressed 
in  terms  of  the  observations  will  be  a  linear  function  of  the 
observations,  which  is  in  fact  not  generally  true,  but  selecting 
the  linear  form  as  most  advantageous,  advantageous  in  respect 
of  convenience  to  the  calculator  and  avoidance  of  trouble.     The 
linear  form  being  assumed,  Laplace  goes  on  to  determine  the 
values  of  the  constants.     He  decides  in  favour  of  the  system 
of  values  which  are  inversely  proportional  to  the  respective 
mean  squares  of  error  upon  two  grounds,  of  which  the  second 
is   here   regarded   as    the    more    fundamental — namely,   that 
system  of  values  is  to  be  preferred  which  minimizes  the  dis- 
advantage incurred  in  the  long  run  by  employing  any  par- 
ticular system  of  values.     Laplace  takes  as  the  measure  of 
this  integrated  disadvantage  the  mean  error.     Gauss  (dissent- 
ing from  Laplace  on  what  may  seem  almost  trivial  grounds) 
takes  as  the  "  moment "  of  error  the  measure  of  detriment 
incurred  in  the  long  run,  the  mean  square.     And  it  is  con- 
ceivable that  another  criterion,  which,  in  comparison  with  that 
of  Laplace  and   Gauss,  may  be  described  as  the  meaii  zero 
•power  (corresponding  to  that  system  which,  as  compared  Avith 
other  linear  systems,  affords  the  most  p)robable  value),  may 
have  been  assumed  by  some,  not  as  a  first  principle  (Mr. 
Glaisher's  view,  to  be  presently  considered),  but  as  a  deriva- 
tive principle,  as  themeasui-e  of  disadvantage. 

It  is  here  submitted  that  these  three  criteria  are  equally 
right  and  equally  Avrong.  The  probable  error,  the  mean  error, 
the  mean  square  of  error,  are  forms  divined  to  resemble  in  an 
essential  feature  the  real  object  of  which  they  are  the  imper- 
fect symbols — the  quantity  of  evil,  the  diminution  of  pleasure, 
incurred  by  error.     The  proper  symbol,  it  is  submitted,  for 
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the  quantity  of  evil  incurred  by  a  simple  error  is  not  any 
power  of  the  error,  nor  any  definite  function  at  all,  hut  an 
almost  arbitrary  function,  restricted  only  by  the  conditions 
that  it  should  vanish  when  the  independent  variable,  the  error, 
vanishes,  and  continually  increase  with  the  increase  of  the 
error.  The  proper  symbol  for  the  disadvantage  incurred  in  the 
long  run  is  an  integral  whose  elements  involve  as  factors  the 
said  arbitrary  function.  Advancing,  then,  in  the  direction  in- 
dicated by  Laplace  and  Gauss,  let  us  designate  the  disadvan- 
tage of  a  single  error  by  the  symbol  F(.i'"^),  where  x  is  the 
amount  of  error  and  F  continually  increases  wnth  x.  Or,  if 
the  detriment  is  not  a  symmetrical  function  of  error,  is  not 
equal  for  the  same  extent  of  error,  whether  it  be  in  excess  or 
defect,  put  F{x)  for  the  right-hand  value  of  x,  and  f{x)  for 
the  left-hand  value  of  x ;  x  being  taken  as  positive  in  both 
cases.  Now  suppose  we  have  adopted  some  particular  system 
of  values  for  the  constants  ji,  73?  &c.  Then,  by  the  law  of 
errors,  if  we  make  several  sets  of  observations,  say 

x-^        X.2       x^     &c., 

A'l'       X2'       x^     &c., 

X^"      X2"      x^'   &c., 

&c.  &c. 

the  quantities 

ri-^l   +72-^2  +73^'P3  +&C.  -i-  S7, 

7i'^'/  +  72-^2'  +  -izx^  +  &c.  -^  S7, 
kc.  &c. 


* 


1 


will  be  ranged  under  a  probability-curve  of  the  form       —  =   - , 

VTTa 

where  a  is  a  known  function  of  the  sought  quantities  7,,  72, 
&c.  We  have  now  to  take  a  so  that  the  total  disadvantage  in 
the  long  run  of  an  indefinite  number  of  sets  of  observations 
may  be  a  minimum.     This  total  disadvantage  is 

C  ^e-i\J{x)+f{x)-]dx. 
Jo   VTTa 

Put  x  =  u^.  The  quantity  which  it  is  proposed  to  minimize 
becomes 

ri6-^[F(«^)+/K)]^^ 

Jo   V^ 
a  being   regarded    as    variable,    the   first   term   of  variation 
*  Glaisher,  o]}.  cit. 
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becomes 

r/a  ^^j^e-^^[F(«l)+/(a^)]^/^ 

Jo    V-^ 

Every  element  of  this  integral  is  positive.  Therefore  the 
integral  is  positive.  Therefore  the  propositum,  the  disadvan- 
tage, continually  increases  as  a  increases.  Therefore  it  is  the 
least  possible  when  a  is  the  least  possible.  Which  was  to  be 
demonstrated. 

By  an  extension  of  the  preceding  reasoning  we  obtain  the 
following  fundamental  theorem.  One  instrument  (or  one 
method  of  using  the  same  instrument,  one  method  of  treating 
given  observations)  is  to  be  preferred  to  another,  when,  ^i(.i'), 
^•2{^)  being  the  facility-functions  expressing  the  divergence 
in  the  first  and  second  cases  respectively  from  the  real  point, 


I 


(j)iQv)cLv  is  greater  than  j    (p2{x)(Jx  for  every  value  of  x. 


It  may  be  objected  that  these  results  might  better  have 
been  grounded  on  the  more  solid  and  objective  foundation  of 
greatest  probability  rather  than  greatest  advantage;  agreeably 
to  Laplace's  first  view  as  formulated  by  Mr.  Grlaisher* — 
namely,  it  being  assumed  that  the  quantity  to  be  measured  is 
accurately  determined,  if  its  error  lies  between  zero  and  infinite- 
simal h,  that  system  of  factors  which  renders  the  probability  that 
the  result  obtained  by  means  of  them  is  accurately  determined 
greater  than  the  probability  of  a  result  obtained  by  means  of  any 
other  system  of  factors  is  to  be  preferred.  It  may  be  replied 
that  the  principles  of  greatest  advantage  and  greatest  proba- 
bility do  not  coincide  in  general;  that  here,  as  in  other  depart- 
ments of  action,  when  there  is  a  discrepancy  between  the 
principle  of  utility  and  any  other  rule,  the  former  should  have 
precedence. 

To  exhibit  this  discrepancy  it  suffices  to  observe  that  the 
disadvantage  which  it  is  proposed  to  minimize  is  the  loss  of 
utility,  the  quantity  of  pain  due  to  an  erroneous  measure 
being  employed  in  practice,  in  the  arts.  Why  is  this  evil  a 
minimum  when  the  probability  of  our  measurement  being 
within  the  distance  h  of  the  real  quantity  is  a  maximum  ?  Let 
us  take  a  simple,  although  grotesque,  example.  Here  are  two 
shoemakers  competing  for  the  contract  to  supply  an  army  with 
boots.  Other  things  being  equal,  we  have  to  select  him  who 
makes  the  best  fits,  who  minimizes  the  disadvantage  expressed 
by  Horace: — 

" .  .  .  .  ut  calceus  olim. 
Si  pede  major  erit,  subvertet ;  si  minor,  uret." 

*  Memoirs  of  the  Royal  Astronomical  Society,  xl.  p.  101. 
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Is  the  shoemaker  who  makes  a  rather  greater  proportion  of 
exact  fits  (who  has  a  smaller  probable  error),  but  ■svheu  he  does 
make  a  misfit  makes  a  terribly  painful  one,  necessarily  the 
most  advantageous?  To  quote  Horace*  again, the  slave  who, 
in  spite  of  his  many  accomplishments,  "  semel  latuit  "  ("  once 
and  but  once  I  caught  him  in  a  lie,"  as  Pope  turns  it),  may 
have  had,  so  to  speak,  a  less  "probable  error,"  and  yet  may 
have  been  less  "  advantageous  "  to  his  master  than  one  who 
had  a  greater  number  of  less  serious  faults.  The  man  who 
seldom  tells  a  lie,  but  when  he  does  "  lies  like  a  man,"  may  do 
more  harm  than  the  habitual  dealer  in  white  lies.  I  am 
aware  that  there  is  something  paradoxical  in  the  preceding 
illustrations  ;  but  I  submit  that  it  would  be  affectation  in  u 
mathematical  writer  not  occasionally  to  glance  at  the  real 
objects  to  which  his  ideal  conceptions  are  applied,  and  that 
the  disadvantages  just  instanced  are  quite  homogeneous  with, 
only  more  familiar  than,  the  disadvantage  due  to  the  employ- 
ment in  the  arts  of  erroneous  measurement  {e.  g.  the  disad- 
vantage of  astronomical  mismeasurement),  the  disadvantage 
which,  according  to  Laplace  and  Gauss,  it  is  the  object  of  the 
calculus  to  minimize. 

The  following  is  a  more  dignified  example.  Here  are  two 
instruments  of  observation,  the  errors  incurred  by  v/hich  are 
ranged  respectively  under  a  probability-curve  with  modulus 

1       c 
unitv,  and  under  the  facilitv-curve   y= r. r„  where  c  is 

small.  Which  of  these  instruments  is  to  be  preferred?  Ac- 
cording to  Mr.  Glaisher's  test,  unquestionably  the  latter.  But, 
according  to  our  view,  it  may  well  happen  that  the  disadvan- 
tage in  the  long  run  is  in  the  former  case  finite,  in  the  latter 
case  infinite:  for  example,  if  the  disadvantage  dependent  upon 
a  particular  error  may  be  expressed  as  any  power  (not  less 
than  the  first),  or  sum  of  powers,  of  the  extent  of  error. 

Ivor,  again,  does  the  principle  of  greatest  probability  as 
compared  with  the  principle  of  greatest  utility  give  a  con- 
sonant answer  in  the  following  case  : — Given  the  law  of 
error  of  a  certain  instrument,  is  it  better  to  make  a  practice 
of  confining  oin*selves  to  a  single  observation,  or  of  proceeding 
to  an  average  ?  Upon  Mr.  Glaisher's  view,  if  the  average 
facility- curve  is  such  as  to  have  its  maximum  value  (its  head, 
so  to  speak)  above  the  primary  curve,  the  average  nuist  be 
preferable  to  the  simple  observation.  This  also  follows  from 
our  first  principle  (by  the  theory  of  p.  363)  when  there  is  only 
one  intersection  heticeen  the  primary  and  average  semi-curves  ; 
but  not  quite  generally.     Su})pose  that  there  are  three  inter- 

*  Ep.  II.  2. 
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sections  on  each  side  of  the  origin,  and  that  the  space  on  each 
side  of  the  origin  is  divided  by  ordinates  (one  at  the  origin, 
one  at  infinity,  and  two  intermediate)  into  three  compartments 
such  that  for  each  compartment  the  area  bounded  bv  the 
abscissa,  ordinates,  and  primary  curve  is  equal  to  the  area 
bounded  by  the  same  right  lines  and  the  average  curve. 
Suppose,  further,  that  throughout  the  first  and  third  compart- 
ments the  disutility-function  is  almost  level,  the  disadvantage 
of  a  particular  error  only  just  increases  with  the  extent  of  error, 
while  in  the  second  compartment  the  same  function  rises  steeply. 
Then  the  appropriate  mathematico-psychical  reasoning  will 
show  that  it  is  better  to  abide  by  a  single  observation  than 
to  take  an  average. 

The  two  preceding  examples,  to  which  it  would  be  easy  to 
add  others  similar,  are  not  put  forward  as  practically  impor- 
tant, but  rather  (like  the  imaginary  cases  put  by  Hume  in 
his  inquiry  concerning  moral  sentiments)  as  assisting  us  to 
distinguish  the  general  principle  from  the  particular  rule,  and 
in  the  act  of  doing  so  to  discern  the  supremacy  of  the  prin- 
ciple of  utility. 

We  have  next  to  review  some  typical  instances  of  the 
problems  solved  by  the  method  of  least  squares.  Let  us  take 
as  the  principle  of  a  rough  classification,  complexity.  As 
a  first  division  we  may  demarcate  those  cases  in  which  there 
is  but  one  measurable;  a  single  quantity  w,  whereof  Xi,  ■^2,  &c. 
are  values,  or  more  generally  functions,  given.  This  class 
may  be  subdivided  according  as  the  facility-curves  Avhich 
generate  .Vi,  .rg,  &c.  are  (I.)  or  are  not  (II.)  symmetrical.  In 
the  simpler  cases  we  need  not  take  the  trouble  of  distinguishing 
between  the  most  probable  and  most  advantageous  values,  since 
they  are  coincident.     But  the  distinction  soon  emerges. 

Subclass  I.  may  be  subdivided  according  as  the  symmetrical 
facility-curves  under  which  the  observations  are  ranged  are 
(A)  or  are  not  (B)  Prohahiliti/-cx\v\es. 

I.  A  (1)  The  following  is  one  of  the  simplest  problems 
which  our  subject  presents  : — Given  a  set  of  observations  x^, 
a-2,  &c.,  and  given  that  they  have  been  generated  by  diver- 
gence from  an  unknown  point  according  to  one  given  law  of 
error,  a  probability-curve  of  given  modulus,  to  find  the  most 
probable  (and  advantageous)  value  for  the  unknown  point. 
By  a  familiar  application  of  the  differential  calculus  the  sought 
value  is  the  mean  of  the  observations. 

A  variant  of  this  problem  is  when  the  observations  are  dis- 
tributed into  groups,  each  of  which  diverges  from  one  and  the 
same  unknown  point  according  to  different  given  probability- 
curves.     The  solution  is  of  course  the  loeighted  mean. 
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Another  variant  in  this  and,  be  it  said  once  for  all,  all  the 
subsequent  typical  problems,  is  when  the  observations  stand 
for,  not  the  simple  value  of,  but  definite  functions  of,  the  real 
quantity. 

I.  A  (2)  Given  a  set  of  observations  Xi,  x^,  &c.,  and  given 
that  they  were  generated  Ijy  divergence  according  to  a  given 
curve  of  probability  of  which  the  modulus  is  not  given  but 
sought.     Let  c  be  sought  modulus  ;  then  it  must  be  taken  so 

—  )  e  c2        should  be  a  maximum;  whence 

2         n 

A  variant  would  be  the  case  when  the  observations  are  dis- 
tributed into  groups,  each  with  a  different  modulus,  and  the 
ratio  between  the  moduli  is  given. 

I.  A  (3)  By  the  degradation  of  the  data  in  either  of 
the  preceding  problems  we  reach  the  complex  problem  : — 
Given  a  set  of  observations  x^,  .rg,  &c.,  and  given  that  they 
have  been  generated  by  divergence  according  to  one  and  the 
same  probability-curve  from  a  single  point,  but  given  neither 
that  point  nor  the  modulus,  to  find  both.  Put  as  the  proba- 
bility of  the  concurrence  of  a  particular  central  point  and  a 
particular  modulus 

Vcl^dc 


where 


a. 


Vd^dc 


Equating  to  zero  the  first  term  of  variation  (that  is,  equating 
to  zero  the  coefficient  of  d,^  and  also  the  coefficient  of  dc  in 
the  development  of  the  above  projwsitum),  we  have  two  equa- 
tions to  determine  ^  and  c.  Whence  the  most  probable  value 
of  ^  is  the  mean  of  Xi,  X2,  &c.,  and  the  most  probable  value  of 
c  is  the  square  root  of  twice  the  mean  square  of  apparent  errors, 
viz. 


\/^[ 


{^-x,y+(^-x,y+&c, 


]■' 


n 

a  solution  of  the  compound  problem  which  follows  the  analogy 
of  the  simple  problems  (1)  and  (2),  and  icldch  holds  ichether 
the  mimber  of  observations  he  finite  or  infinite. 

I  believe  that  this  conclusion  is  usually  restricted  to  the 
*  Cf.  Merriman,  '  On  Least  Squares,'  p.  143. 
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case  of  an  infinite  number  of  errors  ;  that,  for  the  finite  case, 
there  would  usually  be  substituted  (?*  — 1)  for  n  in  the  above 
value  of  c.  It  is  with  the  greatest  diffidence  that  I  submit  a 
statement  which  seems  to  be  contradicted  by  the  most  distin- 
guished authorities,  including  Gauss  and  Airy*;  and  only 
not  contradicted,  but  not,  as  far  as  I  remember,  asserted,  by 
Laplace  and  Poisson.  Perhaps  I  have  misunderstood  the 
qutesitum  proposed  by  Air}^,  Merrimanf,  and  other  writers. 
For  I  assert  with  some  confidence  that  (in  spite  of  the  rather 
puzzling  expressions  of  some  authors)  the  procedure  above  em- 
ployed to  determine  the  maximum  of  an  expression  involving 
two  independent  variables  is  correct.  I  submit  also  that  the 
only  significant,  or  at  least  the  most  important,  qu^sita 
afforded  by  the  case  in  hand  are  either  what  was  enounced 
above,  or  what  is  the  "probable  error"  J  incurred  by  taking 
the  mean  of  the  observations  as  the  real  value.  To  investigate 
this  probable  error,  it  is  proper  to  consider  the  given  observa- 
tions as  generated  by  one  of  an  indefinite  number  of  consti- 
tutions corresponding  to  the  different  values  of  ^  and  c's,  each 
of  which  operates  in  the  long  run  a  number  of  times  propor- 

VdcdP 
tionate  to  — op~  5  fli^t  is,  if  we  take  the  origin  at  the  mean 

O-L  -1 

point  of  the  observations,  and  put  c=  .  pro})ortionate  to 


^6-f"^-^+^^>J"V/A./^ 


7r2 


/T  00        ^  CO  • 

i      I     Vdhd^ 


It  may  be  observed  that  when  A  is  constant  this  expression 
reduces  to 

-^s/7ihe-"''-i-: 

V  TT  ' 

from  which  we  see  that  in  case  (1)  the  probable  error  incurred 
by  taking  the  average  of  operations  is  the  unit  probable  error, 

as  it  may  be  called,  '476  multiplied  by  — -;  as  was  to  be  ex- 

pected.     But  in  case  (3)  this  analogy  is  deserted.     It  appears 
from  the  preceding  expression,  that  the  number  of  times  we 

*  §§  58-60. 

t  *  Least  Squares.' 

X   Cf.  Merriman,  '  Least  Squares,  pp.  27  &  146 
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shall  make  an  error  of  ^  in  taking  the  mean  as  the  true  value  is 


of  the  form 


*J  -  «  ^'  0 


Vdh 


Vdhd^ 
J 


—j^^  (say  n  even). 


The  errors  connnitted  by  taking  the  mean  as  the  real  value  are 
ranged  under  the  above*  sub-exponential  expression.  Whence 
it  appears  that  what  may  be  called  the  measure  of  the  pro- 
bable error  is  the  sum  of  the  squares  of  the  apparent  errors 
divided  by  «,  not,  as  some  might  seem  to  imply,  by  (n  — 1); 
although  this  modulus,  as  I  think  it  may  be  called  with  pro- 
priety, is  not  to  be  multiplied  by  the  usual  factor  •476,  but  by 
the  length  of  the  abscissa  which  halves  the  half-area  of  the 
curve  just  indicated. 

What    is    freqnenth'    said    in     favour    of  the    expression 

2  _Ai — yiZ.  (where  ^  is  the  mean  of  the  observations)  instead 

of  2  -^^ ~    in  the  present  and  similar  problems,  namely, 

that  the  latter  expression,  the  sum  of  squares  of  apparent 
errors,  is  certainly  less  than  the  sum  of  squares  of  real  errors, 
appears  to  be  true  but  not  pertinent.  For  what  have  we  to  do 
with  the  sum  of  squares  of  real  errors,  except  as  a  mark  of 
one  or  other  of  the  qusEsita  above  proposed? — (1)  The  law 
according  to  which  the  observations  diverged,  the  mo- 
dulus of  the  probability-curve,  from  the  groups  constituted  by 
which  the  observations  are  regarded  as  random  selections  ; 
(2)  the  errors  incurred  by  taking  the  mean  as  the  real  value 
It  may  be  observed,  too,  that  the  most  probable  value  (as  de- 
duced from  the  observations)  of  the  sum  of  squares  of  real 
errors  is  the  sum  of  squares  of  apparent  errors  ;  a  statement 
which  is  quite  consistent  with  the  admission  that  this  latter 
value  is  certainly  (infinitely  ])robably)  less  than  the  real  value. 
The  case  might  be  compared  to  the  following  : — A  random 
selection  of  an  abscissa  being  made  from  the  group  indicated 

1         1^ 
by  the  curve  ?/=  — = — e~fci  required  the  most  probable  value 
^/7^^ 

*  See  Phil.  Mag.  Oct.  1883,  p.  300. 


Method  of  Least  Squares.  369 

of  the  square  of  the  selected  abscissa.  It  is  zero.  Yet  it  is 
infinitely  prohable  that  the  real  value  is  f^reater  than  zero. 

It  appears  from  the  subexponential  form*  incidental  to  this 
problem,  that  if,  after  taking  the  mean  of  a  group  of  observa- 
tions of  the  type  I.  A.  3,  we  take  the  mean  of  a  second  group 
of  the  same  type,  the  mean  of  those  two  means  (or  of  any 
number  of  such  means)  is  not  likely  to  be  as  much  nearer  the 
true  value  as  might  have  been  expected. 

A  variant  of  Prob.  (3)  is  obtained  by  the  distribution  of  the 
observations  into  groups  each  of  the  type  (3).  This  variant 
might  be  obtained  from  the  variant  of  Prob.  I.  Thus,  suppo- 
sing the  limits  of  the  groups  still  given,  let  our  knowledge  of 
the  weight  corresponding  to  each  group  be  degraded  through 
all  degrees  of  conjectural  knowledge  to  absolute  uncertainty. 
Now  let  the  barriers  which  separate  the  groups  be  unfixed, 
and  finally  become  absolutely  uncertain,  and  we  shall  have 
reached  a  fourth  case, 

I.  A  4,  in  which  we  do  not  know  the  weight  of  any  of  the 
observations ;  and  they  may  all,  for  all  we  know,  have  differ- 
ent weights.  The  solution  may  be  reserved  till  we  reach  the 
more  general  case  of  I.  B.  4. 

I.  B.  Facility-curves  which  are  symmetricalf,  but  not  pro- 
bability-curves, present  similar  cases  for  the  exact  solution  of 
which  it  would  be  necessary  to  assume  as  given  some  particular 

1      /         2(3  \    -^ 

form,  e.  g.      .-    (  aH 5-  )  e   «-,  where  a  4-/3  =  1;  unless  indeed 

VTTC   \  (■"   / 

as  Donkin  has  observed  J,  it  were  possible  by  an  unimaginable 
perfection  of  the  calculus  of  functions  to  take,  as  it  were,  a 
mean  of  all  admissible  functions. 

Approximate  solutions  of  cases  under  this  heading  are  given 
by  the  Method  of  Least  Squares,  as  discovered  by  Laplace. 
Concerning  these  it  may  be  observed  that,  if  the  suhexponential 
form  is  an  appreciable  ingredient  of  the  elemental  facility- 
curves,  then  the  factors  assigned  by  the  method  of  least  squares 
are  not  in  general  the  most  advantageous.  It  is  obvious  to 
object  that  the  number  of  the  observations  in  the  case  to  which 
the  Method  of  Least  Squares  is  applicable  is  supposed  infinite; 
and  therefore  that  the  principle  mentioned  in  the  Postscript 
of  the  previous  paper  will  apply.  But  then  infinite  is  to  be 
interpreted  here  as  very  large.  Or,  rather,  not  so  very  large; 
as  we  are  told  in  recommendation  of  this  very  theorem  whose 

*  See  previous  paper. 

t  Some  of  the  following^  inquiries  cau  only  by  courtesy  be  included 
under  the  term  Least  Squares. 
X  Phil.  Mag.  [4]  vol.  ii.  p.  56. 
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accuracy  I  impugn.     How,  then,  can  we  be  certain  that  the 
effect  of  a  suLexponential  ingredient  is  extinguished  ? 

Agreeably  to  the  distinction  clearly  exhibited  by  Mr. 
Glaisher  {op.  cit.  p.  102  foot,  and  p.  103),  the  method  of  least 
squares  belongs  to  B  (3)  or  B  (4)  according  as  it  is,  or  is 
not,  given  that  all  the  observations  have  the  same  weight.  The 
latter  case  presents  the  much  vexed  question,  What  shall  be 
done  with  considerable  outlying  errors  ?  Shall  the  exceptional 
observation  be  omitted  from  the  average,  as  Peirce*  says  ?  Or 
shall  it  count  for  one,  as  Airy  saysf  ?  Or  shall  it  count  indeed, 
but  not  count  for  one,  as  says  DeMorgan  ?  Upon  the  hypo- 
thesis here  entertained  DeMorgan's  view  is  undoubtedly  cor- 
rect in  theory,  though  in  practice  it  may  not  diifer  from  the 
practice  of  Peirce.  The  approximative  method  is  justified  in 
following  the  analogy  of  the  exact  method ;  which  would, 
according  to  the  inverse  method  here  all  along  contemplated, 
include  all  the  data  among  the  premises,  though  it  may  be 
that  the  conclusion,  which  is  a  function  of  them  all,  is  less 
affected  by  (the  variation  or  omission  of)  some  than  others. 
Thus,  to  take  an  example  transferred  here  from  its  proper 
place  (A  4)  :  suppose  we  have  two  observations,  x^  and  x^, 
close  together,  ancl  a  third  outlying,  given  that  the  generating 
facility-curves  are  probability-curves,  but  nothing  further. 
Then  Ave  have  to  determine  x,  hi,  h^,  h^,  so  that 

is  a  maximum.     Whence 

(1)  l-'2h%x-Xif=^Q, 

(2)  l-U%x-x^y  =  {), 

(3)  l-2hl{x-x,y  =  0, 

(4)  ]i\{x  -  xi)  +  hl{x  -  x^)  +  hl{x-  xs)  =  0. 


Whence 


+  .  .    +-,—^•^^  =  0. 


{x — Xi)        {x—Xo)         {x—x^) 

Of  the  roots,    that   one   is   to    be  selected    which   makes    a 
maximum 


or,  as 


'      '■l^x—XiY 

*  Astron.  Journ.  vol.  ii.  p.  161  (Cambridge,  America), 
t  'Astronomical  Journal,'  vol.  iv.  p.  137. 
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that  which  makes  a  maximum, 

1 


When  two  observations  are  close  together,  the  root  of  .t  which 
lies  close  to  the  two  observations  is  evidently  the  appropriate 
value.  The  weight  of  those  two  observations  is  then  high; 
the  weight  of  the  third  observation,  if  it  lies  at  a  distance  from 
the  other  two,  is  small.  These  considerations  may  easily  be 
extended  to  the  case  of  any  number  of  observations  given  by 
prohabUity-cViVyes,.     The  equation 

1  1  p  1 

+ +  &c.  + 


is  easily  formed,  and  admits  of  approximative  treatment  for 
one  or  two  observations  remote  from  the  majority ;  and  doubt- 
less in  other  cases. 

In  case  of  laws  of  error  other  than  probability-curves,  the 
method  of  course  does  not  afford  the  'iiiost  probable  value.  But 
I  submit  that  the  method  is  still  a  very  advantageous  method; 
more  advantageous  both  in  respect  of  accuracy  and  conve- 
nience than  the  method  proposed  by  DeMorgan  and  Mr. 
Glaisher.  Our  method  is  at  least  accurate  in  one  case,  and 
that  the  very  important  and  typical  case  of  the  law  of  error 
being  a  probability-curve ;  comparable  in  that  respect  to  La- 
place's treatment  of  the  sought  value  as  a  linear  function  of 
the  observations;  a  procedure  which  leads  to  the  most  jn-obable 
value  in  the  case  of  probability-curves,  but  is  in  general  only 
a  convenient,  an  advantageous,  procedure*.  But  their  method 
is  never  (except  by  chance)  accurate,  and  always  inconvenient. 
As  I  understand  Mr.  Glaisher,  if  three  observations  of  un- 
knov.n  weight  are  given,   say  Xi,  0^2,  ^3,  his  procedure  is  first 

to  take  the  mean  ^ — —;   then  to  form  the  apparent 

errors  — — ^ &c.  ;  then  to  form  what  may  be  called  the 

provisional  weight  (for  all  the  observations), 

1 


h'  = 


Then  put 


_^2/x2+£3--2£iy 


V^-i 


V2p'-  +  Y         +^°-] 


See  ante,  p.  301. 
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Let  p J  be  the  new  provisional  weight  of  the  first  observation. 
Then  make 

Pl(,v-a',y-  +ptx-x,y  +pi{x-x,Y 

a  minimum.  Let  x  be  the  new  (weighted)  mean.  Calculate 
a  new  p^  &c.,  and  continue  the  process  until  you  come  to  a 
standstill. 

It  may  be  questioned  whether  this  is  exactly  the  procedure 
which  DeMorgan  had  in  view.  Would  not  his  language  apply 
to  the  foUowing  process  ?    Find,  as  before,  the  prima  facie 

value  — — ^ — — ;  then  calculate  the  weights,  upon  the  prin- 
o 

ciples  herein  adopted,  on  the  hypothesis  that  the  putative  is 
the  real  point  ;  and  that  the  apparent  errors  are  the  result  of 
divergence  therefrom,  according  to  probability-curves  of  dif- 
ferent moduli.     The  weights*  are 

1 


2  //?V+£3-2£i\2 

&c.=  &c. 

Then  make  ]i\{x—x-^-  +  hl{x—X2y  +  hl{x  —  x^y  a  minimum, 

(x^+xz—'ix-^y     (x3+Xi—2x2y 

a;= J 

— i,  +  &c. 

{x2  +  Xs  —  2x2y 

Find  a  new  set  of  weights,  and  so  on. 

Neither  process  leads  directly,  in  the  case  of  probability- 
curves,  to  the  most  probable  value,  which  is 

The  Mean  ±  V  {x\  +  x^  +  .t| — {x-^X2  +  X2Xz  +  x^x-^) . 

Query  whether  the  DeMorgan-Glaisher  process  would  ulti- 
mately reach  the  most  probable  value.  Their  method,  then, 
appears  to  be  less  advantageous  in  respect  of  accuracy  than 
the  method  here  suggested.  Their  method  would  perhaps  be 
more  advantageous  in  respect  of  convenience  in  some  cases 
where  the  real  weights  are  nearly  equal,  and  not  many  ap- 
proximative steps  are  required.  It  must  be  remembered, 
however,  that  in  these  cases,  as  our  analysis  shows,  the  obser- 
vations must  be  close  together;  and  therefore  that  our  method 
also  becomes  facilitated  in  this  case.  For  instance,  taking  the 
mean  of  the  observations  as  origin,  neglect  j^owers  higher 
than  the  second  of  a'i,  .rg,  &c.  measured  from  this  origin. 
*  See  1.  A.  (2). 
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Then  the  general  equation  for  x  becomes 

n.i-"-i  — (w  — l)S.tv .  A-"-2  +  (w  — 2)2^r•^■s■2''"~^ 
which  reduces  to  a  quadratic.  And  in  the  general  case  the 
coefficients  of  the  equation  of  the  (n  — l)th  degree,  consisting 
of  combinations  of  the  observations,  might  possibly  be  eva- 
luated by  a  calculating  machine.  AVhereas  the  alternative 
methods  do  not  seem  equally  to  lend  themselves  to  mechanical 
treatment.  It  may  be  questioned,  therefore,  whether  even  in 
respect  of  convenience  the  DeMorgan-Glaisher  method  has  the 
advantage. 

II.  The  difficulties  thicken  as  the  hypotheses  become  more 
rarefied.  For  unsymmetrical  facility-curves  the  most  pro- 
bable value  is  not  in  general,  even  presumably,  coincident 
with  the  most  advantageous  value.  The  most  probable 
value  may,  of  course,  be  determined  if  we  assume  a  particular 
form  of  facility-curve,  and  determine  by  inverse  calculations 
analogous  to  those  already  given  the  value  of  the  constants. 
It  should  be  observed  that  we  must  here  expressly  assume, 
what  before  was  taken  for  granted,  that  is,  not  only  what  the 
form  of  each  generating  fticility-curve  is,  but  also  how  it  is 
disposed  with  regard  to  the  real  point.  Whereas  in  unsym- 
metrical curves  the  longest  ordinate,  the  centre  of  gravity, 
the  bisection  of  the  area,  may  all  correspond  to  different  ab- 
scissae, which  of  them,  if  any  of  them,  corresponds  to  the  real 
point  ? 

The  scruple  just  raised  aifects  also  that  approximative  me- 
thod of  determining  the  most  advantageous  value,  which  is 
afforded  by  Poisson's  extension  of  what  may  be  called  Laplace's 
law  of  errors  ;  I  mean  Poisson's  proof  that,  even  in  the  case 
of  unsymmetrical  curves,  the  several  values  of  a  linear  func- 
tion of  observation,  '^^^ — -^^-^ '-  {xi,  x.2,  &c.  being  nume- 

7i  +  72  +  *^c. 
reus),  may  be  regarded  as  ranged  under  a  probability-curve, 
whose  centre  is  the  mean  of  the  mean  errors  of  the  elemental 
curves.  If  now  each  facility-curve  be  so  disposed  about  the 
"  real  point "  (as,  waving  metaphysical  difficulties,  I  have 
called  it),  then  indeed  the  weighted  mean*  will  be  the  most 
advantageous  value ;  but  not  in  general.  Poisson  himself,  as 
I  understand  him,  points  out  this  cause  oMaWm-e  {Connaissance 
des  Temps,  1832  "■  Suite,"  §  9  beginning). 

A  fresh  difficulty,  connected  with  a  fresh  queesitum,  now 
also  makes  its  appearance.  We  have  all  along  described  the 
method  of  least  squares  (taken  in  a  large  sense)  as  an  inverse 

*  Assumino:  of  course  that  the  utility-functions  are  symmetrical,  and 
that  the  influence  of  subexponential  elements  may  be  neglected. 
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process  bv  wliicli  we  remount  from  measurements  to  the  mea- 
surable, from  the  phiral  manifestations  of  a  thing  to  the  thing 
itself.  But  now  there  becomes  differentiated  another  qugesitum 
which  has  hitherto  been  coincident  with  the  above;  viz.  given 
?i  manifestations  {observations),  what  is  the  (most  probable  or 
most  advantageous)  value  of  the  {ii  +  l)th  manifestation  ?  For 
example,  if  the  positions  of  n  shot-marks  on  a  target  are 
reported  to  me,  and  it  is  given  that  they  are  all  results  of 
firing  at  a  wafer,  I  can  in  mj  study  calculate  (1)  the  most 
probable  position  at  which  the  shots  were  fired  ;  (2 )  (suppo- 
sing that  the  firing  is  renewed  after  the  n  observations  have 
been  noted)  the  point  most  likely  to  be  hit  by  the  {n  +  l)th 
shot.  TThen  the  law  according  to  which  the  shots  diverge 
right  or  left  of  the  bulls-eye  is  symmetrical,  these  qusesita  are 
identical,  but  not  otherwise. 

Continually  degrading  our  data  concerning  the  genesis  of 
the  observations  supplied  to  us,  as  hypothesis  after  h^-pothesis 
unwinds,  we  should  come  to  the  very  zero  of  assumption — 
absolute  ignorance  as  to  the  genesis  of  x-^,  x^,  &c.  In  this  case 
many  of  the  preceding  problems  become  unmeaning.  But 
not  the  least  important — what  is  the  most  probable  (or  advan- 
tageous) value  of  the  {ii  + 1  )th  observation — may  still  be  asked. 
An  answer,  which  is  probably  not  altogether  valueless,  but 
serviceable  as  a  starting-point  for  h-y^otheses,  is  afforded  by 
the  remarkable  method  explained  by  Boole  in  the  '  Proceedings 
of  the  Royal  Society  of  Edinburgh ; '  especially  if  we  admit, 
what  Boole  does  not  admit,  that  the  value  of  a  quite  unknown 
constant  expressing  probability  is  to  be  treated  as  ^ ;  as 
Donkin*  contends.  Both  Donkin^s  assumption  and  those 
upon  which  the  whole  of  Boole's  new  method  of  probability 
is  grounded  are  not  to  be  regarded  as  arbitrary,  but  as  the 
solid  result  of  experience — that  constants  do  in  general  in 
rerum  tiaturd  as  often  present  one  value  as  another.  This 
principle  is  illustrated  by  the  occurrence  of  one  digit  as  often 
as  another  in  natural  constants  (a  fact  actually  verified  by 
Mr.  Proctor  in  the  case  of  logarithms).  The  principle  is 
verified  and  shown  to  be  at  least  a  good  working  hypothesis 
by  the  fact  that  it  underlies  all  the  methods  of  least  squares. 
For  they  all  presuppose  that  the  a  priori  probability  of  the 
real  quantity,  the  qugesitum,  being,  say,  between  a  and 
«  +  Aa,  is  the  same  as  the  a  priori  probability  of  its  being  be- 
tween h  and  b  +  Ah — between  formally  infinite  and  practically 
considerable  limits.  And  this  supposition  of  equal  a  priori 
probability   can   have    no    significance,   as   Mr.  Vennf  well 

*  Phil.  Mag.  [4]  vol.  i. 

t  '  Logic  of  Chance,'  chap.  vi. 
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reasons,  unless  it  mean  that  measurables  do,  as  a  matter  of 
fact,  as  often  have  one  value  as  another.  But,  in  touching 
these  considerations,  Ave  have  already  passed  the  frontier  which 
separates  mathematical  reasoning  from  general  philosophy. 

It  remains  only  to  add  that  the  preceding  problems  are  im- 
mensely complicated  when,  instead  of  our  single  variable  .'', 
there  are  several  variables;  but  that  these  additional  difficulties 
have  been  triumphed  over  by  a  long  line  of  distinguished 
mathematicians,  from  Laplace  to  Glaisher. 

LI.  Description  of  an  Apparatus  to  illustrate  the  Production 
of  Work  hy  Diffusion.     By  C.  J.  WoODWAKD,  B.Sc* 

DIFFUSION,  as  a  source  of  energy,  is  usually  shown  in 
the  lecture-room  by  bringing  a  jar  of  hydrogen  over  a 
porous  vessel  fitted  up  with  a  glass  tube  dipping  into  water. 
Hydrogen,  by  inward  diffusion,  enters  the  jar;  the  internal 
pressure  thus  produced  forces  the  water  down,  and  a  stream  of 
bubbles  escapes  from  the  tube.  On  removing  now  the  jar  of 
hydrogen,  outward  diffusion  of  the  hydrogen  takes  place,  a 
niiuus  pressure  is  produced  in  the  porous  vessel,  and  the  water 
is  lifted. 

The  apparatus  I  am  about  to  describe  is  an  adaptation  of  this 
experiment  to  the  production  of  an  oscillatory  movement  of  a 
beam  from  alternate  inward  and  outward  diffusion  of  hydrogen. 


The  apparatus  is  represented  in  the  annexed  figure.  A  A 
is  a  scale-beam  about  3  feet  long,  carrying  at  one  end  a  scale- 

*  Communicated  by  the  Physical  Society,  having  been  read  at  'the 
Meeting  on  May  12th,  1883. 
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pan  and  counterpoise,  B,  and  at  the  other  the  porous  jar,  C, 
fitted  with  a  cork,  and  a  glass  tube  c  which  dips  into  a  gas-jar 
D  containing  water  or  methylated  spirit.  Three  or  four  glass 
jets,  of  which  one  is  shown  at  E,  are  supported  in  a  horizontal 
position,  and  the  opening  of  each  jet  is  placed  as  near  as  pos- 
sible to  the  porous  vessel  without  touching  it  during  the  oscil- 
lations of  the  beam.  These  jets  are  connected  by  means  of  a 
flexible  tube  Avith  a  gas-holder  containing  hydrogen;  the  bell  of 
the  holder  being  loaded  so  as  to  force  the  hydrogen  in  a  gentle 
stream  against  the  sides  of  the  porous  vessel.  The  best  position 
for  the  jets  is  found  by  trial;  but  usually  I  place  them  a  little 
below  the  middle  of  the  porous  jar  when  the  beam  is  horizontal. 
The  action  of  the  ap])aratus  is  simple.  On  turning  on  the  hy- 
drogen, inward  diffusion  takes  place,  producing  plus  pressure 
within  the  jar;  this  pressure  is  resisted  equally  in  all  direc- 
tions but  the  vertical,  and  in  this  direction,  owing  to  the  little 
friction  of  the  water,  movement  takes  place,  and  the  jar  rises. 
When  the  jar  has  risen  above  the  jets,  inward  diffusion  dimi- 
nishes, or  perhaps  ceases,  while  outward  diffusion  of  the  hy- 
drogen commences  ;  a  minus  pressure  is  thus  produced  in  the 
porous  vessel,  and  the  external  pressure  of  the  air  causes  it  to 
descend.  This  descent  brings  the  jar  again  opposite  the  jets, 
when  the  series  of  movements  aorain  beoins. 

The  work  done  with  this  arrangement  is  very  small,  and 
falls  far  short  of  the  theoretical  value*.  For  the  best  effect 
the  jar  should  be  surrounded  by  hydrogen  for  inward  diffusion 
to  take  place,  and  subsequently  the  connexion  with  the  hydi'o- 
gen  should  be  completely  cut  off  and  air  take  its  place.  I 
have  tried  to  devise  some  water-seal  arrangement  by  which 
the  flow  of  hydrogen  could  be  turned  off  and  on  at  the  right 
moments  by  the  movement  of  the  beam;  but  have  not  suc- 
ceeded, as  the  friction  thus  introduced  would  be  more  than 
the  movement  of  the  beam  could  overcome.  In  the  arrange- 
ment exhibited  there  is  a  considerable  w^aste  of  energy  due  to 
the  imperfect  cut-off  of  the  hydrogen,  even  w^hen  the  flow 
of  gas  has  been  regulated  so  as  to  obtain  the  maximum  effect. 

*  "  The  work  that  may  he  done  diiriDg-  the  mixing  of  the  vohimes  i\  and  v, 
of  two  diflereut  gases  is  the  same  as  that  which  would  be  gained  during  the 
expansion  of  the  tirst  gas  from  vohime  i\  to  volume  i',+'"o7  together  with 
the  work  gained  during  the  expansion  of  the  second  gas  from  v^  to  i\-\-v^, 
the  expansion  being  supposed  to  be  made  into  vacuum.''  See  a  paper  bv 
Lord  Rayleigh  in  the  PhU.  Mag.  [4]  xlix.  p.  311. 
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LII.   On  Curved  Diffraction-gratings. — II. 
By  R.  T.  Glazebrook,  M.A.,  F.R.S* 

IN  the  September  number  of  the  Philosophical  Magazine 
there  is  a  paper  by  Prof.  Rowland  on  my  paper  read 
before  the  Physical  Society  bearing  the  above  title.  In  that 
paper  (Phil.  Mag.  June  1883)  I  investigated  the  aberration 
of  a  curved  diffraction-grating  ruled  so  that  the  spaces  between 
the  lines  are  equal  when  measured  along  the  arc  of  the  cur\'e, 
and  applied  my  results  to  Professor  Rowland's  gratings. 
Until  Professor  Rowland's  paper  (Phil.  Mag.  Sept.  I880), 
this  assumption  had  been  made  explicitly  or  tacitly  in  all  I 
have  seen  written  on  the  subject.  In  that  paper  Prof.  Row- 
land mentions  (I  think  for  the  first  time  in  print)  that  the 
spaces  are  equal,  not  along  the  arc,  but  along  the  chord  of  the 
arc,  and  therefore  that  my  theory  fails  to  apply  to  the  gra- 
tings as  he  rules  them.  Owino-  to  absence  from  home  I  have 
not  until  the  present  date  (October  3)  had  an  opportunity  of 
reading  Professor  Rowland's  paper  carefully.  I  wish  now  to 
express  my  agreement  with  him  so  far  as  this  criticism  is  con- 
cerned, and  to  show  the  concurrence  of  results  between  the  two 
methods  of  attacking  the  problem  followed  by  Professor  Row- 
land and  myself  respectively  when  the  gratings  are  ruled  in 
the  manner  he  has  adopted.  Another  criticism  is,  that  J  have 
supposed  the  gratings  to  be  ruled  on  a  cylindrical  instead  of  a 
spherical  surface.  To  this  I  would  reply  (1)  that  Prof.  Row- 
land does  the  same  himself.  "  For  the  particular  problem  in 
hand,"  he  says,  "  we  need  only  work  in  the  plane  a'l/  at  pre- 
sent.''''  And  throughout  the  paper  he  works  in  the  plane  .ry. 
This  is  clearly  equivalent  to  treating  the  surface  as  cylindrical. 
And  (2)  we  are  both  quite  right  in  so  doing. 

For  let  Q  (fig.  1)  be 
the  source  of  light,  ABC  -pio-.  1. 

one  of  the  lines  of  the 
grating,  and  Q'  a  point 
at  which  the  illumination 
is  required.  Let  0  be 
the  centre  of  the  grating. 
In  the  problem  we  con- 
sider Q,  0,  and  Q'  lie  in 
a  plane  which  is  at  right 
angles  to  the  lines  of  the 
grating,  the  plane  xt/  with 
Prof.  RowIand\s  nota- 
tion; let  this   plane   cut 

*  Communicated  by  the  Author. 
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A  B  C  in  B.  Then,  if  P  be  any  point  in  A  B  C,  Q  P  +  P  Q'  is  a 
minimum  when  P  coincides  with  B  ;  and  the  portion  of  the 
line  ABC  which  is  effective  in  ilhiminating  Q'  is  an  element 
near  B*.  Similar  results  follow  for  each  of  the  other  reflecting- 
lines  of  the  grating;  and  these  small  elements  all  lie  in  the 
plane  Q  0  Q'.  Thus,  in  considering  the  diffraction  effects,  we 
need  only  consider  a  section  of  the  grating  by  this  plane;  and 
this  is  what  has  been  done  both  by  Professor  Rowland  and 
myself. 

With  regard  to  the  last  paragraph  of  Prof.  Rowland's  note, 
I  would  avail  myself  of  this  opportunity  of  stating  that  I  had 
no  idea  that  the  method  referred  to  was  that  by  which  he  had 
arrived  at  the  theory  of  the  concave  grating,  or  that  any 
account  of  such  method  had  been  previously  given.  It  seemed 
to  me  instructive,  and  so  I  mentioned  it.  Prof.  Rowland's 
paper  is  a  conclusive  proof  of  its  power.  I  can  only  express 
the  regret  that  my  absence  from  the  meeting  of  the  Physical 
Society  in  November,  at  wliich  Prof.  Rowland^'s  paper  was 
read,  has  led  me  to  appear  to  claim  a  priority  which  really 
belongs  to  him. 

In  Prof.  Rowland^s  paper  he  treats  of  the  aberration  by 
considering  how  much  the  spaces  between  two  consecutive 
lines  ruled  near  the  edo-e  of  the  oratino-  differ  from  theoretical 
perfection.  In  mine  I  determine  the  difference  in  phase  be- 
tween the  liorht  to  the  focus  coming  from  the  two  extreme 
lines  of  the  grating. 

With  the  notation  and  figure  of  my  previous  paper,  Q(fig.2) 

Fi?.  2. 


is  the  source  of  light,  Qi  the  focus,  0  the  centre  of  the  sphere, 
*  Verdet,  Optique  physique^  tome  i.  §  58. 
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A  the  centre  of  the  grating;  and  we  have 

QAO  =  <^,     QiAO  =  t,     AOP  =  a,;         -| 
QA=ii,        QiA=m',        OA=rt;  I      ^     ^]^ 

Qp2  =  i<2  +  4a^sin---  — 4a?<sin  (  ^  —  <^)'J 

We  will  expand  in  terms  of  sin  w  instead  of  in  terms  of  w. 
We  find  thus,  going  as  far  as  sin*  w, 

QP  =r.  ?f  +  aw  sin  co  sin  0 

— ^  a  sin"  to  cos  (/)  (  1 cos</)J 

+  i  —  sin^  o)  sin  0  cos  <^  (  1 cos  ^  j 

,       .   .     ra  —  ncos(i>S-,       a(a  — u  cos  (h)\ 
^  L         "  V  u"  } 

+ -3  {6(a—i<  cos  (/))  sin- <^  —  5«  sin*  (/)}    .       .     -_     (2; 

A  similar  expression  can  he  found  for  QiP. 
Thus  QP  +  QiP 

=.%i-\-u'  -\-a  sin  &>  (sin  ^  —  sin  >|r) 

—  ^a  siir  to  "I  cos  </>  ( 1 cos  <t  )  +  cos  -^y  1 ^  cos  '^)\ 

■\-  \a  sin^  to  •!  -  sin  </>  cos  (/>  1 1 cos  ^  | 

^  sin  i/r  cos'i/r  (1 ^  cos  "^/^  )  J" 

,       .   .      Va  —  ?/cos(f)r^       a(a  —  i/cosci)) 

2 
4.  ^  {6(a  —  ?<  cos  (^)  — 5a  sin"  </)]  sin-<^ 

'cos'>|^r^      «(a — ?/cos'\/r)'i 

+ —^  {6(a  —  ?/ cos i/r)  — 5a  siu'-i/r}  sin- -^/r (3) 

But  if  Qi  be  the  focus, 

QP  +  QiP=?/  +  7/±n\. 
And  to  the  first  approximation,  u  and  <\>  being  fixed,  u'  and  ■>\r 


u" 
a — u' 


+ 
,2 
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are  determined  by 

asinw  (sin  </)  — sin'\|r)= +?;X, (4) 


and 

cos 


(/;  (  1 cos  ^  j  +  cos -vl/ 1 1 /COS'\/rj  =  0;     .    (5) 

while  the  aberration  of  the  true  focus  from  that  so  determined 
is  given  by 

hu'  =  I  a  sin^  wX  -  sin  ^  cos  ^  ( 1 cos  ^  j 

-^/Sini/rcos-«/r(^l-^",cosx|rj|,     .     .     (6) 

neglecting  the  terms  in  sin^  to.  But  if  we  place  the  source  of 
light  on  the  circle  through  0  which  touches  the  grating  in  A, 
then  u  =  acos(l>.  Hence  z/=acos'\|r,  and  the  coefficient  of 
sin^ci)  vanishes;  so  that  we  require  to  consider  the  term 
sin^  ft).  Also,  if  PN  be  perpendicular  to  OA,  and  a  be  the  dis- 
tance between  two  lines  measured  along  NP  (this  in  Prof. 
Rowland's  gratings  is  constant),  since  P  is  on  the  nth  line, 

?i(j=:PN  =  a  sin  w  ; (7) 

and  equation  (4)  becomes 

a- (sin  ^  —  sin  yfr)  = +\,  .     ,     .     .     (8) 

which  is  independent  of  n  ;  so  that  the  equations  (4)  can  be 
rigorously  satisfied  for  all  values  of  w,  and  the  aberration 
involve  only  terms  in  sin^  &>, 

If,  as  I  assumed  in  my  former  paper,  the  spaces  were  equal 
along  the  arc,  we  should  have  instead  of  (7)  the  equation 

na  =  aco, 

which,  on  substitution  in  (4)  and  expansion  of  sin  co,  would  give 
us  a  term  in  co^  on  which  the  aberration  would  depend.  Thus 
in  Professor  Rowland's  gratings  the  aberration  (between  the 
centre  and  extreme  ray)  is  given  by 

^a  sin'^  (o  (sin  S  tan  (p  +  sin  yfr  tan  i/r). 
We  may  express  this  in  terms  of  X  by  means  of  the  equation 

a  sin  ft)  (sin  (j)  —  sin  i/r)  =  +n\; 
and  we  get  for  the  aberration, 

,  rzA,  sin^  co  (sin  <^  tan  (f)  +  sin  yjr  tan  i/r) 
~  ^  sin<^—  sini/r 

If  the  source  of  light  be  the  centre  so  that  ^  =  0,  this  difference 
of  phase  is 

+  JnXsin^a)  tan  yjr. 
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In  the  second  spectnim  the  difference  will  be  doubled,  and 
so  on.     The  corresponding  departure  from  theoretical  perfec- 
tion in  ruling  is,  according  to  Prof.  Rowland, 
^  0)^  tan  t|^. 

Thus  in  the  two  gratings  discussed  in  mj  former  paper,  the 
extreme  difference  of  phase  in  the  first  spectrum  will  be  about 
01  X  X  tan  a/^  instead  of  'TX,  and  -04  x  \  tan  T/r  instead  of  4*8  x  \. 
Quantities  like  this  are  quite  inappreciable;  and  Professor 
Rowland  mav  indeed  claim  that  his  gratings  are  perfect  so  far 
as  this  qualification  is  concerned.  It  will  be  interesting  to 
calculate  the  difference  in  the  position  of  the  extreme  line  in 
the  grating,  supposing  that  the  lines  were  ruled  with  equal 
spaces  along  the  arc  instead  of  along  the  chord.  The  differ- 
ence clearly  is  that  between  aui  and  a  sin  w.  For  if  co'  be  the 
ano-le  to  the  (\xtreme  line  in  this  case  we  have 
aa)'  =  «cr  =  asin  &)  =  «(&)  —  ^<y^)  , 
and  difference  required  is  a(&j  — &>'),  or 


J  ac^^ 


Taking  the  grating  mentioned  by  Prof.  Rowland  in  his  paper, 
the  value  of  this  is  about  jg ooo  ^^  ^  centimetre,  or  little  more 
than  the  distance  between  two  consecutive  lines  on  the  grating. 
The  extreme  minuteness  of  the  change  required  to  produce  so 
great  an  alteration  in  the  theoretical  definition  is  very  remark- 
able, and  may  help  to  give  us  some  idea  of  the  difficulties 
Professor  Rowland  has  had  to  surmount  to  produce  his 
gratings. 

LIII.  On  the  Magnetic  Susceptihility  and  Retentiveness  of  Iron 
and  Steel.  By  J.  A.  EwiNG,  B.Sc,  F.R.S.E.,  Professor  of 
Engineering  in  University  College,  Dundee,  formerly  Pro- 
fessor of  Mechanical  Engineej'ing  and  Physics  in  the  Univer- 
sity of  Tokio*. 

DURING  three  years  the  writer  has  been  engaged,  while 
in  Japan,  in  prosecuting  researches  on  the  magnetiza- 
tion of  iron  and  steel,  and  on  the  effects  of  stress  on  magnetic 
susceptibility  and  thermoelectric  quality.  Preliminary  notices 
of  some  of  his  earlier  results  have  appeared  in  the  '  Pro- 
ceedings of  the  Royal  Society'  (Nos.  214  and  216, 1881,  and 
No.  220,  1882);  but  a  detailed  account  of  the  work  has  still 
to  be  given.  Meanwhile,  the  following  points,  not  previously 
noticed,  are  perhaps  of  sufficient  interest  to  justify  their  sepa- 
rate publication. 

*  Communicated  by  the  Author,  havintr  been  read  before  Section  A  of 
the  British  Association  at  Southport. 
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In  the  experiments  on  magnetization,  iron  and  steel  wires 
were  used,  either  welded  into  rings  or  in  the  form  of  straight 
pieces  of  such  great  length  that  the  influence  of  the  ends  was 
negligible.  Curves  were  obtained,  in  some  cases  by  the 
ballistic  method,  and  in  others  by  the  direct  magnetometric 
method,  showing  the  changes  of  magnetization  which  occurred 
when  magnetizing  force  was  gradually  applied,  withdrawn, 
reapplied,  reversed,  and  so  on. 

The  results  of  many  experiments  with  several  specimens  of 
carefully  annealed  soft-iron  wires  have  shown  that  they  possess 
in  very  high  degree  a  property  not  generally  credited  to  soft 
iron, — the  property  of  remaining  strongly  magnetic  when  the 
magnetizing  force  is  removed. 

As  an  example,  the  case  may  be  cited  of  an  annealed  iron 
wire  which  was  subjected  to  a  magnetizing  force  of  22-4 
C.G.S.  units.  This  gave  it  a  magnetic  Induction  amounting 
to  16,000  C.G.S.  units.  When  the  magnetizing  force  was 
gradually  and  completely  removed,  the  Induction  fell  only  to 
15,000  units.  In  other  words,  the  Intensity  of  residual  mag- 
netization was  equal  to  nearly  1200  C.G.S.  units. 

Here  more  than  93  per  cent,  of  the  whole  induced  magneti- 
zation survived  the  removal  of  the  magnetizing  force;  while 
in  many  other  cases  the  residual  magnetism  amounted  to  nearly 
90  per  cent.  The  somewhat  extraordinary  spectacle  was  thus 
presented  of  a  piece  of  soft  iron,  entirely'  free  from  magnetic 
influence,  and  nevertheless  holding  (per  unit  of  its  volume) 
an  amount  of  magnetism  far  in  excess  of  what  is  ever  held  by 
permanent  magnets  of  the  best  tempered  steel. 

In  this  condition,  however,  the  magnetic  character  of  the 
iron  is  highly  unstable.  The  application  of  a  reverse  mag- 
netizing force  quickly  causes  demagnetization ;  and  the 
slightest  mechanical  disturbance  has  a  similar  effect.  Gentle 
tapping  removes  the  residual  magnetism  almost  completely. 
Variations  of  temperature  reduce  it  greatly,  and  so  does  any 
application  of  stress.  On  the  other  hand,  if  the  iron  be 
carefully  protected  from  disturbance,  it  seems  that  the  residua] 
magnetism  disappears  only  very  slowly,  if  at  all,  with  the  mere 
lapse  of  time. 

If,  after  magnetization,  the  magnetizing  force  be  removed 
suddenly,  the  residual  magnetism  is,  as  might  be  expected, 
less  than  if  the  force  be  removed  gradually. 

The  ratio  of  residual  to  total  magnetization  is  always  small 
when  the  intensity  of  magnetization  is  small,  and  passes  a 
maximum  when  the  intensity  is  increased.  This  maximum  is 
particularly  distinct  in  wires  which  have  been  hardened  by 
stretching;  but  it  also  occurs  in  soft  annealed  wires.     In  one 
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instance,  where  the  wire  had  been  hardened  by  stretchinor^ 
the  maximum  ratio  of  residual  to  total  magnetism  was  0"60, 
which  was  given  by  the  application  of  a  magnetizing  force  of 
about  10  C.G.S.  units ;  but  after  the  application  of  a  force  of 
90  units  the  ratio  fell  to  0'33.  In.  steel  the  maximum  in  this 
ratio  is  less  sharp,  but  still  distinct.  Neither  in  hard  iron  nor 
in  steel  is  the  ratio,  even  at  its  maximum,  so  great  as  it  is  in 
soft  iron,  where  (as  has  been  said)  it  frequently  reaches  0"9. 

During  the  magnetization  of  soft-iron  wires  the  greatest 
ratio  («)  of  Intensity  of  magnetization  (I)  to  magnetizing 
force  was  generally  about  200,  sometimes  nearly  300.  And 
by  gently  tapping  the  wire  during  the  application  of  magneti- 
zing force,  this  coefficient  was  on  one  occasion  raised  to  the 
enormous  value  of  1590.  In  the  case  alluded  to  the  magneti- 
zation went  on  so  rapidly  as  the  magnetizing  force  was  in- 
creased, that  a  force  of  1  C.G.S.  unit  gave  an  Induction  of 
10,000. 

In  this  and  other  particulars  the  experiments  have  been 
strongly  confirmatory  of  the  idea  that  there  is  in  soft  iron  a 
static  frictional  resistance  to  the  rotation  of  the  magnetic 
molecules,  which  is  the  principal  cause  of  the  remarkable  re- 
tentiveness described  above,  and  which  is  overcome  by  gentle 
mechanical  agitation. 

Numerous  measurements  have  been  made  of  the  enei'gy 
expended  in  taking  iron  and  steel  through  cyclic  changes  of 
magnetization.  For  examjjle,  in  changing  the  magnetism  of 
one  specimen  of  annealed  iron  wire  from  I  =  1250  tol  =  — 1240, 
and  back,  the  amount  of  work  done  against  magnetic  friction 
(apart  from  any  induction  of  currents)  was  1670  centimetre- 
dynes  per  cubic  centimetre  of  the  metal.  In  hardened  iron, 
and  especially  in  steel,  the  work  done  is  much  greater. 

The  effects  of  stress  on  existing  magnetism  and  on  maff- 
netic  susceptibility  have  been  investigated  at  great  length. 
The  most  remarkable  effects  occur  in  wires  which  have  been 
hardened  by  stretching.  In  them  the  presence  of  a  moderate 
longitudinal  tensile  stress  increases  the  magnetic  susceptibility 
immensely  at  low  values  of  the  magnetizing  force,  but  dimi- 
nishes it  at  high  values.  It  also  increases  very  greatly  the 
ratio  of  residual  to  temporary  magnetization.  Each  of  these 
effects  passes'  a  maximum  when  the  stress  is  sufficiently  in- 
creased. 

The  whole  subject  is  much  complicated  by  the  presence  of 
the  peculiar  action  Avhich  in  previous  papers  the  writer  has 
named  Hysteresu,  the  study  of  which,  in  reference  both  to 
magnetism  and  to  thermoelectric  quality,  has  formed  a  large 
part  of  his  work. 
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LIV.  On  the  Distrihut{o7i  of  Electricity^  on  Holloio  Conductors 
in  Electrolytes.  By  Alfred  Tribe,  F.Inst.  C,  Lecturer  on 
Chemistry  in  Duhcich  College*. 

THE  point  of  view  set  out  in  my  paper  in  the  '  Proceedings 
of  the  Royal  Society/  1876,  p.  310,  would  doubtless 
enable  the  general  results  of  an  examination  into  the  distribu- 
tion of  electricity  on  hollow  conductors  in  electrolytes  to  be 
foreseen.  An  experimental  treatment  of  the  subject^  however, 
was  desirable  in  order  to  establish  definitely  any  a  priori  con- 
clusion deduced  either  from  analogy  or  general  theoretical 
considerations.  Experience  in  this  case  has  verified  the  con- 
clusion that  the  closest  analogy  would  be  found  to  exist 
between  the  distribution  of  electricity  on  hollow  conductors  in 
electrolytic  and  in  dielectric  fields  respectively.  Other  expe- 
riments to  be  described  in  this  paper  show  that  the  analogy 
extends  to  cases  where  a  conductor  is  enclosed  in  metal  tubes 
and  even  in  tubes  of  wire  gauze.  A  few  associated  experi- 
ments are  also  described  in  this  paper,  the  results  of  which 
may  assist,  when  the  subject  is  more  developed,  in  determining 
between  the  different  views  which  present  themselves,  as  to 
the  mode  by  which  a  metallic  conductor  becomes  electrified 
when  placed  in  a  binary  compound  undergoing  electrolysis, 
but  not  in  metallic  connexion  with  the  electrodes. 


In  the  experiments  to  be  described,  an  electrolytic  cell  was 
employed,  120  millim.  broad,  128  deep,  and  305  long,  filled  to 
within  8  millimetres  with  a  5-per-cent.  solution  of  copper  sul- 
phate, copper  electrodes  of  the  same  area  as  the  ends  of  the 
cell,  and  a  current  of  one  ampere  flowing  for  six  minutes. 
The  tubes  or  hollow  conductors  were  in  all  cases  placed 
lengthwise,  midway  between  the  electrodes  and  perpendicular 
to  them,  the  l)ottom  of  the  cell,  and  the  surface  of  the  electrolyte. 

Experiment. — A  silver  tube  100  millim.  long,  having  an 
internal  diameter  of  10  millim.,  was  placed  within  the  field  of 
action.  The  electrifications,  m  millimetres,  counting  from 
the  opposite  ends  of  the  tube,  on  the  outside  and  inside  respec- 
tively, and  also  the  respective  zones  of  non-evident  electrifi- 
cation (intermedial  space),  were  as  below: — 


—  electrification. 

Intermedial 
space. 

4-electrifieation. 

Outside  of  tube... 
Inside  of  tube  . . . 

29 
6 

V6 
74 
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20 

i 

Communicated  by  the  Author. 
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In  a  second  experiment  a  silver  plate,  60x7  millim.,  was 
placed  within  the  limits  of  no  electrochemical  action,  along  the 
axis  of  a  similar  silver  tube,  but  not  in  metallic  connexion  with 
it,  and  then  placed  in  the  electrolyte  as  before.  The  silver  plate 
was  completely  ])rotected  from  electrification,  at  least  signs  of 
both  copper  and  peroxide  were  entirely  absent  from  the  sur- 
face of  the  plate.  The  electrifications  on  the  tube  itself  were 
pracrically  the  same  in  area  as  in  the  first  experiment. 

In  a  third  experiment  the  plate  of  silver  was  equal  in  length 
to  the  tube,  i.  e.  100  millim.  The  electrifications  on  the  out- 
side of  the  tube  were  again  identical  in  area  with  those  on  the 
corresponding  pai-ts  of  the  tube  in  the  first  experiment.  The 
—  on  the  inside  was  also  the  same,  but  the  +  measured  4  mil- 
lim. less  in  length.  The  —  electrification  on  the  plate  mea- 
sured 13  miUim.,  and  the  +   15  millim. 

In  a  fourth  experiment  the  silver  plate  projected  10  millim. 
beyond  the  tube  at  both  ends,  i.  e.  the  plate  was  120  millim. 
long.  The  electrifications  on  the  tube  itself,  inside  and  out- 
side, were  practically  equal  in  area  with  those  in  the  experi- 
ment last  described.  The  areas  on  the  plate,  however,  were 
notably  different.  The  limit  of  the  —  electrification  was  very 
sharply  defined,  and  measured  only  11  millim.,  i.  e.  it  pene- 
trated 1  millim.  only  within  the  tube.  On  the  other  hand  the 
+  measured  25  millim.,  and  therefore  penetrated  15  millim. 
within  the  tube,  the  same  as  in  the  last  experiment.  The  10 
millim.  of  the  plate  projecting  beyond  the  ends  of  the  tube 
appeared  then  to  have  exerted  no  appreciable  influence  on  the 
capacity  of  the  +  electrification  to  diffuse  itself  over  the  sur- 
face of  the  plate  within  the  tube.  It  was  very  different,  how- 
ever, with  the  —  electrification;  so  much  so  in  fact  as  to  almost 
prevent  its  diffusion  on  that  part  of  the  plate  coming  imme- 
diately within  the  shadow,  so  to  speak,  of  the  hollow  con- 
ductor. 

Faraday's  well-known  experiments  on  the  distribution  of  an 
electric  charoe  on  nets  &c.  naturally  suggested  the  idea  of 
substituting  tubes  of  wire  gauze  for  those  of  metallic  silver. 
Gauze  of  copper  wire  was  employed  having  72  meshes  to  the 
square  centimetre.  The  area  of  the  electrifications  set  up  on 
tubes  of  this  material  could  not  be  ascertained  with  exactitude 
for  the  reason  that  the  limits  of  the  opj30site  electrifications 
were  not  so  distinctly  marked  as  in  the  case  of  the  silver  tubes; 
but  the  distribution  of  electrochemical  action  was  sufficiently 
evident  to  leave  no  doubt  as  to  the  electrifications  being  mainly 
confined  to  the  externnl  surfaces  of  wire  gauze,  when  in  the 
form  of  tubes,  and  placed  in  the  field  of  elecurotytic  action. 

In  the  annexed  table  is  set  out  the  length,  in  millimetres, 
""  •'    Mag.  S.  5.  Vol.  16.  No.  101.  Nov.  Ib83.  2  E 
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of  the  electrifications  kc.  registered  on  silver  plates  placed 
along  the  axes  of  tubes  of  copper  gauze  of  different  diameters. 
The  tubes  were  each  100  millim.  long,  and  the  silver  plates 
120  X  7  millim.  wide,  projecting,  as  in  the  last  experiment 
wdth  the  silver  tube,  10  millim.  beyond  their  respective  ends. 
The  electrifications  kc.  on  a  silver  plate  of  the  dimensions 
given,  but  without  the  metallic  surroundings,  were  found  to 
measure  38  millim.  — ,  15  intermedial  space,  and  67  +.  The 
numbers  in  the  fifth  column  express  the  power  exercised  by 
the  several  tubes  in  protecting  the  partially  enclosed  plates 
from  electrification,  and  were  found  by  subtracting  the  inter- 
medial space  left  on  an  unprotected  plate  (15  millim.  as  given 
above)  from  the  intermedial  space  obtained  in  the  several  ex- 
periments, as  given  in  the  third  column  of  the  Table. 


Diameter  of 
tube. 

—  electrifica- 
tion. 

Intermedial 
space. 

+  electrifica- 
tion. 

Proteoting- 
power. 

10  millim.  ... 

7 

97 

16 

82 

20       „        ... 

9 

91 

20 

76 

40      „       ... 

12 

83 

25 

68 

It  was  of  course  to  be  foreseen  that,  as  the  diameter  of  the 
tubes  increased  the  power  to  protect  from  electrification  the 
part  of  the  conductor  within  them  would  decrease.  These 
results  show,  moreover,  that  in  the  experiment  with  the  small- 
est tube  its  negatively-charged  end  cut  off,  so  to  speak,  the 
electrification  of  the  same  sign  on  the  plate  3  millim.  from 
the  mouth  of  the  tube  ;  and  that  in  the  third  experiment  the 
—  electrification  on  the  plate  passed  only  2  millim.  within 
a  tube  of  40  millim.  diameter.  In  connection  with  this,  which 
may  prove  to  be  decisive  evidence  of  a  repulsive  action,  I 
w^ould  point  to  the  different  magnitudes  of  the  electrifications 
(especially  the  — )  on  the  plate  in  the  fourth  experiment  with 
the  silver  tube  (page  385)  and  on  the  plate  in  the  experiment 
with  the  smallest  tube  of  gauze  respectively.  In  the  former 
of  these  experiments  the  —  electrification  on  the  plate  mea- 
sured 11  millim.,  while  in  the  latter  the  same  electrification 
measured  only  7  millim.,  the  only  difference  in  the  two  expe- 
riments being  in  the  material  and  structure  of  the  tubes. 

October  1883. 
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LV.   On  the  Reality  of  Force.    By  Waltek  R.  Browne,  M.A., 
M.  Inst.  C.E.,  late  Fellow  of  Trinity  College,  Cambridge* . 

THE  Royal  Society  of  Edinburgh  have  lately  published 
the  fir!?t  part  of  an  Essay  on  the  Laws  of  Motion  by 
Professor  Tait,  F.R.S.E.  This  essay  is  a  further  development  of 
the  views  upon  Force  and  upon  the  proper  mode  of  presenting 
the  principles  of  Mechanics,  which  are  set  forth  in  the  article 
on  Mechanics  by  the  same  author  in  the  new  edition  of  the 
Fncyclopcedia  Britannica.  Their  appearance  in  such  a  pub- 
lication, together  with  the  weight  attaching  to  the  name  of 
their  author,  is  sure  to  give  to  these  views  great  currency  and 
authorit}^;  and  I  trust  therefore  it  will  be  considered  only 
just  that  they  should  be  submitted  to  careful  but  fearless 
criticism. 

The  main  point  of  difference  between  Prof  Tait  and  pre- 
vious writers  on  Mechanics  is  the  view  which  he  takes  of  Force. 
Force  he  takes  to  be  a  mere  expression,  an  abridged  notation 
for  some  such  words  as  "  the  time-i-ate  of  change  of  mo- 
mentum," having  no  real  or  objective  existence  whatever. 
Accordingly  it  should  be  possible,  and  is  even  desirable,  to 
expound  the  whole  of  Mechanics  without  introducing  this 
word  at  all,  and  so  without  giving  the  student  a  chance  of 
mistaking  it  (as  he  is  certainly  prone  to  do)  for  the  symbol 
of  a  real  existence.  In  preparing  his  article  for  the  Encyclo- 
jxedia,  however.  Prof.  Tait  found  it  difficult  to  make  this 
desirable  change;  and  accordingly  that  article  proceeds  on  the 
old  lines  until  it  arrives  at  the  last  chapter,  where  the  new 
discovery  is  set  forth  and  expanded.  In  his  recent  paper 
Prof.  Tait  proposes  to  supply  this  defect,  and  to  give  a  sort 
of  outline  of  a  new  Principia,  in  which  the  term  Force  is 
absent,  and  replaced  by  the  purely  abstract  conception  which 
is  its  only  proper  signification. 

I  shall  not  criticise  this  first  instalment  of  the  work,  only 
remarking  that,  before  studying  the  laws  of  motion,  the  stu- 
dent will  apparently  have  to  master  such  conceptions  as  those 
of  Potential  Energy,  Conservation  of  Energy,  Quaternions, 
Vectors  and  Scalars,  the  Principle  of  Least  Action,  &c.  I  am 
thankful,  at  least,  that  I  was  myself  taught  Mechanics  before 
its  text-books  were  constructed  on  the  new  principle.  But  the 
new  treatise  will  not  need  much  discussion  if  its  raison  d'etre 
(the  non-objectivity  of  Force)  is  shown  to  be  erroneous;  and 
it  is  this  point  to  which  I  wish  to  address  myself. 

Turning  to  the  article  "  Mechanics  "  in  the  new  Encyclo- 

*  Communicated  by  the  Author. 
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pcedia,  whicli  alone  supplies  the  evidence  on  which  this  rests,  we 
find,  as  already  mentioned,  that  the  new  conception  of  Force,  as 
something  without  objective  existence,  is  only  hinted  at  the 
beo-inuino-,  and  then  relegated  to  an  appendix  at  the  end,  the 
whole  of  the  results  being  developed  in  the  ordinary  manner. 
This  appendix  of  "  Greueral  Considerations  "  is  therefore  the 
place  where  we  are  at  last  to  find  the  evidence  we  seek ;  and 
here,  in  fact,  we  do  find  it,  put  in  the  simplest  and  clearest  form; 
so  that  we  are  at  once  able  to  examine  and  estimate  its  value.  It 
is  all  confined  to  a  very  fcAv  paragraphs  (291-295),  and  may 
be  expressed  in  the  following  propositions: — 

(1)  We  believe  Matter,  whatever  it  may  be,  to  have  an 
objective  existence,  chiefly  because  it  is  "  conserved,^'  i.  e. 
because  experiment  teaches  us  that  its  quantity  cannot  be 
altered. 

(2)  The  only  thing  in  nature  which  is  also  conserved  in  this 
sense  is  Energy. 

(3)  Therefore  Energy  is  the  other  objective  reality  in  the 
physical  universe;  and  we  must  look  to  it  for  information  as 
to  the  true  nature  of  what  Ave  call  Force. 

(4)  Taking  as  the  simplest  case  the  fall  of  a  stone  towards 
the  earth,  we  find  the  equation 

pir-^^W/i, 

which  may  be  interpreted  as  stating  that  the  kinetic  energy 

acquired  is  equal  to  the  force  acting  multiplied  by  the  distance 

fiillen  through.     But  if.  we  introduce  the  element  of  time,  by 

vt 
means  of  the  relation  h=  -^,  this  equation  at  once  becomes 

t 

(5)  Hence  Force  appears  in  a  new  light.  It  is  now  the 
time-rate  at  which  momentum  is  generated  in  the  falling  stone. 

(6)  But  a  mere  rate,  be  it  a  space-rate  or  a  time-rate,  is 
not  a  thing  which  has  objective  existence.  No  one  would 
confound  the  bank  rate  of  interest  with  a  sum  of  money,  nor 
the  birth-  or  death-rate  of  a  country  with  a  group  of  indivi- 
dual human  beings. 

(7)  Therefore  Force,  being  a  rate  of  generation  of  momen- 
tum, is  not  an  objective  reality. 

I  do  not  think  Prof.  Tait  can  quarrel  with  this  mode  of 
stating  the  argument,  which  is  mainly  in  his  own  words.  It 
is  a  clear  and  connected  chain  of  reasoning;  and  therefore  the 
conclusion  may  be  overthrown  by  overthrowing  any  one  of  the 
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premises.  It  may  be  thus  overthrown,  unless  I  am  mistaken, 
in  more  ways  than  one. 

First,  we  may  proceed  by  attacking  Prop.  1.  That  conser- 
vation cannot  be  the  ordinary  ground  for  beheving  in  the  ob- 
jectivity of  matter  is  simply  proved  by  the  fact  that  the  mass 
of  mankind  have  always  believed  (and,  according  to  Prof. 
Tait,  believed  rightly)  that  matter  exists,  without  having  any 
idea  what  conservation  of  matter  means:  nay,  more,  while 
believing  that  matter  is  not  conserved.  And  if  it  be  said  that 
it  is  not  a  question  of  what  is,  but  what  ought  to  be,  the  evi- 
dence for  our  belief,  this  does  not  affect  my  denial.  We 
believe  matter  has  an  objective  existence,  not  because  it  is 
conserved,  but  because  it  j^ersists:  in  other  words,  because  it 
has  effects  upon  us  which  are  regular,  constant,  can  be  re- 
experienced  at  will,  and  have  all  the  other  characteristics  of  an 
independent  object.  This  proves  to  us  that  matter  exists  now; 
but  it  does  not  even  begin  to  prove  that  it  has  always  existed, 
and  will  always  exist.  I  have  not  the  slightest  difficulty  in 
conceivino;  that  the  universe  may  be  annihilated  to-morrow, 
though  I  am  sure  it  exists  to-day;  even  as  Prospero  did  not 
mean  to  deny  the  reality  of  cloud-capped  towers  and  gor- 
geous palaces,  while  asserting  that  they  would  one  day  become 
as  the  baseless  fabric  of  a  vision. 

Secondly,  we  may  challenge  Prop.  3.  We  have  only  to 
put  it  in  a  general  form  to  see  its  weakness.  It  would  then 
run  thus: — "We  believe  a  subject  of  thought  X  to  have  a  cha- 
racteristic A  chiefly  because  it  has  another  characteristic  B. 
There  is  another  subject  Y  which  also  has  the  characteristic 
B :  therefore  it  also,  and  independently,  has  the  characteristic 
A."  It  is  clear  that  this  does  not  hold  unless  we  assume  the  cha- 
racteristic B  to  be  always  and  necessarily  implied  by  A.  But 
obviously  this  need  not  be  the  case.  Thus,  I  may  believe 
Camoens  to  be  a  great  poet,  chiefly  because  a  great  many 
people  have  considered  him  as  such;  but  a  great  many  people 
have  considered  Mr.  Tupper  a  great  poet,  and  yet  I  am  not 
logically  bound  to  accept  their  verdict.  But  apart  from  this, 
there  is  another  flaw  in  the  proposition;  for  the  subject  Y, 
though  really  having  the  characteristic  A,  may  be  simply 
another  form,  or  a  function  of  subject  X;  or,  again,  both  may 
be  functions  of  a  third  subject  Z,  which  has  the  same  characte- 
ristic. In  either  case  Y  is  not  a  separate  ii,d^pendent  pos- 
sessor of  B.  The  latter  supposition  really  holds  in  the  case 
of  Energy,  as  will  be  seen  hereafter. 

Thirdly,  we  have  a  still  more  important  and  obvioa>i  fallacy 
in  Proposition  5,  which  is  really  the  key  of  the  whole.  It 
needs  only  to  be  stated  in  order  to  become  evident.     It  is  the 
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fallacy  that  because  one  thing,  A,  is  proportional  to  and  mea- 
sured by  another,  B,  therefore  A  is  the  same  as  B,  and  nothing 
else. 

To  show  that  we  have  here  a  real  instance  of  this  general 
fallacy,  we  have  only  to  put  side  by  side  Newton's  Second 
Law,  as  quoted  by  Prof.  Tait  himself  ('  Elements  of  Nat.  Phil.' 
1873,  p.  G6),  and  the  words  stated  in  Proposition  5. 

Newton,  Law  2.  Change  of  Motion  is  proportional  to  the  im- 
pressed force. 

Tait,  Prop.  5.  Force  is  the  time-rate  at  which  momentum 
is  generated. 

The  fundamental  difference  between  Newton  and  Tait,  and 
the  fallacy  mentioned  above,  could  not  be  more  clearly  illus- 
trated. Nobody,  I  presume,  will  assert  that  Newton  meant 
to  identify  the  two  things  spoken  of.  We  do  not  say  that  the 
Queen  is  proportional  to  the  Empress  of  India,  or  a  triangle 
proportional  to  a  three-sided  rectilineal  figure. 

The  absurdities  into  which  we  should  fall  if  we  adopted  this 
view  generally  wall  be  patent  to  everybody.  For  instance,  we 
must  say  that  the  heating-power  of  a  fuel  is  a  certain  number 
of  pounds  of  water  evaporated  per  hour;  that  the  quantity 
of  heat  in  a  body  is  the  product  of  a  certain  number  of  pounds 
of  water  and  a  degree  on  the  mercury-scale  ;  and  so  forth. 
But  we  need  go  no  further  than  the  equation  given  by  Prof.  Tait 
himself  in  Proposition  4.  The  expression  on  the  left-hand  side 
is  the  energy  acquired,  and  that  on  the  right-hand  side  the 
force  multiplied  by  the  distance.  According  to  Prof.  Tait,  the 
force  is  not  objective,  because  the  symbol  representing  it  ex- 
presses the  time-rate  at  which  momentum  is  generated ;  while 
the  energy  is  one  of  the  two  objective  existences  which  are 
beyond  the  reach  of  cavil.  But  if  we  interpret  the  expres- 
sion for  the  energy  in  the  same  fashiou,  we  find  that  it  is 
a  mass  {i.  e.  a  weight  AV  divided  by  a  velocity  (j)  multiplied 
by  the  square  of  a  velocity  (or  rate  of  motion),  and  divided 
by  2.  We  are  therefore  bound  to  regard  as  non-objective 
something  which  may  be  expressed  as  a  time-rate  of  momen- 
tum ;  but  we  are  bound  to  regard  as  objective  something  which 
may  be  expressed  as  a  weight  multiplied  by  the  square  of  a 
rate,  and  di^aded  by  twice  another  rate.  It  is  difficult  to 
see. how  this  can  be  suj^ported;  or,  again,  why  an  argument 
which  is  true  for  one  side  of  an  equation  may  not  be  applied 
to  the  other. 

The  only  other  mode  in  which  Prof.  Tait  proceeds  to  prove 
the  non-objectivity  of  Force  is  a  curious  one;  it  proceeds  by 
anecdote  rather  than  argument.     After  observing  that  the 
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third  Law  of  Motion  tells  us  that  force  is  always  dual,  and  that 
to  every  action  there  is  always  an  equal  and  contrary  reaction, 
he  goes  on  thus  (art.  289): — "  'Do  you  mean  to  tell  nie,^ 
said  a  medical  man  of  the  old  school,  '  that  if  I  pull  a  '  sub- 
ject '  by  the  hand,  it  will  pull  me  with  an  equal  and  opposite 
force  ? '  When  he  was  convinced  of  the  truth  of  this  state- 
ment, he  gave  up  the  objectivity  of  force  at  once." 

I  cannot  help  thinking  that  this  gentleman  was  not  only  a 
doctor  of  a  very  old  school,  but  a  very  old  doctor  of  any  school; 
fori  have  in  vain  endeavoured  to  discover  in  this  rebellious  be- 
haviour on  the  part  of  subjects  anything  Avhich  could  constitute 
any  reason — physical,  metaphysical,  logical,  or  otherwise — for 
believing  or  not  believing  in  the  objectivity  of  matter.  Why 
a  thing  should  be  real  if  left  to  itself,  but  become  unreal  and 
fictitious  if  it  is  opposed  to  something  equal  to  itself,  is  a  puzzle. 
We  may  conceive  our  doctor  arriving  at  veiy  singular  conclu- 
sions if  he  carried  out  the  same  principle  consistently.  Thus  the 
celebrated  Irishman,  who  complained  that  it  was  not  his  fall  that 
hurt  him,  but  the  stopping  so  suddenly,  might  have  been  told 
that  he  was  in  error:  his  fall  was  an  objective  action,  but  when 
it  was  stopped  by  the  equal  and  opposite  action  of  the  earth  it 
became  a  mere  rhetorical  figment.  Again,  if  a  gentleman 
squeezes  a  lady's  hand,  that  is  an  objective  fact;  but  if  she 
squeezes  his  in  return,  then  it  becomes  merely  a  subjective 
impression.  This  would  not  interest  the  doctor,  but  may  be 
a  useful  hint  to  younger  practitioners.  If  it  be  objected  that 
in  these  cases  the  opposition  is  temporary,  while  in  the  case 
of  force  it  is  permanent,  I  would  reply  that  permanence, 
teste  Prof.  Tait  himself,  is  a  proof  of  reality  rather  than  the 
reverse.  And  I  still  inquire  in  what  way  the  existence  of  two 
equal  and  opposite  causes  proves  the  unreality  of  either  or 
both  of  them. 

There  is  one  deduction  from  the  new  view,  which  Prof. 
Tait  makes  himself  (art.  297),  and  which  deserves  notice.  He 
observes  that  "  equivalent  quantities  must  always  be  expressed 
by  equal  numbers  when  both  are  measured  in  terms  of  the 
same  system  of  units.  It  appears  therefore,  from  the  con- 
servation of  energy  directly,  that  potential  energy  must, 
like  kinetic  energy,  be  of  dimensions  [ML^T"^].  Kow  it  is 
impossible  to  conceive  of  a  truly  dormant  form  of  energy 
whose  magnitude  should  depend  in  any  way  on  the  unit  of 
time  ;  and  we  are  therefore  forced  to  the  conclusion  that 
potential  energy,  like  kinetic  energy,  depends  (in  some  as  yet 
unexplained,  or  rather  unimagined,  way)  upon  motion.  .  .  The 
conclusion  appears  inevitable  that,  whatever  matter  may  be, 
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the  other  reality  in  the  physical  universe — energy,  which  is 
never  found  unassociated  with  matter,  depends  in  all  its  widely 
varied  forms  upon  motion  of  matter." 

Now  I  should  have  thought   it  an  accepted  principle  in 
science  that  if  a  train  of  reasoning  is  found  to  lead  to  a  con- 
clusion which  not  only  has  not  been  explained,  but  of  which  no 
explanation  has  been  imagined — in  other  words,  which  is  not 
only  a  mere  unsupported  hypothesis,  but  as  to  which  no  hypo- 
thesis can  bv  the  wit  of  man  be  framed — then  that  is  sufficient 
reason  for  concluding,  not  that  the  unimaginable  is  inevitably 
true,  but  that  the  reasoning  is  inevitably  false.     It  will  be  a  bad 
day  for  science  Avhen  its  leaders  forget  the  principle  of  which 
Newton  was  so  brilliant  an  exponent — the  principle,  namely, 
of  distrusting  your  conclusions  the  moment  they  are  shown 
to  be  incompatible  with  ordinary  matters  of  fact.     But  in  the 
present  case  the  particular  flaw  in  the  argument  (apart  from 
the  general  question  at  issue)  is  easily  seen  by  an  instance. 
Let  us  suppose  a  current  of  water  (it  is  an  ordinary  case)  run- 
ning through  a  fan  water-meter,  the  disk  of  which  it  keeps  in 
rotation,  and  then  passing  by  a  pipe  into  a  tank.     When  this 
is  over,  the  quantity  of  water  which  has  come  to  rest  in  the 
tank  should  be  the  same  as  that  which  has  passed  through  the 
meter;  but  this  will  be  indicated  by  the    counter,  i.  e.  by 
the  number  of  revolutions  which  the  disk  of  the  meter  has 
made  in  the  time.     Then,  following  Prof.  Tait's  reasoning, 
we  should  say: — "It  is   impossible   to    conceive  of  a   truly 
stationary   mass  of  water  whose  magnitude    should    depend 
in  any  way  on  the  number  of  revolutions  of  a  meter;    and 
therefore  we  are  forced  to  the  conclusion  that  the  water  in 
the  tank  must  realh'  be  continually  causing  the  revolution 
of  a    meter,   though  we    cannot    explain,  or   even    imagine, 
where  the  meter  can  be."     To  this  it  would  be  sufficient  to 
reply  that  the  water  was  measured,  not  when  it  was  at  rest, 
but  when  it  was  moving;  and  so  we  reply  that  what  we  have 
measured  is  not  potential  energy  directly,  but  kinetic  energy 
which  was  being  transformed  into  or  from  potential  energy, 
as  the  case  m.ay  be.     It  may  be  well  to  add  that  Avhat  we  have 
measured  does  not  of  course  give  us  the  total  potential  energy 
existino-  in  the  body,  any  more  than  the  meter  would  give  the 
total  quantity  of  water  in  the  tank,  supposing,  for  instance, 
that  this  happened  to  be  the  sea. 

That  the  criticism  of  this  paper  may  not  be  negative  onl}'-,  I 
will  indicate  another  line  of  attack  on  Prof.  Tait's  position, 
which  is  of  a  positive  character.  "We  have  seen  that  he 
recognises  two  distinct  and  independent  realities  as  revealed 
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to  us  in  Nature,  namely  Matter  and  Energy;  and  his  argument 
is  based  on  the  fact  that  both  of  these  are  subject  to  the  Law 
of  Conservation.     But  I  have  elsewhere   shown  at  length* 
that  the  whole  of  the  recognised  laws  of  Mechanics,  including 
the  Conservation  of  Energy  and  Matter,  floAV  directly  from  the 
three  Laws  of  Motion  (if  not  from  more  general  principles  still), 
if  we  take  as  our  definition  of  Matter  that  it  is  a  "  collection 
of  centres  of  force  distributed  in  space,  and  acting  upon  each 
other  according  to  laws  which  do  not  vary  with  time,  but  do 
vary  with  distance."     I  have  also  shown  f  that  the  second 
principle — the  Conservation  of  Energy — does  not  hold  in  any 
cases  where  the  forces  are  not  of  the  above  character.     Hence 
instead  of  the  four  fundamental  realities  Space,  Time,  Matter, 
and  Energy,  we  need  only  three- — Space,  Time,  and  Force; 
and  from  these  the  mechanical  universe,  as  we  know  it,  can  be 
constructed.     But  it  will   not  be  contended  that  we  know 
anything  of  Energy  as  an  independent  objective  reality,  except 
what  is  revealed  to  us  in  the  study  of  Mechanics;  in  fact,  its 
existence  was  never  even  suspected  until  the  modern  develop- 
ment of  that  study  had  begun.     Hence  it  appears  that  all  the 
facts  forthcoming  to  prove  its  independent  existence  can  be 
perfectly  accounted  for  apart  from  that  hypothesis;  and  that 
being  so,  the  evidence  in  favour  of  the  hypothesis  sinks  abso- 
lutelv  to  zero.     But  that  for  which  there  is  no  evidence  is  not 
to  be  believed. 

I  will  here  conclude  this  paper,  perhaps  already  too  long. 
If  any  illustrations  used  are  not  of  a  kind  ordinarily  adduced 
in  such  discussions,  it  is  Prof.  Tait's  old-school  doctor  and 
his  "  subjects  "  who  must  be  my  excuse.  For  the  paper  itself 
I  do  not  make  any  excuse,  because  I  am  convinced  that  the 
new  views  promulgated  by  Prof.  Tait,  and  by  others,  on 
the  foundations  of  Mechanics  are  doing  very  serious  harm, 
especially  among  those  who  approach  the  subject  from  the 
practical  side.  It  is  not  that  they  are  led  to  inquire  more 
closely  into  these  fundamental  principles,  and  the  evidence  for 
them — that  would  be  a  useful  result ;  but  they  are  led  to  think 
that  there  is  no  real  ground  of  truth  in  any  of  them — that  they 
are  mere  convenient  working  hypotheses,  Avhich  may  be  left 
to  contradict  and  stultify  each  other  just  as  may  happen.  When 
this  belief  is  fully  accepted,  the  era  of  fruitful  progress  in 
Physical  Science  will  be  at  an  end. 

*  '  The  Student's  Mechanics    (Charles  Griffin  &  Co.,  1883). 
t  Phil.  Mag.  1883,  p.  35. 
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LVI.    On  the  Involution  and  Evolution  of  Quaternions. 
By  J.  J.  Sylvestee,  F.R.S* 

THE  subject-matter  of  quaternions  is  really  nothing  more 
nor  less  than  that  of  substitutions  of  the  second  order, 
such  as  occur  in  the  familiar  theory  of  quadratic  forms.  A 
linear  substitution  of  the  second  order  is  in  essence  identical 
wdth  a  square  matrix  of  the  second  order,  the  laAV  of  multipli- 
cation between  one  such  matrix  and  another  being  understood 
to  be  the  same  as  that  of  the  composition  of  one  substitution 
with  another,  and  therefore  depending  on  the  order  of  the 
factors  ;  but  as  regards  the  multiplication  of  three  or  more 
matrices,  subject  to  the  same  associative  law  as  in  ordinary 
algebraical  multiplication. 

Every  matrix  of  the  second  order  may  be  regarded  as  repre- 
senting a  quaternion,  and  vice  versa  :  in  fact  if,  using  i  to 
denote  \/  —1,  we  write  a  matrix  m  of  the  second  order  under 
the  form 

a  +  hi,     c  +  di, 

—  c  +  di,     a — hi, 

we  have  by  definition, 

m  =  aa  +  h0  +  fy  +  dS, 


where 

0  1'     ^~  0   -/■'     ''~  -1  0'     "~  i  (r 


10       o      i       0  0  1      s      0  i 


Kow 

oi^-z^u,      /3'-  =  7^  =  S"= — a, 

/37  =  —7/3  =  u,     j8=—  Sy = /3,     8p  =  — /3S  =  7; 

so  that  we  may  for  «,  /3,  y,  8,  substitute  1,  h,  k,  I,  four  sym- 
bols subject  to  the  same  laws  of  self-operation  and  mutual 
interaction  as  unity  and  the  three  Hamiltoni-an  symbols.  Now 
I  have  given  the  universal  formula  for  expressing  any  given 
function  of  a  matrix  of  any  order  as  a  rational  function  of 
that  matrix  and  its  latent  roots;  and  consequently  the  ^th 
power  or  root  of  any  quadratic  matrix,  and  therefore  of  any 
quaternion,  is  known.  As  far  as  I  am  informed,  only  the 
square  root  of  a  quaternion  has  been  given  in  the  text-books 

*  Communicated  by  the  Author. 
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on  quaternions,  notably  by  Hamilton  in  his  Lectures  on  Qua- 
ternions. 

Tiie  latent  roots  of  m  are  the  roots  of  the  quadratic  equation 

\-  -  2aX  +  rt-  +  h''  +  c^  +  cP  =  0. 

The  general  formula 

_^,      (m  — X2)(^— ^3)  .  •  •  (m— X;)_ 
(Xi— XalC^i— A.3)  . . .  (X^  —  Xi) 

where  i  is  the  order  of  the  matrix  m,  when  i=-2  and  (j))n=ni2, 
becomes 

i        1  i  i 

J-  _  \?  1 — X?2  ^s^'^i  —  ^A*2 

Xi  —  X.2  Xi  —  X2 

where  Xi,  X2  are  the  roots  of  the  above  equation.     If,  then,  fi 

is  the  modulus  of  the  quaternion,  viz.  is  \/a-  +  h'^  +  c'  +  (P,nnd 
/J,  cos  6= a,  the  latent  roots  Xi,  X2  assume  the  form 

/x  (cos  ^±isin  ^). 

When  the  modulus  is  zero  the  two  latent  roots  are  equal  to 
one  another,  and  to  a  the  scalar  of  the  quaternion;  so  that  in 
this  case  the  ordinary  theory  of  vanishing  fractions  shows  that 


iq  =a?(—  + ), 

\a  a     J 


(I 

In  the  general  case  there  are  q-  roots  of  the  qih.  order  to  a 

1 
quaternion.     Calling  —  =  &j,  and  writing  m^  =  A?n  +  B, 


A^*" 


1  cos  (-  +  2A™)  +  !sin  (^-  +  2t<o)-cosl-  +  2l'a\  +  ism(-  +  U 


-cos  (^—^  9  +  2//a))  +  i  sin  (^-^  6  +  21/ co). 


2i  sin  0 
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For  the  q  system  of  values  k  =  k'  =  l,  2,  o  . . .  g,  the  coefficients 

A  and  B  will  be  real,  for  the  other  q^  —  q  systems  of  values 

imaginary;  so  that  there  are  q  quaternion-proper  qth  roots  of 

a  quaternion-proper  in  Hamilton's  sense,  and  g'^  —  q  of  the  sort 

which,  by  a  most  regrettable  piece  of  nomenclature,  he  terms 

1 

bi-quaternions.    The  real  or  proper-quaternion  values  of  m''  are 

smd  i  q         f^  q  J 

I 

IJ?  meaning  the  or  (when  there  is  an  alternative)  either  real 

value  of  the  gth  root  of  the  modulus. 

In  the  ^th  root   (or  power)  of  a  quaternion  m,  the  form 

Am-I-B  shows  that   the  vector-part  remains   constant  to  an 

ordinary  algebraical  factor  p?'es  ;  and  we  know  a  priori  from 

the  geometrical  point  of  view  that  this  ought  to  be  the  case. 

When  the  vector  disappears  a  porism  starts  into  being  ;  and 

besides  the  values  of  the  roots  given  by  the  general  formula, 

there  are  others  involving  arbitrary  parameters.     Babbage's 

famous  investigation  of  the  form  of  the  homographic  function 

of  ^ — -  of  cc,  which  has  a  periodicity  of  any  given  degree  g, 

is  in  fact  (surprising  as  such  a  statement  would  have  appeared 
to  Babbage  and  Hamilton)  one  and  the  same  thing  as  to  find 
the  ^th  root  of  unity  under  the  form  of  a  quaternion  ! 

It  is  but  justice  to  the  eminent  President  of  the  British 
Association  to  draw  attention  to  the  fact  that  the  substance 
of  the  results  here  set  forth  (although  arrived  at  from  an  inde- 
pendent and  more  elevated  order  of  ideas)  may  be  regarded 
as  a  statement  (reduced  to  the  explicit  and  most  simple  form) 
of  results  capable  of  being  extracted  from  his  memoir  on  the 
Theory  of  Matrices,  Phil.  Trans,  vol.  cxlviii.  (1858)  {vide 
pp.  32-34,  arts.  44-49). 
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LVII.  Intelligence  and  Miscellaneous  Articles. 

INFLUENCE  OF  MAGNETISM  UPON  THERMAL  CONDUCTIVITY. 
BY  JOHN  TROWBRIDGE  AND  CHARLES  BINGHAM  PENROSE. 

''pHE  following  experiments  were  made  in  order  to  test  Maggi's 
-*-  results*  in  regard  to  the  etfect  of  magnetism  upon  the  thermal 
conductivity  of  iron.  Maggi's  conclusions  have  never  been  con- 
firmed, and  have  been  much  doubted  by  other  observers.  The 
experiments  of  !Sir  W.  Thomson  t,  in  which  he  found  that  longitu- 
dinal magnetization  diminished,  while  transverse  magnetization 
increased,  the  electrical  conductivity  of  iron,  afford — from  the  fact 
that  electrical  and  thermal  conductivities  are  in  general  proportional 
— the  chief  confirmation  of  Maggi's  results.  The  experiments  of 
Thomson  have,  however,  been  questioned. 

In  the  method  employed  by  Maggi,  a  circular  plate  of  soft  iron 
M'as  placed  horizontally  upon  the  poles  of  a  vertical  horseshoe 
magnet.  Through  the  centre  of  the  plate  passed  a  lead  tube 
conveying  steam.  The  surface  of  the  plate  was  covered  with  a 
mixture  of  oil  and  wax.  When  the  magnet  was  made,  the  melted 
wax  was  bounded  by  an  ellipse.  If  the  conductivity  had  been 
equal  in  all  directions,  it  would  have  been  bounded  by  a  circle. 
The  long  axis  of  the  ellipse  was  perpendicular  to  the  line  joining  the 
two  poles ;  the  short  axis  was  ])arallel  to  the  line.  The  ratio  of 
the  axes  was  6  :  5.  The  two  poles  were  separated  from  the  iron 
plate  by  paper.  In  order  to  compensate  for  the  direct  effect  of 
the  poles  upon  the  How  of  heat,  two  bars  of  soft  iron  were  placed 
symmetrically  beneath  the  plate,  at  the  extremities  of  the  diameter, 
l)erpendicular  to  the  line  joining  the  poles.  No  effort  seems  to 
have  been  made  to  avoid  the  effect  due  to  the  frictional  generation 
of  heat  in  the  magnetic  coil.  Several  other  complicating  causes 
are  apparent  in  the  arrangement  which  Maggi  used. 

A  year  ago  we  made  some  experiments  by  a  rather  rough  method, 
to  find  the  effect  of  magnetism  upon  thermal  conductivity,  and 
obtained  decidedly  negative  results.  The  same  results  have  been 
obtained  in  the  present  experiments,  though  a  much  more  sensitive 
arrangement  was  employed.  The  following  method  was  used  : — A 
bar  of  soft  Norway  iron,  95  cm.  long,  1-3  cm.  wide,  and  0*2  cm. 
in  thickness,  was  placed  horizontally  through  the  sides  of  a  wooden 
box  6  cm.  wide  and  25  cm.  high.  The  top  and  one  side  of  the  box 
were  removed.  At  17  cm.  from  each  end  of  the  bar  was  soldered 
a  thick  German-silver  wire.  Each  projecting  arm  of  the  bar  was 
enclosed  in  a  glass  tube  1*4  cm.  in  diameter.  The  ends  of  the 
tubes  were  closed  with  cotton.  The  ends  of  the  iron  bar  projected 
slightly  beyond  the  ends  of  the  tubes,  and  were  exposed  to  the  air 
of  the  room.  One  arm  of  the  bar  was  placed  between  the  poles  of 
a  large  elpctro-magnet,  with  its  flat  surface  perpendicular  to  the 
axis  of  the  magnet.     The  axes  of  the  poles   were  in   the   same 

*  Bibl.  Univ.  Arcliiv.  1850. 
t  Phil.  Trans,  vol.  cxlvi. 
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horizoBtal  line,  pei'pendicular  to  the  bar.  The  tube  between  the 
magnetic  poles  was  wrapped  in  a  piece  of  thick  asbestos  cloth,  in 
order  to  avoid  complications  arising  from  the  generation  of  heat 
in  the  magnetic  coils.  The  distance  between  the  poles  was  about 
2*5  cm.  A  Bunsen  lamp  was  placed  in  the  wooden  box,  and  was 
so  regulated  as:  o  maintain  the  iron  above  it  at  a  verj'  dull  cherry- 
red  heat.  The  German  silver  wires  were  connected  with  the 
wires  of  a  reflecting-galvanometer  of  six  ohms-resistance ;  the 
connections  were  separated  by  paper  bound  together  and  covered 
with  cloth.  The  lamp  was  always  lighted  from  four  to  five  hours 
before  any  observations  were  made.  It  was  found  that  by  this  time 
tlie  apparatus  had  pratically  reached  a  condition  of  thermal  equi- 
librium .  At  first  the  current  from  a  battery  of  ten  Grove  cells  was 
used  ;  afterwards  a  battery  of  twenty-six  very  large  Bunsen  cells 
was  used. 

After  the  lamp  had  been  burning  for  four  hours,  there  was 
always  a  permanent  deflection  of  the  galvanometer  of  about  12  cm. 
When  the  current  was  now  passed  through  the  magnets,  this 
deflection  was  immediately  changed  permanently.  The  change 
was  found  to  be  due  to  the  direct  action  of  the  magnet  upon  the 
galvanometer-needle,  though  the  distance  between  the  two  pieces 
of  apparatus  was  about  10  metises.  This  deflection  amounted  to 
2S  cm.  when  the  stronger  current  was  used.  Thirty  minutes 
after  the  magnet  was  made,  the  galvanometer  spot  was  always  found 
to  have  changed  by  about  3  cm.  The  direction  of  the  change  was 
such  as  to  show  that  the  junction  on  the  magnetized  arm  was 
becoming  warmer.  It  was  at  first  thought  that  this  confirmed 
Maggi's  results. 

The  apparatus  was  next  arranged  with  one  arm  of  the  iron 
|)arallel  to  the  axis  of  the  magnet.  The  arm  was  passed  through 
the  hollow  core  of  an  electi'o-magnet  somewhat  stronger  than  the 
preceding.  The  same  battery  was  used.  The  details  of  the  ex- 
periment were  exactly  the  same  as  when  the  bar  was  perpendicular 
to  the  lines  of  force.  The  results  of  severval  observations  here  also 
showed  that  the  junction  on  the  magnetized  arm  became  hotter 
under  magnetization. 

AV"e  had  previously  assumed  that  the  heat  developed  in  the  mag- 
netic coil  would  be  too  sHght  to  afi:ect  the  iron  bar.  This  assump- 
tion was  now  proved  to  be  iucorrect,  by  placing  the  unheated  bar, 
arranged  exactly  as  in  the  preceding  experiments,  in  the  magnetic 
field.  When  the  magnet  was  made,  the  galvanometer-needle  began 
slowly  to  move,  always  in  the  direction  showing  a  heating  of  tlie 
junction  on  the  magnetized  arm.  This  deflection  was  slightly 
larger,  after  the  same  space  of  time,  than  the  deflections  observed 
in  the  previous  experiments,  and  consequently  rendered  the  results 
of  these  experiments  useless. 

In  order  to  avoid  complications  arising  from  the  heat  generated 
by  the  electric  cun-ent,  the  following  arrangement  was  adopted:  — 
About  17  cm.  from  one  end,  the  iron  bar  was  bent  upon  itself.  At 
the  end  of  the  bent  part,  at  the  point  of  the  bar  opposite  this  end, 
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were  soldered  two  German-silver  wires.  These  two  thermo-electric 
junctions  were  about  O'-i  cm.  apart,  and  were  separated  from  each 
other  by  densely  packed  asbestos.  The  arm  was  placed  in  a  glass 
tube  arranged  as  before.  The  bar  was  heated  about  19  cm.  from 
the  thermo-electric  junctions.  By  this  arrangement  the  heating  of 
the  magnetic  coils  had  an  equal  effect  upon  the  two  junctions ; 
while  any  change,  due  to  altered  conductivity,  of  the  flow  of  heat 
along  the  bar  would  affect  the  relative  temperatures  of  the  junctions. 
When  the  German-silver  wires  were  connected  as  before  with  the 
galvanometer,  and  the  uuheated  bar  was  placed  either  parallel  or 
perpendicular  to  the  axis  of  the  magnet,  there  was,  after  forty-five 
minutes'  observation,  absolutely  no  deflection  in  the  galvanometer. 
This  showed  that  the  arrangement  obviated  all  difiiculties  arising 
from  heating  the  coil ;  and  moreover  that  the  magnetic  field  did 
not  perceptibly  alter  the  thermo-electric  relation  of  iron  and 
German-silver.  When  the  bar  was  placed  perpendicular  to  the 
axis  of  the  magnet,  thin  plates  of  soft  iron,  running  the  length  of 
the  glass  tube,  were  placed  upon  the  magnetic  poles,  thus  lengthen- 
ing the  field  through  which  the  bar  passed.  The  bar  was  next  heated 
as  before.  After  seAei-al  hours  the  galvanometer  generally  showed 
a  permanent  deflection  of  35-40  cm.,  in  a  direction  indicating  that 
the  junction  at  the  end  of  the  bar  was  the  cooler.  Several  obser- 
vations were  made,  both  when  the  bar  was  parallel  and  perpen- 
dicular to  the  axis  of  the  magnet.  The  current  was  passed  for 
about  one  hour ;  and  in  every  case  there  was  absolutely  no  change 
of  the  deflection  beyond  the  immediate  change  due  to  the  direct 
action  of  the  magnet. 

The  result  of  these  experiments  seems  conclusively  to  show 
that  longitudinal  and  transverse  magnetism,  at  least  of  thestreno-th 
used,  have  no  influence  upon  thermal  conductivity  of  soft  iron.  It 
was,  however,  decided  to  try  a  thinner  piece  of  iron  than  the 
preceding.  A  strip  of  ordinary  tinned  iron  was  therefore  cut 
about  1-3  em.  wide,  and  was  bent  over  and  arranged  exactly  as 
before.  The  whole  tube  was  packed  with  asbestos  and  cottoia  to 
avoid  any  motion  of  the  strip  when  the  magnet  was  made.  The 
distance  of  the  flame  from  the  two  thermo-electric  junctions  was 
10  cm.  A  heating  of  ninety  minutes  was  found  to  be  sufiicient  in 
this  case  for  the  strip  to  reach  a  permanent  condition  of  tempera- 
ture. The  deflection  showing  the  difference  of  temperature  between 
the  junctions  was  about  13  cm.  When  the  magnet  was  made,  there 
was  no  change  of  the  deflection  after  thirty-five  minutes'  observation. 

The  strength  of  the  magnetic  field  when  the  bar  was  placed 
perpendicular  to  the  lines  of  force  was  measured  after  the  preceding 
experiments  were  made,  and  was  found  to  be  10,420  times  the 
horizontal  intensity  of  the  earth's  magnetism  at  Cambridge.  In 
the  C.G.S.  system  this  would  be  about  1760. 

Aside  from  the  experiments  of  Maggi,  those  of  Thomson  upon 
electrical  conductivity  are  the  only  experiments  that  seem  to  be 
directly  opposed  to  the  conclusion  that  must  be  drawn  from  our 
observations.      Magnetism  undoubtedly  changes  several  physical 
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properties  of  irou,  but  though  this  renders  it  probable,  a  priori, 
that  the  thermal  coiiductivity  might  be  changed,  yet  it  does  not 
necessitate  such  a  change.  The  thermo-electric  relation  of  iron  is 
changed  by  magnetization;  but  the  thermo-electric  relation  appears 
to  be  unconnected  with  thermal  conductivity. — Proceedintjs  of  the 
American  Academy  of  Arts  and  /Sciences,  May  29th,  1883. 


ON  A  NEW  METHOD  OF  INSULATING  METAL  WIRES  EMPLOYED 
IN  TELEGRAPHY  AND  TELEPHONY.      BY  C.  WIEDEBIANN. 

Having  had  occasion  during  the  past  year  to  employ,  for  the 
decoration  of  jewellery  and  other  objects  of  art,  the  processes 
described  by  jN^obili  and  Beequerel  for  producing  various  colorations 
by  means  of  baths  of  alkaline  plumbates  and  ferrates,  I  observed 
that  the  objects  thus  coloured  had  become  absolutely  resistant  of 
all  galvanic  action,  that  their  surfaces  once  coated  with  the  pei'- 
oxide  of  lead  or  iron  were  no  longer  capable  of  conducting  the 
electric  current.  A  copper  or  brass  wire,  or  even  one  of  iron, 
became  thus  covered  with  an  insulating  layer  analogous  to  that 
of  a  coating  of  resin  or  of  gutta  percha. 

It  appears  to  me  that  this  process  may  prove  of  considerable  use 
in  the  manufacture  of  cables  or  wires  employed  in  telegraphy  and 
telephony.  It  is  easily  effected  and  its  cost  is  small.  The  coating, 
which  resists  in  a  very  high  degree  all  atmospheric  influences,  is  a 
guarantee  of  its  duration.  The  insulation  is  absolute.  The  mode 
of  preparation  is  extremely  simple :  it  suffices  to  prepare  a  bath  of 
plumbate  of  potash  by  dissolving  10  grms.  of  litharge  in  a  litre  of 
water  to  which  has  been  added  200  grams  of  caustic  potash,  and  to 
boil  for  about  half  an  hour ;  it  is  allowed  to  subside  and  is  the  i 
decanted,  when  the  bath  is  ready  for  use.  The  metal  wire  to  t  > 
coated  with  the  peroxide  of  lead  is  attached  to  the  positive  wire,  and 
a  small  platinum  anode  at  the  negative  pole  immersed  in  the  bath  ; 
finely  divided  metallic  lead  is  precipitated  at  the  negative  pole,  a'  -^ 
the  peroxide  of  lead  is  deposited  on  the  metallic  wire,  which  passt*> 
successively  through  all  the  colours  of  i\\Q  spectrum.  The  insf  a- 
tion  is  only  perfect  when  the  wire  has  attained  the  final  tint,  wMch 
is  a  blackisli  brown.  / 

Thus  coated  the  wire  is  perfectly  insensible  to  all  electric  ac-tion  ; 
perfectly  cleansed  objects  may  be  attached  to  it  and  connected  with 
the  negative  pole  in  a  gold,  silver,  ,or  nickel  bath  without  the  cur- 
rent, however  powerful,  having  the  slightest  action  on  the  objects 
to  be  coated  with  metal.  A  wire  thus  treated,  placed  in  a  current 
and  brought  in  contact  \\\i\\  another  wii'e  connected  vvlth  a  gal- 
vanometer, has  not  the  slightest  effect  upon  the  latter;  tnere  is  no 
diminution  in  the  first  current,  which  passes  thi-ough  the'  ^ire  coated 
with,  the  peroxide  of  lead.  /^ 

This  perfect  insulation  may  possibly  be  turned  tX^account  by 
electricians  in  the  construction  of  various  apparatus. — Comptes 
Rendas,  Oct.  15,  1883. 
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LVIII.  On  San-spots  and  Terrestrial  Elements  in  the  Sun. 
By  G.  D.  LiVEiNG,  M.A.,  F.R.S.,  Professor  of  Chemistry, 
and  James  Dewak,  M.A.,  F.R.S.,  Jachsonian  Professor,  in 
the  University  of  Cambridge* . 

[Plate  VI.] 

THE  publication  of  spectroscopic  observations  upon  sun- 
spots  made  at  Greenwich  places  within  our  reach  a 
gradually  increasing  body  of  facts  bearing  on  solar  chemistry; 
and  though  we  have  not  made  a  special  study  of  sun-spots,  yet 
the  points  of  contact  between  the  appearances  presented  in 
sun-spots  and  those  observed  by  us  in  the  spectra  of  terrestrial 
substances  are  so  many,  that  we  think  some  discussion  of  them 
will  be  of  interest. 

The  spectroscopic  appearances  of  sun-spots  in  general  point, 
as  all,  we  believe,  are  agreed,  to  the  conclusion  that  in  a  spot 
we  are  looking  through  an  unusual  depth  of  the  solar  atmo- 
sphere charged  with  metallic  and  other  vapours:  that  for  some 
reason  there  is  at  a  spot  a  depression  in  the  general  contour 
of  the  photospheric  clouds,  so  that  the  light  which  reaches  us 
from  the  spot  has  come  to  us  from  a  greater  depth  in  the  sun 
and  been  filtered  through  a  greater  thickness  of  absorbent 
gaseous  matter.  The  depression  in  the  photospheric  cloud 
may  be  the  result  of  some  of  the  violent  atmospheric  motions 
which  are  frequent  in  the  sun,  moving  the  clouds  about  and 
causing  a  downrush  at  the  spot ;  or  it  may  be  the  result  of  an 
ascending  current  of  vapour  at  a  temperature  higher  than  the 
*  Communicated  by  the  Authors. 
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mean  temperature  of  the  photosphere,  "which  converts  the 
clouds  into  the  gaseous  condition,  as  sunshine  dissipates  the 
aqueous  clouds  in  our  atmosphere.  If  the  spot  is  due  only  to 
a  downrush  of  the  upper  atmosphere  of  the  sun,  we  should  be 
merely  looking  through  a  greater  quantity  of  the  outer  atmo- 
sphere, increased  in  density  and  in  temperature  but  consisting 
mainly  of  the  same  materials  as  before,  and  driving  the  photo- 
sphere, the  chief  source  of  light,  downwards.  We  should 
expect  to  see  the  ordinary  absorption-lines  strengthened,  and 
perhaps  some  new  lines,  due  to  a  higher  temperature,  developed. 
For  we  must  remember  that  a  vapour  is  capable  of  absorbing 
the  same  kind  of  radiation  as  it  emits;  and  that  as  its  emission- 
spectrum  varies  with  change  of  circumstances,  of  which  tem- 
perature is  one,  its  absorption  will  vary  too.  If  the  clouds  of  the 
photosphere  were  not  merelymechanically  depressed, but  partly 
vaporized  at  the  spot,  we  should  expect  to  see  new  absorption- 
lines  ;  not  only  on  account  of  the  higher  temperature  of  the 
vapours  previously  existing  as  such,  but  because  matter  which 
had  before  been  cloud,  and  emitted  a  continuous  spectrum, 
had  now  become  gaseous,  with  a  discontinuous  spectrum. 

And  here  we  would  say  a  word  about  an  a  priori  objection 
to  the  supposition  that  a  spot  may  be  a  region  of  a  temperature 
generally  equal  to,  or  even  higher  than,  that  of  the  photosphere 
at  the  same  level.  Messrs.  De  La  Rue,  Stewart,  and  Loewy,  in 
their '  Researches  on  Solar  Physics '(1st  ser.p.  31),  have  argued, 
very  cautiously  and  in  a  questioning  manner,  from  the  known 
laws  of  radiation  and  absorption,  that  we  must  be  looking 
through  a  stratum  of  atmosphere  at  the  spot  cooler  than  the 
photosphere,  because  from  such  a  thickness  of  matter  as  the 
sun  we  must  at  all  points  get  the  total  radiation  due  to  the 
temperature.  We  do  not  at  all  question  the  general  principle 
of  this  argument,  but  we  question  its  application  in  this  case, 
because  the  total  radiation  is  not  the  same  thing  as  the  lumi- 
nosity. There  may  be  more  radiation  on  the  whole  from  the 
darker  spot  than  from  the  brighter  photosphere,  if  the  excess 
be  in  the  ultra-violet  or  the  infra-red.  It  is  a  general  rule 
with  solids  that  the  radiations  of  short  wave-length  increase 
with  the  temperature  more  rapidly  than  those  of  longer  wave- 
length ;  and  some  of  the  terrestrial  elements  which  are  abun- 
dant in  the  sun,  such  as  iron  and  magnesium,  have  an  emis- 
sion-spectrum which  appears  to  be  much  stronger  in  the  ultra- 
violet than  in  the  visible  region.  The  substance  we  call  iron, 
whether  it  be  oJie  element  or  many,  emits  in  the  electric  arc 
ultra-vif)let  rays  which  are  extraordinary  both  in  number 
and  intensity.  We  are  not  in  a  position  to  test  whether  the 
total  radiation  from  a  spot  is  as  great  as  from  an  equal  portion 
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of  the  photosphere,  because  all  the  radiation  more  refrangible 
than  the  solar  line  U  is  cut  off  before  it  reaches  us  by  some 
absorbent  medium.  Thez'e  is,  however,  one  argument  which 
makes  strongly  for  the  supposition  that  the  spot  is  a  region  of 
a  temperature  generally  not  lower  than  that  of  the  rest  of  the 
photosphere,  which  is  this  :  If  we  suppose  the  photosphere  to 
be  of  the  nature  of  clouds  formed  by  condensation  of  metallic 
and  other  vapours  in  the  sun's  atmosphere,  then  the  gaseous 
part  of  that  atmosphere  will  be  saturated  with  the  vapour  of 
the  matters  forming  the  cloud,  and  any  depression  of  its  tem- 
perature must  cause  a  fresh  formation  of  cloud,  which  would 
tend  to  destroy  the  character  of  a  spot.  Indeed  an  apparent 
dissolution  of  photospheric  mutter  carried  into  spots  has  fre- 
quently been  observed,  according  to  Secchi,  and  seems  to 
suggest  an  evaporation  of  the  cloudy  matter  in  the  spot. 

Dismissing,  then,  the  a  priori  argument  for  the  coolness  of 
the  spot  in  comparison  with  the  photosphere  as  insufficient, 
and  likely  to  encumber  us  in  the  interpretation  of  the  observed 
facts,  let  us  come  to  the  recorded  phenomena. 

There  is,  first,  the  widening  of  the  Fraunhofer  lines.  This  is 
observed  in  all  spots,  but  the  lines  are  by  no  means  all  widened  or 
all  equally  widened.  The  diagram  (PI.  VI.)  represents  the  lines 
in  two  spots  (taken  as  samples)  observed  at '  Green wich(Obs. 
1881)  to  be  widened.  The  range  observed  is  from  F  to  6,  and 
the  length  of  the  lines  drawn  under  the  corresponding  lines  in 

Angstrom's  map  indicates  the  amount  of  widening,  except 
where  the  widening  is  excessive,  when  the  actual  breadth  is 
given  as  it  appeared.  As  to  the  precise  cause  of  the  widening 
of  spectral  lines,  physicists  are  not  agreed ;  but  as  a  fact  we 
know  that  increased  density  of  the  emitting  vapour  is  directly 
or  indirectly  a  cause  of  the  widening  of  the  spectral  lines  of 
terrestrial  elements  ;  and  we  may  reasonably  attribute  the 
widening  in  the  spots  to  the  increased  thickness  of  the  solar 
atmosphere,  denser  of  course  in  the  lower  part,  through  which 
the  light  comes  to  us.  But,  then,  why  are  not  all  the  Fraun- 
hofer lines  widened  ?  and  why  are  those  that  are  widened  so 
unequally  widened?  Whatever  the  cause  be,  similar  phe- 
nomena are  observed  in  the  emission-spectra  of  terrestrial 
elements.  In  the  first  place,  the  lines  of  some  metals  are 
much  more  readily  expanded  than  those  of  others.  The  ready 
expansibility  of  the  lines  of  hydrogen  and  of  the  D  lines  of 
sodium  is  well  known;  while  the  lines  of  iron  and  titanium 
are  much  less  easily  expanded,  but  are  nevertheless  very 
sensibly  enlarged  when  the  electric  arc  is  freely  supplied 
with  the  metal.  But  even  so  some  lines  expand  znore  than 
others.     This  is  well  seen  in  the  case  of  magnesium,  which 
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has  one  ultra-violet  line  (w.-l.  2852)  which  is  far  more  easily 
expanded  than  any  other  of  its  lines.  And  for  a  large  number 
of  metals,  when  heated  in  the  arc,  we  have  observed  that  lines, 
or  groups  of  lines,  repeat  themselves  at  intervals,  and  that  of 
such  series  the  alternate  members  are  far  more  readily  ex- 
panded than  the  others.  This  is  the  case  with  the  doublets  of 
the  visible  spectrum  of  sodium — which  are  alternately  diffuse 
and  sharp,  the  diffuse  lines  being  more  easily  expansible — and 
with  the  triplets  of  the  magnesium,  calcium,  and  zinc  spectra. 
In  more  complicated  spectra  it  is  very  probable  that  the  same 
thing  occurs,  but,  from  overlapping  of  the  groups,  the  alterna- 
tions are  not  so  easily  detected.  At  any  rate,  they  exhibit 
some  lines  which  are  more  easily  expanded  than  others. 

It  is  only  necessary  to  watch  with  a  spectroscope  of  suffi- 
cient dispersive  power  the  spectrum  of  the  arc  while  iron  and 
other  metals  are  fed  into  it,  in  order  to  see  the  great  expansion 
of  some  lines  and  the  comparative  inexpausibility  of  others. 
Any  theory  which  is  to  account  satisfactorily  for  the  expansion 
of  lines  must  account  for  the  difference  in  the  amount  of  ex- 
pansion of  the  different  lines  of  the  same  substance,  as  well  as 
for  the  fact,  noticed  in  several  cases,  that  lines  do  not  all  expand 
symmetrically  (some  spread  out  more  on  one  side  than  on  the 
other),  and  also  for  absorption-lines  expanding  as  well  as  the 
emission-lines,  and  for  the  fact  that  the  tension  of  the  vapour 
has  more  to  do  with  the  expansion  of  the  lines  than  its  tem- 
perature has.  We  do  not  know  enough  about  the  mechanical 
nature  of  the  collisions,  as  they  are  called,  between  the  par- 
ticles of  a  gas,  whereby  the  motion  of  translation  due  to  tem- 
perature is  supposed  to  be  converted  into  vibratory  mofions 
producing  radiation,  to  say  whether  in  a  gas  of  high  density 
the  frequency  of  the  collisions  between  similar  vibrating  par- 
ticles may  not  affect  the  period  of  some  of  their  vibrations 
much  more  than  that  of  others. 

When  we  come  to  examine  what  lines  are  usually  seen  ex- 
panded in  sun-spots,  we  see  that  a  large  number  are  those  of 
iron  ;  and  besides  these  the  lines  of  magnesium,  calcium, 
barium,  sodium,  titanium,  and  nickel  are  frequently  enlarged. 
In  fact  the  greater  part  of  the  lines  of  all  these  elements  are  more 
or  less  enlarged  in  most  of  the  spots  observed  at  Greenwich  in 
1881.  The  hydrogen  lines  are  sometimes  enlarged,  sometimes 
not.  There  may  be,  probably  are,  great  variations  of  pressure 
in  the  region  of  a  spot :  and  as  it  is  not  very  likely  that  the 
material  of  the  photospheric  cloud  contains  hydrogen,  the  ten- 
sion of  the  hydrogen  in  the  solar  atmosphere  mil  not  be  in- 
creased by  the  evaporation  of  the  cloud.  Hence  the  variations 
in  the  density  of  the  hydrogen  will  be  chiefly  due  to  the  cur- 
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rents;  and  the  same  remark  will  ap[)ly  to  all  those  substances 
which  do  not  ordinarily  exist  in  the  condition  of  saturated 
vapour  in  the  sun's  atmosphere. 

But  not  only  are  lines  sometimes  widened  and  sometimes 
not  widened  in  spots,  but  sometimes  lines  usually  seen  as  dark 
lines  disappear,  or  appear  as  bright  lines.  This  has  been  satis- 
factorily explained  as  the  effect  of  ascending  currents  bearing- 
vapours  into  the  upper  regions  at  such  a  high  temperature 
that  their  emission  is  equal  to  or  exceeds  their  absorption.  In 
fact  it  is  just  those  lines  which  have  been  observed  as  bright 
lines  above  the  sun's  limb  in  solar  storms  which  are  absent  or 
are  reversed  in  spots.  There  is  still  the  question  why  some 
lines  of  such  elements  as  iron  and  calcium  should  belong  to 
the  category  of  Hnes  seen  extending  to  considerable  heights  in 
the  solar  atmosphere  while  others  do  not  so  extend.  We  are 
inclined  to  the  opinion  that  this  appearance  of  certain  lines  at 
high  elevations  to  the  exclusion  of  others  is  dependent  more 
on  the  tension  of  the  vapour  than  on  its  temperature.  Of 
course  there  is  a  relation  between  the  tension  of  a  vapour  and 
its  temperature,  and  this  relation  is  by  no  means  the  same  for 
saturated  as  it  is  for  unsaturated  vapour  ;  and  there  may  be 
unsaturated  low-tension  vapour  at  a  very  high  temperature 
when  but  little  of  the  material  of  the  vapour  is  present,  as  well 
as  saturated  low-tension  vapour  at  a  low  temperature.  Now 
the  distinction  of  long  and  short  lines  in  the  electric  discharge, 
first  introduced  by  Thalen,  to  which  Mr.  Lockyer  has  since 
drawn  more  particular  attention,  corresponds,  as  he  has  noted, 
with  difference  in  the  density  of  the  vapour  ;  the  short  lines 
being  seen  only  near  the  poles  or  in  the  central  portion  of  the 
discharge,  while  the  long  lines  extend  further.  We  know 
but  little  about  the  temperatures  of  different  parts  of  an  elec- 
tric discharge;  but  in  this  case  temperature  and  density  of 
vapour  may  very  well  go  together.  It  is  otherwise  when  one 
element  is  present  in  very  small  quantity,  as  in  the  alloys  on 
which  Mr.  Lockyer  has  experimented.  He  found  that  in 
alloys  containing  only  a  very  small  pevcentage  of  one  metal,  it 
was  the  long  lines  of  that  metal  which  were  persistent  in  the 
s[)ectrum.  This  seems  conclusive  that  long  lines  are  the  lines 
of  vapour  of  low  tension  rather  than  of  low  temperature  ;  the 
lines  corresponding  to  the  vibrations  which  the  particles  take 
up  most  readily  Avhen  they  are  in  the  most  unfettered  state,  in 
their  least  complicated  aggregations.  The  short  lines  will  on 
this  supposition  correspond  to  vibrations  either  of  more  con- 
densed particles,  or  to  vibrations  induced  by  the  constrained 
condition  of  a  dense  gas.  This  view  is  in  harmony  with  the 
fact  that  only  the  long  lines  usually  appear  in  the  higher 
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regions  of  the  sun's  atmosphere  where  the  temperature  is  high 
enough  to  make  the  hydrogen  luminous,  but  where  the  pressure, 
if  we  may  judge  by  the  \\ddth  of  the  lines,  is  certainly  very  low. 
But  besides  the  disappearance  of  some  lines  in  some  spots, 
new  lines  and  bands  frequently  make  their  appearance.  JSTow 
of  the  Fraunhofer  lines  only  a  fraction  have  as  yet  been  iden- 
tified as  corresponding  to  lines  of  terrestrial  elements;  but  we 
are  inclined  to  the  opinion  that  this  is  mainly  due  to  the  very 
imperfect  examination  which  has  as  yet  been  made  of  the 
spectra  of  terrestrial  substances.  At  any  rate,  we  have  found 
that  it  is  only  necessary  to  examine  with  high  dispersive 
power  any  small  section  of  the  spectrum  of  the  arc  while 
different  chemicals  are  dropped  into  it,  in  order  to  see  a  vast 
number  of  new  lines  develop  themselves  which  have  been 
hitherto  unrecorded.  The  lowest  horizon  of  the  diagram 
shows  the  results  of  a  somewhat  hasty  examination  of  the  lines 
developed  in  this  way  by  titanium  and  cerium,  and  in  a  few 
places  by  other  substances.  The  titanium  lines  are  permanent, 
but  many  of  the  cerium  lines  are  evanescent :  they  come  out 
strongly  when  fresh  cerium  is  introduced,  sometimes  as  broad 
bands,  and  quickly  vanish  as  the  cerium  is  dissipated,  a  few 
lines  only  remaining.  The  lines  which  remain  are  the  lines 
of  vapour  of  low  tension,  or  long  lines,  while  the  others  we 
suppose  to  be  lines  of  vapour  of  high  tension.  It  seems  very 
probable,  then,  that  if  a  careful  examination  were  made  of  all 
the  lines  developed  in  the  arc  by  all  the  known  substances, 
most,  if  not  all,  of  the  Fraunhofer  lines  now  ascribed  to  un- 
known substances  would  be  accounted  for.  It  is  not  a  little 
remarkable  that  several  of  the  most  striking  developments  of 
lines  observed  at  Greenwich  in  sun-spots  closely  correspond 
to  new  lines  which  we  have  observed  to  be  given  in  the  arc  by 
cerium  or  titanium.  In  the  case  of  cerium,  the  correspondence 
is  so  marked  that  it  can  hardly  be  accidental.  Of  course  it  is 
always  easy  to  account  for  lines  in  the  sun  by  the  supposition 
of  unknown  elements  brought  up  from  the  interior,  or  of 
unknown  combinations  or  decompositions  occurring  under  cir- 
cumstances which  Ave  have  not  learned  to  imitate  ;  but  that 
is  to  cut  the  knot,  not  to  untie  it.  When  we  consider  the 
influence  Avhich  circumstances  besides  temperature  have  on 
the  vibrations  which  a  given  substance  can  assume,  the  conj- 
paratively  partial  way  in  which  the  spectra  of  our  chemicals 
have  been  examined,  the  tendency  of  recent  observations  such 
as  the  artificial  production  of  auroras  with  the  characteristic 
auroral  line  at  no  very  great  elevation  in  our  atmosphere,  and 
the  identification  by  Egeroff  of  the  gi'oups  A  and  13  with  the 
absorption  of  oxygen,  we  shnll  hesitate  to  say  that  there  is 
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ground  for  believing  that  the  sun  contains  any  thing  which  is 
not  to  be  found  on  earth. 

After  all,  there  are  very  few  of  the  lines  developed  in  spots 
which  do  not  appear  at  least  as  faint  Fraunhofer  lines  in  the 
ordinary  solar  spectrum.     The  maps  of  Fievez  and  Vogel 

give  many  such  lines  which  are  not  in  Angstrom's  map. 
Whenever  lines  of  two  metals  are  coincident,  or  nearly  so, 
there  is  of  course  a  double  chance  of  increased  width;  and  this 
corresponds  with  the  observations.  Further,  it  is  noticed  that 
the  expansion  of  some  lines  is  unsymmetrical — they  expand 
more  on  one  side  than  on  the  other.  This  may  be  an  effect 
of  the  upward  or  downward  motion  of  that  portion  of  the 
vapour  which  is  under  observation ;  but  it  may  also  be  due  to 
the  development  of  a  second  line  close  to  that  ordinarily  seen. 
Such  an  effect  we  have  observed  in  the  case  of  the  blue  line 
of  lithium,  which  appears  to  expand  with  increased  tension  of 
its  vapour  more  on  one  side  than  on  the  other;  but  the 
effect  is  really  due  to  the  development  of  a  second  line  close 
to  the  first  and  the  expansion  of  both  lines.  This  second  line 
is  seen  as  a  narrow  line  as  the  metal  is  dissipated,  and  then 
disappears  entirely  long  before  the  usual  blue  line  shows  any 
sign  of  failing.  This  will,  Ave  believe,  satisfactorily  account 
for  some  of  the  apparent  motions  of  lines.  Where  a  displace- 
ment, by  reason  of  rapid  motion  of  the  sun's  atmosphere,  of 
some  of  the  lines  occurs  without  any  displacement  of  others, 
we  must  suppose  that  the  displaced  lines  are  produced  by  one 
layer  of  the  sun's  atmosphere,  while  the  undisplaced  are  due  to 
another.  This  will  account  for  the  long  lines,  or  lines  of  vapour 
of  low  tension,  being  displaced,  while  those  due  to  vapour  of 
high  tension  are  unmoved,  and  vice  versa.  There  is,  however, 
one  line  which  appears  to  be  very  anomalous  in  its  behaviour, 
and  requires  further  notice,  because  Mr.  Lockyer  has  more 
than  once  called  special  attention  to  it.  This  is  the  line  with 
wave-length  4923.  There  is  an  iron  line  with  this  wave- 
length; but  in  iron  it  is  certainly  not  a  long  line :  it  is  not 
seen  in  the  arc  when  there  is  only  a  very  little  iron  present; 
and  it  comes  out  with  increasing  density  of  vapour.  Corre- 
sponding with  this  character,  it  is  frequently  seen  strengthened 
in  spots  like  the  other  iron  lines.  On  the  other  hand,  a  line 
of  this  wave-length  is  one  of  those  most  frequently  (40  per 
cent.)  observed  by  Young  as  a  bright  line  high  up  in  the 
solar  atmosphere;  and  it  has  as  frequently  been  observed  by 
Tacchini  in  the  spectrum  of  prominences.  It  should  there- 
fore be  a  long  line,  or  one  of  vapour  of  low  tension,  if 
judged  by  this  character;  and  this  is  confirmed  by  the  fact 
recorded  by  Mr.  Lockyer  that  it  is   frequently  absent  from 
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spots,  whicli  indicates  that  the  emission  in  the  upper  regions 
balances  the  absorption.  Moreover  this  line  has  (Proc.  R.  S. 
xssi.  p.  349)  been  observed  to  be  undisplaced  in  spots  when  the 
iron  lines  near  it  are  displaced,  showing  that  the  substance 
producing  it  is  at  a  different  level  from  that  producing  the  dis- 
placed lines.  This  is  consistent  with  its  existing  in  the  upper 
regions  to  which  only  low-tension  vapour  of  iron  can  reach. 
But  as  the  line  is  certainly  not  a  line  of  low-tension  vapour  of 
iron  on  earth,  we  are  not  justified  in  assuming  it  to  be  such  in 
the  sun;  and  we  are  driven  to  suppose  it  due  to  some  unknown 
substance  X  other  than  u'on  which  at  low  tension  has  a  line 
coincident,  or  nearly  so,  with  a  line  of  high-tension  vapour  of 
iron.  Mr.  Lockyer  thinks  that  the  substance  X  is  a  con- 
stituent of  terrestrial  iron ;  but  as  the  behaviour  of  the  line 
in  the  sun  does  not  correspond  to  the  behaviour  of  the  iron 
line  on  earth,  the  connexion  between  the  two  is  reduced  to  the 
probable  equality  of  wave-length.  We  suppose  the  tension 
of  vapours  in  the  ujDper  part  of  the  sun^s  atmosphere  to  be 
low  as  a  general  rule;  but  it  may  at  times  be  locally  higher, 
for  solid  matters  falling  into  the  sun  and  vaporized  in  its  atmo- 
sphere may  produce  vapour  of  considerable  tension  until  it 
has  had  time  to  diffuse.  The  descent  of  dust  from  the  region 
of  the  corona  may  thus  produce  lines  at  elevations  where  we 
should  not  otherwise  expect  to  find  them. 

LIX.  On  some  Imjjroved  Laboratory  AppUoMces  for  con- 
ducting many  Chemical  Operations  at  the  same  time,  and 
hastening  the  completion  of  several  of  them.  By  Robekt 
(jfAiA.owA.Y,M.R.I.A.,F.C.S.,  and  Feancis  J.  O'Fareell, 
M.R.LA.,  FX-S."" 

[Plate  Vn.] 

IT  is  very  generally  conceded  that  it  requires  a  greater 
expenditure  of  time  and  labour  to  arrive  at  results  in 
Chemistry  than  it  requires  to  attain  like  ends  in  any  other  of 
the  inductive  sciences.  Any  improvement  therefore  in  ex- 
pediting and  rendering  less  laborious  analytical  and  other 
chemical  operations,  which  are  only  a  means  to  an  end,  assists 
materially  in  aiding  the  progress  of  the  science.  The  improve- 
ment the  late  Baron  Liebig  effected  in  quantitative  organic 
analysis  is  a  remarkable  instance  of  this  ;  for  if  the  improve- 
ment had  been  made  before  Chevreul  commenced  his  exami- 
nation into  the  constitution  of  fats,  he  would  have  been  able 
to  have  shortened  the  time  he  gave  (fourteen  years)  to  this 
investigation  by  one  half,  viz.  seven  years.  Beautiful  as  an 
*  Communicated  by  the  Authors, 
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analytical  process  as  Bunsen's  method  is  for  the  determination 
of  nitrogen  in  organic  substances,  no  chemist  would  adopt  it 
in  cases  where  Will  and  Varentrapp's  less  beautiful,  but  easier 
and  speedier  method,  could  be  employed  ;  for,  as  already 
stated,  analytical  operations  are  only  a  means  to  an  end,  and 
the  speedier,  with  accuracy,  chemists  can  arrive  at  results,  the 
more  conducive  it  must  be  to  the  progress  of  the  science. 

At  the  present  time  a  great  deal  of  labour  is  involved,  and 
time  wasted,  by  having  to  set  up  in  a  laboratory,  where  a 
variety  of  work  is  going  on,  so  many  distinct  pieces  of  apparatus, 
each  requiring  to  be  started  separately.  For  obtaining  the 
indispensable  distilled  water,  a  special  still  and  heating- appa- 
ratus is  generally  set  apart  for  the  purpose.  Distillation  under 
diminished  pressure  is  another  distinct,  and  frequently  trouble- 
some, operation.  If  a  filtei'-pump  is  employed  to  hasten  filtra- 
tion, the  pump  is  solely  devoted  to  that  purpose.  Then  there 
are  the  open  and  closed  water-baths,  each  distinct  and  requiring 
a  separate  heating-apparatus  ;  and  for  heating  and  drying 
substances  above  100°  C.  the  methods  are  most  inconvenient. 
But  of  all  the  slow  methods,  that  of  evaporating  by  means  of 
the  ordinary  air-pump  and  absorbing  the  water  as  it  evapo- 
rates by  means  of  sulphuric  acid  is,  we  think,  the  slowest. 
The  appliances  that  are  in  use  generally  for  forcing  steam,  air, 
or  gases  over  substances  are,  to  say  the  least,  inconvenient. 

By  the  aid  of  a  small  general  air-pump  connected  to  a  little 
stationary  engine,  and  ordinary  or  superheated  steam,  all  these 
operations  can  be  carried  on  at  the  same  time  with  these  ap- 
pliances excepting  the  one  last  described ;  for  this  operation 
there  is  required,  in  addition  to  the  air-  or  suction-pump,  a 
compression-pump  in  connexion  with  the  engine. 

In  carrjdng  out  some  researches  recently  we  found  great 
convenience  and  saving  of  labour  and  time  in  employing  a 
general  air-pump.  This  has  led  us  to  devise  appliances  for  the 
extension  of  our  plan  to  a  larger  number  of  chemical  operations, 
which  we  will  now  describe,  as  we  think  the  arrangement 
will  be  found  very  useful  not  only  in  educational  laboratories, 
but  also  in  pharmaceutical  laboratories,  especially  in  the  pre- 
paration of  delicate  organic  compounds. 

The  boiler  A  (Plate  VII.  fig.  1)  we  recommend  is  Cochran's 
patent  multitubular  vertical  Ijoiler  with  internal  fire-box  and 
horizontal  tubes,  because  it  is  the  boiler,  in  our  opinion,  which 
gives  the  maximum  heating-surface  for  the  space  occupied  :  a 
boiler  2  feet  in  diameter  and  2  feet  6  inches  high  will  afford, 
for  example,  sufficient  steam  to  work  a  one-horse-power  engine. 
No  brick  setting  or  brick  chimney  is  required;  and  the  top 
can   be   removed,  so  that  the  interior  of  the  boiler  can  be 
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cleaned  when  required.  It  has  the  usual  fittings,  such  as  the 
water-gauge,  the  pressure-gauge,  and  the  safety-valve.  By 
the  arrangement  shown  in  the  Plate,  distilled  water  can  be 
obtained  from  it ;  and  a  steam-pipe  (not  shown  in  the  Plate) 
could  also  be  connected  with  it  for  the  purpose  of  supplying 
steam  to  an  open  air-bath,  this  bath  not  being  connected,  as 
those  shown  in  the  Plate  are,  with  the  air-pump. 

The  engine,  B,  is  of  the  donkey-pump  type,  with  one  in- 
verted cylinder  whose  rod  acts  directly  on  the  air-pump  C. 
D  is  the  ordinary  vessel  for  the  exhaust  steam  to  escape  into 
after  having  performed  work  in  the  engine  ;  it  is  from  there 
conveyed,  if  required,  directly,  or  after  it  has  been  superheated, 
or  a  mixture  of  the  two  (normal  and  superheated  steam),  into 
the  steam-jackets  of  the  vessels  E  and  F.  If  it  is  not  required 
to  heat  these  vessels,  it  is  carried  away  through  the  pipe  a  on 
opening  the  stopcock  h  into  the  escape-pipe  or  chimney  c. 

G  represents  a  filtering-apparatus  in  position  ;  and  H  a 
retort  and  receiver  for  carrying  on  distillations  under  dimi- 
nished pressure. 

The  downward  pipes  marked  d  from  the  vessels  E  and  F, 
and  the  longer  pipe  e,  in  which  they  terminate,  form  together 
the  suction-pipe  in  connexion  with  the  different  pieces  of  appa- 
ratus and  with  the  air-pump  ;  it  terminates,  as  shown  in  the 
Plate,  in  the  air-tight  box  I,  in  which  terminates  also  the  pipe/' 
from  the  air-pump.  This  box  is  provided  with  an  overflow- 
pipe  for  carr^ang  oflF  the  excess  of  water  which  accumulates 
from  the  aqueous  vapour  conveyed  from  the  vessels  E^  F,  G, 
and  H  by  the  suction-pipe.  A  vacuum-gauge^  maybe  attached 
to  the  box  I;  it  would  of  course  indicate  the  vacuum  through- 
out the  entire  system  ;  but  if  it  was  considered  desirable  to 
ascertain  more  accurately  the  vacuum  in  any  one  or  all  of  the 
different  pieces  of  apparatus,  a  separate  mercurial  gauge  would 
be  required  in  connexion  with  the  particular  apparatus,  as 
will  be  presently  noticed. 

Little  further  description  is  required  as  regards  the  appa- 
ratus G  and  H ;  we  have  not  considered  it  necessary  to  illus- 
trate a  condenser  in  connexion  with  the  retort  and  receiver. 
The  filtering-apparatus  shown  is  one  for  large  non-quantitative 
operations :  if  the  filtrate  is  required,  it  will  be  seen  from  the 
drawing  that  portions  of  it  can  be  drawn  off  from  time  to 
time  by  means  of  the  tap  for  evaporation  or  for  other  pur- 
poses, whilst  the  filtration  or  washing  is  taking  place,  without 
interfering  with  the  vacuum.  It  need  scarcely  be  observed 
that  quantitative  filtrations  can  be  as  conveniently  carried  on  ; 
and  that  many  filtrations  and  distillations  are  capable,  by  this 
system,  of  being  carried  on  at  the  same  time. 
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E  consists  of  a  vessel  considerably  deeper  than  an  ordinary 
evaporating-dish  ;  the  one  we  employed  was  made  of  copper 
plated  with  silver;  but  the  metal  dish  might  be  enamelled ; 
or  the  dish  might  be  made  of  the  same  material  as  ordinary 
evaporating  dishes  are  made  of;  it  is  fitted  steam-tight  into  a 
metal  steam-jacket,  and  around  it  is  a  rim  of  sufficient  breadth 
for  a  bell-jar  to  rest  upon.  On  this  rim  and  also  on  that  of 
the  vessel  F  an  india-rubber  washer  or  collar  is  placed,  on 
which  the  bell-jar  is  fixed.  The  end  of  the  suction-pipe 
which  terminates  a  little  above  the  vessel  and  the  end  of  the 
one  in  connexion  with  the  bath  F  we  prefer  to  have  closed, 
and  to  have  the  tube  pierced  all  round  just  below  the  end  with 
small  holes  whose  united  area  is  equal  to  the  area  of  the 
tube. 

On  adjusting  the  bell-jar  and  setting  the  air-pump  to  work 
a  vacuum  is  speedily  produced  ;  and  by  conveying  either  the 
exhaust  steam,  or  the  steam  superheated,  or  a  mixture  of  the 
exhaust  and  superheated,  into  the  steam-jacket,  we  are  able 
to  obtain  different  degrees  of  temperature.  In  this  vessel 
therefore  liquids  can  be  speedily  concentrated  or  evaporated 
to  dryness,  and  organic  liquids  of  higher  boiling-points  than 
water  can  be  speedily  and  safely  dehydrated.  We  have  also 
found  it  extremely  convenient  and  useful  for  bringing  about 
chemical  combinations  Avhich  are  not  easily  brought  about 
under  ordinary  conditions. 

This  evaporating-dish,  whatever  may  be  its  form,  not  being- 
movable,  as  it  is  fixed  to  the  steam-jacket,  cannot  be  used  for 
the  evaporation  of  liquids  for  quantitative  purposes;  the  vessel 
F  is  therefore  designed  to  carry  on  these  latter  operations,  as 
well  as  for  drying  and  dehydrating  solid  substances. 

F  is  a  steam-tight  jacket,  the  upper  surface  having  dish- 
shaped  indentations  of  different  sizes  for  seating  evaporating- 
dishes  in.  As  this  vessel  is  intended  to  evaporate  liquids  in 
movable  dishes  in  vacuo  with  or  without  steam  heat,  and  also 
for  dehydrating  solid  substances  intended  for  analysis  &c.,  it 
cannot  of  course  be  employed  for  evaporating  liquids  and 
drying  solids  at  the  same  time  ;  and  therefore  where  much 
work  has  to  be  done,  a  similar  vessel,  but  with  a  flat  upper 
surface,  would  have  to  be  employed  for  drying  the  solid  bodies. 
It  will  be  seen  from  the  Plate  that,  by  a  simple  piece  of  ma- 
chinery, a  thermometer  is  so  held  that  it  can  be  introduced 
into  any  of  the  dishes  in  which  evaporation  is  to  take  place. 
F  is  provided,  like  E,  with  a  rim  on  which  the  bell-jar  is  fixed. 
At  the  bottom  of  the  steam-jackets  E  and  F  a  stopcock  is 
attached  for  carrying  off  the  water  which  is  formed  by  con- 
densation when  the  steam  is  first  turned  on  ;  the  steam,  as 
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shown  by  the  Plate,  is  carried  away  from  each  of  the  vessels 
by  the  pipes  h  into  the  escape-pipe  or  chimney  c. 

'  The  cocks  figured  in  the  Plate  show  how  the  exhaust- steam, 
or  the  steam  after  it  has  been  superheated  by  passing  through 
the  superheater  K,  or  a  mixture  of  the  two,  can  be  conveyed 
into,  or  shut  ofi"  from,  the  steam-jackets  of  the  vessels  E  and  F. 

In  order  not  to  have  to  stop  the  engine  and  air-pump  when 
it  is  desired  to  disconnect  any  one  vessel  or  apparatus  with  the 
air-pump,  a  stopcock  is  attached  to  each  branch  of  the  general 
suction-pipe  e,  and  above  these  stopcocks  are  attached  the 
special  mercurial  gauges  if  desired.  These  stopcocks  also 
enable  one  to  moderate  the  suction-action  on  any  of  the 
vessels. 

Fig.  2  (Plate  VII.)  represents  the  combination  of  the  air- 
pump  and  compression-pump;  they  can  be  worked  together, 
or  either  of  them  can  be  thrown  out  of  action  by  removing  the 
pin  which  connects  it  with  the  rod  of  the  steam-engine. 

We  think  that  in  the  future  the  chemical  action  of  bodies 
on  one  another  under  increased  and  diminished  pressures  will 
be  more  studied  than  has  yet  been  done  ;  and  we  hope  and 
expect  the  appliances  we  have  described,  as  they  will  be  always 
ready  for  use,  will  greatly  conduce  to  the  study  of  chemical 
action  under  either  or  both  of  these  conditions ;  and  therefore 
it  will  be  seen  that  we  expect  that  these  mechanical  arrange- 
ments will  have  a  much  wider  application  than  we  have  outlined. 

Our  friend  Mr.  J.  Gr.  Douglas,  B.A.,  who  has  kindly  made 
the  drawings  for  us,  has  also  most  kindly  given  us  an  approxi- 
mate estimate  of  the  cost  of  the  apparatus  ;  he  thinks  the  whole 
of  the  apparatus,  excluding  the  table,  would  not  exceed 
£50.  It  will  be  admitted,  we  think,  that  this  is  by  no  means 
costly  when  all  the  different  pieces  of  apparatus,  such  as 
stills,  air-pumps,  &c.,  that  will  be  dispensed  with  are  taken 
into  account ;  even  leaving  out  of  consideration  altogether  the 
saving  of  time  and  labour  which  will  be  effected  by  the  adop- 
tion of  these  new  laboratory  appliances. 

LX.    The  Dilatation  of  Crystals  on  Change  of  Temjyei'ature. 
By  L.  Fletcher,  M.A.,  of  the  Mineral  Department^  British 
Museum;  late  Fellow  of  University  College,  Oxford. 
[Concluded  from  p.  350.] 
Third  Part. 

WE  now  ])roceed  to  the  consideration  of  the  case  of  an 
Anorthic  crystal ;  and  the  method  we  shall  adopt  is 
one  identical  in  character  with  that  indicated  above  for  an 
Oblique  crystal. 


on  Change  of  Temperature. 
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At  the  first  temp.erature  let  the  crystallographic  axes  have 
directions  OA,  OB,  00,  and  lengths  A,  B,  0  respectively ;  at 
the  second  temperature  these  axes  will  have  taken  up  new 
positions  OA',  OB',  OC,  and  new  lengths  A',  B',  C.  As  at 
the  second  temperature  the  positions  of  the  crystal -lines  relative 
to  each  other  are  independent  of  their  absolute  position  in 
space,  let  the  crystal  be  rotated  from  its  position  at  the  second 
temperature  until  the  axis  OC  coincides  in  direction  with  00 
and  the  axial  plane  OA'C  with  the  axial  plane  OAO  :  OA' 
will  not  coincide  with  OA  nor  OB'  with  OB. 

It  will  be  convenient  first  to  calculate  in  terms  of  the  above 
quantities  the  alterations  in  magnitude  and  direction  of  a  cer- 
tain triad  of  perpendicular  lines  :  one,  OZ,  coincident  with 
00 ;  a  second,  OX,  lying  in  the  axial  plane  OAC  ;  and  the 
third,  OY,  perpendicular  to  this  plane. 

Denote  the  axial  angles  BOO,  COA,  AOB  respectively  by 
a,  )S,  7,  and  the  angle  ACB  by  C. 

I.  Let  \ijLiVi,  Xg/ia^'o,  ^sf^zv^  be  the  direction-cosines  of  OA, 
OB,  00  relative  to  the  rectangular  axes  OX,  OY,  OZ  (fig.  9). 
Then 


A 1^=  cos  AX  =  sin /3  |  .\.,=  cosBX=  sinBCcos  ACB=  siuacosC 


/zi=cosAY=    0 
v^=  cosAZ=  cos/3 


/i*2=  cos  BY=  sin  BC  sin  ACB  =  sin  a  sin  C 
v„=co8BZ  =  cos  as 


X3=cosCX=0 
jU3=cosCY=0 
v.,=  cosCZ  =1 


II.  Let  .r,  y,  z  be  the  coordinates  of  a  point  P  referred  to 
the  rectangular  axes  OX,  OY,  OZ,  and  cTi,?/i,  ~i  the  coordi- 
nates of  the  same  point  referred  to  the  oblique  axes  OA,  OB, 
00.     Then 

Substituting  the  above  values  of  Xi,  fi-^,  v^,  &c.,  we  find 

X = A'l  sin  /S  +  i/i  sin  a  cos  C, 

?/  =  ?/isinasinC, 

z  =  xi  cos  /S  +  ?/i  cos  a  +  z-^. 

III.  Find  as  a  particular  case  of  the  above  the  coordinates 
('i'l  y\  ~i)  of  each  of  the  points  X,  Y  referred  to  the  oblique  axes 
OA,  OB,  OC. 

ForX,ifOX  =  c^, 

x=^s,    y=0,     *=0: 
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whence 

s 

z^=  —scot  13. 
For  Y,  if  0Y  =  ?, 

.^•=0,     tj  =  t,     e=0; 


whence 


^  _      ^  cot  C 

A'l —         -.    3—5 
sin/3 

t 

^  smasmC 


z.=      Hcot/3cotC r— ^J- 

\  sm  0/ 


IV.  Find  the  coordinates  {x{  y{  ^xO  ^^  ^^^  of  the  points 
X',  Y'  at  the  second  temperature  relative  to  the  oblique  axes 
OA',  OB',  OC. 

For  X^ 

,_h!     _A'     s 
^'^-A  '''^-A  sTn"/3' 


For  Y' 


-   p-  S  cot  /3. 

•^1  —  _^  "^i" 

A' t  cot  C 
A    sin  /8  ' 

B'           i 

B    sin  a  sin  C 

z{  —  -Y7  Zy=  -r,  i\  cotpcotU ; — r\  )• 

C  (J    \  sin  CV 

V.  Find  the  coordinates  x; ,  y',  zf  of  each  of  the  same  points 
X',  Y'  relative  to  the  rectangular  axes  OX,  OY,  OZ. 
In  just  the  same  way  as  in  §  II.  we  find  that 

x'  =  j\'  sin  13'  -\-y{  sin  oJ  cos  C, 

?/''=_yi'sin  a!  sin  C, 

/  =  x{  cos  ;8'  +  y/  cos  aJ  +  ^/. 

Substituting  in  these  equations  the  values  of  .i'/, ///,-/  deduced 
in  §  IV.,  we  find 
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'    x'      A!  sin  &' 


and  for  Y', 


g        A  sin^ 

^  _A[  cos/3^  _  q_  cos/g. 
s        A  sin/S        C  sin/3 

x'  _  A^  sin  /3'  cos  C      B'  sin  a,'  cos  C 

^  A  sin  /8   sin  C       B  sin  a   sin  C 

y'  _  B'  sin  a'  sin  C 

^  ~  B    sin  a  sin  C 

z'  _  _A.'  cos  /S'  cos  C      C  cos  /3  cos  C 
t  A   sin  yS  sin  C        C  sin  /?  sin  C 

B'  cos  a/  G'      cos  a 


+ 


Bsin«sinC       C  sin  a  sin  C 


VI.  Hence  P,  the  coefficient  of  expansion  of  the  crystal-line 
OX,  is 

^  _1  _  A/sin^Q'  _ 

7       A"siir;s    ^' 

Q,  the  coefficient  of  expansion  of  the  crystal-line  OY,  is 
y'      1  _  B'  sin  a!  sin  C 
t  ~  B   sin  a  sin  C         ' 

and  R,  the  coefficient  of  expansion  of  the  crystal-line  OZ,  is 

c    ^• 

Also  (fig.  10),  if 

D=|-Y'OZ,    E  =  X'OX,    F=|-Y'OX, 

Ti  r/rw/      ^  A'  cos  /3'  cos  C  ,  0'  cos  B  cos  C 

t  A    sm  /3  sni  (J        C  sm  yS  sm  C 


B'       cos  x'  G' 


-t-  TT 


cos  a 


B   sin  a  sin  C         C  sin  a  sin  C' 

E  =  XOX'      =  -  =      —  QO'^/^^  _  C'  cosjS 
s  A  sin  yS        C  sin  yS' 

v^xT/      ■^''  A' sin /3' cos  C       B' sin  a' cos  C 

b  =cosXOY'=  -  =  —  -r-  ^ —     .        +  -^  -. ^— =-  . 

^  A  sm  /3  sin  0        B    sm  «  sm  C 
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VII.  As  was  pointed  out  above  (p.  347),  angular  measurement 
of  a  crystal  can  result  in  the  determination  of  only  the  ratios 
A  :  B  :  C  and  A' :  B'  :  C,  and  not  of  the  absolute  lengths  of 
the  axes.     If  the  parametral  ratios  are,  as  usual,  given  in  the 

B' 

form  a:l:c  and  a'  :  V  :  c' ,  and  ^=1 +X,  we  shall  have, 

as  before, 

A'      /-,      ^xff'      a'      ^ 
A=(l+^>a=a+^' 
G'     d     , 

Kj         C 

A!   B'    0' 
Substituting  these  values  of  -t-j  -.y?  p-  in  the  above  expres- 
sions for  P,  Q,  R,  D,  E,  F,  and  still  neglecting  small  quantities 
of  the  second  order,  it  will  be  found  that 

q  =  q  +  \,  E  =  e, 

n  =  r  +  X,  F=f, 


whe 


re 


a'  sin  8'     -,  sin  a'  sin  C''      ,  c'      ^ 

■'  a  sin  p  sin  a  sm  U  c 

_      a^  cos  8'  cos  C       c'  cos  /3  cos  C  cos  a '         c'       cos  a 


a    sin  /3  sin  C        c    sin  /3  sin  C       sin  a  sin  C       c  sin  a  sin  C 
_       a'  cosyS'       c'  cos  /3 
a  sin  /3        c  sin  /3 
.  _       a'  sin  /3'  cos  C       sin  a'cosC 
■    ~       a   sin  /3  sin  0        sin  a  sin  C 


We  have  now  determined  the  expansions  and  rotations  of 
three  crystal-lines  which  are  initially  perpendicular  in  terms 
of  the  coefficient  of  expansion  \  of  a  line  in  the  direction  OB 
and  of  the  parameters  of  the  crystal  at  the  two  temperatures. 

VIII.  Let  \i  fii  Vi,  A,2  /^2  ^2,  ^3  /*3  ^z  be  the  direction-cosines 
of  the  lines  OX',  OY',  OZ',  referred  to  the  three  rectangular 
axes  OX,  OY,  OZ  ;  OX'',  OY',  OZ'  being  the  positions  at  the 
second  temperature  of  the  crystal-lines  which  coincide  with 
OX,  OY,  OZ  at  the  first.  Then,  neglecting  squares  of  small 
quantities, 

fii  =  0,  vi  =  E=e; 
H-2  =  i,  V2  =  D=(/; 
^3  =  <N        "3=1. 


for  OX^ 

X,  =  l, 

for  OY', 

\2=F  =  /, 

for  OZ', 

\,  =  0, 
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IX.  Let  the  coordinates  of  any  point  P  at  the  first  tempera- 
ture referred  to  OX,  OY,  OZ  be  x,  y,  z;  the  coordinates  x',  y' ,  z' 
of  P',  the  position  of  P  at  the  second  temperature,  referred  to 
the  three  oblique  axes  OX',  OY',  OZ',  will  be 

But,  from  the  formulte  stated  in  §  II.,  if  ^,  ??,  ^  be  the  coordi- 
nates of  P'  referred  to  the  rectangular  axes  OX,  OY,'OZ,  we 
have 

I = \^x'  +  \^y'  +  ^3/, 

t,-vxx'  ^-v.^y'  ^-v^z'. 

Substituting  in  these  formulse  the  above  values  of./,?/',/, 
^i5  ^ij  ^\->  &c.,  we  get  (neglecting  squares  of  small  quantities) 

'  1=  (1  +y>  +  \)x  +/(1  +  (^  +  \)y^x  +  (p  +  X>  +/y, 

7;=  (l+,y  +  X)?/  =y  +  (^  +  X)y, 

^—e{\+p^\)x  +  di\+<i^\)y^{\^r  +  lC)z  =  z^ex  +  dy 

^{t^\)z; 
and,  reversing  the  formulse, 

2/  =  77-(g  +  X.)77, 

^  =  ^_^^_,Z^_(v.  +  X)^. 

X.  If  ail  the  points  P  lie  on  a  sphere  of  unit  radius  having 
the  equation  x- -{-y^ ■\-z-^=\,  all  the  points  P'  will  lie  on  an 
ellipsoid  having  the  following  equation  : — 

+  [^^-2.^t-2./.;^-2(r  +  \)r']  =  l, 
or 

The  thermic  axes,  being  the  axes  of  this  ellipsoid,  will  have  the 
same  direction  as  the  axes  of  the  quadric 

px^  +  cpf  +  rz"  +  dyz  +  ezx  +fxy  =  1 , 

all  the  coefficients  of  which  are  known  in  terms  of  the  para- 
meters, and  have,  as  shown  above,  extremely  simple  physical 
representations;  p,  q,  r  being  respectively  difterences  of  the 
expansions  of  the  lines  OX,  OY,  OZ  from  the  expansion 
along  OB,  d  the  angle  of  displacement  of  OY'  from  its  initial 
plane  XOY,  /  the  angle  of  displacement  of  the  same  line  from 
Fhil.  May.  S.  5.  Vol.  16.  No.  102.  JJeo.  1883.        2  G 
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its  initial  plane  YOZ,  and  e  the  angle  of  displacement  of  the 
line  OX'  from  its  initial  position  OX. 

We  may  here  conveniently  point  out  that  the  above  proves  the 
truth  of  the  remark  made  on  page  279 — that  if  squares  of  small 
quantities  be  neglected,  the  equations  for  the  determination 
of  the  thermic  axes  will  be  identical  whether  the  lower  or  the 
higher  temperature  be  the  starting-point.  In  fact,  if  we  pro- 
ceed from  the  higher  to  the  lower  temperature,  each  one  of  the 
coefficients^^,  q,  r,  d,  e',/retains  its  numerical  value  but  changes 
its  sign,  and  the  same  quadric  can  be  used  for  the  determina- 
tion of  the  axes.  But  as  this  quadric  always  gives  the  positions 
of  the  axes  for  the  final  temperature,  it  will  give  in  this  case 
the  position,  not  at  the  higher,  but  at  the  lower  temperature. 

XI.  Whatever  be  the  value  of  k,  the  principal  axes  of  the 
series  of  quadrics 

k{£  +y^  +  z^)  -^px^  +  q]/^  +  rz^  +  dyz  +  ezx  +fxy  —  1 

have  the  same  directions;  we  may  thus  diminish  the  labour 
of  numerical  calculation  by  making  k-\-r  vanish,  and  finding 
the  axes  of  the  coaxal  quadric 

(jy—r)^^  +  {q — r)y'  +  dyz  +  ezx  +fxy=^l. 

By  comparison  of  numerical  results  the  equations  given  by 
Neumann  for  the  determination  of  the  thermic  axes  are  found 
to  refer  to  this  particular  quadric. 

XII.  Without  \  being  known,  the  relative  angular  dis- 
placement of  a  given  line  OP  can  be  determined. 

From  the  above  equations  (§  IX.)  we  can  write 

^^a+p  +  X)+fy        , 

V        y{l  +  q+^)        y^'^^    ^^   '^' 

and 

K      z(l+r  +  \)  +  ex  +  dy      z  ,^  ^       i 

t 

from  which  cos  P'X=     , —       .  &c.    can   be    calculated. 

When  y  is  zero  or  very  small,  we  must  use  the  corresponding 
equations  wherein  y  does  not  appear  as  a  denominator  : 
namely, 

K  ^  <l+r  +  \)  +  g^-  +  ^j/  ^  ^.(1+^— P)+^^-<-^ 
f-'     x{\+p^\)^fy  ^^.y_ 

*'  X 

x^  ^'     •'  X  X  X 
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iiud 

XIII.  To  find  the  position  at  the  first  temperature  of  a  line 
for  which  the  position  at  the  second  temperature  is  given,  the 
above  formulae  must  he  reversed.  We  then  get,  still  neglect- 
ing small  quantities  of  the  second  order, 

|=(i-?+7)|-/, 

and  (for  use  when  i)  is  small), 

!=(l_,.+^,)|+/||-d|-«, 

XIV.  The  equation  to  the  ellipsoid  at  the  second  tempe- 
rature being 

it  follows  that  the  radius  vector  OP^(  =  /o)  having  direction- 
cosines  /,  ??i,  n  is  given  bv  the  equation 

~v,  =1  —  2X  —  2(  liV'  +  qm-  +  vn^  +  dm  +  e)il  +  flm), 

r 

whence 

p  —  1  =  X  +  pP  +  qm^  +  rrv'  +  dmn  +  enl  +flm. 

The  absolute  coefficient  of  expansion  for  the  crystal-line  having 
the  direction  /  m  n  is  therefore  given  by  the  right-hand  side  of 
this  equation,  in  which  \  represents  the  absolute  coefficient  of 
expansion  of  the  crystal-line  OB. 

If  the  absolute  coefficient  of  expansion  of  a  given  line  of  the 
crystal  be  determined  by  any  method,  the  unknown  quantity 
\  in  the  above  formula  can  be  eliminated. 


XV.  We  now  proceed  to  apply  this  method  to  the  calcula- 
tion of  the  thermic  axes  of  anorthite. 

The  following  Table  gives  the  parameters,  as  calculated  by 
Beckenkamp  from  the  observed  angles,  and  also  the  logarithms 
of  the  various  terms  required  in  the  calculation  of/',  q,  r,  d,  e,/. 

2  a  2 
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The  values  of  p,  q,r,d,  e,/ deduced  from  these  by  the  for- 
mulre  of  §  VII.  are  as  follows: — 


20°— 80°  C. 

20°— 140°  C. 

200—200°  C. 

1       p=+00004+i2 

+00009482 

+00017017 

j=-(>0000010 

-0-0000025 

-0-0000238 

r= -0-0000855 

-00000037 

+0-0000327 

f?= +0-0000419 

+0-0000888 

+0-0001257 

e=  +0-0001522 

f  00004701 

+0-0010007 

/= -0-0000376 

-0-0000706 

-0-0004525 

XVI.  We  may  in  the  first  place  remark  that  the  expansions 
p,  q,  r  and  the  angles  of  rotation  d,  e,  f  are  far  from  propor- 
tional to  the  changes  of  temperature  ;  /"  in  fact  is  greater  at 
J  40°  C.  than  at  80°  C.  and  200°  C. 

The  thermic  axes  for  the  different  pairs  of  temperatures  are 
the  axes  of  the  following  quadrics  (§  XL)  : — 
20°—  80°       .530.^2^.84,^2^   42^^  _^   lb2zx-  38.i'^  =  l, 
20°— 140°       952a'2+/     +   89?/£+   470^.?--  llxy  =  l, 
20°— 200°     lQiS9)aP-blir  +  UQyz+imizx-^b2xij==l. 

It  will  be  found  that  the  values  of  A/  &c.  used  by  Becken- 
kamp  (p.  278)  corresponi]  to  the  following  quadrics: — 

20°—  80°       .520.r2  +  84/+   42j/~+    Ihlzx-  37^j/  =  l, 

20°— 140°       952.1-2+/     +   88^r+   467-.^-  70.ct/  =  1, 

20°— 200°     1668.i;2-57/  + 12%  +  1000£^T-451.^?/  =  1; 

and  these  are  virtually  the  same  as  the  equations  just  given. 

XVII.  Owing  to  this  identity  of  the  equations  as  calculated 
by  these  different  methods,  it  was  at  first  intended  to  assume  the 
accuracy  of  the  remainder  of  Beckenkamp's  calculations  of  the 
axes  of  the  20° — 200°  C.  quadric,  and  to  calculate  therefrom  the 
variation  in  the  angles  between  these  lines  at  80°  C.  and  140°  C. 
It  was  found,  however,  that  from  some  cause  or  other  the 
angles  between  the  lines  given  bv  him  are  not  quite  right 
angles;  and  in  fact  it  will  be  found  that  if  L'",  M'",  N'"  be  the 
positions  at  200°  C.  of  the  thermic  axes  for  the  pair  of  tempera- 
tures 20°— 200°  C,  the  logarithms  of  cos  L"'X,  cos  L"'Y, 
&c.  given  by  Beckenkamp  lead  to  the  angles   90°  — 16"'87, 
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90_78"'01,  90°+73"-86  for  L"'M"',  M'"N"',  N"'L"'  respec- 
tively instead  of  90°. 

As  the  variations  of  the  angles  between  these  same  lines  at 
80°  C.  and  140°  C.was  expected  to  be  only  a  few  seconds,  it  was 
necessary  to  find  out  to  what  the  above  differences  are  due, 
and  for  this  it  was  practically  the  more  convenient  course  to 
recalculate  the  axes  of  the  quadric;  the  conclusion  being  that 
the  lines  given  by  Beckenkamp,  though  not  quite  at  right 
angles,  are  close  approximations  to  the  thermic  axes,  differing 
only  therefrom  by  small  angles,  probably  due  to  the  fact  that, 
as  the  roots  of  the  cubic  equation  are  only  approximate,  the 
axial  equations  are,  on  the  substitution  of  each  of  the  values  of 
r,  only  approximately  consistent  with  each  other.  Indeed, 
there  is  considerable  difficulty  in  obtaining  the  final  angles 
accurate  to  seconds  with  the  aid  of  seven-figure  logarithms. 
As,  however,  the  quadric  itself  is  only  obtained  by  neglecting 
squares  of  small  quantities,  such  precision  is  really  unneces- 
sary, and  it  will  be  quite  sufficient  for  our  purpose  to  calculate 
the  positions  of  three  lines  exactly  at  right  angles  to  each 
other,  and  as  near  as  possible  to  the  lines  just  determined. 
For  the  convenience  of  future  verification,  w-e  give  the  more 
important  numbers  obtained  in  this  calculation. 

XVIII.  The  equation  to  the  20°— 200°  C.  quadric  being 

1669^2_57^2^.  ]^26?/2  +  1001^a'-452a'^=  1, 

the  directions  of  the  principal  axes  are  to  be  determined  in  the 
usual  way  from  the  following  equations  : — 

(1)  3338a- -452^ +  1001^=7'^, 

(2)  -452^'- 114?/+    UQz^ry, 

(3)  1001a'+126?/  =tz; 

m  which,  since  the  equations  are  simultaneously  consistent, 
r  must  be  a  root  of  the  following  cubic 


3338-r         -452        lOOl 

-452  -114-r     126 

1001  126  -r 


=  0, 


or 

,.3_3224?'2-i602713r  +  52783878  =  0. 

The  roots  of  this  equation,  to  the  first  place  of  decimals,  are 
+  3658-2  +31-0  -465-2; 
(^ach  of  these  roots  corres[)onds  to  one  of  the  thermic  axes 
which  are  denoted  respectively  as  h'",  M'",  N'^'.  As  it  was 
found  that  these  roots  are  not  sufficiently  approximate  to  give 
the  final  angles  accurately  to  seconds,  the  axes  were  deter- 
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mined  by  the  substitution  of  the  vakies  of  r,  not  in  a  single 
pair  but  in  each  of  the  three  pairs  of  equations,  the  mean 
result  lieing  taken  as  the  true  value.  _ 

T'or  brevity,  the  angle  (tt— PX)  is  denoted  by  PX,  and 
thus  —cos  PX  by  cos  PX. 

(fl)  To  find  U" ,  the  axis  corresponding  to  the  root  +  3658'2. 

Substituting  for  r  the  value  +o658*2,  and  solving  for 
X  :  y  :  z  or  cos  L'''X  :  cos  U"Y  :  cos  U"Z,  we  get  from  the 
respective  pairs  of  equations  (1,  2),  (2,  3),  (3,  1): — 


(1.2)  X 

(2.3)  X 
(3,1)  X 

whence 


1859510-1 

984541-9 

1527380-4 


-206053-4    :  501777-22, 
-109098-6    :  265644-3, 
-169354-64  :  412106-8; 


logcosL"'X. 

(1.2)  9-9822662-1, 

(2.3)  9-9822692-7, 
(3,1)  9-9822665-0, 


log  COS  L'"  Y. 
9-0268474-4, 
9-0268542-4, 
9-0271163-7, 


logcosL"'Z. 
9-4133786-1, 
9-4133355-4, 
9-4133290-3; 


whence,takingthe  mean,  we  have  from  the  equations  (1,2,3): — 
log  cos  L"'X,  9-9822673-3;     log  cos  L"'Y,  9-0269393-5; 
logcosL"'Z,  9-4133477-3. 

{!))  To  find  M'",  the  axis  corresponding  to  the  root  +31. 
Proceeding  as  before,  we  find 


(1.2)  x:y:z 

(2.3)  x:y:z 
(3,1)  X  '.y  -.z 

whence  _ 

logcosM"'X. 

(1,2)  8-9003438-5 

r2,3)  8-9005463-7 

(3,1)  8-9004600-8 

And  for  mean, 

(1,2,3)  8-9004501-0 


-88193  :    869134  :  683819, 

-11381  :    112114  :    88193, 

-112114  :  1104518  :  869134; 


log  cos  M"'Y. 
9-8939964-5 
9-8940258-5 
9-8939729-7 


logcosM"'Z. 
9-7898509-1 
9-7898000-7 
9-7898869-0 


9-8939984-2    9-7898459-6; 


(c)  To  find  N"',  the  axis  corresponding  to  the  root  —465*2. 
Proceeding  as  before,  we  find 


(1,2)  x:y 

Z    I 

:  204251-6 

:  465827-60  : 

-565689-92, 

(2,3)  x:y 

z   : 

:  73751-12 

:  168198-20  : 

-204251-60, 

(3,1)  x:y 

z   : 

:  336396-4 

:  767247-64  : 

-931655-20, 
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whence 


logcosN"'X. 

(1.2)  9-4289315-4 

(2.3)  9-4289430-7 
(3,1)  9-4289274-6 

And  for  mean, 

(1,2,3)  9-4289340-2 


logcosN"'Y. 
9-7869912-9 

9-7869958-2 
9-7870116-5 

9-7869995-9 


logcosN"'Z. 
9-87 13444-9 
9-8713399-5 
9-87 13313-4 

9-8713385-9. 


It  will  be  found  by  actual  calculation  that,  in  each  of  the 
three  cases,  the  sum  of  the  squares  of  the  cosines  corre- 
sponding to  the  above  mean  logarithms  is  unity. 

The  angles  L"'M"',  M"'N"',  N"'L"'  calculated  from  these 
mean  logarithms  will  be  found  to  be  respectively  90°  +  fi", 
90° +  9",  90° -3",  and  thus  still  diifer  from  90°. 

From  the  fact  that  the  values  determined  from  the  different 
pairs  of  equations  present  in  each  case  only  small  differences, 
we  conclude  that  the  above  mean  direction-cosines  cannot  be 
very  far  from  precise;  and,  further,  that  it  will  be  as  lal)orious 
as  useless  to  attempt  to  obtain  a  nearer  approximation  by  the 
help  of  seven-figure  logarithm-tables.  We  shall  therefore  now 
content  ourselves,  after  thus  proving  that  the  differences  are 
accounted  for  by  the  neglect  of  small  quantities  of  the  second 
order,  wdth  finding  a  set  of  lines  exactly  perpendicular  to  each 
other,  and  as  nearlv  as  possible  coincident  Avith  the  above 
positions  of  L'",  M'"",  N'". 

It  will  be  found  that  such  a  triad  of  lines  is  defined  by  the 
numbers  given  below: — 


logcosL"'X9-9822675-4 
logcosM"'XS-9002688-0 
logcosN"'X9-4289635-6 


logcosL"'Z9-4133462-5 
]ogcosM"'Z9-78984o9-4 
logcosN'"Z9-8713562-8 


logcosL'"Y9-02r)9392-4 
logcosM"'Y9-8940013-0 
logcosN"'Y9-7869661-7 

And  we  shall  henceforth  adopt  these  lines  as  the  positions  at 
200°  C.  of  the  lines  which  are  at  right  angles  both  at  20°  C.  and 
200°  C.  As  has  been  pointed  out  above,  they  may,  to  the  same 
degree  of  approximation,  be  regarded  as  the  positions  at  20°  C. 
of  the  lines  which  are  at  right  angles  at  the  same  pair  of 
temperatures. 

XIX.  Before  we  proceed  to  determine  the  variation  of  the 
angles  between  these  lines  at  the  several  temperatures,  we  shall 
put  on  their  trial  the  formula  to  be  used.  For  this  purpose 
we  shall  calculate,  with  the  help  of  the  values  of/),  q,  r,  d,  e,f 
given  in  §  XV.,  the  angles  between  the  crystnllographie  axes 
at  20°  C.  from  the  angles  at  200°  C,  and  compare  them  with  the 
values  given  by  Beckenkamp. 


on  Cliange  of  Teni'perahiTe.  425 

The  direction-cosines  of  A'",  B'",  C"  are  defined   by  the 
following  numbers  (§§!.&  XV.) : — 

logcosA"'X=9-9543897-7,      cosA'"Y=0,        "       ■logcosA"'Z=9-6387478-0; 

logcosB"'X=8-7111119-6,logcosB"'Y=9-9987746-4,logcosB"'Z=8-7373442-7; 
cosC"'X=0,  cosC'"Y=0,  cosC'"Z=l  ; 

for  from  these  we  find 

Beckenkamp. 

B"'C"'     ...       93     7  51-6  9°3     7  51-6 

C"'A"'    .     .     .     115  48     6-4  115  48     6-4 

A"'B"'     ...       91  17  25-1  91  17  25*1 

(a)  To  find  A,  the  position  of  A'"  at  20°  0. 
Let  A  be  xy  z^  and  A'"  be  ^'>?^,  where  y^siir)  =  0.     In  this 
case  the  formula  of  §  XIII.  becomes 

i  =  (l-,.+rt|-«. 

We  have  seen  (§  XV.)  that  for  the  temperatures  20°— 200°  C, 
^=+•0017017,     f/=+-0001257, 
q=  --0000238,     e=  +  -0010007, 
r  =  +  -0000327,     /=  -  -0004525; 


whence 


-  =  1-001669|--0010007; 


and  substituting  the  values  of  -p  or ttttv  given  above,  we 

find  ^       cos  A  A 

log  cosAX,  9-9540818-3;  cosAY=0;  log cosAZ,  9-6400605-8. 

(b)  To  find  B,  the  position  of  B'"  at  20°  C. 
Since  y  is  not  small,  we  may  here  conveniently  use  the 
formulfe  (§  XIII.) 

'-   =(l-p  +  ^)i-/, 
y        ^        -'        '    77     ■ 

"  =  (l-r  +  q)  ^-e^-d; 
y  V        V 

which  on  substitution  become 

-=-9982745^  + -0004525, 
y  V 

^=-9999435-?--0010007^--0001257; 
;/  V  V 
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whence 

log  cos  BX,  8'7065376-^;     log  cos  BY,  9- 9987849-7; 
logcosBZ,  8-7379172-1. 

From  the  logarithms  given  in  {a)  and  {h)  we  find 

Beclienkamp. 


BC  .  . 

.   93  8  6-5 

93  8  6-6 

CA  .  . 

.  115  53  8-4 

115  53  8-4 

AB  .  . 

.   91  15  17-0 

91  15  17-1 

a  result  which  shows  that  the  formulae  of  §  XIII.  are  so  far 
perfectly  satisfactory. 

XX.  We  now  proceed  to  determine  the  relative  positions 
L  M  N,  L'  M'  W,  V  W  W  of  the  lines  V"  W"  W  at  20°  C, 
80°  C,  and  140°  C.  respectively. 

(a)  To  find  the  positions  L  M  N  at  20°  C. 

If  OP''',  0^  ?,  and  OP,  xy  z  be  positions  of  the  same  crystal- 
line at  20°  C.  and  200°  C.  respectively,  then,  from  §  XIX.  (5), 

-  =0-9982745^  + -0004525 

^  =0-9999435-^ --0010007^  -  -0001257. 
y  V  V 

Substituting  in  these  formulas  the    values  of  the   Jirection- 
cosines  given  in  §  XVIII.,  we  deduce 


log  COS  LY,  9-0277586-8 
log  cos  MY,  9-8940320  2 
log  cos  NY,  9-7868904-4 


log  cos  LZ,  9-4125499-3 
log  cos  MZ,  9-7898387-6 
log  cos  NZ,  9-8714577-9 


log  cos  LX,  9-9823151 -8 
log  cos  MX,  8-8976047-8 
log  cos  NX,  9-4285864-8 
whence 
LM  =  90°  +  0"-08,     MN=90°  +  0"-02,    NL  =  90°-F  0"-18: 

thus  confirming  the  statement  that  the  above  lines  are  virtually 
at  right  angles  both  at  20°  C.  and  200°  C. 

Q))  To  find  the  positions  V  W  W  at  80°  C. 

For  20°— 80°  C,  according  to  §  XV., 

p-^=  + -0004452,    /=  --0000376, 
7'-^=- -0000845,    e=  +  -0001522,     ft'  =  -0000419; 
and  we  have  from  §  XII.,  if  P'  be  ^rj^,  and  P  be  xyz,  as  before, 

?-(l+V.-.7)-+/, 
^     V  ''y     '  ' 

-^=(l  +  r-5)~  +e-  +d, 

V  y     y 
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or 


on  Change  of  Temperature. 

^-  =  1-0004452  ---0000376, 
V  y 

?  =0-9999155- +-0001522-+-0000419. 

"1  y  y 

Substituting  for  -  -  the   values  given  in  §   XX.  (a)  for  the 
lines  L  M  N  respectively,  we  find: — 


log  COS  L'Y,  9-0275653-8 
logcosM'Y,  9-8940381-5 
logcosN'Y;  9-7869209-() 


log  cos  L'Z,  94125578-3 
log  cos  M'Z,  9-789S228-7 
log  cos  N'Z,  9-8714128-4 


31"-65. 


logcosL'X,  9-9823170-0 

logcosM'X;  8-8979fi6(>7 

logcosN'X,  9-4287729-9 

whence 

L'M'=90°  +  6"-35,   M'N'=90°  +  16"-08,  N'L'  =  90 

(c)  To  find  the  positions  V  W  W  at  140°  C. 

For  20°— 140°  C, 

p-q=.  +  -0001)507,    /'=  --0000706, 
r-q=  --0000012,     tf  =  +  -0004701,    rf=  +  '0000888; 
whence 


=  1-0009507     -'0000706, 

y 

=  0'9999988  -+'0004701-  +'0000888, 


y 


y 


log  cos  L"Y,  9-0273255-7 
logcosM"Y,  9-8940190-7 
logcosN'T,  9-78f)9243-4 


log  cos  L"Z,  9-41 28578-9 
logcosM"Z,  9-7898481-1 
logcosN"Z,  9-8713857 -5 


and 

log  COS  L"X,  9-9822981-8 
logcosM'-X,  8-8983082-1 
logcosN"X;  9-4289631-7 

from  which  we  find 

\J'W'  =  90°- 1 6'''89,      WW  =  90°  +  7'''53, 
N"L''  =  90°  +  35''-01. 

((/)  To  find  the  positions  L'"  M"'  N'"  at  200°  C,  given  the 
positions  L  M  N  at  20°  C. 

This  calculation  will  serve  merely  to  test  the  influence  of 
small  quantities  of  the  second  order  on  the  reversal  of  the 
formulse. 

For  20°— 200°  C, 

p-^=+ -0017255, 

r-7= +'0000565,  g= +'0010007, 

whence 


/= --0004525, 
f/=+-0001257: 


^=1-0017255- --0004525, 
-n  y 

?  =  1-0000565  -  +  -0010007  -  +  -0001257, 
•n  y  y 
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and 


log  COS  L'"X,  9-9822675-1 
logcosM"'X,  8-9002634-3 
logco8]S'"'X,  9-4289636-6 


log  cos  L'"Z,  9-4133446-3 
logcosM"'Z,  9-7898455-7 
logcosN"'Z,  9-8713569-4 


log  cos  L"'Y,  9-0269404-6 

logcosM"'Y,  9-8940005-5 

logcosX"'Y,  9-7869667-7 
which  are  almost  identical  with  the  original  values  given  in 
§  XVIII. 

XXI.  For  convenience  we  here  tabulate  the  above  variations 
from  110°  of  the  angles  between  the  crystal-hnes  L,  M,  N  at 
the  different  temperatures  : — 

Variation  of        LM.  MN.  LN. 

At    26  c.  ...  6  0  0 

„      80  C.  ...  +    H  +16  +32 

„    140  C.  ...  -17  +   8  +35 

„    200  c.  ...  0  0  0 

The  variations  at  80°  C.  and  140°  C.  of  the  angles  between 
the  three  crystal-lines  which  are  at  right  angles  both  at 
20°  C.  and  200°  C.  are  thus  very  small ;  even  if  parameters 
determined  by  experiment  are  accepted  as  perfectly  accurate. 

XXII.  Proceeding  in  exactly  the  same  way  we  have  cal- 
culated the  positions  of  the  lines  which  are  at  right  angles 
both  at  20°  C.  and  80°  C,  and  find  that  they  are  virtually 
coincident  with  those  calculated  by  Beckenkamp  ;  hence  we 
infer  that  he  is  correct  in  stating  that  the  directions  of  the 
thermic  axes  as  calculated  from  his  measurements  widely  differ 
for  the  two  pairs  of  temperatures. 

XXIII.  The  variations  tabulated  in  §  XXI.  are,  however, 
sufficient  to  prove  that  even  this  wide  difference  of  about  'I^^^ 
results  from  changes  in  the  relative  inclinations  of  LMN  so 
small  that  they  might  be  accounted  for  by  the  minute  errors 
incidental  to  the  measurement  of  the  angles.  In  the  first 
place,  although  single  seconds  were  read  off  by  the  micro- 
scope, an  angle,  when  determined  with  a  rising  temperature, 
varied  in  some  cases  from  that  determined  with  a  falling 
temperature  by  as  much  as  10",  the  average  variation  being 
6"'l ;  secondly,  the  corrections  derived  according  to  the 
method  of  least  squares  and  applied  by  Beckenkamp  to  the 
measured  angles  have  an  average  value  of  3"*2  and  reach  a 
positive  maximum  of  9"'7  and  a  negative  maximum  of  —  8"'7; 
thirdlv,  although  it  is  not  impossibL',  still  it  is  curious  that 
the  pair  of  lines  LM  should  be  at  right  angles  not  only  at 
20°  C.  and  200°  C.  but  also  at  a  third  temperatui-e  between 
80°  C.  and  140°  C;  and  lastly,  as  Beckenkamp  points  out  in 
the  later  paper,  there  may  be  a  minute  distortion    of  the 
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crystal  owing  to  the  heating-effect  of  the  rays  concentrated 
on  one  side  during  the  measurement  of  an  angle. 

In  bringing  to  a  close  this  paper,  of  which  the  latter  part 
has  been  given  up  to  a  critical  examination  of  the  important 
results  obtained  by  Beckeukamp,  we  beg  to  express  on  behalf 
of  the  students  of  crystals  our  hearty  thanks  for  the  series 
of  careful  observations  made  by  him  with  the  elaborate  in- 
strument belonging  to  the  University  of  Strasburg  ;  and  we 
may  add  that  the  labour  involved  in  the  interpretation  of  his 
measurements  will  only  be  fully  appreciated  by  those  who  may 
be  attracted  by  the  subject  to  repeat  some  of  the  calculations. 


LXI.   On  Lines  of  no  Chemical  Change.     By  Edmund  J. 
Mills,  D.Sc,  F.R.S.,  and  William  M'D.  Mackey*. 

[Plate  Vni.] 

MOST  of  the  chemical  changes  we  ordinarily  observe  are 
examined  either  in  their  course  or  at  their  termination; 
but  although  it  is  clear  that  they  must  have  a  beginning,  the 
beginning  is  extremely  difficult  as  a  mental  conception,  and 
quite  inaccessible  to  direct  experiment. 

We  have  considered  it  of  great  interest  to  determine  in  cer- 
tain cases  the  "  origin  "  of  chemical  change,  such  origin  being 
obviously  identifiable  in  many  instances  with  a  line  of  no 
chemical  change. 

The  substances  selected  for  reaction  were  aqueous  hydric 
sulphate  and  zinc,  brought  in  contact  under  definite  conditions. 
Supposing  the  temperature  to  remain  constant,  and  hydrogen 
to  be  evolved  from  the  unrenewed  reagents,  the  gas  will,  as  is 
well  known,  cease  to  appear  when  the  hydric  sulphate  has 
been  partially  exhausted.  If  y  be  the  percentage  strength  of 
the  sulphate  (H2  SO4)  and  x  the  amount  of  gas  evolved,  we 
can  express  y  in  terms  of  x  (provided  the  experimental  num- 
bers lie  sufficiently  near  to  the  origin)  by  the  equation 

yz=a  +  hx  +  cx"^, 

where  a,  h,  c  are  constants  to  be  calculated  from  three  expe- 
riments at  least.  Then  putting  x=0,  we  obtain  the  value  a 
for  y:  this  value  is  a  point  on  the  line  of  no  chemical  change. 
Other  points  can  be  similarly  obtained  at  other  constant 
temperatures  ;  and  when  these  are  all  continuously  joined,  the 
result  is  the  line  of  no  chemical  change  for  the  hydrogen 
reaction  as  a  function  of  strength  and  temperature.  We  have 
always  used  three  experiments  and  three  terms  of  Taylor's 
*  CommuDicated  bv  the  Authors. 
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series;  having  found  these  sufficient  to  enable  us  to  draw, 
with  fair  approximate  accuracy,  the  line  of  which  we  were  in 
quest*. 

The  zinc  we  employed  was  prepared  electrolytically  from  a 
solution  of  highly  purified  acetate,  pressed  together,  and  then 
rapidly  melted  in  a  porcelain  crucible  by  the  heat  of  an  alcohol 
flame.  It  was  then  flattened  out  between  recently  polished 
steel  surfaces  until  almost  exactly  0'5  millim.  thick  ;  ribbon- 
shaped  pieces  cut  from  it,  1  millim.  wide  and  weighing  0*5 
grm.,  were  coiled  in  the  form  of  a  short  helix.  Each  zinc, 
before  immersion  in  the  experimental  liquid,  was  dipped  in 
alcoholic  potash  for  three  minutes,  rapidly  washed  with  water, 
and  drained  on  clear  filter-paper;  the  metal  Avas  thus  perfectly 
cleaned  AAnthout  material  loss.  A  fresh  zinc  was  used  for  each 
experiment. 

The  hydric  sulphate  was  prepared  by  fractional  distillation 
from  an  extremely  pure  purchased  sample.  We  failed  to 
detect  in  it  any  foreign  body  excepting  water.  As  the  basis 
of  our  apparatus,  we  employed  a  constant-temperature  bath, 
designed  by  one  of  us  some  time  since  (Edinb.  Phil.  Trans. 
1881,  p.  .567,  to  which  place  we  refer  for  a  detailed  drawing 
and  description  of  the  instrument).  Into  the  central  or  "  con- 
stant" compartment  of  this  bath  we  introduced,  as  will  be 
seen  in  the  Plate,  a  glass  tube  (15  x  155  millim.)  closed  at  one 
end,  which  always  held  5  cub.  cent,  of  the  sulphate  under 
examination.  Thermometer  40803,  on  which  0*01  C.  could 
be  read  by  estimation,  was  next  inserted,  and  when  this 
showed  a  sensibly  constant  temperature  the  zinc  helix  was 
dropped  in.  The  delivery-cap  (see  Plate  VIII.  fig.  1)  was  now 
slid  down  over  the  reaction-tube,  its  point  inserted  under  the 
collecting-cylinder,  and  time  noted  when  the  first  bubble  of 
gas  came  off.  The  bubbles  were  in  all  cases  very  small. 
In  some  cases,  especially  in  the  first  three  or  four  sets  of 
experiments,  the  cessation  of  the  reaction  was  difficult  to 
observe.  In  these  the  gas  came  off  sluggishly  during  the 
first  minute,  rose  to  a  maximum  of  delivery-rate  during  the 
third  or  fourth  minute,  and  then  gradually  became  slower. 
It  is  among  these  groups  that  the  longest  times  were  recorded; 
and  chemical  change  was  considered  to  have  ceased  when  the 
rate  fell  below  one  bubble  a  minute.  In  the  other  sets,  on 
the  contrary,  there  was  no  difficulty  in  determining  the  point 
of  termination  ;  action  commenced  briskly  at  once,  and  con- 
cluded with  considerable  abruptness.  It  will  be  observed  that, 
as  the  temperature  rises,  the  time  (as  might  have  been  ex- 
pected) diminishes.  All  our  experiments  were  performed  as 
*  Compare  Set  IX.,  exp.  1  in  Table  I.,  with  the  subsequent  values  of  a. 
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above  described,  except  those  corresponding  to  t°='S4:  :  in 
these  (as  shown  ^'n  fig.  2)  the  reaction-tube  was  inserted  in  a 
test-tube  containing  Avater  and  surrounded  by  melting  ice. 

Our  temperatures  are  corrected  for  zero  error  and  exposure, 
and  refer  to  the  mercurial  thermometer. 

In  the  following  Table  (I.)  we  have  collected  the  results  of 
our  experiments,  recording  under  each  group  the  correspond- 
ing equation. 

Table  I. 


] 

[nitialtem-    ^^'''^S'' 
,             tempera- 
perafcure.          ^^^^ 

Percentage  ^^^;^^^^_  i 

^^^TfJ^^gas  evolved.' 
sulphate.    °                    i 

Time,  in 
minutes. 

-1 

\ 

0                1              o 

•68      1           -82 
•78     '          -91 
-66     ,          -80 

1 
58-42      ■      21-68 
58-22           34-34 
57-28           7955 

19 

25 

100 

^ = 58-706  -  -010964  x  -  -000089320  x": 

M 

7-59 
8-68 
8-80 

8-57 
8-74 
8-69 

58-22            17-49 
56-65            54-06 
56-08          120-61 

12 

50 

125 

^=59-286 --066776  a^-j- -00033327  x^ 

"1 

15-78 
15-70 
15-70 

15-80 
15-59 
15-67 

56-65     1 
56-08 
54-61      1 

16-11 

75-88 
1.55-08      ! 

13 
50 
90 

y  =  56-724  -  00035633  x  -  -000064935 . 

i;-2. 

IV.  -! 

1 

21-08 
21-11 
21-05 
21-00 

21-08 
21-09 
21-05 
20-96 

56-65              1-80 
56-08            22-42 
55-98            28-55 
54-61            75-91 

u 

14 

45 

y = 56-718  -  -037049  ^-|-  -00038836  x\ 

'1 

26-80 
27-00 
27-18 

26-99 
27-01 
27-12 

54-61 
54-36 
53-86 ' 

37-02 

53-45 

119-45 

16 
19 
60 

y = 55-357  -  -023603  x+ -000092698  x 

2 

...i 

35-24 
35-33 
35-32 

35-21 
35-25 
35-29 

54-36 
53-86 
53-34 

44-21 
46-52 
69-64 

10 
13 
20 

y = 79-621  -  -90869  x+ -0076292  x^-. 

VII.  ', 

43-15            4309            54-36     1       14-29 
43-13            43-16            53-86            43-59 
43-03      '      43-17      1      53-34            62-64 

^  =  54-472--0048164a'--00021162a 

5 
7 
8 

VIII.   ' 

51-57 
51-93 

51-85 

51-62 
51-90 
51-99 

53-86 
53-34 
52-60 

22-03 
28-98 
50-71 

4 
4 

5 

1 

y  =  56-416  -  -14733  ^-+-0014733  x\ 
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Table  II.  contains  the  "  average  temperatures  "  t,  and  the 
corresponding  zero-points  s  of  percentage  strength. 

Table  II. 


t. 

s. 

Zero  strength 

Zero  strength. 

calculated. 

°-84 

58-71 

.58-15 

8-67 

59-29 

67-95 

15-69 

66-72 

57-95 

21-07 

56-72 

57-19 

27-04 

65-36 

55-88 

35-25 

79-62 

79-62 

35-25 

79-62 

79-62 

43-14 

54-47 

54-60 

51-84 

56-42 

56-30 

Probable  error  of  a  single  comparison  with  theory  of  the 
first  six  strengths,  "56;  or  "92  per  cent,  on  the  average  strength. 

As  regards  the  first  portion  of  the  curve  (i.  e.  up  to  and 
including  i  =  35'25),  the  relation  between  zero-strength  s  and 
temperature  is  indicated  sufficiently  well  by  an  equation  based 
on  a  commonly  occurring  type  of  chemical  effect*, 

^,  ,^      25-15-4'3(35-25-0. 
.x=54-47+— j-^^^^^^ 

Sj  =  58*77  being  an  asymptote. 

For  the  second  or  right-hand  portion  of  the  curve  we  have 
three  experiments  only.  These  are  accurately  represented  by 
the  equation 


52=54-47  + 


25-15-3-3(^-  35-25) 
l_(^_35-25)      ' 


which  shows  that  the  second  hyperbola  tends  strongly  towards 
symmetry  with  the  first:  ^2  =  57*77  is  an  asymptote. 

The  point  of  contact  of  the  two  curves  is  necessarily  when 
5  =  79*62.     A  drawing  of  them  (fig.  3)  is  appended. 

The  percentage  strength  of  sulphate  which,  as  computed 
from  our  data,  just  prevents  action  at  35°*25  is  79*62 — a  num- 
ber decidedly  remote  from  the  experimental  values  from  which 
it  was  calculated.  We  therefore  thought  it  worth  while  to 
make  trials  with  76*55  per  cent,  sulphate  at  mean  tempera- 
tures of  35"^*35  and  35°*20  ;  in  both  cases  we  obtained  a  very 
distinct,  though  slight  evolution  oi'  gas.  These  results  add 
considerable  weight  to  the  particular  value  under  discussion. 


*  Guldberg  and  VViuiye,  Etudes,  p.  03. 
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The  nature  of  the  reaction  between  pure  aqueous  hydric 
sulphate  and  zinc  is  shown  by  our  experiments  to  be  of  a  very 
complicated  character.  Thus,  from  58*77  to  79"62  there  are 
two  temperatures  corresponding  to  every  strength ;  and 
between  strength  54*47  and  57*77  at  least,  there  are  four 
temperatures  corresponding  to  every  strength. 

The  law  of  relation  of  temperature  to  chemical  change  has 
hitherto  been  very  little  investigated.  Hood  and  Warder, 
after  some  trial  experiments,  have  regarded  chemical  effect 
as  proportional  to  the  square  of  the  temperature.  Our  own 
representation  places  temperature  on  the  footing  of  a  chemical 
reagent. 

Our  work  has  had  exclusive  reference  to  the  beginning  of 
a  chemical  reaction  ;  its  object  has  been  to  find  the  initial  line 
of  no  chemical  change.  There  is,  however,  obviously  a  ter- 
minal zero-line,  similarly  obtainable,  and  related  to  the  condi- 
tions existing  at  the  close  of  a  reaction.  Between  these  two 
lines  lies  the  surface,  on  which  would  occur  all  possible  events 
in  the  actual  process  of  change. 

It  is  our  intention  to  resume  this  investigation. 


LXII.  The  Physical  Basis  of  Probability.     By  F.  Y.  Edge- 
worth,  M.A.,  Lecturer  on  Logic  at  King^s  College,  London*. 

A  REMARKABLE  analogy  has  been  drawn  by  Donkinf 
between  the  behaviour  of  a  material  particle  tending  to 
equilibrium  under  the  influence  of  attractive  centres  of  various 
force,  and  the  determination  of  the  judgment  to  the  "  weighted 
mean  "  of  several  observations.  The  essential  feature  of  the 
analogy  is,  according  to  the  view  of  the  present  writer,  the 
circumstance  that  mental  as  well  as  mechanical  equilibrium  is 
represented  by  a  sum  of  squares.     The  expression 

g^{xi — xf  +  g^ix^ — xf  +  g^{x^ — xf  +  &c. 

represents  (t^vice)  the  potential  energy  of  a  dynamical  system 
consisting  of  centres,  at  the  points  x^,  x^,  &c.  along  a  line,  of 
attractive  force  proportioned  to  the  simple  distance  multiplied 
by  gi,  g2,  &c.  respectively.  The  same  expression  represents 
the  disadvantage  incurred  by  taking  x  as  the  real  point  from 
which  the  observations  Xi,  X2,  &c.  of  weights  respectively  gi, 
g2,  &c.  have  diverged.  But  the  representation  in  the  latter 
case  is  not  so  faithful  as  in  the  former.  The  simple  sum  of 
squares  is  not  the  measure,  but  only  the  criterion,  of  the 
psychical  quantity;  decreasing  as  it  decreases,  and  becoming 

*  Oommimicated  by  the  Author. 

t  Ashmol.  Soc.  Trans.  1844;  Liouviile,  Journ.  Math.  xv.  (1850). 
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the  least  possible  when  it  becomes  the  least  possible,  but  not 
proportional  to  it.  This  sort  of  relation  between  psychical 
quantity  and  mathematical  expression  may  be  illustrated  by 
the  mathematical  theory  of  exchange.  There  the  forces  at 
work,  the  tastes  of  the  buyers  ard  sellers,  are  of  inconceivable 
complexity.  Yet  the  position  of  equilibrium  is  characterized 
by  a  feature  of  geometrical  simplicity,  uniformity  of  rate-of- 
exchange.  This  possibility  of  mathematically  representing 
maximum  advantage  is  due  to  the  same  cause  in  the  market 
as  in  the  observatory  :  what  may  be  called  the  law  of  great 
numbers.  The  sum  of  squares  above  written  makes  its  ap- 
pearance in  virtue  of  the  exponential  law  of  error  or  proba- 
bility-curve incidental  to  the  Method  of  Least  Squares  ;  and 
this  simple  form  arises  when  the  observations  are  independent 
of  each  other  and  indefinitely  *  numerous.  Similarly  the  law 
of  unity  of  price  holds  good  where  the  competitors  are  iude- 
perdeut  and  indefinitely  numerous.  In  both  cases  uniformity 
is  due  to  plurality;  definite  order  to  infinite  numbers. 

It  follows  from  this  view  that  Donkin's  representation  of 
the  forces  of  the  intellectual  machine  is  (except  at  the  vanish- 
ing-point of  equilibrium)  nugatory.  There  is  no  correspond- 
ence between  a  force  proportional  to  the  simple  distance  and 
the  mvsterious  nleasure-force  which  u/ges  us  to  choose  the 
most  advantageous  value.  So,  too,  it  would  be  easy  to  en- 
hance the  geometricalf  representation  of  the  field  of  com- 
petition by  introducing  the  assumption  that  each  economic 
atom  is  urged  to  objects  of  gratification  according  to  some 
simple  law-  of  force.  But  the  assumption  would  be  destitute 
of  scientific  value. 

The  real  point  of  union  between  the  things  compared  by 
Donkin  is  the  correspondence  between  the  tendency  of  a  me- 
chanical system  to  maximum  (kinetic,  minimun  potential) 
energy  and  the  tendency  of  volition  to  maximum  pleasure. 
This  seems  to  be  the  physical  basis  of  volition,  and  if  so,  of 
belief,  with  which,  upon  a  plausible  J  theory,  volition  may  almost 
be  identified.  No  doubt  it  is  difficult  to  refer  all  acts  of  will 
to  one  and  the  same  law  of  maximum  pleasure ;  it  is  not  easy 
to  refer  some  actions  to  any  such  law.  It  is  difficult  also  to 
identify  all  the  energy-principles  of  mathematical  physics  ; 
and  one  of  the  most  important  (the  Principle  of  Least  Action) 
may  seem  to  hold  good  only  in  cases  of  a  certain  simplicity — 

*  Infinite  relatively  to  the  limits  of  a  single  obser\  ation  ;  as  indicated 
in  the  postscript  of  the  article  on  the  Law  of  Error,  Phil.  Mag.  Oct.  1883. 

t  The  reader  is  referred  here  and  throng Iiout  this  note  to  the  writer's 
essay  on  '  Matliematical  Psychics'  (Kegau  Paulj. 

I  Mr.  Bain's. 


On  the  Electromotive  Force  of  Alloys.  435 

between  successive  kinetic  foci,  in  the  absence  of  reflecting  or 
refracting  surfaces,  and  so  forth.  Nevertheless  he  who  has 
realized  the  omnipresence  and  all-powerfulness  of  a  maximum- 
principle  in  one  form  or  another,  both  in  the  physical  and  the 
moral  sciences,  and  who  is  persuaded  of  the  harmony  of  those 
sciences,  will  not  hastily  abandon  the  conjecture  that  in  the 
correspondence  between  maximum  energy  and  greatest  pos- 
sible happiness  is  to  be  sought  the  first  principle  of  Psycho- 
Physics. 


LXIII.   On  the  Eieciromotive  Force  of  Alloys. 
By  John  Trowbkidge  and  E.  K.  Stevens.'^ 

THE  best  study  of  alloys  and  the  most  thorough  work  on 
them  has  been  done  by  Matthiessen,  who  proved  con- 
clusively that  alloys  were  neither  mechanical  mixtures  nor 
chemical  compounds,  but  what  he  terms,  in  a  general  way, 
"  a  solidified  soUition  of  one  metal  in  another.'^  He  also 
showed  that,  with  reference  to  the  formation  of  alloys,  metals 
were  divided  in..o  two  classes — the  first  class  being  those 
which,  when  alloyed  with  each  other,  give  a  conductivity  in 
proportion  to  the  respective  volumes  of  the  two  metals  ;  and 
the  second  those  which,  when  alloyed  with  each  other,  give 
a  conductivity  which  is  less  than  that  of  the  respective  volumes 
of  the  two  metals. 

The  aim  of  this  investigation  has  been  to  note  the  variation 
of  electromotive  force  in  different  alloys  of  the  same  metals 
and  to  deduce,  if  possible,  some  general  law  which  governs 
the  variation. 

Two  sets  of  alloys  were  used — one  set  of  lead  and  tin,  and 
the  other  of  copper  and  zinc.  The  first  set  was  made  by 
taking  the  proportional  weights  of  lead  and  tin,  and  melting 
them  together  in  a  crucible,  and  then  pouring  them  out  on  a 
flat  surface  and  allowing  them  to  cool.  The  second  set  was 
made  by  melting  a  weighed  amount  of  copper  in  a  Fletcher 
gas-furnace,  and,  when  in  a  molten  state,  adding  more  than 
the  required  amount  of  zinc,  in  order  to  make  allowance  for 
volatilization.  Pure  metals  were  obtained,  in  order  that  the 
results  might  be  as  accurate  as  possible. 

It  was  deemed  sufficient,  as  far  as  the  lead  and  tin  alloys 
were  concerned,  to  weigh  out  carefully  the  required  amounts 
of  each  metal,  and  to  take  those  weights  as  showing  th3  com- 
position. This  could  not  be  done  with  the  coppe'-  and  zinc 
alloys,  as  it  is  impossible  to  determine  how  much  of  the  zinc 

*  Proceediugs  of  the  American  Academy  of  Arts  aud  Sciences,  vol.  xviii. 
(Mav  29,  1883). 
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volatilizes  ;  so  with  these  it  is  necessary  to  resort  to  ana- 
lytical methods  of  determining  the  percentage  of  each.  The 
copper  was  determined  by  electrolysis,  by  precipitating  the 
copper,  from  a  sulphuric-acid  solution  of  the  alloy,  upon  a 
platinum  disk  connected  with  the  negative  pole  of  a  battery, 
and  the  positive  pole  dipping  in  the  solution.  The  zinc  was 
determined  by  subtracting  the  per  cent,  of  copper  from  a 
hundred  per  cent. 

The  composition  of  the  alloys  are  given  in  the  tables  below, 
and  will  be  referred  to  by  number  hereafter. 


Number. 

Alloys  of  Sn  and  Pb. 

i 

1  Number. 

Alloys  of  Cu  and  Zn. 

Parts  by 

Parts  by 

Per  cent. 

Per  cent. 

weight 
of  Sn. 

weight 

OfPb. 

1 

ofCu. 

ofZn. 

I. 

1 

9 

I. 

91-92 

8-08 

II. 

2 

8 

II. 

85-75 

14-25 

III. 

3 

7 

III. 

72-99 

27-01 

IV. 

4 

6 

j 

V. 

5 

5 

'       IV. 

66-70 

33-30 

VI. 

6 

4 

V. 

49-32 

50-68 

VII. 

7 

3 

VI. 

27-99 

7201 

VIII. 

8 

2 

IX. 

9 

1 

VII. 

7-53 

92-47 

Four  determinations  were  made  with  these  alloys,  the  first 
two  being  the  observation  of  the  electromotive  force  of  each 
alloy,  with  platinum  for  the  positive  pole  and  the  alloy  as 
the  negative  pole,  with  fresh  pond-water  as  the  liquid ;  the 
second  two  being  the  determination  of  the  electromotive  force 
with  the  same  positive  pole,  but  with  distilled  water  acidulated 
with  a  small  quantity  of  sulphuric  acid  for  a  liquid.  A  mirror- 
galvanometer  and  ground-glass  scale  were  used,  and  a  large 
resistance  placed  in  the  circuit,  and  the  galvanometer  shunted 
so  as  to  reduce  the  deflection. 

The  first  two  tables  do  not  give  any  general  law  for  the 
electromotive  force  of  alloys,  the  force  being  especially  irre- 
gular, which  is  perhaps  due  to  the  fact  that  the  electromotive 
forces  of  the  two  metals  are  very  nearly  alike. 

The  explanation  of  the  third  table  is  rather  unsatisfactory, 
since  the  sulphate  of  lead  is  insoluble,  while  the  sulphate  of 
tin  is  not  known ;  and  this  last  may  account  for  the  change 
from  the  first  tables.  In  the  fourth  table,  the  increase  in 
electromotive  force  of  the  alloys  containing  the  more  copper 
may  be  accounted  for  by  the  fact  that  the  sulphate  of  copper 
is  more  readily  soluble  than  the  sulphate  of  zinc. 
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I.  The  electromotive  force  of  the  alloys  of  tin  and  lead,  and 
of  the  metals  themselves,  when  the  resistance  is  7180  ohms, 
and  the  constant  of  the  galvanometer  '000003435. 

The  first  column  gives  the  deflection  in  millimetres  ;  the 
second  the  tancjent  of  one  half  the  angle  of  deflection  ;  the 
third  the  product  of  the  constant  by  the  total  resistance  ;  and 
the  fourth  the  electromotive  force  in  volts.  The  liquid  in 
this  case  is  water. 


Number. 

Deflection. 

Tan  ^  angle 
of  deflection. 

E.M.F. 

in  volts. 

Pb 

207 
205 
182 

173 
212 

184 

216 
175 

208 

195 
164 

-0953 
•0942 
-0837 

-0795 
-0975 
-0846 

-0993 

-0805 
-0956 

•0896 
•0754 

0-238 
0-249 
0-222 

0-201 
0-258 
0-224 

0-263 
0-213 
0-253 

0-237 
0-199 

I 

II 

Ill 

IV 

V 

VI 

VII 

VIII 

IX 

Sn  

II.  The  electromotive  force  of  the  alloys  of  copper  and  zinc, 
with  a  total  resistance  of  19,708  ohms,  the  constant  being  the 
same  as  before,  and  the  liquid  fresh  pond-water. 


Number. 

Deflection. 

Tan  ^  angle 
of  deflection. 

E.M.F. 

in  volts. 

Cu 

10 
12 
17 

52 

64 

106 

181 
218 
228 

-0046 
-0055 
-0078 

-0239 
-0294 

-0487 

•0602 
-1002 
-1048 

0031 
0037 
0053 

0-162 
0-199 
0-330 

0-408 
0-678 
0-709 

I 

II  

Ill 

IV 

V 

VI 

VII 

Zn 

The  resistance  of  distilled  water  is  so  great,  that  it  was 
impossible  to  get  any  good  or  satisfactory  results.  The 
addition  of  about  one  tenth  of  a  cubic  centimetre  of  strong- 
sulphuric  acid  to  about  one  hundred  and  fifty  cubic  centi- 
metres of  distilled  water  gave  the  liquid  used  in  the  last  two 
observations. 

III.  The  electromotive  force  of  the  alloys  of  lead  and  thi, 
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with  total  resistance  of  22,608  ohms,  the  constant  being  the 
same,  and  the  liquid  as  stated  above. 


Number. 

Deflection. 

Tan  ^  angle 
of  deflection. 

E.M.F. 
in  Tolts. 

Po 

185 
193 
195 

198 
197 
196 

194 

198 
189 

104 

202 

•0881 
•0887 
•0896 

•0911 
•0906 
•0902 

•0892 
•0911 
•0874 

•0892 
•0929 

0661 
0-089 
0-696 

0^708 
0-704 
0701 

0'693 
0-708 
0-679 

0-693 
0-722 

I 

II 

Ill 

IV 

V 

VI 

VII 

VIII 

IX 

Sn 

lY.  The  electromotiye  force  of  the  allojs  of  copper  and  zinc, 
with  a  total  resistance  of  2380  ohms,  and  the  same  constant 
of  galvanometer  and  the  same  liquid  as  in  the  preceding  de- 
termination. 


Number. 

Deflection. 

Tan  ^  angle 
of  deflection. 

E.M.F. 
in  volts. 

Cu 

43 
34 
40 

43 
47 
55 

115 
203 
234 

-0188 
•0156 
•0184 

•0188 
•0216 
-0253 

•0529 
•0939 
•1763 

0-153 
0-130 
0-150 

0-153 
0-176 
0-206 

0-432 
0-768 
0-442 

I 

II 

Ill 

IV 

V 

VI 

VII 

Zn 

It  would  seem  to  follow,  from  the  last  table  at  least,  that 
in  acid  solutions  the  electromotive  force  of  alloys  is  determined 
by  the  proportional  part  of  that  metal  which  is  most  readily 
attacked  by  the  acid. 

The  general  differences  in  the  behaviour  of  the  two  sets  of 
alloys  may  perhaps  be  accounted  for  by  the  distinction  which 
Matthiessen*  made  between  the  two  kinds  of  alloys.  He 
classes  an  alloy  of  lead  and  tin  among  those  which  are 
"  solidified  solutions  of  one  metal  in  another,"  while  he  calls 
alloys  like  copper  and  zinc  "  solidified  solutions  of  one  metal 
in  an  allotropic  modification  of  another." 

*  Briti.sh-Association  Report,  1863.  p.  47. 
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LXIV.   On  the  Laios  of  Motion.     By  Professor  Tait. 

To  tlie  Editors  of  the  Philosophical  Magazine  and  Journal. 
Gentlemen, 

I  DO  not  think  tkat  any  useful  purpose  could  be  served  by 
my  entering  upon  a  discussion  with  Mr.  Browne,  as  his 
views  are  so  entirely  different  from  mine- 
But  I  must  request  you  kindly  to  afford  me  an  opportunity 
of  letting  your  readers  know  precisely  what  are  those  views  of 
mine  which  Mr.  Browne  regards  as  dangerous. 

They  will  see  from  the  enclosed  abstract  of  my  paper  that 
all  I  propose  is  to  dispense  with  the  sense-suggested  idea  of 
Force,  and  to  introduce  in  its  place  the  objective  reality  Energy. 
I  think  your  readers  will  probably  consider  Mr.  Browne  to 
be  a  much  more  sweeping  and  dangerous  innovator  than  my- 
self; for  while  we  both  acknowledge  Time  and  Space,  I  main- 
tain the  objectivity  alike  of  Matter  and  of  Energy,  and  base 
my  system  on  them  ;  but  Mr.  Browne  practically  throws  them 
both  overboard,  and  constructs  his  physical  universe  by  means 
of  Force  alone.  Yours  truly, 

College,  Edinburgh,  P.  G.  Tait. 

November  lOtli,  1883. 


On  the  Laws  of  Motion*. 

The  one  objection  to  which,  in  modern  times,  Newton's 
wonderfully  complete  and  compact  system  (the  Axiomata  sive 
Leges  Motm)  is  liable,  is  that  it  is  expressly  founded  on  the 
conception  of  what  is  now  called  "  force  "  as  an  agent  which 
''  compels  "  a  change  of  the  state  of  rest  or  motion  of  a  body. 
This  is  part  of  the  first  law;  and  the  second  law  is  merely  a 
definite  statement  of  the  amount  of  change  produced  by  a 
given  force. 

There  can  be  no  doubt  that  the  proper  use  of  the  term  force 
in  modern  science  is  that  which  is  implied  in  the  statement — 
Force  is  whatever  changes  a  body^s  state  of  rest  or  motion. 
This  is  part  of  the  first  law  of  motion.  Thus  we  see  that  force 
is  the  English  equivalent  of  Newton's  term  vis  impressa.  But 
it  is  also  manifest  that,  on  many  occasions,  hut  only  where  his 
meaning  admitted  of  no  douht,  Newton  omitted  the  word  im- 
pressa and  used  vis  alone,  in  the  proper  sense  of  force.  In 
other  cases  he  omitted  the  word  impressa,  as  being  implied 
in  some  other   adjective   such  as  centripieta,  gravitans,  &c., 

*  Communicated  by  the  Author,  as  an  Abstract  of  a  Paper  read  before 
the  Hoyal  Society  of  Edinburgh,  December  18,  1882. 
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which  he  employed  to  quaHfy  the  word  vis.  That  this  is  the 
true  state  of  the  case  is  made  absolutely  certain  by  the  fol- 
lowing : — 

Definitio  IV.  Vis  impressa  est  actio  in  corpus  exercita,  ad 
mutandum  ejus  statum  vel  quiescendi  vel  movendi  uniformiter  in 
directum. 

Contrast  this  with  the  various  senses  in  w^hich  the  word  vis 
is  used  in  the  comment  which  immediately  follows,  viz. : — 

Constitit  haec  vis  in  actione  sola,  neque  post  actionem  per- 
manet  in  corpore.  Perseverat  enim  corpus  in  statu  omni  novo 
per  solam  vim  inertiae.  Est  autem  vis  impressa  diversarum 
originum,  ut  ex  ictu,  ex  pressione,  ex  vi  centripeta. 

These  passages  are  translated  by  Motte  as  below: — 

"  Definition  IV.  An  imptresse'd  force  is  an  action  exerted 
ujyon  a  hody,  in  order  to  change  its  state,  either  of  rest,  or  of 
moving  uniformly  forioard  in  a  right  line.'''' 

"  This  force  consists  in  the  action  only,  and  remains  no 
longer  in  the  body  when  the  action  is  over.  For  a  body 
maintains  every  new  state  it  acquires,  by  its  vis  inertice  only. 
Impressed  forces  are  of  different  origins  ;  as  from  percussion, 
from  pressure,  from  centripetal  force.  ■'^ 

The  difficulty  which  Motte  here  makes  for  himself,  and 
which  he  escapes  from  only  by  leaving  part  of  the  passage  in 
the  original  Latin,  is  introduced  solely  by  his  use  of  the  word 
force  as  the  equivalent  of  the  Latin  vis. 

We  may  quote  two  other  passages  of  Newton  bearing  defi- 
nitely on  this  point. 

Definitio  III.  Materice  vis  insita  est  potentia  resistendi,  qua 
corpus  unumquodque,  quantum  in  se  est,  perseverat  in  statu  suo 
vel  quiescendi  vel  movendi  uniformiter  in  directum. 

It  is  perfectly  clear  that,  in  this  passage,  the  phrase  vis 
insita  is  one  idea,  not  two,  and  that  vis  cannot  here  be  trans- 
lated h  J  force.     Yet  Motte  has 

''  The  vis  insita,  or  innate  force  of  matter,  is  "  &c. 

Definitio  V.  Vis  centripeta  est,  qua  corpora  versus  punctum 
aliquod,  tanquam  ad  centrum,  undique  trahuntur,  impelluntur, 
vel  utcumque  tendunt. 

It  is  obvious  that  the  qualifying  term  centripeta  here  includes 
the  idea  suggested  by  impressa,  defining  in  fact  the  direction 
of  the  vis,  and  therefore  implying  that  its  origin  is  outside  the 
body. 

After  what  has  just  been  said,  no  further  comment  need  be 
added  to  show  the  absurdity  of  the  terms  accelerating  force, 
innate  force,  impressed  force,  &c.  All  of  these  have  arisen 
simply  from  mistranslation.  Vis,  by  itself,  is  often  used  for 
force ;  but  vis  acceleratr'ix,  vis  impressa,  vis  insita,  and  other 
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phrases  of  the  kind  must  be  taken  as  wholes ;  and,  in  them, 
vis  does  not  mean  /orce. 

The  absurdity  of  translating  the  word  rzs  by  force  comes  out 
still  more  clearly  when  we  think  of  the  term  vis  viva,  or  living 
force  as  it  is  sometimes  called  ;  a  name  for  kinetic  energy, 
which  depends  on  the  unit  of  length  in  a  different  way  from 
force.  It  must  be  looked  upon  as  one  of  the  most  extraordi- 
nary instances  of  Newton's  clearness  of  insight  that,  at  a  time 
when  the  very  terminology  of  science  was  only  as  it  were 
shaping  itself,  he  laid  down  with  such  wonderful  precision  a 
system  absolutely  self-consistent. 

From  the  passages  just  quoted,  taken  in  conjunction  with 
the  second  law  of  motion,  we  see  that  (as  above  stated)  in 
Newton's  view — 

Force  is  ivhatever  causes  (but  not,  or  tends  to  cause)  a  change 
in  a  hodys  state  of  rest  or  inotion. 

Newton  gives  no  sanction  to  the  so-called  statical  ideas  of 
force.  Every  force,  in  his  view,  produces  its  effect.  The 
effects  may  be  such  as  to  balance  or  compensate  one  another ; 
but  there  is  no  balancing  of  forces. 

(Next  comes  a  discussion  as  to  the  objectivity  or  subjectivity 
offeree.  An  abstract  of  this  is  given  in  §§  288-296  of  the 
article  Mechanics  in  the  new  edition  of  the  Encyc.  Brit.,  and 
need  not  be  reproduced  here.) 

But,  just  as  there  can  be  no  doubt  that  force  has  no  objec- 
tive existence,  so  there  can  be  no  doubt  that  the  introduction 
of  this  conception  enabled  Newton  to  put  his  Axiomata  in 
their  exceedingly  simple  form.  And  there  would  be,  even 
now,  no  really  valid  objection  to  Newton^s  system  (with  all  its 
exquisite  simplicity  and  convenience)  could  we  only  substitute 
for  the  words  ''  foi'ce  "  and  "  action  "  &c.,  in  the  statement  of 
his  laws,  words  which  (like  rate  or  gradient  &c.)  do  not  imply 
objectivity  or  causation  in  the  idea  expressed.  It  is  not  easy 
to  see  how  such  words  could  be  introduced  ;  but  assuredly  they 
will  be  required  if  Newton's  system  is  to  be  maintained.  The 
word  "  stress  "  might,  even  yet,  be  introduced  for  this  purpose; 
though,  like  force,  it  has  come  to  be  regarded  as  something 
objective.  Were  this  possible,  we  might  avoid  the  necessity 
for  any  very  serious  change  in  the  form  of  Newton''s  system. 
I  intend,  on  another  occasion,  to  consider  this  question.  How 
complete  Newton's  statement  is,  is  most  easily  seen  by  con- 
sidering the  so-called  "  additions  "  which  have  been  made  to  it. 

The  second  and  third  laws,  together  with  the  scholium  to 
the  latter,  expressly  include  the  whole  system  of  "  effective 
forces  "  &c.,  for  which  D'Alembert  even  now  receives  in  many 
quarters  such  extraordinarily  exaggerated  credit.     The  "  re- 


442  Prof.  Tait  on  the  Laios  of  Motion. 

versed  effective  force ''  on  a  particle  revolving  uniformly  in  a 
circle  is  nothing  but  an  old  friend — "  centrifugal  force."  And 
even  this  phantom  is  still  of  use,  in  skilled  hands,  in  forming 
the  equations  for  certain  cases  of  motion. 

The  chief  arguments  for  ar  d  against  a  modern  modification 
of  the  laws  of  motion  are  therefore  as  follows  (where  we  must 
remember  that  they  refer  exclusively  to  the  elementary  teach«: 
ing  of  the  subject,  and  have  no  application  to  the  case  of  those 
who  have  sufficient  knowledge  to  enable  them  to  avoid  the  pos- 
sible dangers  of  Newton's  method): — 

I.  For.  Is  it  wise  to  teach  a  student  by  means  of  the  con- 
ception of  force,  and  then,  as  it  were,  to  kick  down  the  scaf- 
folding by  telling  him  there  is  no  such  thing  ? 

II.  Against.  Is  it  wise  to  give  up  the  use  of  a  system,  due 
to  such  an  altogether  exceptional  genius  as  that  of  Newton, 
and  which  amply  suffices  for  all  practical  purposes,  merely 
because  it  owes  part  of  its  simplicity  and  compactness  to  the 
introduction  of  a  conception  which,  though  strongly  impressed 
on  us  by  our  muscular  sense,  corresponds  to  nothing  objective  ? 

Every  one  must  ansv^  er  these  questions  for  himself;  and  his 
answer  w^ill  probably  be  determined  quite  as  much  by  his 
notions  of  the  usefulness  of  the  study  of  natural  philosophy  as 
by  his  own  idiosyncrasies  of  thought. 

Those  who  desire  that  their  scientific  code  should  be,  as  far 
as  possible,  representative  of  our  real  knowledge  of  objective 
things,  would  undoubtedly  prefer  to  that  of  Newton  a  system 
in  which  there  is  not  an  attempt,  however  successful,  to  gain 
simplicity  by  the  introduction  of  subjective  impressions  and  the 
corresponding  conceptions. 

In  the  present  paper  simplicity  of  principle,  only,  is  sought 
for ;  and  the  mathematical  methods  employed  are  those  which 
appeared  (independentaltogether  of  the  question  of  their  fitness 
for  a  beginner)  the  shortest  and  most  direct.  A  second  part 
will  be  devoted  to  simplicity  o^ method  for  elementary  teaching. 

(1)  So  far  as  our  modern  knowledge  goes,  there  are  but 
two  objective  things  in  the  phj'sical  world — matter  and  energy. 
Energy  cannot  exist  except  as  associated  with  matter;  and  it 
can  be  perceived  and  measured  by  us  only  when  it  is  being 
transferred,  by  a  "  dynamical  transaction,"  from  one  portion 
of  matter  to  another.  In  such  transferences  it  is  often  "  trans- 
formed;" ])ut  no  process  has  ever  been  devised  or  observed 
by  which  the  quantity,  either  of  matter  or  energy,  has  been 
altered. 

(2)  Hence  the  true  bases  of  our  subject,  so  far  as  we  yii 
know,  are: — 

1 .  Conservation  of  matter. 
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2.  Conservation  of  energy. 

3.  That  property  (those  properties  ?)  of  matter,  in  virtue  of 
which  it  is  the  necessary  vehicle,  or,  as  the  case  may  be,  the 
storehonse,  of  energy. 

(3)  The  third  of  these  alone  presents  any  difficulty.  So 
long  as  energy  is  obviously  kinetic,  this  property  is  merely 
our  old  friend  inertia.  But  the  mutual  potential  energy  of 
two  gravitating  ir asses,  two  electrified  bodies,  two  currents, 
or  two  magnets,  is  certainly  associated  (at  least  in  part,  and 
in  some  as  yet  unknown  way)  with  matter,  of  a  kind  not  yet 
subjected  to  chemical  scrutiny,  which  occupies  the  region 
in  wdiich  these  masses  &c.  are  situated.  And  even  when 
the  potential  energy  obviously  depends  on  the  strain  of  a 
portion  of  ordinary  matter,  as  in  compressed  air,  a  bent  spring, 
a  deformed  elastic  solid,  &c.,  we  can,  even  now,  onh'  describe 
it  as  due  to  "  molecular  action,"  depending  on  mechanism  of 
a  kind  as  yet  unknown  to  us  : — though  in  some  cases,  such 
as  the  kinetic  gas  theory,  at  least  partially  guessed  at. 

(4)  The  necessity  for  the  explicit  assumption  of  the  third 
principle,  and  a  hint  at  least  of  the  limits  within  which  it  must 
be  extended,  appear  when  we  consider  the  very  simplest  case 
of  motion,  viz.  that  of  a  lone  particle  moving  in  a  region  in 
which  its  potential  energy  is  the  same  at  every  point.  For 
the  conservation  of  energy  tells  us  merely  that  its  sjyeed  is 
unaltered.  We  know,  however,  that  this  is  only  part  of  the 
truth:  the  velocity  is  constant.  It  will  be  seen  later  that  this  has 
most  important  dynamical  consequences  in  various  directions. 

(The  remarkable  discussion  of  this  point  by  Clerk- Maxwell 
is  then  referred  to,  in  which  it  is  virtually  shown  that,  were 
things  otherwise,  it  would  be  possible  for  a  human  mind  to 
have  knowdedge  of  absolute  position  and  of  absolute  velocity.) 

(5)  But  Maxwell's  reasoning  is  easily  seen  to  apply  equally 
to  any  component  of  the  velocity.  Hence,  when  w^e  come  to 
the  case  in  which  the  potential  energy  depends  on  the  posi- 
tion, the  only  change  in  the  particle's  motion  at  any  instant 
is  a  change  of  the  speed  in  the  normal  to  the  equipotential 
surface  on  which  the  particle  is  at  that  instant  situated.  The 
conservation  of  energy  assigns  the  amount  of  this  change,  and 
thus  the  motion  is  completely  determined.  If  V  be  the  poten- 
tial energy  of  unit  mass  at  the  point  p,  we  have  at  once 

from  which  the  circumstances  of  the  motion  can  be  deduced. 
In  fact,  this  problem  is  precisely  the  same  as  was  that  of  the 
motion  of  a  luminous  corpuscle  in  a  non-homogeneous  medium, 
the  speed  of  passing  through  any  point  of  the  medium  being 
assigned. 
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(6)  It  is  next  shown  that  the  above  inertia-condition  (that 
the  velocity  parallel  to  the  equipotential  surface  is  the  same 
for  two  successive  elements  of  the  path)  at  once  leads  to  a 
"  stationary  "  value  of  the  sum  of  the  quantities  vcU  for  each 
two  successive  elements,  and  therefore  for  any  finite  arc,  of 
the  path.  This  is,  for  a  single  particle,  the  Principle  of  Least 
Action,  which  is  thus  seen  to  be  a  direct  consequence  of  inertia. 

(It  is  then  shown  that  the  results  above  can  be  easily  ex- 
tended to  a  particle  which  has  two  degrees  of  freedom  only.) 

But  it  is  necessary  to  remember  that,  in  these  cases,  we  take 
a  partial  view  of  the  circumstances;  for  a  lone  particle  cannot 
strictly  be  said  to  have  potential  energy,  nor  can  we  conceive 
of  a  constraint  which  does  not  depend  upon  matter  other  than 
that  which  is  constrained.  Hence  the  true  statement  of  such 
cases  requires  further  investigation. 

(7)  To  pass  to  the  case  of  a  system  of  free  particles  we  require 
some  quasi  kinematical  preliminaries.  These  are  summed  up 
in  the  following  self-evident  proposition  : — If  with  each  par- 
ticle of  a  system  we  associate  two  vectors,  e.  g.  ©i,  <I>i,  with 
the  mass  m-^,  &c.,  we  have 

where  0  =  ©^+^, 

^  =  $„  +  (^, 

and  2m©  =  2(m).@o, 

2?n$  =  2(m).  <I>o; 

so  that  0^^  and  ^^  are  the  values  of  ©  and  <i>  for  the  whole 
mass  collected  at  its  centre  of  inertia,  and  6,  0  those  of  the 
separate  particles  relative  to  that  centre. 

(8)  Thus,  if  ©  =  P  =  Po  +  p  be  the  vector  of  m, 

<I)=@  =  P  =  Pq  +  P 

its  velocity,  we  have 

2mPP  =  S(m)  .  P^Po  +  Smp/i, 

the  scalar  of  which  is,  in  a  differentiated  form,  a  well-known 
property  of  the  centre  of  inertia.  The  vector  part  shows  that 
the  sum  of  the  moments  of  momentum  about  any  axis  is  equal 
to  ihat  of  the  whole  mass  collected  at  its  centre  of  inertia, 
too-ether  with  those  of  the  several  particles  about  a  })arallel 
axis  through  the  centre  of  inertia. 
If  0  =  <1^  =  P, 

we  have  ^mP^ =S(57i)  .  P^  +  Smp^; 

i.  e.  the  kinetic  energy,  referred  to  any  point,  is  equal  to  that 
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of  the  mass  collected  at  its  centre  of  inertia,  together  with  that 
of  the  separate  particles  relative  to  the  centre  of  inertia. 

If  we  integrate  this  expression,  multiplied  by  dt,  between 
any  limits,  we  easily  obtain  a  similar  theorem  with  regard  to 
the  Action  of  the  system. 

Such  theorems  may  be  multiplied  indefinitely. 

(9)  From  those  just  given,  however,  if  we  take  them  along 
with  3  above,  we  see  at  once  that,  provided  the  particles  of  the 
system  be  all  free,  while  the  energy  of  each  is  purely  kinetic 
and  independent  alike  of  the  configuration  of  the  system  and 
of  its  position  in  space: — 

1.  The  centre  of  inertia  has  constant  velocity; 

2.  The  vector-moment  of  momentum  about  it  is  constant; 

3.  So  is  that  of  the  system  relative  to  any  uniformly  moving 
point; 

4.  2  ynivds  is  obviously  a  minimum. 

(10)  The  result  of  (7)  points  to  an  independence  between 
two  parts  of  the  motion  of  a  system,  i.  e.  that  relative  to  i\\Q 
centre  of  inertia  and  that  of  the  whole  mass  supposed  concen- 
trated at  the  centre  of  inertia.  MaxwelPs  reasoning  is  appli- 
cable directly  to  the  latter  if  the  system  be  self-contained,  i.  e. 
if  it  do  not  receive  energy  from,  or  part  with  it  to,  external 
bodies.  Hence  we  may  extend  the  axiom  3  to  the  centre  of 
inertia  of  any  such  self-contained  system,  and,  as  will  presently 
be  shown,  also  to  the  motion  of  the  system  relative  to  its  centre 
of  inertia.  This,  though  noi  formally  identical  with  Newton's 
Lex  III.,  leads,  as  we  shall  see,  to  exactly  the  same  con- 
sequences. 

(11)  If,  for  a  moment,  we  confine  our  attention  to  a  free 
system  consisting  of  two  particles  only,  we  have 

or 

Vlipi  +  ]n2p2=^ («) 

This  must  be  consistent  with  the  conservation  of  energy,  which 
gives 

h{m,p^,  +  m2pl)=fmp,-p2)l      .     .     .     (^) 

since  the  potential  energy  mnst  depend  (so  far  as  position 
goes)  on  the  distance  between  the  particles  only.  Comparing 
(«)  and  (/3),  we  see  that  we  may  treat  (/3)  by  partial  differ- 
entiation, so  far  as  the  coordinates  of  yyijaud  ni2iire  separately 
concerned.     For  we  thus  obtain 

»hPi  =  Vp,  ./=/' .  ^{Pi-P2), 
»hp2  =  Vp^  ../=  -/'•  U(pi-^2). 
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Each  of  these,  again,  is  separately  consistent  with  the  equa- 
tion in  §  5  for  a  lone  particle.     Hence,  again,  the  integral 

has  a  stationary  value. 

Hence  also^  whatever  be  the  origin,  provided  its  velocity  be 
constant, 

%mY  pp  ■=■(). 

Thus,  even  when  there  is  a  transformation  of  the  energy  of 
the  system,  the  results  of  §  9  still  hold  good. 

And  it  is  to  be  observed  that  if  one  of  the  masses,  say  ?«2j 
is  enormously  greater  than  the  other,  the  equation 

shows  that  "p2  is  excessively  small,  and  the  visible  change  of 
motion  is  confined  to  the  smaller  mass.  Carrying  this  to  the 
limit,  we  have  the  case  of  motion  about  a  (so-called)  "  fixed 
centre.''  In  such  a  case  it  is  clear  tha^,  though  the  momenta 
of  the  two  mi  sses  relative  to  their  centre  of  inertia  are  equal 
and  opposite,  the  kinetic  energy  of  the  greater  mass  vanishes 
in  comparison  with  that  of  the  smaller. 

These  results  are  then  extended  to  any  self-contained  system 
of  free  particles,  and  the  principle  of  Varying  Action  follows 
at  once.  It  is  thus  seen  to  be  a  general  express^'on  of  the 
three  propositions  of  §  2  above. 

(12)  So  far  as  we  have  gone,  nothing  has  been  said  as 
to  liow  the  mutual  potential  energy  of  two  particles  depends 
on  their  distance  apart.  If  we  suppose  it  to  be  enormously 
increased  by  a  very  small  increase  of  distance,  we  have  prac- 
tically the  case  of  two  particles  connected  by  an  iuextensible 
string — as  a  chain-shot.  But  from  this  point  of  view  such 
cases,  like  those  of  connexion  by  an  extensible  string,  fall  under 
the  previous  categories. 

The  case  of  impact  of  two  particles  falls  under  the  same 
rules,  so  far  as  motion  of  the  centre  of  inertia  and  moment  of 
momentum  about  that  centre  are  concerned.  The  conserva- 
tion of  energy  requires  in  such  cases  the  consideration  of  the 
energy  spent  in  permanently  disfiguring  the  impinging  bodies, 
setting  them  into  internal  vibration,  or  heating  them.  But 
the  first  and  third  of  these,  at  least,  are  beyond  the  scope  of 
abstract  dynamics. 

(lo)  The  same  may  be  said  of  constraint  by  a  curve  or 
surface,  and  of  loss  of  energy  by  friction  or  resishmce  of  a 
metlium.  Thus  a  constraining  curve  or  surface  must  be  looked 
upon  (like  all  physical  bodies)  as  deformable;  but,  if  neces- 
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sary,  such  that  a  veiy  small  deformation  corresponds  to  a  very 
great  expenditure  of  energy. 

(14)  To  deal  with  communications  of  energy  from  bodies 
outside  the  system,  all  we  need  do  is  to  include  them  in  the 
system.  Treat  as  before  the  whole  system  thus  increased,  and 
then  consider  only  the  motion  of  the  original  parts  of  the 
system.  This  method  applies  with  perfect  generality  whether 
the  external  masses  be  themselves  free,  constrained,  or  resisted. 

(15)  Another  method  of  applying  the  same  principles  is 
then  given.  Starting  from  the  definition  dA=^mBpdp,  the 
kinematical  properties  of  A  are  developed.  Then,  by  the  help 
of  §  2,  these  are  exhibited  in  their  physical  translations. 

(16)  The  paper  concludes  with  a  brief  comparison  of  the 
fundamental  principles  of  the  science  as  they  have  been  intro- 
duced by  Newton,  Lagrange,  Hamilton,  Peirce,  Kirchhoff, 
and  Clerk-Maxwell  respectively,  and  also  as  they  appear  in 
the  unique  Vortex-system  of  Thomson. 

LXV.  Experim^ents  on  the  Velocity  of  Sound  in  Air. 
By  D.  J.  Blaikley*. 

THE  method  of  experiment  which  I  venture  to  bring  before 
you  this  afternoon  is  the  outcome  of  various  attempts 
made  by  me  to  determine  with  greater  accuracy  than  had 
hitherto  been  done  the  velocity  of  sound  in  small  tubes,  such 
as  are  used  for  musical  instruments;  in  addition  to  which 
practical  purpose  the  idea  presented  itself  to  my  mind  that,  if 
a  series  of  tubes  were  taken,  having  their  diameters  in  a 
definite  ratio,  the  observed  results  might  by  calculation  be 
extended  so  as  to  include  a  value  for  a  tube  of  infinite  dia- 
meter, that  is  for  free  air.  Some  of  the  results  were  brought 
before  the  Musical  Association  in  June  last;  but  the  experi- 
ments have  since  been  repeated  with  greater  accuracy. 

It  will  not  be  necessary  to  take  up  your  time  by  referring 
to  more  than  a  few  of  the  many  determinations  that  have  been 
made.  A  useful  summary  was  given  by  Mr.  Bosanquet  in  the 
'  Philosophical  Magazine '  for  April  1877;  but  we  may  note 
that  only  those  observations  in  which  corrections  both  for 
temperature  and  for  moisture  have  been  made  can  be  con- 
sidered at  all  accurate. 

Such  corrections  being  made,  there  remained  at  the  time  of 
Regnault's  great  series  of  experimentsf  considerable  differences 
in  the  results  arrived  at  by  different  observers,  partly  due, 

*  Communicated  by  the  Pliysical  Society;     Read  November  10,  1883. 
t  Memoires  de  fAcademie  des  Sciences,  tome  xxxvii. 
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doubtless,  to  errors  of  observation  and  partly  to  an  assumption 
of  the  absolute  correctness  of  Laplace's  formula,  the  theory  in 
the  application  of  which  is  that  the  excess  of  pressure  in  the 
wave  above  the  barometric  pressure  of  the  air  is  intinitely 
small. 

Experiments  on  the  velocity  of  sound  may  be  classed  as 
open-air  experiments  and  laboratory  experiments ;  and  I 
venture  to  think  that  the  latter  offer  advantages  which  cannot 
be  enjoyed  in  open-air  work.  The  usual  method  in  the  open 
air  has  been  for  an  observer  at  a  distance  from  a  gun  to  note 
the  time  which  elapses  between  the  flash  and  the  hearing  of 
the  repoi't ;  but  even  wheu  the  actual  record  of  the  time  is 
aided  by  electrical  or  other  apparatus,  some  difficulties  and 
sources  of  error  remain.  For  instance,  the  accurate  registra- 
tion of  temperature  and  moisture  is  difficult,  especially  when 
the  sound-wave  passes  at  various  heights  above  the  earth's 
surface,  as  is  the  case  when  the  experiment  is  carried  out  on 
two  hills  separated  by  a  valley. 

Many  of  these  gun-fire  determinations  were  critically  exa- 
mined by  Le  Roux*,  and  an  estimated  correction  made  for 
errors  in  temperature,  the  readings  having  been  in  all  proba- 
bility too  high  for  air  some  metres  above  the  ground. 

Midway  in  character  between  open-air  and  laboratory  expe- 
riments stand  those  of  Regnault,  carried  out  in  gas-  and  water- 
mains  j  one  of  his  reasons  for  choosing  this  method  being  the 
facility  afforded  by  these  tubes  for  the  accurate  observation 
of  temperature  and  moisture.  Passing  by  his  work  for  the 
moment,  we  may  note  the  laboratory  method  employed 
by  Kundt,  and  also  Le  Roux's  method,  the  latter  giving 
330'7  metres  at  0°C.  Kundt's  method  consists  in  its  best 
form  in  the  use  of  two  glass  tubes  connected  by  a  smaller 
tube  or  rod  of  glass,  wood,  or  metal,  this  connecting-rod  being- 
clamped  in  certain  positions  to  establish  nodes,  and  its  free 
vibrating  ends  being  fitted  with  pistons  working  in  the  large 
tubes.  The  waves  are  excited  by  friction  in  the  vibrating  rod 
and  transmitted  therefrom  to  the  air  or  other  gas  in  the  tubes, 
and  the  successive  half-wave  lengths  are  registered  by  the 
positions  assumed  by  lycopodium  dust  during  the  vibration. 
By  using  tubes  of  different  diameters  he  obtained  the  results 
shown  in  Table  L,  and  came  to  the  conclusion  that  the  velo- 
city observed  in  his  largest  tube  was  not  appreciably  difterent 
from  the  velocity  in  free  air.  Ho  appears,  however,  to  have 
experienced  some  difficulty  in  the  tletermination  of  pitch, 
owing  to  the  evanescent  character  of  the  sound.    The  intensity 

*  Ann.  de  C'himie,  ser.  4,  torn.  xii.  Nov.  1807. 


Velocity  of  Sound  in  Air.  449 

also  was  not  registered.     The  method  is  beautifully  adapted 
for  comparative  rather  than  for  absolute  results. 

Table  I. 

Velocity  of  Sound  in  Tubes,  in  metres  per  second,  at  0°  C. 
(Kundt.) 


Diameter 
of  tube, 
millim, 

55 

26 

13 
6-5 
3-5 


Velocity, 
metre. 

332-73| 

/ 

1 


329-47 
323-00 1 
305-42 


Difference, 
metre. 

•07 
2-26 
6-47 

7-58 


Le  Roux's  method  consisted  in  employing  a  U-shaped  tube, 
0*07  metre  (70  millim.)  diameter,  closed  by  a  membrane  at  each 
end.  One  membrane  was  tapped  with  a  small  beater,  and  the 
time  occupied  by  the  resulting  wave  in  travelling  between  the 
two  membranes,  as  indicated  by  the  disturbance  of  the  second 
one,  was  registered.  It  appears  to  me,  however,  that  the  em- 
ployment of  membranes  may  introduce  a  source  of  error  in  this 
way: — Let  A  B  lie  a  tube  closed  by  a  rigid  material  at  one 

end,  and   of  a  lenoth  to  give  the 

•                                                                       A 
maxnnum  resonance  to  a  quarter-      

wave.     Now,   instead  of  the  riorid 

end,   let   the  tube  be  closed  by  a      

membrane:  this  wnU  require  to  be  in  the  position  C,  ^.  e.  nearer 

to  A  than  B  is,  the  exact  position  depending  upon  the  tension 

of  the  membrane.     In  Le  Roux's  experiments,  unless  the  two 

membranes  were   of  exactly  the  same  tension,  a  source  of 

error  would  be  introduced. 

We  may  now  turn  to  Regnault^s  experiments,  a  summary 

of  which  is  here  ffiven. 


C     B 


Table  II. 

Velocity  of  Sound  in 

Tubes,  in  metres 

per  second,  at  0°  C 

(Regnault.) 

Diameter 

Velocity 

Velocity 

of  tube. 

(mean). 

(limiting). 

millim. 

metres. 

metres. 

1100 

330-5 

330-3 

300 

330-3 

329-25 

108 

327-52 

324-25 

Free  air. 

330-71 

330-60 

Phil  Mag.  S.  5.  Vol 

16.  No.  102. 
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The  one  point  which  appears  to  me  to  be  open  to  question 
is  whether  the  rate  of  diminution  of  velocity  is  so  great  as  his 
%vork  appears  to  prove;  for  if  this  rate  of  diminution  is  ex- 
tended until  we  reach  tubes  of  the  size  used  in  musical  instru- 
ments, we  should  have  a  velocity  much  less  than  experiments 
show  to  exist  in  such  tubes  (compare  with  Kundt).  Probably 
the  want  of  perfect  smoothness  in  Eegnault's  tubes  may  account 
for  some  of  the  difference  ;  but  I  think  that  it  is  doubtful 
whether  the  influence  of  the  membranes  closing  his  tubes  was 
thoroughly  allowed  for,  and  feel  that  the  question  is  still  an 
open  one. 

It  has  long  appeared  to  me  that  useful  results  might  be 
obtained  by  making  use  of  tubes  giving  musical  notes,'  as  the 
pitch  of  a  steadily  sounding  note  can  be  readily  determined 
within  a  remarkable  degree  of  accuracy,  and  there  shoidd  be 
no  difficulty  in  determining  the  temperature  within  half  a 
degree  Fahr.,  which  is  equivalent  to  6  inches  in  the  velocity. 
(Experiment — Besonance  of  closed  tube  to  fork  of  512  vibra- 
tions, the  length  of  the  tube  being  modified  during  the  expe- 
riment to  show  both  the  maximum  and  constrained  or  imperfect 
resonance.)     (See  paper  in  Phil.  Mag.  for  May  1879.) 

Modifying  this  experiment  by  sounding  the  tube  vrith  an 
organ-pipe  mouth,  the  disturbing  influence  of  the  contraction 
of  area  at  the  lip  comes  into  play  in  addition  to  the  correction 
for  the  open  end  ;  so  that,  although  the  value  of  the  latter  is 
pretty  accurately  known,  no  measurement  of  velocity  based 
merely  upon  the  length  of  a  pipe  is  at  all  reliable.  By  adding, 
however,  a  half-wave  or  wave-length  to  a  stopped  pipe,  main- 
taining the  original  pitch,  and  measuring  this  added  length, 
I  hoped  to  be  able  to  get  reliable  results.  The  observations, 
though  agreeing  very  well  indeed  so  long  as  the  pressure 
remained  constant,  did  not  agree  in  their  different  series  when 
taken  under  very  slight  differences  of  pressure,  much  less  than 
would  cause  sensible  variation  through  change  of  intensity, 
according  to  Pegnault's  determinations. 

To  properly  understand  the  causes  of  these  variations,  it 
will  be  necessary  to  examine  some  of  the  results  of  imperfect 
or  constrained  resonance,  and  consider  the  separate  and  con- 
joined influences  of  (1)  the  blast,  air-reed,  or  inducing  current; 
(2)  the  prime  tone  of  the  resonating  air-column;  and  (3)  the 
hio-her  or  partial  tones  sounding  with  the  prime;  the  pitch  of 
the  resultant  note,  or  alternating  induced  current,  dei»ending 
upon  the  Aaiues  of  these  three  forces,  which  have  a  power  of 
mutual  influence  within  certain  limits.  The  subject  presents 
itself  to  my  mind  in  the  following  way  : — 

In  the  figure,  let  the  blast  from  A  cause  the  quarter-wave 
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length  of  pipe  AB  to  speak  a  note  of  a  certain  pitch,  say  105 
vibrations,  and  let  BC  be  the  half  wave-length  of  pipe  added 
to   AB  ;    the  three-quarter  wave-length  AC  being  tuned  to 


N"  N  N' 

speak  the  same  note  as  AB.  Assuming  values  in  four  typical 
cases,  we  obtain  the  following  results  (p.  452),  in  working  out 
which  arithmetical  means  instead  of  mean  proportionals  have 
been  taken  for  the  sake  of  numerical  simplicity,  although  per- 
haps the  latter  would  be  more  correct. 

In  Cases  1  and  2  the  leno-th  NN'  is  the  true  lenoth  of  a 
half-wave  of  105  vibrations.  In  (1)  the  position  of  N  (the 
node)  would  remain  unchanged  on  the  addition  of  the  half- 
wave  ;  but  in  (2)  the  three-quarter  wave  would  be  of  10G§, 
and  N  would  change  its  position  to  W:  this,  however,  would 
introduce  no  error  in  the  result,  for  3(106|)  — 110  =  2  x  105, 
the  length  for  half-Avave  as  determined  by  the  positions  of 
N  and  N'. 

In  these  two  cases  it  is  assumed  that  the  first  quarter-wave 
has  equal  constraining-power  with  the  added  quarters  ;  but 
this  is  not  strictly  correct  for  cylindrical  organ-pipes,  in  which 
the  first  quarter- wave  is  shortened  and  the  mass  in  vibration 
reduced,  through  the  contraction  of  the  opening  at  the  speak- 
ing end.  The  tendency  of  this  would  be  to  influence  the 
results  as  shown  by  Case  3,  where  the  first  quarter-wave  is 
assumed  to  have  a  mass  of  §  instead  of  unity,  and  in  which 
the  measured  length  would  be  represented  by  3(107^)  — 115 
=  207|,  whereas  it  should  be  2  x  105  =  210. 

In  Case  4  {a),  suppose  the  point  N  to  have  been  determined 
for  the  pitch  as  heard,  105,  ^^dth  a  quarter  wave-length  of  tube. 
A  half-wave  is  added,  and  tuned  to  the  original  pitch,  =  105, 
and  NN'  is  taken  as  its  measure  of  length.  This  is  correct  if 
the  relative  strength  of  the  partials  remains  the  same  ;  but  if 
a  modification  such  as  (b)  takes  place,  the  third  partial  falling 
to  half-strength,  the  position  of  N  as  observed  would  no  longer 
be  correct  for  a  pitch  of  105  but  only  for  a  pitch  of  103^.  A 
further  complication  would  arise  in  this  case,  through  the 
introduction  of  the  point  considered  in  Case  3. 

To  eliminate  these  sources  of  error,  one  of  two  things  must 
be  attained  :  we  must  either  deal  with  pure  tones  or  be  careful 
to  have  resonating  pipes  of  such  form  as  to  have  their  various 
proper  tones  strictly  in  accord  with  the  harmonic  series,  and 
not  merelv  approximately  as  is  the  case  with  organ-pipes; 
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and  in  either  case  be  careful  that  the  blast  is  of  exactly  the 
power  to  give  the  desired  note  without  constraint. 

The  tubes  with  which  I  experimented  were  of  four  dia- 
meters— "45,  "75,  1'25,  and  2-08  inches  respectively  (11*7, 
19'5,  32*5,  and  54-1  millim.).  After  detecting  the  possible 
sources  of  error  which  have  ju.st  been  described,  and  trying  a 
few  modifications  of  the  ordinary  organ-pipe,  the  speaking 
ends  or  first  quarter-wave  lengths  of  the  tubes  were  modified 
in  form  from  cylindrical  to  pear-shaped,  approximating  to  the 
shape  of  Helmholtz^s  resonators,  and  by  this  means  a  pure  tone 
was  obtained.  The  blast  was  obtained  from  a  fan,  the  wind 
from  which  passed  through  a  regulating  bellows  with  automatic- 
valve  action,  and  it  was  found  that  great  care  was  necessary 
on  this  point.  The  pressure  in  the  bellows  was  2*5  inches  of 
water,  and  in  the  speaking  mouth  in  every  case  very  small. 

The  temperature  was  observed  by  means  of  a  thermometer 
entering  the  tube,  so  that  the  actual  temperature  during 
vibration  might  be  recorded.  The  wet-bulb  temperature  and 
barometric  pressure  were  also  taken  for  moisture  correc- 
tion. The  pitch  was  taken  from  a  carefully  tested  Koenig 
fork  of  256  vibrations,  and  the  tubes  were  set  to  give  a  beating 
rate  of  about  4  per  second,  the  lengths  being  read  by  a  micro- 
meter and  standard  rods.  All  the  notes  were  exceedingly 
feeble,  the  pressure  in  the  mouth  being  less  than  -^  inch  of 
water,  much  under  the  lowest  which  Regnault  found  to  in- 
fluence the  velocity. 

The  results  are  given  in  the  following  Table: — 

Table  III. 
Velocity  of  Sound  in  dry  air,  at  0°C.,  in  tubes. 


Diameter  of  1 
tube    J 

11 '7  millim. 

19 '5  millim. 

32-5  millim. 

54'1  millim. 

327-09 

328-72 

329-90 

32714 

328-74 

329-82 

326-98 

328-78 

329-84 

326-70 

328-72 

329-70 

327  09 

328-72 

329-95 

326-69 

328-89 

329-80 

326-99 

328-76 

329-53 

326-79 

328-84 

329-56 

326-70 

328-84 

329-65 

326-85 

328-83 

329-48 

Means    

Diiferencee    ... 

324  oG 

2 

326-90 

328-78 

329-72 

34                  1 

88                 0 

•94 

I  found  it  very  difficult  to  get  observations  with  the  tube  of 
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II" 7  millim.  diameter.  Very  many  trials  were  made;  and 
although  the  best  single  observation  gave  324"78,  I  have 
reason  to  think  that  the  mean  value  324*56  is  too  high.  I 
hope  yet  to  verify  it,  and  also  to  continue  experiments  with  a 
tube  90"2  milhm.  diameter. 

There  is  one  point  connected  with  the  velocity  of  sound 
which  appears  to  require  elucidation,  and  that  is,  the  modifi- 
cation it  may  undergo  near  its  point  of  origin  ;  for  the  waves 
which  affect  us  as  sound  are  usually  not  plane-waves,  but 
emanate  from  an  origin  which  more  or  less  nearly  approaches 
a  point — this  point  being  the  centre  of  a  system  of  spherical 
waves. 

We  may  refer  to  the  vibration  in  conical  tubes  as  bearing 
upon  this  point.  A  complete  cone,  speaking  its  lowest  note, 
with  its  apex  or  closed  end  for  the  position  of  the  node,  is  of 
twice  the  length  of  a  closed  cylindrical  tube  of  the  same  pitch, 
and  has  the  same  succession  of  harmonics  as  the  open  cylin- 
drical tube  (see  Phil.  Mag.  August  1878).  This  property  is 
independent  of  the  proportion  of  base  to  height  in  the  cone; 
and  if  we  assume  the  base  of  the  cone  to  be  a  portion  of  a 
spherical  surface  described  from  the  apex,  we  may  continually 
increase  the  conical  angle  until  the  cone  becomes  a  sphere. 
Now,  if  we  consider  the  effect  of  this  principle  and  apply  it  to 
divergent  waves,  it  will  be  found  that  such  waves  cannot  have 
exactly  the  same  velocity  for  all  pitches,  but  that  the  lower 
the  pitch  the  greater  will  be  the  velocity,  owing  to  the  differ- 
ence of  velocity  between  the  first  and  succeeding  quarter- wave 
lengths.  To  take  a  numerical  example,  we  may  choose  two 
wave-lengths  of  32  feet  and  8  feet  respectively: — 


Quarter-wave  leugths. 

Excess  in 

Cjliuder.            Cone. 

Cone. 

^8  ft.          16  ft. 

8  ft. 

2  ft.            4  ft. 

2  ft. 

32-ft.  wave  .     . 
8-ft.  wave  .     . 

Difference  ....     6  ft. 

Or,  if  we  assume  a  velocity  in  free  air  (away  from  origin  of 
vibrations)  of  1120  feet  per  second,  we  shall  have: — 

Velocity  of  sound-wave  of  any  pitch,  not  including 

first  quarter- wave 1120  ft. 

Velocity  of  8-ft.  wave,  or  wave  of  140  vibrations 

measured  from  apex  of  cone,  1120  +  2     .     .     .    1122  ft. 

Velocity  of  32-ft.  wave,  or  wave  of  35  vibrations 

measured  from  apex  of  cone,  1120  +  8     .     .     .    1128  ft. 

"We  thus  find  that  waves  near  their  origin  are  not  of  normal 
lenffth. 
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In  oun-fire  experiments  tlie  pitch  of  the  explosion  is  not 
known,  and  there  may  therefore  be  a  variation  in  the  recorded 
velocities  which  is  due  simply  to  an  effect  of  conical  or 
■spherical  divergence.  If,  in  addition  to  the  corrections  made 
by  Le  Roux  for  temperature,  some  of  the  gun-fire  experiments 
were  submitted  to  a  correction  of  this  nature,  the  discrepancies 
would  probably  be  much  reduced. 


LXVI.  Proceedings  of  Learned  Societies. 
GEOLOGICAL  SOCIETY. 
[Continued  from  p.  240.] 

November  7,  1883.— J.  W.  Hulke,  Esq.,  F.R.S.,  President, 
in  the  Chair. 

^HE  following  communications  were  read  : — 

^    1.  "  On  the  Geology  of  the  South  Devon  Coast  from  Tor  Cross 

to  Hope  Cove.''     By  Prof.  T.  G.  Bonney,  M.A.,  E.R.S.,  Sec.  G.S. 

The  author,  after  a  brief  reference  to  the  Hterature  of  the  subject, 
stated  that  the  chief  petrographical  problem  presented  by  this 
district  was  whether  it  afforded  an  example  of  a  gradual  transition 
from  slaty  to  foliated  rocks,  or  whether  the  two  groups  were  per- 
fectly distinct.  He  described  the  coast  from  Tor  Cross  roiind  by 
the  Start  Point  to  Prawle  Point,  and  thence  for  some  distance  up 
the  estuary  leading  to  Kingsbridge.  Commencing  again  to  the  noi'th 
of  Salcombe,  on  the  other  shore  of  this  inlet,  he  described  the  coast 
round  by  the  Bolt  Head  and  Bolt  Tail  to  Hope  Cove.  These  rocks, 
admittedly  metamorphic,  consist  of  a  rather  thick  mass  of  a  dark 
mica-schist  and  of  a  somewhat  variable  chloritic  schist,  which  also 
contains  a  good  deal  of  epidote.  In  the  lower  part  of  this  are  some 
bands  of  a  mica-schist  not  materially  different  from  the  upper  mass. 
It  is  possible  that  there  are  two  thick  masses  of  mica-schist,  one 
above  and  one  below  the  chloritic  schist ;  but,  for  reasons  given,  he 
inclined  to  the  view  that  there  was  only  one  important  mass,  re- 
peated by  very  sharp  foldings. 

The  junction  between  the  admittedly  metamorphic  group  and  the 
slaty  series  at  Hope  Cove,  as  well  as  that  north  of  Salcombe,  is  clearly 
a  fault,  and  the  rocks  on  either  side  of  it  differ  materially.  Between  the 
Start  and  Tor  Cross  the  author  believes  there  is  also  a  fault,  running 
down  a  valley,  and  so  concealed.  On  the  north  side  of  this  the  rocks, 
though  greatly  contorted  and  exhibiting  such  alterations  as  are  usual 
in  greatly  compressed  rocks,  cannot  properly  be  called  foliated,  while 
on  the  south  side  all  are  foliated.  This  division  he  places  near 
HaUsands,  about  ^  mile  to  the  south  of  where  it  is  laid  down  on  the 
geological  map. 

As  a  further  proof  of  the  distinctness  of  the  two  series,  the  author 
pointed  out  that  there  were  clear  indications  that  the  foliated  series 
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had  undergone  great  crumpling  and  folding  after  the  process  of  folia- 
tion had  been  completed ;  hence  that  it  was  long  anterior  to  the 
great  earth-movements  which  had  affected  the  Palaeozoic  rocks  of 
South  Devon.  He  stated  that  the  nature  of  these  disturbances  sug- 
gested that  this  district  of  South  Devon  had' formed  the  flank  of  a 
mountain-range  of  some  elevation,  which  had  lain  to  the  south.  Of 
the  foundations  of  this  we  may  see  traces  in  the  crystalline  gneisses 
of  the  Eddystone  and  of  the  Channel  Islands,  besides  possibly  the 
older  rocks  of  South  Cornwall  and  of  Brittany.  He  also  called 
attention  to  some  very  remarkable  structures  in  the  slaty  series  near 
Tor  Cross,  which  appeared  to  him  to  throw  light  upon  some  of  the 
structures  observed  at  times  in  gneisses  and  other  foliated  rocks. 

2.  "  IVotes  on  Brocchi's  Collection  of  Subapennine  Shells."     By 
J.  Gwyn  Jeffreys,  Esq.,  LL.D.,  F.R.S.,  E.G-.S. 

3.  "  British  Cretaceous  NucuUdae."     By  John  Starkie  Gardner, 
Esq.,  E.G.S. 

LXVII.  Intelligence  and  Miscella7ieous  Articles. 

ON  THE  INDUCTION  PRODUCED  BY  VARIATION  OF  THE  INTENSITY 
OF  THE  ELECTRIC  CURRENT  IN  A  SPHERICAL  SOLENOID.  BY 
M.  QUET. 
^PHE  problem  which  I  propose  to  solve  is  not  without  some 
-'-  interest,  for,  supposing  the  solenoid  of  the  same  volume  as  the 
sun  and  at  the  same  distance  from  the  earth,  it  will  be  possible  to 
examine  whether  (in  spite  of  that  enormous  distance,  and  without 
the  necessity  of  attributing  to  its  electric  currents  momentary 
variations  of  intensity  which  would  be  excessive  in  comparison  with 
those  of  our  voltaic  currents)  its  induction  is  capable  of  producing 
appreciable  effects.  It  will  be  seen  further  on  what  equivalence 
there  exists  between  the  real  sun  and  the  fictitious  solenoidal  sun 
in  the  point  of  view  of  terrestrial  induction. 

Imagine  upon  the  surface  of  a  sphere  a  series  of  circular  coils, 
parallel  with  each  other,  following  at  a  constant  distance,  and  tra- 
versed by  the  same  electric  current,  the  intensity  of  which  under- 
goes at  every  point  the  same  momentary  variation.  Barlow  con- 
structed a  solenoid  of  this  description,  the  several  circuits  of  which 
were  excited  by  a  single  and  constant  current.  The  direction  of 
the  radius  of  the  sphere  which  is  perpendicular  to  the  planes  of  the 
circles,  and  from  which  the  currents  are  seen  to  move  from  right  to 
left,  is  the  axis  of  the  solenoid.  Erom  the  point  O,  the  centre  of 
the  induced  elementary  mass  m,  I  draw  Ox  perpendicular  to  the 
axis  of  the  system,  Oz  parallel  to  this  line,  and  Oij  perpendicular 
to  the  plane  zOx,  to  the  left  of  Oz  as  personified  and  looking 
towards  Ox.  The  inductive  action  of  each  circular  current,  and 
consequently  that  of  the  solenoid,  is  a  foi'ce  applied  to  the  mass  m 
and  in  a  direction  either  similar  or  the  reverse  to  Oy,  according 
as  the  momentary  variation  is  positive  or  negative.     When  the 
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distance  of  the  induced  mass  is  sufficiently  great,  the  action  due  to 
asin  gle  circular  current  is  calculated  by  the  formula 

-r,      K      di  irp'^   ■      , 
B=  ^m  -^  -^I'-^  sm  e  ; 
2       dt  E'- 

in  which  R'  is  the  distance  from  the  point  O  to  the  centre  o  of  the 
current  under  consideration,  e'  the  angle  which  R'  makes  with  the 
axis  of  the  solenoid,  p  the  radius  of  the  circular  current  of  which 
c  is  the  centre.  I  designate  by  it  the  latitude  of  the  circuit  C  in 
regard  to  the  plane  di*awn  from  the  centre  G  of  the  sphere  per- 
pendicularly to  the  axis  of  the  system ;  by  ^  the  distance  Gc ; 
by  p  the  radius  of  the  sphere ;  by  E  the  distance  OG ;  and  by  e 
the  angle  which  R  makes  with  the  axis  of  the  solenoid.  Whence 
follow  the  formulpo  : — 

2=|0sin«:     E' sin  e'  =  Esin  e  ; 

E"=EH2aE'COse  +  o-; 

-r,         K  C?i    TTO^     .  COS^U 

B=T^m-    ^sme- ^ ____^. 

(  1  +  2  :^  COS  e  sin  «  +  —  sin"  u  )  ^ 
\  E  E  / 


2       dt   E" 


u  varies  only  when  the  transition  is  made  from  one  circuit  to  the 
other,  since  the  momentary  varialion  di  has  been  supposed  the 
same  throughout  the  current.  Designating  by  it'  the  measure  of 
the  angle  whose  vertex  is  at  G  and  whose  sides  intercept  the  con- 
stant distance  Z,  which  separates  two  consecutive  circuits  upon  the 
sphere,  we  have  pu'  =  1,  and  we  see  that  u'  will  be  very  small  in 
conformity  with  the  ratio  of  I  to  p.  If  we  represent  by  /(»)  the 
general  value  of  B,  and  by  Y  the  resultant  of  the  forces  analogous 
to  this  last,  which  forces  proceed  from  the  currents  comprised  be- 
tween the  values  Mj  and  u^  of  u,  we  have 

Y=fin,)+fiu^  +  u')+f(u^+2ic)+ . .  .+f(u,). 

When  u'  is  very  small  the  second  member  differs  little  from  a  defi- 
nite integral ;  and  designating  this  correction  by  A,  we  have 

1  fun 
T=~      -fOOdu  +  A. 
u'  1 

An  approximate  value  of  A  is  given  by  the  well-known  formula, 
to  be  f  oujid  at  the  commencement  of  Poisson's  Traite  de  Mecanique : — 

The  limits  which  we  shall  take  for  the  integral  will  be  —^i  -^•,  and 
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at  these  limits  cos  it  is  null,  as  also  are  the  four  terms  of  A.     AVe 
have  then,  with  a  sufficiently  near  approximation, 

77 

-rr      K      di   .      -Kc?     I  C"^  cos^  u  clu 

1  =  —  m  —  sm  e=h-  •  -  I :; 

2^  ( 1  +  ^  COS  e  sm  M  +  ^  sin  u  J 

In  order  to  calculate  approximately  the  value  of  the  integral,  we 
shall  in  the  result  neglect  the  terms  of  the  second  order  in  respect 

of  the  relation  i-,  which  is  supposed  very  small.     We  have  then 


T^      K     di  .      -itp^ 


■n 

-  I       cos"  *^  (  1  ~  T^  COS  e  sin  u  J  du. 


The  value  of  this  integral  is  ^  ;  we  have  therefore  finally 

^  K  di     .  TTIJ^     TTO 

T=  —  m —sme-^:;    ^. 
2      dt  H'    21 

Let  us  now  suppose  that  the  solenoid  has  the  same  radius  as  the 
sun,  and  that  the  distance  E  at  which  the  induced  mass  m  is  placed 
is  that  which  separates  the  earth  from  its  luminary.  We  have 
then 

E= 220-95  .  p ;    iJ,  =  0-000020484. 
E" 

The  fourth  of  the  circumference  of  the  earth  is  100,000  hecto- 
metres ;  the  corresponding  term  for  the  sun  is  therefore  10,855,000 
hectometres.     If  we  assume  that  the  electric  currents  succeed  each 

other  upon  the  sun  at  a  distance  I,  expressed  by  a  fraction  -th  of 
a  hectometre,  we  shall  have 


and  consequently 


1=1.     ^^  ^=n.  222-35; 
n       E-  21 


T=^m$7r  sin  en.  222-35, 
2     dt 


To  know  whether  this  inductive  force  is  efficacious  at  the  distance 
at  which  the  earth  is  placed,  and  without  giving  excessive  values  to 

di 

,  we  have  only  to  compare  it  with  an  analogous  force  produced 
dt 

by  a  laboratory  experiment  and  giving  sensible  effects.     This  I 
intend  doing. 

I'or  a  system  of  spherical  solenoids  which  should  be  concentric, 
similar  to  each  other,  and  similarly  placed,  and  of  which  all  the 
currents  experienced  the  same  momentary  variation  of  intensity, 
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the  iuductive  force  is 

-TT-       K      di       .        p"     TTO    p  /"-,      p"-\ 
'      2      dt  W     21  'd\\        p'J 

Here  p,  p  are  the  exterior  and  interior  radii  of  the  system  ;  X  is  the 
constant  distance  which  separates  two  consecutive  surfaces. — 
Comptes  Rendus  de  V Academic  des  Sciences,  Oct.  8,  1883,  pp.  800- 
802. 


ON    THE    EELATION    BETWEEN    THE    INTERNAL     FRICTION    AND 

RESISTANCE    OF  SOLUTIONS    OF  SALTS    IN  VARIOUS  SOLVENTS. 

BY  EILHARD  WIEDEMANN. 

lu  connexion  with  a  remark  of  G.  Wiedmann*  attempts  liave  in 
recent  times  been  frequently  made  to  establish  strict  numerical 
relations  between  the  coefficients  of  friction  and  the  conductivity 
for  voltaic  electricity,  against  the  universality  of  which,  however, 
he  raises  theoretical  objections.  Experimenters  on  this  subject 
have  either  followed  the  change  in  the  above  magnitudes  with  the 
temperature  in  the  same  solution,  or  with  the  concentration  in 
A'arious  solutions ;  and  a  certain  analogy  has  been  ascertained  to 
exist  between  the  two  processes.  For  a  strict  investigation,  solu- 
tions of  the  same  salt  should  be  investigated  which  have  as  differ- 
ent coefficients  of  friction  as  possible.  1  have  therefore  made  some 
expei'iraents  with  solution  of  zinc  sulphate  in  water  and  in  aqueous 
glycerine.  A  special  investigation  showed  that  the  glycerine  was 
quite  free  from  acid,  and  conducted  the  current  very  badly. 

The  resistances  to  friction  were  determined  with  the  apparatus 
described  by  Sprung  t ;  the  electrical  resistances  were  determined 
by  Wheatstone's  bridge.  Solutions  of  zinc  sulphate  in  water  and  in 
glycerine  of  the  same  strengths  were  placed  in  two  troughs  of  equal 
dimensions,  and  two  equal  amalgamated  zinc  plates  were  dipped  in 
them.  Both  troughs  were  siniultaneously  introduced  into  the  two 
arms  of  the  bridge. 

In  the  first  series  of  experiments  the  solutions  were  prepared 
by  dissolving  10  parts  of  ZnSO^  +  THgO  in  100  parts  of  water,  and 
then  making  this  solution  up  to  500  c.  c.  by  the  addition  of  50  c.  c, 
100  c.  c,  or  250  c.  c.  of  water  or  of  glycerine.  Hence  the  solu- 
tions always  contained  an  equal  number  of  molecules  of  the  salt 
in  equal  volumes. 

For  the  solutions  in  water  and  glycerine  the  following  ratios 
were  obtained: — 

Internal 

Friction.  Resistance. 

50  Zn  SO,   . .  . .   1  :  687         1  :  12-1 
100  Zn  SO,   . .  . .   1  :  29-8         1  :     9-52 
250  Zn  SO,   ....    1  :     6-15       1  :     3-68 

*  G. 'Wiedmann,  Galvan.  2  ed.  i.  p.  G.31  et  seqq. ;  3  ed.  i.  p.  9o2. 
t  Pogg.  Ann.  clix.  p.  1,  187t). 
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In  all  cases  the  solution  of  glycerine  showed  the  greater  frictioual 
and  electrical  resistances. 

The  second  experiment  was  made  by  dissolving  50  gr.  ZnSO^ 
+  7H2O  in  water  to  a  volume  of  500  c.  c.  ;  and  on  the  other  hand 
50  gr.  of  ZnSO^  was  dissolved  in  a  little  water,  and  made  up  to 
500  c.  c.  by  glycerine. 

It  was  not  possible  to  dissolve  zinc  vitriol  directly  in  glycerine, 
because  glyceriue  first  of  all  withdraws  water  from  this  salt,  and 
the  salt  with  a  smaller  quantity  of  water  of  crystallization  dissolves 
with  difficulty  in  glyceriue. 

In  this  case  the  ratios  were  : — 

Frictional  resistance  1  :  86-2 ;  Electrical  resistance  1  :  109. 
The  above  numbers  show  throughout  that  no  proportionality 
exists  between  frictional  and  electrical  resistauce ;  but  that  the 
solvent  has  a  predominant  influence  in  the  processes  in  question. 
It  follows  moreover  that  the  more  concentrated  are  the  solutions 
the  less  predominant  is  the  influence  of  the  solvent. 

Leipzig,  August  1883. 


SPECTKOSCOPIC    NOTES. 
BY    PEOFESSOK   C.    A.    YOUNG,   PKINCETON,   N.    J. 

For  the  past  few  months  I  have  been  examining  the  spectra  of 
sun-spots  with  gi'eat  care,  and  with  an  instrument  of  high  dispersion. 
The  spectroscope  employed  consists  of  a  comet-seeker  of  five  inches 
aperture  and  about  forty-eight  inches  focal  length,  used  both  as 
collimator  and  view-telescope  after  Littrow's  method,  the  slit  and 
diagonal  eye-piece  being  as  close  together  as  it  is  convenient  to 
place  them.  A  small  spot  of  black  paper,  about  three  tenths  of  an 
inch  in  diameter,  is  cemented  to  the  centre  of  the  object-glass 
(as  suggested  by  my  colleague.  Professor  Brackett,  in  a  note 
published  in  the  American  Journal  of  Science,  July  1882),  and 
entirely  destroys  the  internal  reflections,  which  would  otherwise 
most  seriously  interfere  with  vision. 

The  dispersion  is  obtained  by  one  of  Professor  Rowland's 
magnificent  gratings  on  a  speculum-metal  plane,  with  a  ruled  surface 
three  and  one-half  inches  by  five,  14,000  lines  to  the  inch.  The 
slit  and  eye-piece  of  the  telescope  are  so  placed  that  the  line  joining 
them  is  parallel  to  the  lines  of  the  ruling.  An  instrument  of  this 
sort  is  incomparably  more  convenient  than  one  in  which  the 
collimator  and  view-telescope  are  separate,  though  of  course,  on 
account  of  the  inclination  of  the  visual  rays  to  the  axis  of  the 
object-glass,  there  is  a  little  aberration,  and  the  maximissimum  of 
definition  is  not  quite  reached.  There  is  no  difficulty,  however,  in 
seeing  easily  the  duplicity  of  the  &'s,  E,,  and  other  similar  tests 
with  the  instrument  thus  arranged.  Tlie  spectroscope  is  mounted 
upon  a  strong  plank,  stiffly  braced,  and  this  is  attached  by  powerful 
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ring-clamps  to  the  tail -piece  of  the  23-inch  equatoreal  of  the 
Halstecl  observatory,  so  that  the  image  of  the  sun  falls  directly 
upon  the  slit. 

The  detailed  examination  of  the  spot-spectra  has  been  thus  far 
confined  mainly  to  a  few  limited  regions  in  the  neighboiu'hood  of 
C,  D,  and  b. 

With  the  high  dispersive  power  employed,  the  widening  and 
"  winging  "  of  the  heavier  lines  of  the  spectrum  is  not  well  seen, 
not  nearly  so  well  as  with  a  single-prism  spectroscope.  All  diffuse 
shadings  disappear  much  in  the  same  way  as  the  naked-eye  markings 
on  the  moon's  face  vanish  in  a  powerful  telescope — to  be  replaced 
by  others  more  minute  but  not  less  interesting.  In  a  few  spots, 
however,  the  broadening  of  the  D's  and  the  reversal  and  occasional 
"  lumping  "  of  C  has  been  noticeable  even  with  this  high  dispersion. 
But  the  most  striking  result  is  that,  in  certain  regions  the  spectrum 
of  the  spot-nucleus,  instead  of  appeariug  as  a  mere  continuous 
shade,  crossed  here  and  there  by  markings  dark  and  light,  is  resolved 
into  a  countless  number  of  lines,  exceedingly  fine  and  closely  packed, 
interrupted  frequently  between  E  and  F  (and  occasionally  below  E) 
by  lines  as  bright  as  the  spectrum  outside  the  spot.  These  bright 
lines,  so  far  as  the  eye  can  determine,  may  be  either  real  lines 
superposed,  or  merely  vacancies  left  in  the  shading  of  fine  dark  lines, 
since  they  are  not  sensibly  brighter  than  the  ordinary  background 
of  the  surrounding  spectrum. 

The  darker  and  more  inteiase  the  spot,  the  more  distinctly  the 
fine  lines  come  out,  both  the  bright  and  the  dai*k  :  and  so  far  as  I 
have  been  able  to  make  out  yet,  there  is  no  difference  as  regards 
these  fine  lines  between  one  spot  and  another.  I  have  never  yet 
seen  any  evidence  of  displacement  in  them  due  to  motion,  no 
"  lumpiness  "  nor  want  of  smoothness  in  them. 

When  seeing  is  at  the  best,  and  everything  favourable,  close 
attention  enables  one  to  trace  nearly  all  these  lines  out  beyond  the 
spot  and  its  penumbra.  But  they  are  so  exceedingly  faint  on  the 
sun's  general  surface  that  usually  they  cannot  be  detected  outside 
the  spot-spectrum.  This  resolution  of  the  spot-spectrum  into  a 
congeries  of  fine  lines  is  most  easily  made  out  in  the  green  and  blue. 
Near  D,  and  below  it,  it  is  much  more  difticult  to  see  ;  and  I  am  not 
even  quite  sure  that  this  structure  still  exists  in  the  regions  around 
C  and  below  it.  Here,  in  the  red,  even  with  the  highest  dispersion 
and  under  the  most  favourable  circumstances  of  vision,  the  spot- 
spectrum  appears  simply  as  a  continuous  shade,  crossed  here  and 
there  by  widened  and  darkened  lines,  wiiich,  however,  are  very  few 
and  far  between  as  compared  with  the  number  of  such  lines  in  the 
higher  regions.  Of  course  the  resolution  of  the  spot-spectrum  into 
lines  tends  to  indicate  that  the  absorption  which  darkens  the  centre 
of  a  sun-spot  is  produced,  not  by  granules  of  solid  or  liquid  matter, 
but  by  matter  in  the  gaseous  form  ;  and  it  becomes  interesting  to 
inquire  w^hat  substances  are  capable  of  producing  such  a  spectrum, 
and  under  what  conditions.  As  to  the  fineness  and  number  of  the 
lines,  it  may  be  noted  that  in  the  region  included  between  h^  and  h^ 
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the  single  lines  appear  to  be  each  about  half  as  wide  as  the  com- 
ponents of  6„  and  are  separated  by  an  interval  about  one  third 
as  great.  The  whole  number  between  b^  and  h^  must  be  over  a 
hundred,  though  they  are  of  course  verv  difficult  to  count  with 
accuracy.  They  are  a  little  wider  in  the  middle  of  the  spot-spectrum, 
iu  fact  spiudle-shaped,  running  out  into  extremely  fine  threads 
where  they  pass  into  the  penumbra,  and  in  my  instrument  they 
seem  to  be  a  little  more  hardly  and  sharply  defined  on  the  upper 
(more-refrangible)  edge  than  on  the  lower. 

The  bright  lines,  of  which  there  are  six  between  h^  and  h^,  are 
generally  about  as  wide  as  the  interspace  between  the  components 
of  63.  They  are  sharply  defined  at  both  edges,  and  no  brighter  at 
the  centre  than  at  the  edge — a  fact  which  rather  bears  in  favour  of 
the  idea  that  they  are  merely  interruptions  in  the  dark-line  series, 
and  not  really  superposed  bright  lines.  Just  above  h^  (at  X  5162-3) 
there  is  a  very  conspicuous  one,  which  is  also  noticeable  enough 
in  the  ordinary  solar  spectrum.  Attention  has  indeed  been 
frequently  called  to  it  long  since  by  other  observers.  Below  E 
these  bright  lines  are  rare.  Higher  up  in  the  spectrum,  between 
F  and  G,  they  become  very  numerous. 

I  have  also  made  a  considerable  number  of  observations  upon 
prominences  with  the  nine  and  one-half  inch  equatoreal  and  its  own 
spectroscope.  There  ha\e  been  lately  numerous  veiy  fine  exhibi- 
tions, especially  in  connection  with  the  spots.  The  number  of  lines 
reversed  in  the  spectrum  of  the  chromosphere  has  at  times  been 
very  great,  far  exceeding  the  number  observed  and  catalogued  in 
l'^'i'2;  but  I  have  not  been  able  to  detect  a  single  new  one  below 
C,  though  the  two  mentioned  in  my  catalogue  have  been  seen 
almost  continuously.  On  two  occasions  (July  31st  and  August 
1st)  a  new  line  above  H  (\  3884  +  2)  was  conspicuously  Aasible  for 
an  hour  or  two  each  time,  during  a  specially  vigorous  eruption  of 
the  prominences  associated  with  the  great  spot,  which  was  then  just 
passing  off  the  limb.  This  line  was  seen  easily  w  ithout  the  aid  of 
any  fluorescent  eye-piece;  and  I  am  satisfied  that  on  a  photographic 
plate  it  would  have  been  more  brilliant  than  either  H  or  Iv.  I 
could  not  determine  its  position  within  one  or  t\A  o  units  on  account 
of  tlie  difficulty  of  identifying  the  numberless  fine  lines  around  it. 

AVith  the  widened  slit  it  showed  clearly  the  form  of  the  lower 
part  of  the  prominence,  but  not  the  upper.  It  was  almost  precisely 
imitated  by  two  new  lines  at  X  4092  and  4026  ;  and  the  catalogue- 
lines  4077  and  3990  resembled  it  also.  On  the  other  hand,  h,  H, 
and  K  showed  the  higher  parts  of  the  prominence  as  well  as  the 
lower,  while  the  lines  at  4045  and  3970  were  exceedingly  fine  and 
smooth,  without  knottiness  or  structure. 

On  August  1st,  at  2''  58™  local  time  (  =  7^*  57ra  Greenwich  time), 
the  intensity  of  the  chromosphere-spectrum  was  very  remarkable, 
the  bright  lines  more  vivid  and  numerous  than  I  remember  ever  to 
have  seen  them  before.  Between  this  time  and  3.12  a  ])rominence 
was  shot  up  in  fragments  of  flame  to  an  elevation  of  over  120,000 
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miles.  It  will  be  interesting  to  learn  whether  any  corresponding 
magnetic  twitch  appears  on  the  magnetometer  records. — Silliman's 
American  Journal,  Xovember  1883. 


THE  FLUORESCENCE  OF  IODINE  VAPOUR.      BY  E.  LOMMEL. 

Fluorescence  has  hitherto  only  been  observed  in  solids  and 
liquids.  It  is  an  interesting  question  whether  gaseous  bodies  are 
not  also  susceptible  of  fluorescence. 

In  order  to  approach  the  question,  I  have  made  a  few  prelimi- 
nary experiments  in  this  direction  with  some  of  the  more  power- 
fully absorbing  gases  and  vapours,  especially  hyponitric  acid, 
chlorine,  and  the  vapours  of  bromine,  iodine,  and  sulphur. 

It  was  found  that  iodine  vapour  has  a  pronounced  orange-yellow 
Jlicorescence.  This  is  easily  observed  when  sunlight  concentrated 
by  a  lens  is  allowed  to  fall  on  a  flask  containing  vapour  of  iodine 
which  is  not  too  dense.  The  orange-yellow  pencil  of  light  is  par- 
ticularly marked  when  the  exciting  light  has  passed  through  a 
green  glass.  If  a  blue  glass  is  used  as  filter  for  the  rays,  the  fluo- 
rescence is  only  feeble;  while  with  red  glass  it  disappears  altogether. 

Of  the  pure  spectral  colours,  the  most  active  were  the  green 
rays  on  each  side  of  the  line  E ;  the  yellow  and  bluish  green  were 
less  so ;  and  the  red,  blue,  violet,  and  ultra-violet  were  quite  in- 
active— a  result  which  was  to  be  expected,  from  the  well-kuo^n 
absorptive  properties  of  iodiue  vapour. 

In  order  to  ascertain  whether  the  ultra-violet  rays  were  active, 
the  spectrum  was  produced  by  means  of  apparatus  of  quartz ;  and 
after  it  had  been  ascertained  that  this  part  of  the  spectrum  could 
not  excite  fluorescence  of  iodine  vapour,  it  was  also  confirmed 
that  iodine  vapour  does  not  absorb  either  the  ultra-violet,  the  blue, 
or  the  violet  to  any  appreciable  extent ;  for  the  very  highly  luminous 
ultra-violet  part  of  the  spectrum  received  on  solution  of  esculine, 
remained  unchanged  when  dense  violet  vapours  of  iodine  were  libe- 
rated in  a  test-tube  held  in  front  of  the  slit. 

Hence  iodine  vapour  is  the  only  fluorescent  substance  yet  known 
in  which  the  violet  and  ultra-violet  rags  are  quite  inactive. 

The  feebly  luminous  spectrum  of  the  orange-yellow  fluorescent 
light  is  seen  to  be  composed  of  red,  orange,  yellow,  and  green, 
extends  from  the  division  35  of  Bunsen"s  scale  to  about  60,  and  is 
brightest  in  orange.  It  appeared  continuous,  without  hghter  and 
darker  lines. 

Solutions  of  iodiue  in  bisulphide  of  carbon  and  alcohol  exhibited 
none  of  the  fluorescence  characteristic  of  iodine.  It  has  already  been 
stated  that  solid  iodiue  does  not  fluoresce. 

I  was  unable  to  recognize  any  fluorescence  in  the  gases  and 
vapours  mentioned  above. — Wiedemann's  Annalen,  1883,  jS'o.  6, 
p.  356. 
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CLASSIFICATION  OF  METEORITES. 

Professor  Tschermak,  who  has  made  many  important  contri- 
butions to  the  study  of  meteorites,  has  been  led  by  the  results  of 
recent  microscopic  study  to  propose  some  changes  in  the  system  of 
classification  given  by  Hose  in  1864.  The  meteorites  are  classified 
after  the  principles  of  lithology  according  to  the  kind  and  relative 
amounts  of  their  mineral ogical  constituents.  The  classification  as 
proposed  by  Tschermak,  with  some  typical  examples  under  each 
head,  is  as  follows  : — 

I.  Meteorites  consisting  essentially  of  iron  :  Meteoric  iron. 

TI.  Meteorites  having  an  iron  ground-mass  with  enclosed  sili- 
cates, (a)  Pallasite  :  iron  and  olivine  the  chief  constituents  (Pallas- 
iron,  Atacama,  Bitburg) ;  (6)  Mesosiderite :  iron  with  olivine  and 
bronzite  (Hainholz,  Estherville)  ;  (c)  Sideroj)hyr  :  iron  and  bronzite 
(Rittersgriiu,  Breitenbach,  Steinbach) ;  Grahamite  :  iron  with  pla- 
gioclase,  olivine,  bronzite  (Serra  da  Chaco). 

Til.  Meteorites  consisting  chiefly  of  olivine  and  bronzite  with 
iron  as  a  subordinate  constituent ;  the  texture  mostly  chondritic. 
Chondrite  (Aigle,  Knyahiuya,  New  Concord,  Pultusk). 

IV.    Meteoi'ites  consisting  essentially   of  olivine,    bronzite, 
pyroxene,     (a)  Chassignite :  olivine  (Chassigny)  ;  (h)  Amplioterite: 
olivine   and    bronzite    (Maubhoom) ;    (c)    Diogenite :    bronzite   or 
hyperstlieue     (Ibbenbiihren,    Shalka);     (d)    Ghladnite,    eustatite 
(Bishopville) ;  (e)  Bastite  :  diopside  and  enstatite  (Busti). 

V.  Meteorites  consisting  essentially  of  augite,  bronzite,  lime 
felspar ;  with  a  shining  crust.  («)  Howardite :  augite,  bronzite, 
plagioelase  (Frankfort,  Loutolaks) ;  (6)  Euhrite :  augite,  anorthite 
or  maskelynite  (Juvinas,  Jonzac,  Stannern,  Peterborough). — Silli- 
xciSkn  8  American  Journal,  ^ON.  1883  (Ber.AJc.  Wien,  July  7,  1883). 


PROFESSOR  FERREL^S  THEORY  OF  ATMOSPHERIC  CURRENTS. 
To  the  Editors  of  the  Philoso2')hical  Magazine  and  Journal. 
Gentlemen, 
Understanding  that  you  consider  that  this  question  has  been 
sufficiently  discussed  in  your  pages,  I  nevertheless  hope  you  will 
allow  me  to  set  myself  right  with  Prof.  Everett. 

First,  by  acknowledging  a  blunder  which  he  has  pointed  out. 
A  mass  moving  in  a  fixed  gi*eat  circle  over  the  earth's  surface  does 
gain  and  lose,  not  only  relative  (as  I  said),  but  also  absolute 
velocity  parallel  to  the  equator,  because  it  changes  its  direction 
relative  to  that  plane. 

Secondly,  by  stating  that  this  is  not  the  doctrine  which  I  still 
understand  Prof.  Ferrel  to  maintain,  and  which  I  still  dispute. 

Thirdly,  by  pointing  out  that  this,  after  all,  is  not  "the  main  point 
of  my  criticism."  That  main  point  is  the  utter  baselessness  of  the 
mathematical  theory  propounded  in  the  paper  of  1860. 

I  remain, 
Kitlands,  Dorking,  ^^ouv  obedient  servant, 

Oct.  27th,  1683.  D.  D.  Heatu. 
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